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AN EMPIRICAL MODEL OF GROWTH
THROUGH PRODUCT INNOVATION

BY RASMUS LENTZ AND DALE T. MORTENSEN!

Productivity differences across firms are large and persistent, but the evidence for
worker reallocation as an important source of aggregate productivity growth is mixed.
The purpose of this paper is to estimate the structure of an equilibrium model of growth
through innovation designed to identify and quantify the role of resource reallocation
in the growth process. The model is a version of the Schumpeterian theory of firm
evolution and growth developed by Klette and Kortum (2004) extended to allow for
firm heterogeneity. The data set is a panel of Danish firms that includes information on
value added, employment, and wages. The model’s fit is good. The estimated model im-
plies that more productive firms in each cohort grow faster and consequently crowd out
less productive firms in steady state. This selection effect accounts for 53% of aggregate
growth in the estimated version of the model.

KEYWORDS: Labor productivity growth, worker reallocation, firm dynamics, firm
panel data estimation.

1. INTRODUCTION

IN THEIR REVIEW ARTICLE of empirical productivity studies based on longi-
tudinal plant and firm data, Bartelsman and Doms (2000) concluded that the
extent of dispersion in productivity across production units, firms or establish-
ments, is large. Furthermore, the productivity rank of any unit in the distri-
bution is highly persistent. Although the explanations for firm heterogeneity
in productivity are not fully understood, economic principles dictate that its
presence will induce the reallocation of resources from less to more profitable
firms.

In this paper, we quantify the effects of worker reallocation on productiv-
ity growth. Our model is a richer version of that studied in an earlier paper
(Lentz and Mortensen (2005)), where we established the existence of a gen-
eral equilibrium solution. The model is an extension of that proposed by Klette
and Kortum (2004), which itself builds on the endogenous growth models of
Grossman and Helpman (1991) and Aghion and Howitt (1992). It is designed
to capture the implications for growth through reallocation induced by the
creative—destruction process.
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In the model, a final consumption output is produced by a competitive sec-
tor using a continuum of differentiated intermediate products as inputs. More
productive or higher quality versions of each intermediate product type are
introduced from time to time as the outcome of research and development
(R&D) investment by both existing firms and new entrants. The supplier of
the current version has monopoly power based on frontier knowledge and uses
it to set the price above the marginal cost of production. As new products and
services displace old, the process of creative—destruction induces the need to
reallocate workers across activities. Firms differ with respect to the expected
productivity of the intermediate goods and services that they create. The model
has two principal empirical implications. First, a firm that is of a more innov-
ative type, in the sense that the quality improvement embodied in its products
is higher, can charge a higher price, is more profitable, and as a consequence
invests more in innovation and grows relatively faster after entry, on average.
Second, the expected firm growth conditional on firm type is independent of
size.

Using the equilibrium relationships of the model, the parameters are es-
timated by the method of indirect inference based on information on value
added, employment, and wage payments drawn from a Danish panel of firms
over the period 1992-1997. The model is estimated on a number of cross-
section and dynamic moments, including size, productivity, and firm growth
distribution moments. The data do not contain any direct observation on a
firm’s innovation activity. In the model, innovation activity determines the sto-
chastic processes that govern firm size and productivity dynamics. These panel
moments and the model’s structure allow inference regarding innovation. Us-
ing patent data, Balasubramanian and Sivadasan (2008) provided evidence in
favor of the Klette and Kortum (2004) model of innovation and firm dynamics
by investigating the direct impact of patenting activity on firm size and mea-
sured productivity. Although patent data are a narrow reflection of investment
in firm growth, patent activity can be viewed as a proxy.

In our model, the aggregate growth rate in final good consumption is equal
to the sum of the expected percentage increase in the productivity of the in-
termediate inputs weighted by their contributions to final consumption output.
This term can be decomposed by type of firm into the net contribution of en-
trants and incumbents. The net contribution of entry is the average increase in
productivity of the entrants relative to those that exit the market within each
period. The second term—that associated with continuing firms—can be de-
composed into two parts designed to reveal the consequences of the selection
process associated with differences in firm growth and survival rates: The first
is the contribution of incumbents if counterfactually the share of value added
supplied by each firm type were to remain equal to that at entry; the second,
the selection effect, is the contribution of the difference between the steady
state share and the share at entry. Because a more productive firm type grows
faster, its share in steady state exceeds that at entry which implies that selection
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induced by differential growth contributes positively to the aggregate growth
rate. Indeed, our estimated model implies that net entry accounts for 21% of
the aggregate growth rate, while 53% can be attributed to the selection effect.

Although all productivity growth in the model is associated with realloca-
tion, we emphasize the selection effect as the contribution to growth that re-
sults from the extent to which more productive firms increase their share of
the economy at the expense of less productive firms through reallocation. In
the model, firm types differ with respect to the product quality improvement
distribution. The selection effect works through differential innovation rates
across more or less productive firm types ordered by stochastic dominance. If
all firms face the same product quality improvement distribution, hence they
choose the same innovation rate, then the selection effect is zero. Innovative
activity has a positive spillover in that all firm innovate on the same quality
frontier and innovations push the frontier forward. Hence, while more pro-
ductive firms on average produce greater quality improvements in our model,
the fact that all firms innovate on the same frontier implies a constant aver-
age productivity difference between high and low productivity firms in steady
state. The selection impacts on the steady state growth rate rather than the
productivity level because more productive firms contribute more to the qual-
ity frontier.

2. DANISH FIRM DATA

Danish firm data provide information on productivity dispersion and the re-
lationships among productivity, employment, and sales. The available data set
is an annual panel of privately owned firms for the years 1992-1997 drawn
from the Danish Business Statistics Register. The sample of approximately
4900 firms is restricted to those with 20 or more employees. The sample does
not include entrants.” The variables observed in each year include value added
(Y), the total wage bill (), and full-time equivalent employment (V). In this
paper we use these relationships to motivate the theoretical model studied.
Both Y and W are measured in real Danish kroner (DKK), while N is a body
count.

Nonparametric estimates of the distributions of two alternative empirical
measures of a firm’s labor productivity are illustrated in Figure 1. The first em-
pirical measure of firm productivity is value added per worker (Y/N), while
the second is valued added per unit of quality adjusted employment (Y/N*).
Standard labor productivity misrepresents cross-firm productivity differences
to the extent that labor quality differs across firms. However, if more produc-
tive workers are compensated with higher pay, as would be true in a competi-
tive labor market, one can use a wage weighted index of employment to correct

2The full panel of roughly 6700 firms contains some entry, but due to the sampling procedure,
the entrant population suffers from significant selection bias. Rather than attempt to correct for
the bias, we have chosen not to rely on the entrant population for identification of the model.
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FIGURE 1.—Observed firm productivity distribution, 1992. Value added (Y’) measured in 1 mil-
lion DKK. N is the raw labor force size measure. N* is the quality adjusted labor force size.

for this source of cross-firm differences in productive efficiency. Formally, the
constructed quality adjusted employment of firm j is defined as N = W;/w,
where

YL
Z/Nj

is the average wage paid per worker in the market.> Although correcting for
wage differences across firms in this manner does reduce the spread and skew
of the implied productivity distribution somewhat, both distributions have high
variance and skew, and are essentially the same general shape.

Both distributions are consistent with those found in other data sets. For ex-
ample, productivity distributions are significantly dispersed and skewed to the
right. In the case of the adjusted measure of productivity, the 5th percentile
is roughly half the mode, while the 95th percentile is approximately twice as
large as the mode. The range between the two represents a fourfold differ-

(1) w

3In the case, where a firm is observed over several periods, the implicit identification of the
firm’s labor force quality is taken as an average over the time dimension to address issues of
measurement error. The alternative approach of identifying a quality measure for each year has
no significant impact on the moments of the data set.
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TABLE 1
PRODUCTIVITY-SIZE CORRELATIONS

Employment (N) Adjusted Employment (N*) Value Added (Y)
Y/N 0.0017 0.0911 0.3138
Y/N* —0.0095 —0.0176 0.1981

ence in value added per worker across firms. These facts are similar to those
reported by Bartelsman and Doms (2000) for the United States.

There are many potential explanations for cross-firm productivity differen-
tials. A comparison of the two distributions represented in Figure 1 suggests
that differences in the quality of labor inputs does not seem to be essential. If
technical improvements are either factor neutral or capital augmenting, then
one would expect that more productive firms would acquire more labor and
capital. The implied consequence would seem to be a positive relationship be-
tween labor force size and labor productivity. Interestingly, there is no corre-
lation between the two in Danish data.

The correlations between the two measures of labor productivity with the
two employment measures and sales as reflected in value added are reported
in Table I. As documented in the table, the correlation between labor force size
and productivity using either the raw or the adjusted employment measure is
zero. However, note the strong positive association between value added and
both measures of labor productivity.

The theory developed in this paper is in part motivated by these observa-
tions. Specifically, it is a theory that postulates labor saving technical progress
of a specific form. Hence, the apparent fact that more productive firms produce
more with roughly the same labor input per unit of value added is consistent
with the model.

3. AN EQUILIBRIUM MODEL OF CREATIVE-DESTRUCTION

As is well known, firms come is an amazing range of shapes and sizes. This
fact cannot be ignored in any analysis of the relationship between firm size
and productivity. Furthermore, an adequate theory must account for entry,
exit, and firm evolution to explain the size distributions observed. Klette and
Kortum (2004) constructed a stochastic model of firm product innovation and
growth that is consistent with stylized facts regarding the firm size evolution
and distribution. The model also has the property that technical progress is
labor saving. For these reasons, we pursue their approach in this paper.

Although Klette and Kortum (2004) allowed for productive heterogene-
ity, firm productivity and growth are unrelated because costs and benefits of
growth are both proportional to firm productivity in their model. Allowing for
a positive relationship between firm growth and productivity is necessary for
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consistency with the relationships found in the Danish firm data studied in this
paper.

3.1. Preferences and Technology

The model is set in continuous time. Intertemporal utility of the representa-
tive household at time ¢ is given by

() U, :/ InC,e" " ds,
t

where In C, denotes the instantaneous utility of the single consumption good at
date ¢ and r represents the pure rate of time discount. Each household is free
to borrow or lend at interest rate r,. Nominal household expenditure at date
tis E, = P,C,. Optimal consumption expenditure must solve the differential
equation E/E = r, — r. Following Grossman and Helpman (1991), we choose
the numeraire so that £, = Z for all ¢ without loss of generality, which implies
r, = r for all . Note that this choice of the numeraire also implies that the
price of the consumption good, P,, falls over time at a rate equal to the rate of
growth in consumption.

The consumption good is supplied by many competitive providers and the
aggregate quantity produced is determined by the quantity and productivity of
the economy’s intermediate inputs. Specifically, there is a measure 1 contin-
uum of different inputs and consumption is determined by the constant elas-
ticity of substitution (CES) production function

a/(a-1)

1
(3) CtZ[/ a(j)(A[(j)xl(j))(”_l)/”dj:| , 0=0,
j=0

where x,(j) is the quantity of input j at time ¢ and A,(j) is the productivity
of input j at time ¢. a(j) reflects that expenditure shares vary across the inter-
mediary inputs. The level of productivity of each input is determined by the
number of technical improvements made in the past. Specifically,

Ji(j)

(4) A =[]aw,

i=1

where J,(j) is the number of innovations made in input j up to date ¢ and
q:(j) > 1 denotes the quantitative improvement (step size) in the input’s pro-
ductivity attributable to the ith innovation in product j. Denote by g(j) the
latest quality improvement of good j. Innovations arrive at rate §, which is
endogenous but the same for all intermediate products under the assumption
that innovation is equally likely across the set of intermediate goods.
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Aggregate profit from supplying the consumption good at any point in time
tis

1
PC,— / P()X()
0

a/(o—1) 1

1
:Pt|:/ a(j)Xt(j)(g_l)/Udj:| _/ P.())X.(j) dj,
0 0

where X; = A,(j)x,(j) is the total input of intermediate good j express in qual-
ity units and P;(¢) is the price of a quality unit of intermediate good j. Hence,
the final goods profit maximizing expenditures on each input are given by

P, N\ .
) P,<j>x,<j>=( ) «()°Z, je,1).

P.(j)

Because the production function is homogenous of degree 1, maximal final
good profit is zero,

1 1 Pt o—-1
P.C, = P.(HX.()dj= - Y P.C.dj,
/0 (DX, dj /0<Ptu)> a(j)"P,C, dj

which implies that the price of the consumption good is
1 1/(1=0)
(6) P = ( / P,()'a( j)”dj) .
0

3.2. Intermediate Good Prices

Each individual firm is the monopoly supplier of the products it has created
in the past that have survived to the present. The price charged for each is the
minimum of the monopoly price and the limit price resulting from competition
with suppliers of previous versions of the good. In Nash-Bertrand equilibrium,
the limit price exactly prices out all suppliers of previous versions of the good.
That is, at the chosen price consumers are indifferent between the higher qual-
ity intermediate good supplied by the quality leader at the limit price and the
next highest quality alternative priced at marginal cost provided that this price
is less than the profit maximizing price. The limit price is the product of the
magnitude of the latest quality improvement and the marginal cost of produc-
tion. If the monopoly price is below the limit price, the firm will simply charge
the monopoly price.

The output of any intermediate good requires labor and capital input in fixed
proportions. Total factor productivity is the same across all goods and is set
equal to unity without loss of generality. Denote by w the wage of a unit of
labor and by « the cost of capital per unit of output. The price per quality unit
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of intermediate good j is P,(j) = p.(j)/ A,(j), where p,(j) is the price of a unit
of the good at date ¢. As the innovator of a new version of any good takes over
the market by either setting a Bertrand price equal to g > 1 times the marginal
cost of production of producing the existing version of the good or the profit
maximizing monopoly price, whichever is smaller. As the monopoly price is
1—1/0 if 0 > 1 and is undefined otherwise,

(7 pi(j) = min<qt(j), mw(% 1>> (w+ k) =m(q,(j), o) (w+ k),

where

®)  mg o) :min(q, max(i 1))

o—1
represents the price markup over cost. Let
_XG) _ )7z ( P, ) _z)
A()) ADPG)\P()) P

represent the unit demand for input j and let

x:(J)

P o—1
) z,(j) = a(}) Z<P[(j)>

represent the revenue per unit expressed in term of the numeraire. The profit
flow at date ¢ is

P(NX.()) — (w+ k)x,(j) = (p:(j) — w— K)x,(J)
=7(q.(]), 0)z,()),
where profit per unit

(10) m(q.(j), o) = (p.(j) —w—k)/p:(j) =1 —m(q,(j), o).

3.3. Aggregate Growth Rate

Note that the normalization used to define the numeraire, P,C, = Z, implies
that consumption grows at the rate of deflation in the price of the consumption
good in terms of the numeraire, that is,

z 1 A:(j))‘” . .)'/“’”
11 C=—==2 - 7d
(h P, (/o (pf(J) «Ord

from equation (6) and p,(j) = A,(j)P:(j). A new version of any product vari-
ety arrives at the common rate of creative—destruction, denoted by 8. In other
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words, the number of innovations to date in product j, denoted J,(j), is a Pois-
son random variable with arrival frequency 6. The improvement in productivity
embodied in an innovation, denoted as ¢, is also a random variable indepen-
dent across intermediate good types and arrival orders. In Appendix A, we
show that the rate of growth in aggregate consumption is

"m(q, o))"
E{iqm” } ~1
(12) g_dCt/dt=6< m(q’, o) )5

o—1

the product of the innovation arrival rate 6 and the average contribution of
innovations to aggregate consumption.* In the latter expression, ¢” is the im-
provement in quality embodied in the last innovation in any intermediate good
as of time ¢, ¢’ is the quality step size of the previous innovation in the same
good, and E{-} represents the expectation taken with respect to the joint dis-
tribution of both of them.

By taking the limit, g = 6 E{In g} in the Cobb-Douglas (o = 1) case. In gen-
eral, however, the growth rate in consumption is the product of the rate at
which innovations arrive and an index of the average improvement in con-
sumption embodied in the last innovation, which depends on the elasticity of
substitution between any two intermediate inputs. The latter dependence takes
account of the reallocation of demand for inputs by the suppliers of the con-
sumption good induced by innovation.

The net contribution of an innovation to consumption is also sensitive on
the pricing rule. As the markup is m(q, o) = o/(o — 1) in the pure monopoly
case, the expected contribution term is E{g”}°~' because the entire improve-
ment in productivity is passed on to the consumer. However, in the pure Nash—
Bertrand case m(q, o) = g, which implies that the term is E{g'}*~!. Only the
quality improvement of the previous innovation is passed to the consumer in
this case because the last innovator captures the difference.

3.4. The Value of a Firm

Following Klette and Kortum (2004), the discrete number of products sup-
plied by a firm, denoted as k, is defined on the integers. Its value evolves over
time as a birth—death process that reflects product creation and destruction.
A firm enters with one product and a firm exits when it no longer has any
leading edge products. In Klette and Kortum’s interpretation, £ reflects the
firm’s past successes in the product innovation process as well as current firm
size. New products are generated by R&D investment. The firm’s R&D in-
vestment flow generates new product arrivals at frequency yk. The total R&D

4This derivation of the growth rate in the CES case under Bertrand competition appears to be
an orginal contribution of this paper.
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investment cost is wc(y)k, where c(y)k represents the labor input required
in the research and development process. The function c(vy) is assumed to be
strictly increasing and convex. According to the authors, the implied assump-
tion that the total cost of R&D investment, C(yk, k) = kc(vy), is linearly ho-
mogenous in the new product arrival rate and the number of existing products
“... captures the idea that a firm’s knowledge capital facilitates innovation.”
In any case, the cost structure implies that Gibrat’s law holds in the sense that
innovation rates are size independent contingent on type.

The market for any current product supplied by a firm is destroyed by the
creation of a new version by some other firm, which occurs at the rate of
creative—destruction, represented by 8. Below we refer to y as the firm’s in-
novation rate. The firm chooses the creation rate y to maximize the expected
present value of its future net profit flow.

At entry the firm instantly learns its type, 7, which is a realization of the
random variable, 7 ~ ¢(-). When an innovation occurs, the productivity im-
provement realization is drawn from a type conditional distribution. Specifi-
cally, a 7-type’s improvement realizations are represented by the random vari-
able, g,, that is distributed according to the cumulative distribution function,
F_(). It is assumed that a higher firm type draws realizations from a distrib-
ution that stochastically dominates that of lower firm types, that is, if 7/ > 7,
then F,(§) < F.(g) for all g > 1.> Assume that the lower bound of the support
of g, is 1 for all 7.

By assumption firms cannot direct their innovation activity toward a par-
ticular market. Furthermore, their ability to create new products is not spe-
cific to any one or subset of product types.® Since product demands vary
across product varieties, firms face demand uncertainty for a new innova-
tion that is resolved only when the variety is realized. By equation (10),
the initial product line demand realization of a product created at date s
is z,(j) = a(j)? Z(P(j)/P;)' =7, a result of a random draw over the product
space j € [0, 1]. Denote by G(-) the cumulative distribution function of z(j)
across products. As the price per quality unit increases at the same rate as
the price of consumption goods, on average, the initial demand for an inno-
vation is stationary and independent of both product type j and the innova-
tion’s increment to product quality conditional on type g.. Let z ~ G(-) repre-
sent a realization of z,(j). By definition of z,(j) in equation (9) it follows that
Z=E[Z]= [2dG(Z).

SThe “noise” in the realization of quality step size suggests the need for a new entrant to learn
about its type in response to the actual realizations of g. We abstract from this form of learning.
Simulation experiments using the parameter estimates obtained under this assumption suggest
that learning ones type is not an important feature of the model’s equilibrium solution.

°On its face, this feature of the model is not realistic in the sense that most firms innovate in a
limited number of industries. However, if there are a large number of product variants supplied
by each industry, then it is less objectionable. In the Appendix we show that similar results are
obtained when estimating the model within broadly defined industries.
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By P,C, = Z, the growth rate in the final consumption good price is P,/P, =
—g. Conditional on no innovation in product j at time ¢, the price per quality
unit P,(j) does not change. Hence, in this case, by equation (9), the demand
follows the law of motion, z,(j) = (1 — o) gz.(j).

A firm’s state is characterized by the number of products it currently mar-
kets, k, and the particular productivity improvement and current demand re-
alization for each product as represented by the vectors g* = {gy, ..., §x} and
zF ={Z,, ..., z}. Because the innovation process is memoryless, the current
demand level is a sufficient statistic for the future demand path. Given such a
state, the value of a type 7 firm is accordingly given by

k
(13) V(@2 k) = max{Ziw(éi, o) — kwe(y)
=0 =

+ ky[E V(@ 2 k+ D1 = V(g*, 25, k)]

k

+k5[ Y oVial By k—1) = 1@, 2, k)}
i=1

=

aI/T(éka Zka k) Lk
+ s zZ (,

where conditional on survival of product i,
(14 Z=01-o0)g

and (g5, ", z{; ") refers to (¢, z) without the ith elements. The first term on
the right side is current gross profit flow accruing to the firm’s product portfolio
less current expenditure on R&D. The second term is the expected capital gain
associated with the arrival of a new product line. The third term represents the
expected capital loss associated with the possibility that one among the existing
product lines (chosen at random) will be destroyed. Finally, the last term is the
change in value over time as a result of demand time dependence of existing
products.
As discussed in detail in Appendix A, the unique solution to (13) is

k

15) Vi@, k=)

i=1

2;'77(511', o)

+kZV,,
r+6+g(oc—-1)

where

. — WC
qu:maXu
=0 r+o

b



1328 R.LENTZ AND D. T. MORTENSEN

(o)
v, =
r+6+g(oc—1)

+1I,T:

7.(0) =1— E[m(q,,o)"'], and ¢(y) = c¢(y)/Z. The first term on the right
side of (15) is the expected present value of the future profits of the firm’s
portfolio at date ¢. Specifically, because the remaining length of a product’s life
is exponential with constant hazard &, the price of the good does not change
during its lifetime, and the price level deflates at rate g the present value of
future profit expected in the case of product i is given by:

oo P o—1
W(q,‘, 0')/ 21<_) e*B(th)e—y(ﬂit) dt/
‘ P

[,
t
o0
7T(C~],-, O')Z',-/ ef(r+8+g(rr71))<t —1) dr
t

Zi,n-(éi, 0-)
r+8+g(c—1)

Y, is the type conditional innovation option value embodied in each product.
v, is the type conditional expected value of a product. It is the sum of the inno-
vation option value and the discounted stream of expected profits attributable
to the innovation, where the effective discount rate is the sum of the interest
rate, the product destruction rate, and the rate of decline in future demand
for the product induced by the decline in the price of the consumption good
during the product’s lifetime.

It then follows directly from (13) that the firm’s optimal choice of creation
rate, vy,, satisfies

(16) wc'(y,) =v,,

where v, is the type conditional expected value of an additional product
line. Equation (16) implies that the type contingent creation rate is size
independent—a theoretical version of Gibrat’s law. Also, the second order
condition, ¢”(y) > 0, and the fact that the marginal value of a product line
is increasing in 7, imply that a firm’s creation rate increases with profitability.
Therefore, we obtain that y,, > vy, for 7 > 7. These results are the principal
empirical implications of the model.

3.5. Firm Entry

The entry of a new firm requires innovation. Suppose that there is a constant
measure w of potential entrants. The rate at which any one of them generates
a new product is vy, and the total cost is wc(y,), where the cost function is the
same as that faced by an incumbent. The firm’s type is unknown ex ante but
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is realized immediately after entry. Since the expected return to innovation is
E[v.] and the aggregate entry rate is n = wy,, the entry rate satisfies the free
entry condition

(17) wc<£> =Y v.¢.,

T

where ¢, is the probability of being a type 7 firm at entry. Of course, the second
equality follows from equation (16).

3.6. The Steady State Distribution of Firm Size

A type 7 firm’s size is reflected in the number of product lines supplied,
which evolves as a birth—death process. This number is a birth—death process
with birth frequency yk and death frequency 6k. Kette and Kortum (2004)
showed that steady state mass of firms of type 7 converges in steady state to

_k_l’yr _7)(157 Y- k=t
as)  Mdo="Tmx-n="2 (3) .

The size distribution of firms conditional on type can be derived using equa-
tion (18). Specifically, the total firm mass of type 7 is

S b1 v\
(19 M= M= Zz(g)
k=1 k=1

()20
0 8_‘)/7' Y-

where convergence requires that the aggregate rate of creative—destruction ex-
ceed the creation rate of every incumbent type, that is, 6 > -y, V7. Hence, the
steady state fraction of type 7 firms with k products is defined by

()
M.(k)  k\s

M, _ln 5\’
0— %,

Equation (20) is the steady state distribution of size as reflected in the number
of product lines, k,. This is the logarithmic distribution with parameter vy, /8.
Consistent with the observations on firm size distributions, this distribution is
highly skewed to the right.

(20)
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The expected product size of a type 7 firm is
Y
7 = kMT(k) 5 A
@) Elkl=)] = Y

M. 5\
k=1 In
0— Y-

As the product creation rate increases with expected profitability, expected
size does also. Formally, because (1 + ¢)In(1 + ¢) > ¢ > 0 for all positive val-
ues of £, the expected number of products is increasing in the type contingent
innovation rate

IELk] _ (<1+§T)ln<1+4>—zf) +e
Y- I+’ +4) /8-

(22)

where {T = 77/(6 - 77)
For future reference, the total mass of products produced by type 7 firms,
K., is

= o,
(23)  K.=) kM.(k)=

1 Y+

It too is larger for more innovative types.

3.7. Labor Market Clearing

There is a fixed measure of available workers, denoted by ¢, seeking employ-
ment at any positive wage. In equilibrium, these workers are allocated across
production and R&D activities performed by both incumbent firms and poten-
tial entrants.

By the normalization of labor productivity at unity, it follows from equations
(7) and (9) that the production labor demand for an age a product line with
initial demand realization z and quality realization g is given by

Z.eg(l—tr)a

[ _
(24) 0z, q,a)——m(é’ Y

where the term e8'=7 captures the reduction in demand (if o > 1) attributed
to the rising relative price of the product during its lifetime. Denote by ¢¢ the
average labor demand per product of a type 7 firm for the purpose of produc-
tion. Product age is going to be exponentially distributed with parameter 6. It
follows that

Zeg(l 0)0867801 B B B
) / / / m(G, o) (w ) “LACDAD
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_ 8Z(U—7,(0)
S (WHKI[S+go—DI’

where the equality reflects the definition 7.(0) =1 — E[m(g., o)~']. Hence,
the average type conditional labor demand per product is

The expected type conditional per product labor demand, ¢,, is decreasing in
ar, (o) if the reduction in labor demand for production, ¢¢, dominates the in-
crease in labor demand for innovation, c(vy,). So, although more profitable
firms on average supply more products, total type conditional expected em-
ployment, ¢ E [I;,], need not increase with 7, (o), in general. Hence, the hy-
pothesis that firms with the ability to create greater productivity improvements
grow faster is consistent with dispersion in labor productivity and the correla-
tions between value added, labor force size, and labor productivity observed in
Danish data reported above.
Labor market clearing requires that the equilibrium wage solves

Q7)) =) K.l +pc(n/w).

3.8. The Components of the Growth Rate

The rate of creative—destruction is the sum of the rate of entry and the inno-
vation frequency of the firm types,

(28) 6:77+ZK777’

where K. is the mass of products supplied by firms of type 7. This is the ag-
gregate innovation frequency in the expression for aggregate growth, equa-
tion (12).

The expression for the expected contribution to growth of an innovation in
equation (12) is unconditional with respect to firm type. However, it is com-
posed of the sum of the increments to consumption attributable to the various
firm types. Given that the innovator is of type 7, then the term ¢” in (12), the
quality increment induced by the last innovation, is distributed F,(q). How-
ever, the distribution of the previous innovation’s quality step ¢’ depends on
the type of the incumbent supplier at the time the last version was created. As
that can be any of the types, its distribution is the convolution of the distrib-
ution of ¢ given type and the innovation frequency distribution across types.
Since the frequency of innovation attributable to type 7’ firms in steady state is
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¢.m+ K.y, where ¢, is the fraction of entrants of type 7/, the steady state
distribution ¢’ can be regarded as the unconditional distribution

+ K.y,
(29)  F(g)= Z"’ j’ZKV ().

Given this definition and the fact that the two innovator types are independent,
the net contribution to consumption growth of the most recent innovation con-
ditional on firm type is

qu<ﬂ) f/(WMqav - -
30 E. dF(3)dF.
30) ( m(q", o) m(q" (@) ar(q).

Finally, taking into account innovator firm type, the growth rate in consump-
tion can be written as

q//m(q/’ O') o-1 B 1
dcC,/dt _s m(q", o)
c, o—1

G g=

E (M) Ty
:82<¢m+KT%> "\ m(q’, o)

N+ K.y, o—1
()
m //’ o
=Y b+ Koy 1 .
. o—1

In other words, the aggregate growth rate is equal to the product of the in-
novation arrival rate and the net contribution of an innovation to aggregate
consumption summed over firm types. As both components are larger for
more productive types, more productive firms contribute more to the aggre-
gate growth rate for both reasons.

3.9. Equilibrium

DEFINITION 1: A steady state market equilibrium is a triple (w, 8, g) together
with optimally chosen entry rate n = uy,, creation rate ., and a steady state
size distribution K, for each type that satisfy equations (16), (17), (23), (27),
(28), and (31).

See Lentz and Mortensen (2005) for a proof of the existence of a slightly sim-
pler version of the model. In Appendix C, we describe in detail the steady state
equilibrium solution algorithm used in the estimation procedure described be-
low.
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4. ESTIMATION

If the ability to create higher quality products is a permanent firm character-
istic, then differences in firm profitability are associated with differences in the
product creation rates chosen by firms. Specifically, more profitable firms grow
faster, are more likely to survive in the future, and supply a larger number of
products on average. Hence, a positive cross-firm correlation between current
gross profit per product and sales volume should exist. Furthermore, worker
reallocation from slow growing firms to more profitable fast growing firms will
be an important source of aggregate productivity growth because faster grow-
ing firms also contribute more to growth.

In this section, we demonstrate that firm specific differences in profitability
are required to explain Danish interfirm relationships between value added,
employment, and wages paid. In the process of fitting the model to the data,
we also obtain estimates of the investment cost of innovation function that all
firms face as well as the sampling distribution of firm productivity at entry.

4.1. Danish Firm Data

If more profitable firms grow faster in the sense that 7, > 7, = v, > v,,
then (22) implies that fast growing firms also supply more products and sell
more on average. However, because production employment per product de-
creases with productivity, total expected employment need not increase with
7, in general and decreases with 7, when growth is independent of a firm’s
past product productivity improvement realizations. These implications of the
theory can be tested directly.

The model is estimated on an unbalanced panel of 4872 firms drawn from the
Danish firm panel described in Section 2. The panel is constructed by selecting
all existing firms in 1992 and following them through time, while all firms that
enter the sample in the subsequent years are excluded. In the estimation, the
observed 1992 cross section will be interpreted to reflect steady state, whereas
the following years generally do not reflect steady state since survival proba-
bilities vary across firm types. Specifically, due to selection the observed cross
sections from 1993 to 1997 will have an increasing overrepresentation of high
creation rate firm types relative to steady state. The ability to observe the grad-
ual exit of the 1992 cross section will be a useful source of identification. Entry
in the original data set suffers from selection bias and while one can attempt
to correct for the bias, we have made the choice to leave out entry altogether
since it is not necessary for identification. By including the 1997 cross section
in the set of moments, dynamic processes that change the cross-sectional com-
position of survivors over time are reflected in the estimation.

The first two columns of Table II present a set of distribution moments
with standard deviations in parentheses. The standard deviations are obtained
through bootstrapping on the original panel. Unless otherwise stated, amounts
are in 1000 real 1992 Danish kroner where the Statistics Denmark consumer
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TABLE II

DATA MOMENTS (STANDARD ERRORS IN PARENTHESES)*

1992 1997 1992 1996
Survivors 4872.000 3628.000 Corl3, 7] 0.476 0.550
— (32.132) (0.088)  (0.091)
E[Y] 26,277.262 31,860.850 Cor[£,A%]  —0227  —0.193
(747.001) (1031.252) 0.103)  (0.057)
Med[Y] 13,472.812 16,448.965 Cor[£, 4] —0.120
(211.851) (329.417) (0.016)
Std[Y] 52,793.105 64,120.233 Cor[ £, 2% 0.119
(5663.047) (7741.448) (0.032)
E[W] 13,294.479 15,705.087 E[4Y] ~0.029
(457.466) (609.595) (0.008)
Med[W] 7231.812 8671.939 Std[X] 0.550
(92.720) (154.767) (0.067)
Std[W] 30,613.801 35,555.701 Cor[4Y, Y] —0.061
(6750.399) (8137.541) (0.012)
E[L] 384.401 432.118 Within 1.015
(2.907) (5.103) (0.146)
Med[ ] 348.148 375.739 Between 0.453
(1.829) (2.139) (0.112)
Std[ ] 205.074 305.306 Cross ~0.551
(19.633) (42.491) (0.196)
Cor[Y, W] 0.852 0.857 Exit 0.084
(0.035) (0.045) (0.066)
Cor[ £, N*] —0.018 —0.026
(0.013) (0.011)
Cor[ £, Y] 0.198 0.143
(0.036) (0.038)

AUnit of measurement is 1000 DKK. The BHC growth decomposition moments are stated as fractions of total
growth.

price index was used to deflate nominal amounts. It is seen that the size dis-
tributions are characterized by significant skew. The value added per worker
distribution displays some skew and significant dispersion. All distributions dis-
play a right shift from 1992 to 1997. The distribution moments also include the
positive correlation between firm productivity and output size, and the slightly
negative correlation between firm productivity and labor force size.

The last two columns of Table II contain the dynamic moments used in the
estimation. First of all, note that empirical firm productivity displays significant
persistence and some mean reversion. The dynamic moments also include the
cross-section distribution of growth rates that display significant dispersion.
Furthermore, there is a slightly negative correlation between output size and
growth rate in the data. The moments relating to firm growth rates (AY/Y) in-
clude firm death, specifically an exiting firm will contribute to the statistic with
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a —1 observation. Excluding firm deaths from the growth statistic results in a
more negative correlation between firm size and growth due to the negative
correlation between firm size and the firm exit hazard rate. Since the model
also exhibits a negative correlation between exit rate and size, the same will be
true in the model simulations.

Finally, Table II also includes a standard empirical labor productivity growth
decomposition. We use the preferred formulation in Foster, Haltiwanger, and
Krizan (2001) which is taken from Baily, Bartelsman, and Haltiwanger (1996)
and ultimately based on the Baily, Hulten, and Campbell (1992) index (BHC).?
The decomposition takes the form®

(32) AO, = Z Si—1A0; + Z 0ir—1As;,

ieCy ieCy

+ Z A6;As;, + Z 0irSis — Z Oir—18i—1,

ieCy ieEy ieXy

where @ =840, 0;, = Yy/N;, and 8i = Nit/Ni; C, is the set of continuing
firms, E, is the set of entering firms and X, is the set of exiting firms.

The identity in (32) decomposes time differences in value added per worker
into five components in the order stated on the right hand side: within, be-
tween, cross, and entry/exit. As the names suggest, the BHC growth decompo-
sition literature attaches particular significance to each term: The within com-
ponent is interpreted as identifying growth in the productivity measure due
to productivity improvements by incumbents. The between component is in-
terpreted to capture productivity growth from reallocation of labor from less
to more productive firms. The cross component captures a covariance between
input shares and productivity growth, and the last two terms capture the growth
contributions from entry and exit. The sum of the between and cross compo-
nents is also sometimes referred to as gross reallocation.

We include the BHC growth decomposition in the set of data moments be-
cause it conveniently relates the estimation to the empirical growth literature.
Furthermore, it does reflect a particular aspect of the dynamics in the data. As

Griliches and Regev (1995) present another variation on the Baily, Hulten, and Campbell
(1992) decomposition. It performs much the same way as the Foster, Haltiwanger, and Krizan
(2001) formulation.

8In the implementation of the decomposition we employ the version of (32) where the between
term and the entry/exit terms are normalized by ©,_;:

AO,; = Zs” 1A6;, + Z(er 1— O, )As; + ZAGHASH

zEC, zeCt zeC,

+ Z(Oit -0y — Z(an — 0, _1)si1.

i€eE; ieX;
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mentioned, the sample in this paper does not include entry, so there is no en-
try share in the decomposition. Consequently, the decomposition cannot be di-
rectly related to the results in Foster, Haltiwanger, and Krizan (2001), although
a full decomposition is performed on the estimated model in Section 4.7.

4.2. The BHC Growth Decomposition in Steady State

Studies based on the BHC decomposition identities provide mixed evidence
of the importance of reallocation as a source of aggregate productivity growth.’
Based on data on U.S. manufacturing firms, Bartelsman and Doms (2000)
found that roughly one-quarter of growth can be attributed to gross realloca-
tion, another quarter to net entry, and roughly half of all growth to within firm
growth. However, based on the same data Foster, Haltiwanger, and Krizan
(2001) found that “...much of the increase in labor productivity would have
occurred even if labor share had been held constant at their initial levels.”"
In a study of a number of different OECD (Organization for Economic Coop-
eration and Development) countries, Scarpetta, Hemmings, Tressel, and Woo
(2002) also found that the majority of growth can be attributed to within firm
growth. It is seen from Table II that the Danish data support the finding of a
small gross reallocation effect.

In this section we argue that the between firm component does not capture
the role of reallocation in the growth process in our model. Despite the fact
that all growth is associated with worker reallocation in our model, the term
typically interpreted as the contribution of gross reallocation is close to zero
in our data. We show that this result is to be expected in a stochastic equi-
librium model such as ours. Although in the model, more profitable firms in
each cohort grow faster on average as a consequence of more frequent inno-
vation, the aggregate share of products supplied and inputs required by each
firm type are constant in the model’s ergodic steady state by definition. As a
consequence, the “between” and “cross” terms in the Foster, Haltiwanger, and
Krizan (2001) decomposition should be zero in the absence of measurement
error and transitory shocks.

In the model, all firms of the same type have the same productivity by the
definition of type, and although individual firms can and do grow and contract
over time, the steady state distribution of inputs over firm types is stationary
by the definition of stationary stochastic equilibrium. Hence, if we let j € J
represent an element of the set of firm types, let I; denote the set of firms

9The literature on the connection between aggregate and micro productivity growth includes
Foster, Haltiwanger, and Krizan (2001), Baily, Hulten, and Campbell (1992), Baily, Bartelsman,
and Haltiwanger (1996), Bartelsman and Dhrymes (1994), Griliches and Regev (1995), Olley and
Pakes (1996), Tybout (1996), Aw, Chen, and Roberts (1997), and Liu and Tybout (1996).

0The discrepancy can be traced to variation in the particular choices of productivity and
weighting measures.
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of type J, let s, represent the average share of employment per type j firm
in period ¢, and let 67, be the productivity of type j firms, then by abstracting
from entry and exit we can formulate the growth decomposition in terms of
firm types as!!

(33) AO, = Z Zsit—lAeit + Z Z 0;—1As;, + Z Z A6, As;,

jel i€l jeJ i€lj jel i€lj
_ * * * * * *
=Y Mjls; A0, + Y 11|67 Ash + Y |L|AG7AS,
jel jel jel
_ * *
=Y |ljIs; A0y,
jeJ

where |/;] is the number of firms of type j and s,_, = (1/1I;]) Zid/ Si—1. The
first equality is implied by the fact that the set {1, I,,...,1;, ...} is a partition
of the set of all firms /, the second by the fact that the firms of the same type
have the same productivity at any given date, and the last by the fact that the
average share per firm of each type is constant (consequently, As?, = 0 for all
j and t) in a steady state equilibrium. The final expression in (33) is the first
term in the Baily, Hulten, and Campbell (1992) index.

An interpretation of the sum of the between and cross components,
> s Asi 6, as the gross effect of reallocating resources across firms is incor-
rect because gains in employment share are exactly offset by losses in share
across firms of the same type in steady state. In other words, workers are never
exogenously reallocated across types in equilibrium as is implicit in the inter-
pretation. As such, the decomposition cannot capture the steady state growth
contribution from reallocation. The fact that many empirical studies based on
the BHC decomposition have found little evidence of a significant contribution
to growth from the gross reallocation component is not a surprise in light of
the above argument.'?

4.3. Model Estimator

An observation in the panel is given by ¢, = {Y},, W, N}}, where Y, is real
value added, W, is the real wage sum, and N; is quality adjusted labor force
size of firm i in year ¢. Let ¢; be defined by ¢; = {1, ..., ¥;7} and finally let

b ={d,.... ¥}

The general argument that includes entry and exit is presented in the Appendix.

ZPetrin and Levinsohn (2005) also reached the conclusion that the empirical measure
> s Asi 0, has no meaning of interest. Specifically, they argued the traditional “Solow resid-
ual” adapted to allow for market imperfections, which is the first component of the BHC index,
is the correct measure for welfare comparisons. Their argument is valid for our structural model.
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The model is estimated by indirect inference. The estimation procedure, as
described in, for example, Gourieroux, Monfort, and Renault (1993), Hall and
Rust (2003), and Browning, Ejrnaes, and Alvarez (2006), is as follows: First,
define a vector of auxiliary data parameters I'(y). The vector consists of all
the items in Table II except the number of survivors in 1992 and one of the
growth decomposition components. Thus, I'(¢) has length 37.

Next, produce a simulated panel *(w) for a given set of model parame-
ters w. The model simulation is initialized by assuming that the economy is in
steady state in the first year and consequently that firm observations are dis-
tributed according to the w implied steady state distribution.'?

The simulated auxiliary parameters are then given by

1 S
Io)=33 T (@),
s=1

where S is the number of simulation repetitions.'
The estimator is the choice of model parameters that minimizes the
weighted distance between the data and simulated auxiliary parameters,

(34) o =argmin(I"(0) — I'(y)) A (I"(0) = I'(§)),

where A is the variance—covariance matrix of the data moments I" (). Follow-
ing Horowitz (1998) it is estimated by bootstrap.

The variance of the estimator is estimated by bootstrap. In each bootstrap
repetition, a new set of data auxiliary parameters I"(#?) is produced, where °
is the bootstrap data in the bth bootstrap repetition. ¢s* is found by randomly
selecting observations ¢; from the original data with replacement. Thus, the
sampling is random across firms but is done by block over the time dimension
(if a particular firm i is selected, the entire time series for this firm is included in
the sample). For the bth repetition, an estimator w” is found by minimizing the
weighted distance between the recentered bootstrap data auxiliary parameters
[ (%) — I'()] and the recentered simulated auxiliary parameters [1™(w?) —
I'S(@)]:

o’ =argmin([I*(w) — I"(&)] = [T (") = T@)])
x AN (w) = T ()] = [T (") — T'(@§)]).
13 Alternatively, one can initialize the simulation according to the observed data in the first year.

This approach has the complication that a firm’s number of products is not directly observed.
4“The model estimate in the following section uses S = 1000.
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In each bootstrap repetition, a different seed is used to generate random num-
bers for the determination of I*(w). Hence, V' (®) captures both data variation
and variation from the model simulation.'

4.4. Model Specification and Simulation

Given a set of parameter values, the model is used to generate time paths for
value added (Y), the wage sum (W), and labor force size (N) for each simu-
lated firm. The firm type distribution is specified as a three-point discrete type
distribution ¢,. The type conditional productivity realization distributions are
three parameter Weibull distributions that share a common shape parameter
B, and a unity point of origin. Each distribution is distinguished by its own scale
parameter .. Thus, the three productivity realization distributions are speci-
fied with four parameters. The demand realization distribution G(-) is a three
parameter Weibull, where o is the origin, B is the shape parameter, and &,
is the scale parameter. The cost function is parameterized by ¢(y) = ¢oy" V.

A type 7 firm with k products characterized by ¢* and z* has value added

k
(35)  Y.(3,2)=)_z,
i=1

and, by equation (24), a wage bill of

N

1

MGG o) W)

k
~k sk w

(36) W3,z )_w+:<;

Equations (35) and (36) provide the foundation for the model simulation.

In Appendix C, we describe the detailed procedure of how to find the steady
state equilibrium for given model fundamentals. The initial characteristics of
each firm are drawn from the model’s steady state distributions. The steady
state firm type probability distribution is

1)
minln((S )
_’yT
= , =1,2,...,N,
i My, T

where M =) _M, is the total steady state mass of firms. A firm’s type is drawn
according to ¢*. Once a firm’s type has been determined, its 1992 product line

size is drawn from the type conditional steady state distribution of k. character-
ized in equation (20). Then the age realization of each product is drawn from

SVariance estimates are obtained using 500 bootstrap repetitions.
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the exponential age distribution. The age realization is used to adjust the de-
mand realization draw for each product from G(-) according to equation (10).

The growth rate in quality is reflected in the aggregate price index. Thus,
everything else equal, Y, and W, grow at rate g.

Given an initial size for a firm, its future size evolves according to the sto-
chastic birth—death process described earlier. The forward simulation is done
by dividing each annual time period into a large number of discrete subinter-
vals, n. By assumption, in each subinterval each of the stochastic creation and
destruction processes can have zero or one event arrival. Hence, a type 7 firm
with k products will, in a given subinterval, lose a product with probability
1 — e %" and gain a product with probability 1 — e %"/, As n — oo, the pro-
cedure will perfectly represent the continuous time processes in the model. In
the simulations below, the model has been simulated with n = 26.

The estimation allows for measurement error in both value added and
the wage bill. The measurement error is introduced as a simple log-additive
process,

InY,(3", ) =In Y,(g*, 2°) + &y,
InW,.(G", 2*) = InW,(G~, 2*) + &y,

where &y ~ N(—10%,0%) and &y ~ N(—107,, 0,). Given this specification,
the expected value of the process with noise and without are equal. The es-
timation is performed on the quality adjusted labor force size. Consequently,
the wage bill measurement error is assumed to carry through to the labor force
size, N.(g~, 2) = W.(g*, 2*)/w since by construction, N, *w = W, for all firms
in the data.

4.5. Identification

The interest rate is set at r = 0.05. The wage w is immediately iden-
tified as the average worker wage in the sample w = 190.24. Excluding
these two, the set of structural model parameters w has 16 parameters, w =
(C07 C1, K, O, U, BZa érZa 0z, Bqa 517 527 §3a d)la ¢2a 0-)20 O-I%V)a where 4)3 =1- ¢1 -
¢, in the case of three types. In the actual implementation of the estimation,
w is replaced by 7 as a fundamental model parameter. Of course, 7 is endoge-
nous to the equilibrium, but since u is a free parameter, u can always be set to
make the 7 estimate consistent with steady state equilibrium. The set of data
moments I'(y) has size 37.

The estimation identifies the aggregate entry rate n, yet the data provide
no direct observation of entrants. Rather, the data follow the life and death
of a given cross section of firms. As will be argued below, given the structure
of the model, this allows direct inference on the aggregate destruction rate 6
and the creation rates of the incumbents vy,. The equilibrium condition (28),
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stating that aggregate creation equals aggregate destruction, is the key part of
the model structure that then identifies the entry rate n. The assumption that
entrants face the same innovation cost function as the incumbents and have
yet to learn their type then identifies the mass of potential entrants u through
equation (17). Given the wage estimate, one can then immediately obtain the
total labor demand, which in turn provides the equilibrium estimate of the
total labor supply £ from equation (26). The choice of directly estimating the 7
and w, which are endogenous to the equilibrium, allows us to avoid a lengthy
equilibrium fixed point search for each choice of model parameter candidates
in the estimation described by equation (34). For any given estimate of n and
w, one can always find a combination of p and ¢ that makes the n and w
estimates consistent with equilibrium.

To understand the identification of the model, it is useful to consider a
stripped down version without stochastic demand and within firm type product
quality improvement realizations; that is, 1'[z] = 0 and V'[g,] = 0 V7. Further-
more, average out demand variation due to product age dispersion. This allows
a reduced form view of the model where output size is proportional to the sto-
chastic realization of the latent firm type dependent random variable k,, that is,
the number of product lines. The simplified model implies a constant type de-
pendent labor share A.. Hence, the firm’s wage bill and labor demand are also
directly proportional to the latent random variable k. The following identifi-
cation discussion is based on the argument that the data identify this reduced
form and that the fundamental model parameters are identified only insofar
as one can establish a mapping from the reduced form back to the underlying
structural model.

Given the simplifying assumptions of no demand and within type quality
realization variation, by equations (15) and (16) the optimal type conditional
creation rate choice satisfies

7_77'(0-) YTwé,(YT) - wé(’)/r)

=1,...,N.
r+o-gl-0) rve o b

wc'(y;) =

The value added of an average product is found by taking the expectation over
the exponential age distribution of products. This yields

ElVa=—2%  Eik)
of B 8 _ g(l _ 0_) 7l
provided that 6 > g(1 — o). By equation (26), the expected type conditional

wage bill is E[W,] = we,E[k.]. The average type conditional labor share is
then given by

(37) /\T=E[%} :w|:1 ;’Ii") + 5_g(31 — ")5(%)], r=1,...,N.
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The reduced form data generating process for (Y, W, N) panel data then fol-
lows from the expressions

(38) Y.k, =k.Ze*,
(39)  Wuk,) =k.Zxe*,

(40) N, (k,) =

where k£, is the type conditional product size random variable.

To solve for the type conditional dynamics of (Y, ,, W,,, N,,), it is necessary
to know (8, y,) because these two parameters govern the birth—-death process
of k. Thus, to simulate the full firm panel {Y},, W, N;;};, for N separate firm
types based on the reduced form in equations (38)—(40), it is necessary and
sufficient to know

(41) A:{Sazaga ()\17 "-7)\N)7 (yl:"'7’)/N)7(¢/17"'7¢;\/)}'

This is 3N + 2 independent parameters given the restriction that ) _¢* = 1.
Given the reduced form in equations (38)—(40) and the specification of the
stochastic birth—-death process for the latent variable, k,, the firm panel data
straightforwardly identify the parameters in equation (41). The identification
argument on the set of structural model parameters relies on establishing a
unique mapping between the identified parameters in equation (41) and the
model parameters.

Taking separate identification on w and r, the underlying structural parame-
ters of the simplified model are

{C07 Ci, O, K, n, Z, (qh sy qN)9 (¢1, sy ¢N)}5

which is 2N + 5 independent parameters. Thus, fully separate identification of
o requires that the underlying true data generating process has at least three
distinct types and that w is formulated for at least three types.

Given the other parameters, {8, z, (¢}, ..., ¢))} and {n, z, (¢4, ..., dn)}
are related to each other one-to-one. The separate identification discussion can
consequently be confined to the relationship between {g, (A1, ..., Ax), (y1, ...,
vn)} and {o, ¢, 1, K, (q1, ..., gn)}. Thus, let

{8, Ay o s An), (Bt e 90}

be the estimated set of parameters for the reduced form in (38)—(40). It must
be that 6 > y,, V7. There exists a unique 7 that is consistent with steady

state for given & and 9, (see the Appendix for proof). Denote this steady
state implied aggregate entry rate by 7. Similarly, the steady state product
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mass distribution across types K, also directly follows from the given 8 and
Y.. {0, co, €1, K, (q1, - - -, gn)} 1s then identified through the system

— S14c;
4 well+engn = — WAV Ty,
r+6—g(1—o0) )
. 1—7, §—5(1— "
(43) /\Tzw[ :TL(‘T)+ 8(] U)coyi“l], r=1,...,N,
w K

E (q”m(q/, o))“-l .
m(q’, o)

o—1

(44)  g=) (¢A+K.9.) ,
T

where the profits have been explicitly stated to depend on the type dependent

quality improvement and o-. In the case of three distinct types, equations (42)—

(44) are seven equations in seven unknowns. '

The estimation of type heterogeneity is tied to three characteristics of the
data: (i) the observation of substantial dispersion in value added per worker,
(ii) the positive relationship between value added per worker and output size,
and (iii) the flat relationship between value added per worker and input size.
Within the framework of the model, it is possible to generate value added
per worker dispersion without type heterogeneity through stochastic g real-
izations. However, it does not generate a positive relationship between value
added per worker and output size, whereas a negative relationship between
labor shares and creation rates will. The positive correlation between Y /N
and Y, and the zero correlation between Y /N and N will result in an esti-
mate where vy >y, = A, < A,. It directly follows from equation (43) that
q. > q,. As a caveat, it is worthwhile noting that all three characteristics could,
in principle, be a result of simple measurement error in Y. If so, it should be
clear that one would need a pretty sizeable measurement error. We have in-
cluded measurement error in the estimation for this and other reasons. As it
turns out, measurement error is estimated to have little impact on the rela-
tionship between value added per worker and firm size as well as value added
per worker dispersion. Finally, the dynamics in the data play an important role
as well. They determine magnitudes of the creative—destruction rates through
firm death rates, the dispersion in growth rates, and changes in cross-section
moments over time.

Unlike other applications of the Dixit-Stiglitz demand model, where o is
identified directly through an average observed markup in the data, the source

1Estimation of the model with only two firm types produces a low type with a creation rate
equal to zero and a single high type. The type dependent equilibrium creation rates remain well
identified, but one can show that the estimation in this case lacks separate identification of ¢
and ¢;. For the purpose of this paper, this would not be an issue since the results do not rely on
counterfactual creation rates.
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of identification of ¢ is nontrivial in this case. Although o > 1 imposes an
upper bound, markups are first and foremost generated through quality im-
provements because of the Nash—Bertrand competition between producers of
the same intermediate good. The data strongly reject values of ¢ larger than 1
because they diminish value added per worker dispersion across firms. In Fig-
ure 5 in the Appendix we plot the minimized criterion value for different val-
ues of o. The figure implies an estimate of ¢ ~ (.75, but it is also clear that
the estimation criterion as a function of o is very flat for o < 1. This suggests
weak identification of o in the range of values less than 1. We have chosen to
present the central results in this paper subject to the assumption of o = 1. We
then provide a robustness analysis of some of the central implications of the
estimation to different values of ¢ in Section 5.

The estimation is performed under the assumption that the true firm popula-
tion of interest coincides with the size censoring in the data. That is, the estima-
tion does not correct for size censoring bias. While this is a strong assumption,
it reasonably assumes that the numerous very small firms in the economy are
qualitatively different from those in this analysis and are not just firms with
fewer products.

4.6. Estimation Results

The model parameter estimates are presented in Table III. As mentioned,
the standard errors are obtained through bootstrapping. The estimation is per-
formed subject to o = 1.

The overall productivity growth rate is estimated at 1.39% annually. We dis-
cuss the growth rate estimate in greater detail in Sections 4.7.8 and 5.

The model estimates imply that at least three distinct types have significant
representation in the steady state equilibrium.!” The low type produces no im-
provement in quality, whereas the median quality improvement of the middle
and high types is 15% and 18%, respectively. The low type represents 74% of
all firms and produces 54% of the products in steady state. This is in stark con-
trast to the low type’s representation at entry, which is estimated at 85%. This
reflects a significant selection in steady state which is attributed to creation rate
dispersion across the firm types. The low type’s creation rate is zero, whereas
the middle and high types have creation rates at y, = 0.055 and y; = 0.057,
respectively. The high and middle types are in effect crowding out the the low
type through the creative—destruction process. This is true in terms of firm
representation because the low type has a higher exit rate, but it is particularly
strong in terms of product representation because the middle and high types
are on average substantially larger than the low type. The survival conditional
size expectation is equal to a single product for the low type, whereas it is 2.35
products for the middle type and 2.48 products for the high type.

17 An estimation with four discrete types did not improve the fit appreciably.
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TABLE III
PARAMETER ESTIMATES (STANDARD ERROR IN PARENTHESES)*

=1 T=2 T=3
«/Z 175.8159 - 0.8478 0.0952 0.0570
(12.9903) (0.0133) (0.0239) (0.0230)
13 3.7281 s 0.7387 0.1614 0.0999
(0.0411) (0.0165) (0.0403) (0.0394)
K 150.0126 é: 0.0000 0.3524 0.4168
(2.0581) (0.0000) (0.0471) (0.0750)
Z 16,859.4212 By 0.4275 0.4275 0.4275
(329.3350) (0.0199) (0.0199) (0.0199)
Bz 0.9577 Vs 0.0000 0.0553 0.0566
(0.0227) (0.0000) (0.0017) (0.0016)
0z 608.2725 K, 0.5408 0.2776 0.1816
(113.1480) (0.0170) (0.0703) (0.0700)
n 0.0451 v, 0.0000 3.2392 3.5332
(0.0016) (0.0000) (0.1779) (0.2540)
a3 0.0323 7. (o) 0.0000 0.2499 0.2690
(0.0037) (0.0000) (0.0121) (0.0166)
ol 0.0254 Med[q,] 1.0000 1.1495 1.1769
(0.0000) (0.0000) (0.0221) (0.0339)
6 0.0707 Elk,] 1.0000 2.3503 2.4833
(0.0019) (0.0000) (0.1062) (0.1470)
" 1.3406
(0.0519)
14 45.7344
(0.8958)
g 0.0139
(0.0006)

2Equilibrium wage is estimated at w = 190.239. Estimation is performed for given o = 1.

The overall creation and destruction rate is estimated at an annual rate of
6 = 0.07. The implied average lifespan of a product is consequently about 14
years. The destruction rate is roughly consistent with evidence in Rosholm
and Svarer (2000) that the worker flow from employment to unemployment
is roughly 10% annually.

The demand distribution is estimated to be close to an exponential distrib-
ution with substantial dispersion. The measurement error processes are esti-
mated to produce modest amounts of measurement error noise.

The low type firm will employ 50 manufacturing workers for the average
demand realization and its measured wage share is 56%. The higher type firms
have lower wage shares. The estimated steady state implies that 4.7% of the
labor force is engaged in innovation. The remainder is employed in production.

In the Appendix, we include estimates of the model by major industries.
The results confirm that the central qualitative features of the data persist at
the disaggregate level. In particular, one observes significant firm productivity
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TABLE IV

MODEL FIT (DATA IN TOP ROW, ESTIMATED MODEL IN BOTTOM ROW)

1992

1997

1992

1996

Survivors 4872.000 3628.000 Corly:, 7] 0476 0.550
4872.000 3604.315 0716 0718
E[Y] 26,277.262  31,860.850 Cor[£,A%] 0227  —0.193
23,023.834  27,252.981 —0342  —0.352
Med[Y] 13,472.812  16,448.965 Cor[ £, & —0.120
13,352.797  15,382.112 —0.094
Std[Y] 52,793.105  64,120.233 Cor[ &, 2V 0.119
31,013.660  37,224.359 0.123
E[W] 13,294.479  15,705.087 E[2Y] —0.029
11,772.341  13,735.062 0.024
Med[W] 7231.812 8671.939 Std[4Y] 0.550
7122.721 8154.757 0.771
Std[W] 30,613.801  35,555.701 Cor[4Y, Y] ~0.061
14,716.584  17,431.300 ~0.042
E[%] 384.401 432.118 Within 1.015
379.930 417.041 0.969
Med[ ] 348.148 375.739 Between 0.453
346.456 378.623 0.364
Std[ 1 205.074 305.306 Cross ~0.551
202.134 223.173 —0.446
CorlY, W] 0.852 0.857 Exit 0.084
0.927 0.928 0.113
Cor[ £, N*] —0.018 —0.026
—0.031 —0.024
Cor[ X, Y] 0.198 0.143
0.170 0.176

dispersion along with a positive correlation between productivity and output
size, but a virtually zero correlation between productivity and input size in each
industry.

4.7. Model Fit

Table IV shows a comparison of the data moments and the simulated mo-
ments for the estimated model. The simulated moments are calculated as the
average moment realization over all the bootstrap simulations.

4.7.1. Size Distributions

The estimated size distributions do not quite match the heaviness of the right
tail in the data. As a result, the model underestimates the first and second mo-
ments of the distributions while matching the median. While generally per-
forming well in terms of matching firm size distributions, the problems fitting
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the heavy far right tail in empirical size distributions is a well known issue as-
sociated with the Klette and Kortum (2004) model. Improvement of the model
along this dimension is a topic well worthy of future research.

Size dispersion is impacted by the stochastic birth—death process in products,
demand realization variation, and, potentially, measurement error. Model sim-
ulation without measurement error (o3 = o3, = 0) yields a reduction in the
1992 Std[Y] estimate to 30,250.77. If, in addition, demand shock variation is
eliminated, thatis, 0, = E[Z], the 1992 Std[ Y] estimate is reduced to 22,829.55.
Thus, a first order explanation of firm size dispersion is found in the rela-
tionship between the type conditional creation rates v, and the rate of total
creative—destruction 8. These type conditional relationships determine the dis-
tribution of k,. Demand realization variation has some impact and measure-
ment error has almost none.

4.7.2. Productivity and Size Correlations

Figure 2 shows nonparametric regressions of empirical firm productivity and
size for both the data and the estimated model. The model performs reason-
ably well in explaining the relationships, at least in the central portion of the
distribution of labor productivity. Table IV shows that the model fits the corre-
lations it has been trained to fit very well.

As mentioned in the previous section, firm type heterogeneity plays an im-
portant role in explaining the productivity and size correlations. The positive
correlation between value added per worker measure and output size in the
data suggests a negative relationship between the firm’s wage share and its
growth rate. In the model, firm type heterogeneity delivers these relationships

S0 130
Y and Y/N*

N* and Y/N*

G0 4 105 -

40 S0

T T T 30 T T T
0 0.25 0.50 0.75 1.00 0 0.25 0.50 0.75 1.00
Y/N* Y/N*

FIGURE 2.—Firm productivity and size, 1992. Value added (Y') measured in 1 million DKK.
Labor force size (N*) measured in efficiency units. Estimated model point estimate and 90%
confidence bounds are drawn solid; data are dashed; shaded areas are 90% confidence bounds
on data.
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by positively correlating high productivity types with high growth rates. The
zero correlation between input size and value added per worker is delivered by
balancing the labor saving feature of innovations at the product level with the
greater growth rate of higher productivity firms.

Measurement error has the potential to explain these correlations as well.
The estimation allows for both input and output measurement errors which
are estimated at fairly moderate amounts. If the model is simulated without
the measurement error (o3 = oy, = 0), the 1992 size—productivity correlations
change to Cor[Y/N, Y] =0.142 and Cor[Y /N, N] = 0.009. Thus, measure-
ment error is estimated to have little contribution to the fit to these moments
in the data. Rather, they are explained as a result of the labor saving innova-
tion process at the heart of the model combined with type heterogeneity which
yields not only value added per worker dispersion across types, but also differ-
ent growth rates across types.

4.7.3. Value Added per Worker Distribution

Figure 3 compares the distribution of empirical firm productivity in data with
the estimated model. The model does a good job of explaining this important
feature of the data.

pdf
4

0 0.25 0.50 0.75 1.00
Y/N*

FIGURE 3.—Firm productivity distribution fit, 1992. Value added (Y) measured in 1 million
DKK. Labor force size (N*) measured in efficiency units. Estimated model is solid; data are
dashed.
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The distribution of empirical firm labor productivity Y/N is explained pri-
marily by type heterogeneity, within type quality improvement dispersion, and
the capital share. The k estimate has a first order impact on the level of Y/N.
In particular, for the low type where the profit and creation rates are virtually
zero, the k estimate directly determines the labor share, which then for the low
type is 56%.

Measurement error adds to the dispersion measure, but to a much smaller
extent than firm type heterogeneity. Simulation without measurement error
(03 = o7, = 0) yields a reduction in the 1992 Y/N standard deviation measure
to 169.71.

In the absence of innovation labor demand, demand side shocks have no im-
pact on the value added per worker of the firm because manufacturing labor
demand and value added move proportionally in response to demand realiza-
tions. However, demand side shocks can affect value added per worker disper-
sion through its effect on the relative size of the manufacturing and innovation
labor demands. If in addition to zero measurement error shocks, the model
is also estimated without demand realization dispersion, the 1992 Std[Y/N]
estimate barely changes, which means that demand realization dispersion has
almost no impact on the Y/N distribution.

4.7.4. Cross-Section Shifts From 1992 to 1997

Both the size and empirical productivity distributions shift rightward from
1992 to 1997. The model explains this through the growth rate g and as a result
of a survivor bias property of the sample. The exit hazard is higher for smaller
firms both in the data and in the model. As a result the mass at the lower end
of the size distribution is reduced at a faster pace than elsewhere in the distrib-
ution. Furthermore, type heterogeneity also contributes to the right shift since
larger firms tend to be of the high type which have lower net destruction rates.
Thus, the general turnover in the model as represented by é has an impact on
the right shift as well.

The survivor bias and type heterogeneity account for a substantial part of
the right shift in the size distributions. If growth is set to zero by artificially
imposing a constant price index, one finds that the E[Y] estimate shifts from
23,023 in 1992 to 25,079 in 1997. Thus, growth accounts for the remainder of
the right shift in Table I'V.

While growth explains a little less than half of the right shift in the size distri-
butions, it explains almost all of the right shift of the productivity distribution.
If growth is set to zero, the E[Y/N] estimate shifts from 379.93 in 1992 to
383.77 in 1997. Thus, growth accounts for about 90% of the estimated right
shift of the productivity distribution.

In general, the estimation does not match the full right shift of the size dis-
tributions, whereas it does well in capturing the right shift of the productivity
distribution. If g were set higher, the estimation would have done better with
the right shift of the size distributions but would have overshot the right shift
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of the productivity distribution. Furthermore, it would also have taken the av-
erage firm growth rate in the wrong direction.

4.7.5. Firm Growth Rate Distribution and Exit Hazards

The model does well in terms of capturing the amount of firm exit as well as
the distribution of firm growth rates. é is a particularly important parameter
in this respect. Firm exit is directly tied to & because it is the exit hazard of
a one product firm, but because the level of 6 also determines the amount of
overall turnover, it impacts the dispersion in growth rates as well. The average
firm growth rate is estimated a little too high. Again, the estimation has faced a
trade-off between increasing the 6 estimate to reduce the average firm growth
rate and reducing the number of survivors, which is estimated a little below the
observed number.

4.7.6. Value Added per Worker Persistence and Mean Reversion

The model estimates at the top of the second column of Table IV imply too
much persistence and mean reversion. The persistence in firm labor produc-
tivity can be explained directly through demand and supply shocks, the magni-
tudes of the creation and destruction rates y, and 8, and measurement error.
The given estimate of the overall creation and destruction rate implies that
both the supply and the demand shock processes are quite permanent.

In the absence of measurement error, the model estimate implies very high
persistence of value added per worker. In this case one obtains 1992 per-
sistence and mean reversion moments of Cor[Y/N, Y, /N,;] = 0.964 and
Cor[Y/N,AY/N] = —0.005. Adding measurement error reduces the perma-
nence measure and increases the mean reversion measure. Given the one in-
strument, the estimation has traded off an underestimate of persistence and an
overestimate of mean reversion.

It is important to note that transitory demand shocks have much the same
impact as the measurement error components along this dimension. It is a rea-
sonable conjecture that the introduction of an additional demand noise com-
ponent of a more transitory nature will result in a lower measurement error
noise estimate.

4.7.7. Growth Rate and Size (Gibrat’s Law)

Beginning with Gibrat (1931), much emphasis has been placed on the em-
pirical relationship between firm growth and firm size. Gibrat’s law is inter-
preted to imply that a firm’s growth rate is size independent and a large liter-
ature has followed that tests the validity of this law. See Sutton (1997) for a
survey of the literature. No real consensus seems to exist, but at least on the
study of continuing establishments, a number of researchers have found a neg-
ative relationship between firm size and growth rate. For a recent example, see
Rossi-Hansberg and Wright (2005). One can make the argument that Gibrat’s
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FIGURE 4.—Kernel regression of firm growth rate and size (1992). Value added (Y') measured
in 1 million DKK. Model and 90% pointwise confidence bounds are solid; data are dashed. The
shaded area is a 90% pointwise confidence bound on the data.

law should not necessarily hold at the establishment level and that one must
include firm death in order to correct for survivor bias. Certainly, if the under-
lying discussion is about some broad notion of decreasing returns to scale in
production, it is more likely to be relevant at the establishment level than at
the firm level. However, as can be seen from Figure 4, in the current sample of
firms where the growth rate—size regression includes firm exits, one still obtains
a negative relationship.

At a theoretical level, the model satisfies Gibrat’s law in the sense that each
firm’s expected growth is size independent. But two opposing effects will im-
pact the unconditional size and growth relationship: First, due to selection,
larger firms will tend to overrepresent higher creation rate types and in iso-
lation the selection effect will make for a positive relationship between size
and the unconditional firm growth rate. Second, the mean reversion in de-
mand shocks, measurement error, and, to a smaller extent, supply shocks intro-
duces an opposite effect: The group of small firms today will tend to overrepre-
sent firms with negative demand and measurement error shocks. Chances are
that the demand realization of the next innovation will reverse the fortunes of
these firms and they will experience relatively large growth rates. On a period-
by-period basis, the same is true for the measurement error processes that
are assumed to be independent and identically distributed (i.i.d.) over time.
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TABLE V
FHK GROWTH DECOMPOSITION AND COUNTERFACTUALS?

Steady State With Entry

Point Point Counter- Counter- Counter-

Data Estimate Estimate factual 1 factual 2 factual 3

Within 1.0149 0.9676 1.1449 0.8807 0.9268 0.8053
Between 0.4525 0.3665 0.3134 0.0695 0.1124 0.0003
Cross —0.5514 —0.4465 —0.6531 —0.1442 —0.2334 0.0003
Exit 0.0839 0.1124 0.1338 0.1321 0.1321 0.1321
Entry — — 0.0610 0.0618 0.0620 0.0620
Survivor growth rate 0.0165 0.0165 0.0164 0.0164 0.0164 0.0164
Growth rate — 0.0139 0.0139 0.0139 0.0139 0.0139

A All counterfactuals are performed on the estimated model. Counterfactual 1 imposes zero measurement error,

o’%, = U%V = 0. In addition to counterfactual 1, counterfactual 2 imposes zero demand realization dispersion while

maintaining E[Z] at its estimated level, Var[z] = 0. In addition to counterfactual 2, counterfactual 3 imposes zero
within type quality improvement dispersion, gr = (1 — k)/(1 — k — ;) V7. The growth rate is the annual growth rate
in aggregate value added per worker calculated on existing firms at a given point in time. The survivor growth rate
describes the value added per worker growth rate of surviving 1992 firms.

Large firms have many products and experience less overall demand variance.
The demand shock and measurement error effects dominate in the estimated
model as can be seen in Figure 4.'8 Note that the growth statistics include firm
death. If firm deaths are excluded and the statistic is calculated only on sur-
vivors, the survival bias will steepen the negative relationship between firm
size and firm growth both for the data and for the model since the model re-
produces the higher exit hazard rate for small firms that is also found in the
data.

If the model is estimated without measurement error and demand real-
ization dispersion, one obtains a 1992 firm size and growth correlation of
Cor[AY/Y, Y]=0.04. This reflects the positive selection effect.

4.7.8. Foster—Haltiwanger—Krizan Labor Productivity Growth Decomposition

Table V presents the decomposition results. Because there is no entry in the
observed panel, no entry component is recorded in the data and point estimate
columns. Furthermore, it is important to keep in mind that the growth in value
added per worker is in part a result of survivor selection bias. Therefore, the
table presents both a growth measure of the selected sample of surviving 1992
firms and the overall steady state growth rate.

8Figure 4 uses value added as the firm size measure. Using labor force size as the size measure
instead results in a very similar looking figure and no significant change in the correlation between
size and growth.
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The third column of Table V presents the decomposition performed on the
estimated model where entry has been included in the simulation.!” Conse-
quently, each time period is a reflection of the same steady state. Thus, in the
third column one can clearly see the survivor selection bias in the productivity
growth rate in the data: The steady state annual growth rate is 0.0139, whereas
the annual growth rate of the survivor selected sample is 0.0164.

The remaining three columns present counterfactuals for the estimated
steady state model where the noise processes are gradually shut off. This will
impact the decomposition results, but will not affect the aggregate growth rate.

A comparison of the first two columns in Table V reveals that the estimated
model fits the BHC type growth distribution components fairly well. The re-
sults, particularly the sign pattern, are generally consistent with those found
in the empirical literature. For example, the component shares for the decom-
position of labor productivity growth with employment weights for U.S. man-
ufacturing over the period 1977-1987 reported by Foster, Haltiwanger, and
Krizan (FHK) (2001) are within = 0.74, between = 0.08, cross = —0.14, and
net entry = 0.29.

The model has three major noise processes: measurement error, stochastic
demand realizations, and within type stochastic quality improvement realiza-
tions. In addition, product age dispersion will add demand variation to the
extent that o # 1. The measurement error and stochastic g realizations turn
out to be the most important in terms of explaining the between and cross
components. Given the discussion of the decomposition in Section 4.1, it is
not surprising that an explanation of nonzero between and cross components
requires the existence of measurement error and transitory shocks processes.
In the absence of noise processes, both terms will be zero in steady state. The
substantial sensitivity of the decomposition to these types of noise was also em-
phasized by Foster, Haltiwanger, and Krizan (2001) and Griliches and Regev
(1995).

The first counterfactual sets measurement error to zero. It is seen that this
alone dramatically reduces the magnitude of both the between and the cross
components. The second counterfactual turns off both the measurement error
and the demand realization noise processes. It is seen that demand realization
dispersion has a limited impact on the decomposition.

In addition to setting measurement error and demand noise to zero, the third
counterfactual eliminates within type g realization dispersion by deterministi-
cally setting each firm’s g, to match the estimated expected profit .. In this
case the theoretical result that the between and cross components equal zero
holds.

YEntry is simulated much the same way that the model is simulated forward as described
in Section 4.4. Each year is divided into n subperiods in which a potential entrant enters with
probability 1 — e~?/". At the time of entry, the type of the entrant is drawn from ¢ and the
subsequent life of the entrant is simulated forward just like any incumbent from that point on.
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It is an important point that the observation of nonzero between and cross
components does not necessarily imply that the data reflect an out-of-steady-
state situation. The results in Table V show that it may simply reflect the exis-
tence of various types of noise processes, especially those that produce noise
in the productivity measure.

5. REALLOCATION AND GROWTH

Aggregate productivity growth as defined in equation (31) is the sum of the
contributions of entrants and incumbents, where each term is equal to the sum
over types of the average increases in the productivity of innovations relative to
the product or service replaced—the product of the innovation frequency and
quality improvement per innovation—weighted by relative sizes as reflected in
the fraction of product lines supplied by each type. Note that the appropri-
ate empirical counterpart is the traditional growth accounting measure recom-
mended by Petrin and Levinsohn (2005), not the BHC productivity difference
index.

Table VI presents the equilibrium steady state annual growth rate implied by
the estimated model, g = 0.0139. As reported in Table V, the annual growth
rate for the sample is 0.0165. This estimate is biased upward because of sur-
vivor selection. The traditional growth measure (the TD index) using the value
added per worker for continuing firms only is 0.0148. However, the TD in-
dex will be biased upward as well in the presence of exit hazard heterogeneity
that is negatively correlated with firm growth rates. The model estimate of the
steady state growth rate g = 0.0139 provides a structural adjustment of the
sample selection bias in the data.

The model also permits the identification of the contribution of survival
and firm size selection, reflected in differential firm growth rates, to aggre-

TABLE VI
THE PRODUCTIVITY GROWTH RATE AND ITS COMPONENTS (STD ERROR IN PARENTHESES)?

o =1.000 o =0.500 o =0.750 o =1250
g 0.0139 0.0123 0.0131 0.0144
(0.0006) — — —
Decomposition (fraction of g)
Entry/exit 0.2110 0.1876 0.1959 0.2498
(0.0149) — — —
Residual 0.2608 0.2316 0.2425 0.2788
(0.0128) — — —
Selection 0.5282 0.5809 0.5615 0.4715
(0.0270) — — —

4Standard deviation estimates obtained by bootstrap. Standard errors have not been calculated for the robustness
analysis.
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gate growth. Specifically, because the expected productivity of the products
created differs across firms, and because these differences are positively as-
sociated with differences in expected profitability and, consequently, in cre-
ation rates, aggregate growth reflects the selection of more profitable firms by
the creative—destruction process. Indeed, equation (31) can be written for the
o =1 case as

45)  g=) ¥%EMngle.+ Y vEMGIK, —¢.)+n ) Ellnglé.,

where the first term is the contribution to growth of continuing firms under the
counterfactual assumption that the share of products supplied by continuing
firms of each type is the same as at entry, the second term accounts for type
distributional impact of differential firm growth rates after entry, and the third
term is the net contribution of entry and exit. In the Appendix we present the
growth decomposition for any value of o. Because the steady state fraction of
products supplied by type 7 firms is K, = n¢,/(8 — y,), the selection effect
is positive because firms that are expected to create higher quality products
supply more product lines on average. (Formally, stochastic dominance F, <
F, = both E[Ing,] > E[Ing ] and K, — ¢, > K, — ¢,..)

Table VI presents the decomposition estimate. The estimated model implies
that the entry/exit component accounts for 21%, the selection component ac-
counts for 53%, and the residual component contributes 26% of the aggregate
growth rate. Hence, the dynamics of entry and firm size evolution, a process
that involves continual reallocation to new and growing firms, is responsible
for almost three-quarters of the growth in the modelled economy.

Of course, all growth in the model is a result of worker reallocation. Every
time a new innovation is created, workers flow to its supplier from firms with
products that have recently become obsolete. This observation does not ad-
dress the issue of resource allocation across types, however. The selection ef-
fect measures the loss in productivity growth that would result if more pro-
ductive firm types in any given cohort were counterfactually not allowed to
increase their resource share relative to that at birth. Because the more pro-
ductive types in any cohort will gradually gain an ever increasing share of re-
sources of that cohort, as a cohort ages it becomes increasingly selected while
also shrinking relative to the size of the overall economy. The model’s steady
state is the sum of overlapping cohorts with different degrees of selection. The
steady state distribution of product lines and the resources required to supply
them remains constant over time because firms in the existing cohorts contract
at a rate equal to the entry rate of new firms of that type. Holding everything
else equal, if the reallocation induced by selection is shut down, the distribu-
tion of product lines across types will gradually deteriorate to the point where
it equals the entry distribution, and productivity growth will fall by 53%.

Finally, Table VI also includes a check of the robustness of the growth de-
composition with respect to the o estimate. The values for o cover both the
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cases of complements and substitutes. It is seen that the growth estimate and
the decomposition results are not sensitive to the value of o. The overall
growth estimate is increasing in o which is a result of the age effect on de-
mand of surviving products. In the complements case, the demand of surviving
products increases with age, whereas the opposite is true in the substitutes case.
The data moments are based on a selected sample of surviving firms. Hence,
the steady state growth rate will adjust to the size of the survivor bias, which is
impacted by the age effect.

6. CONCLUDING REMARKS

Large and persistent differences in firm productivity and firm size exist.
Worker reallocation induced by heterogeneity should be an important source
of aggregate productivity growth. However, empirical studies based on the
Baily, Hulten, and Campbell (1992) growth decomposition have found mixed
evidence of the importance reallocation as a source of growth. We argue that
the BHC growth decomposition does not correctly identify the steady state
contribution of resource reallocation to productivity growth. Indeed, we show
that models in which the distribution of resources across firm types is stationary
imply that the “between” and “cross” firm components of the decomposition
are zero in the absence of transitory noise, whatever is the true data generating
process.

In this paper we explore a variant of the equilibrium Schumpeterian model
of firm size evolution developed by Klette and Kortum (2004). In our version of
the model, firms that can develop products of higher quality have an incentive
to grow faster relative to less profitable firms in each cohort through a process
of creative—destruction. Worker reallocation from less to more profitable firms
induced by the process contributes to aggregate productivity growth. Further-
more, the model is consistent with the observation that there is no correlation
between employment size and labor productivity, and a positive correlation
between value added and labor productivity observed in Danish firm data.

We fit the model to the Danish firm panel for the 1992-1997 time period. The
parameter estimates are sensible and the model provides a good fit to the joint
size distribution and dynamic moments of the data. Although the model fits
the Foster, Haltiwanger, and Krizan (2001) variant of the BHC growth decom-
position well, the between and cross terms vanish in a counterfactual exercise
in which purely transitory shocks and measurement errors are set to zero. Fi-
nally, the estimated model also fits the negative relationship between size and
growth in the data even though, at a theoretical level, it satisfies Gibrat’s law
in the sense that a firm’s innovation rate is independent of its size.

All growth in our model is attributed to reallocation in the sense that re-
sources must flow from firms that lose markets to innovators that provide new
more productive goods and services. We decompose the reallocation compo-
nent into a net contribution from firm entry and exit, a firm type selection ef-
fect, and a residual. The net contribution of entry is 21% of the model’s implied
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growth rate. The selection component, which accounts for 53% of growth, cap-
tures the contribution attributable to the fact that resources are reallocated
from slow growing less productive firms to fast growing more creative ones in
each cohort.

APPENDIX A: DETAILED DERIVATIONS FOR SECTIONS 3.3 AND 3.4
A.1. The Aggregate Growth Rate

The sequence {A4,(j)/p.(j)} is a random jump process that is independent
of j and characterized by

<41t<j>+1m(CIqu), (T)) (Az(j)>
m(qy,+1,> O) p:(J)

with probability 64,

Avin()) _
pH—h (]) A
L with probability 1 — 64

Pt

for all & > 0 sufficiently small, where A4,.,(j) = q,,+14:(j) from equation
(4) and p,,(j) = m(qy,j), o) p:(j)/m(qy,j+1, o) from equation (7) given an
innovation. That is, both the quality level and the price of good j change if
and only if a new innovation arrives, and the change in both determines the
new price per quality unit. By equation (11), the law of large numbers, and
the fact that A4,(j)/p.(j) is identically and independently distributed over the
intermediate product continuum, one obtains

! At+h(j)>0_l o ]+
Con _ 1+ AC, _ /01 (Pt+h(j) ()" dj

1/(e—1)

G N C, 1 A,(j o—1
[G5) wora
1 A(Az(j)/Pt(j)))“‘l<A[(j)>o—1 o\ Ve
1 vy
/< " AG/pO) pp) “9

YA\
[(G5) eora
. {(1 . A(qu)/pt(j)))”*} ey
A/ p:G)
1/(oc—1)

=1+ h5|:E{ (th(j)Hm(th(j)’ 0'))"'} B 1:|
m(q;j+1, 0) ’
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where Ax, = x,,, — x, represents the difference operator. Finally,

_dCydi | [AGY | ((L+hS(Ela") = D)V — 1

§=—"¢c =i nc | = h

q1,G)+1m(qy,jy, )
m(qlt(jH—l, o)

h—0

0
= ——(E{a"'}—1), where a=
o—1

A.2. The Value of the Firm
The value function can be written as

k
(46) rI/T(ékazk,k) :maX{Zzi’ﬂ'(éi,U) —kwc(’)’)
=0

i=1

+hy[EVA(@, 2 R+ D= V(G 255 K]

| =

k

+k8[ V(a2 ' k—1) —Vf(c”z",%",k)}

i=1
(9[/7—(61(, Zk’ k) k

AT

Conjecture the solution
k

47 V@, o=)

i=1

21'77(6?:‘, o)

kZV,.
r+0—g(1—-o) +

Insert this into (46),
k
V.(g*, 2" k)= zim(qi, 0) — k
AN T;)X{;ZW(q o) — kwe(y)

L W(éi’ 0-) ~
+;r+8—g(l— 8~z

K [ Zi, (o)
Y r+6—g(1—o)

+ 2]

k=1 zm(Gi, o)
)
+ [ K §r+6—g(1—a-)
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(k — 1)k Y z5m(§i, o)
e . e

i=1

k
= max Z z;m(q;, o) — kwe(y)
i=1

vz0

(G, 0)
+g(1_0);r+8—g(1—0’)

kyZm (o)
r+6—g(1—o)

+kyZV,

—azk: 20 9) sz
r+8—g(l—o) 1’

i=1

which can be further manipulated to yield

21‘77(@‘, o)

kZV,
r+6—g(1—0)+r

k
(r+8—g(1—0))z
i=1

k
= ~i ~i7 —k
nylgg{;z (i, o) — kwe(y)

kyZ. (o)
kyZW¥, —kdZV,
rro_gl—o) Y }
¢
Y (0) A
VY, = - v, .
(r+0)¥: nylix{r+5—g(1—a) we(y) +y }

Hence, equation (47) is a solution to equation (46) for

v = max{

=0

yv, — we(y)
r+é6 ’

where

_ w0
T i e—g(—o)
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APPENDIX B: GROWTH DECOMPOSITION

The growth decomposition decomposes growth into three sources. Holding
everything else equal, the entry/exit contribution is based on the counterfactual
that vy, = 0 for all 7. In this case, one obtains

" / o—1
(10
gentry — Z ”f)d) m(q//, 0')

b

o—1

where

Eemry(q//m(q/’ 0_))0'1

T m(q", o)

q// . /" / ! o—1 ’
f(m(q,/, O_)) A Lo [ i o) dF)
The residual contribution is the contribution by incumbent firms given the
counterfactual that they are represented by the type distribution at the birth
of their cohort rather than the steady state product size distribution. Hence,
holding everything else equal, the counterfactual is that n = 0 and K, = ¢..
This yields

" / o—1
E;esidual(q I’}(’l(q ? 0)-)> -1
residual m //7 g
gt =3 " y.¢, 1

2

o—1

where

Ercsidual (q”m(q/’ 0-) ) !

T m(q", o)

7 o—1
q "
= S dF,
/ (m(q”, a)) (@)

¢T”YT/ / , 1 ,
32V (g, o) dF(q).
B Sy e

The selection contribution is the difference between the total growth contribu-
tion from incumbent firms and the residual contribution. Hence,

selection

g =g—-8"" g

residual



GROWTH THROUGH PRODUCT INNOVATION 1361

For the case where o < 1, this can also be written simply as

(48) g= Zy,cpE[qT }+Z%(K ¢)E[qg_11]

g -1
+WZ¢E|: p— }

where the first term on the right hand side is the residual contribution, the
second term is the selection contribution, and the third term is the entry/exit
contribution.

APPENDIX C: STEADY STATE EQUILIBRIUM SOLUTION ALGORITHM

In this section, we present the steady state equilibrium solution algorithm
given the parameter vector (k, n, w, o, ¢, F(-),c(-)). Both n and w are en-
dogenous to the equilibrium. w is estimated as the average 1992 worker wage
in the data and ¢ is subsequently set to match the aggregate labor demand for
the equilibrium wage. Similarly, the estimate of n maps directly to the estimate
of u for the estimated model through the first order condition,

we'(n/pw) =Y ...

The core of the solution algorithm is based on the following proposition.

PROPOSITION 1: There exists a unique steady state (K, 8, g) for any given
(n,7y, ¢) such that n > 0, v, > 0V7,and ¢, > 0 V7. The steady state satisfies

e,
0— Y

d=n+) K.y.>0,

K, = >0 Vr,

g=)Y (K.+n¢.)¥.ElIn(g,)] = 0.

PROOF: The evolution of the distribution of products across the » firm types
can be written as
K,=v,K,+n¢,—8K,, 7=1,...,n,

where ) K, = 1. In steady state, this reduces to

@) o=n+d vk
=1
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and
N, o,
500 K= -
(50) 5y mt YK —(—K)y
¢
K.(1—K
(51) = nd)7+ T( 7)77 EI—;(KT7K71'), T= 17 Rz

m+ Z#T Y:K;

I'(K,,K_,) is a continuous, strictly concave function in K, € [0, 1]. Since
I 0,K_,)=1I,1,K_,) € (0,1) there exists a unique fixed point I%T = F,(I%T,
K_.) where I%T € (0,1). Define the mapping 2:[0, 1]" — (0, 1)* such that
O(K) =T'(2(K),K). 2(K) is continuous in K and since [0, 1]" is a compact
and convex set, Brouwer’s fixed point theorem can be applied to prove the ex-
istence of a fixed point K* = 2(K*). It follows by K* € (0, 1) V7, that any fixed
point has the property that 6 > vy, V7.

To prove uniqueness, suppose to the contrary that there exist two dis-
tinct fixed points K° = Q(K’) and K' = 2(K'), K° # K'. Denote §' = n +
> . v.Ki,i=1,2. Since K' is a solution to (51), it must be that ) K' =
> .(nd. /(8" —v,)) =1,i=1,2. Combined with & > vy, V7, i =1, 2, this im-
plies that 8° = &'. But it then follows that K? = n¢./(8° — y.) = n¢, /(8" —
v.) = K! V7, contradicting the assumption of two distinct fixed points. Q.E.D.

The type conditional creation rate choice satisfies
(52) wc' (y,) =v,,
where

¥ — max YT W)
v=>0 r+06
7, (o)

Trte—gl-o)

T T

Given the model parameters (k, n, w, o, ¢, F(-), ¢(-)) where 1 > 0, the so-
lution algorithm can be formulated as a fixed point search in (¥, 8, g) subject
to the constraints

r+6>g(l-o),
6>0,

v.>0 Vr,
g>0.

All four constraints are satisfied in a model equilibrium, but it is worth
noting that the existence of equilibrium may fail to materialize for cer-
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tain model parameter combinations because of violation of the first con-
straint.

For a given (¥, 6, g) satisfying the above constraints, there exists a unique
solution for v, which directly yields y, > 0 V7. With these type conditional cre-
ation rates and the given n > 0, one can then apply the insights of Proposition 1
to yield the implied steady state values for (¢, g’). The search for the steady
state reduces to solving a nonlinear system of equations. Given the steady state
value of the destruction rate, one obtains

g = YV we(ys)
r+9&

Denote this mapping (¥, &', g') = Y(¥, 8, g). Steady state equilibrium is a
fixed point,

(¥, 6%, 8") =Y (¥, 6%, g%).
The search for this fixed point can be done in a number of ways. A particu-

larly simple method is straightforward iteration on the mapping Y. This turns
out to be a robust and quick method.

APPENDIX D: THE BHC DECOMPOSITION IN STOCHASTIC STEADY STATE
Denote by I, the set of firms at time ¢. The aggregate productivity change is

written
0, = Zs,-,@i, — Z Sir—10i-1.

iely iel, 1

Define the set of continuing firms between ¢ — 1 and ¢ as the intersection of
I,_; and I,, Ct = 1,1 N I,. Define the set of entrants at time ¢ as complement
of I, and C,, =1\ C, The set of ex1t1ng firms between I,_; and I, is simi-
larly defined as X =11\ C With this in hand, we can write the change in
aggregate productivity as

AO, = Zsitoit + Zsiteit - Zsitfleit—l - Z Sir—1 011

ie/E\t iea iea iej(\,_l
= E Si—1A0; + E Asi 01 + E As; A0 + E i 0
iea iea iea ieﬁt
- E Sit—10i—1.
iej(\,_l

This is the Foster, Haltiwanger, and Krizan (2001) decomposition.
Now, state the summations in terms of groups of identical type firms j. Fur-
thermore, define the resource share of the group of type j firms at time ¢ by
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Si=A/1D) Y 1, Sit- Similarly, define the average productivity of type j firms
attime ¢ by 6, = (1/|1;,]) sz 0. In steady state it must be that 5;, =5, =5,
implying that As;, = 0. The change in productivity can be written as

A0 = Z Z s"’o”_"z Z Sitbie — Z Z Sit—16i—1

J ieE NIy J ieCiny J €GNl

—Z Z Si—10i—1

J ie)?,,lﬁlj,,l

=Z Z siteit_z Z siteit—1+2 Z Si i1

i ieGinIy i ieCinIy, i ieGinry
- E E Sir— lezt 1+ E E Slt it
J zeC[ﬂI/, 1 i ieEnIy

—Z Z Si—10i—1

J iE?t—lijt—l

=Z Z sitAGit+Z Z siteit—l+z Z SiBir—1

i ieCiny i ieCinty i ieEnIy
|:§ § Sit—10i—1 + E § sitleiz1i|
| ieCinl;, JoieXnlji_y
+ E E it 6 — E E Si i1
i ieEnIy i ieEnIy
= E E SLIA011+ E E snatt 1 E E Sit— 101t 1
i ieCinly jooiely i ieljy
+ § E 5iA0;
JieEnIy
- E A0]t E sll+ E 9][ 1 E Sit — E Gjt 1 E Sit—1
ielj; ielj; i€lj g

=Y A0 LlSi+ > 0jeilLielSie — Y Ojealljis |51
j i i
In steady state it must be that

AB, =Y |L|506, + Y (15, — 115,160, = Y _ 115,46
J J J
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FIGURE 5.—Ceriterion function.

If type were observable, Af; would be estimated by taking the average growth
in p for the set of continuing type j firms.

APPENDIX E: IDENTIFICATION OF o

Figure 5 plots the output of a global search routine over ¢. The points in the
figure are minimized values of the criterion function for given values of o. The
criterion function takes its minimum for o =0.75.

APPENDIX F: ESTIMATION RESULTS BY INDUSTRY

Tables VII-XV present model estimates by industry. The estimations are
done subject to the assumption of o = 1.0. We show the results for the three
largest industries. The smaller industries are too small to yield statistically in-
teresting results.
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TABLE VII
MANUFACTURING—PARAMETER ESTIMATES (STANDARD ERROR IN PARENTHESES)?*

=1 T=2 7=3
c/Z 283.3052 &, 0.8637 0.0060 0.1303
(26.7689) (0.0135) (0.0542) (0.0559)
a 3.7112 ¢* 0.7734 0.0099 0.2167
(0.0509) (0.0170) (0.0907) (0.0926)
K 149.2475 £ 0.0000 0.6115 0.6329
(2.7979) (0.0000) (0.2336) (0.0637)
z 20,738.9693 B, 0.6654 0.6654 0.6654
(567.5340) (0.0419) (0.0419) (0.0419)
Bz 0.8067 v\ 0.0000 0.0507 0.0510
(0.0252) (0.0000) (0.0033) (0.0024)
0 3403.7779 K, 0.6104 0.0169 0.3727
(488.6378) (0.0207) (0.1579) (0.1595)
n 0.0478 v, 0.0000 3.9740 4.0529
(0.0022) (0.0000) (0.6156) (0.4445)
ol 0.0243 (o) 0.0000 0.3090 0.3142
(0.0032) (0.0000) (0.0431) (0.0289)
ol 0.0177 Med[q, ] 1.0000 1.3525 1.3648
(0.0000) (0.0000) (0.0802) (0.1016)
5 0.0677 Elk.] 1.0000 2.1586 2.1798
(0.0024) (0.0000) (0.1702) (0.1743)
w 1.6061
0.0777)
¢ 56.0141
(1.4997)
g 0.0124
(0.0008)

AEquilibrium wage is estimated at w = 190.660. Estimation is performed for o = 1.
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TABLE VIII
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MANUFACTURING—MODEL FIT (DATA IN TOP ROW, ESTIMATED MODEL IN BOTTOM ROW)

1992

1997

1992

1996

Survivors 2051.000 1536.000 Corl %, 7 0.650 0.728
2051.000 1523.193 0.647 0.651
E[Y] 30,149.461  35,803.473 Cor[%,A¥]  —0.024  —0.195
26,274.870  30,260.835 —0394  —0.402
Med[Y] 15,117.552  18,858.445 Cor[ %, &Y —0.133
14,902.763  16,798.498 —0.127
Std[Y] 56,081.995  69,574.991 Cor[ X, 4%y 0.145
33,705.646  39,438.547 0.152
EW] 15,047.636  17,318.195 E[3] —0.035
13,382.645  15,164.299 0.002
Med[W] 8031.273 9531.066 Std[4Y ] 0.474
7975.387 8944.853 0.472
Std[W] 24,667.884  27,159.439 Cor[4Y, Y] ~0.073
15,720.753  18,016.081 —0.041
E[%] 379.047 422471 Within 0.863
374.724 407.562 0.838
Med[ ] 347.100 375.300 Between 0.365
348.544 377.511 0.270
Std[ 1 163.174 226.860 Cross —0.297
140.524 154.961 —0.246
Cor[Y, W] 0.889 0.855 Exit 0.068
0.933 0.933 0.137
Cor[ X, N*] 0.011 ~0.003
~0.002 0.013
Cor[ £, Y] 0.236 0.200
0.224 0.239
TABLE IX

MANUFACTURING—GROWTH DECOMPOSITION
(STANDARD ERRORS IN PARENTHESES)

Point Estimate

Fraction of g

g
Entry/exit
Residual

Selection

0.0124
(0.0008)

0.0031
(0.0003)
0.0033
(0.0002)
0.0061
(0.0006)

1.0000

0.2472
(0.0187)
0.2633
(0.0118)
0.4894
(0.0296)
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TABLE X

R.LENTZ AND D. T. MORTENSEN

WHOLESALE AND RETAIL—PARAMETER ESTIMATES (STANDARD ERROR IN PARENTHESES)*

=1 T=2 T=3

c/Z 74.8290 b 0.9259 0.0008 0.0734

(4.8147) (0.0075) (0.0075) (0.0102)
<] 2.9503 b 0.8705 0.0011 0.1284

(0.0350) (0.0096) (0.0129) (0.0157)
K 178.2371 é: 0.0000 0.5095 2.1195

(2.7383) (0.0000) (0.3410) (0.1860)
Z 17,582.3421 By 0.8193 0.8193 0.8193

(546.8752) (0.0721) (0.0721) (0.0721)

Bz 0.9366 Ve 0.0000 0.0369 0.0473

(0.0384) (0.0000) (0.0045) (0.0017)
0z 1410.3146 K, 0.7548 0.0016 0.2436

(497.5269) (0.0138) (0.0245) (0.0276)

n 0.0512 v, 0.0000 3.2862 6.8521

(0.0018) (0.0000) (1.0124) (0.2999)
o3 0.0174 7, (o) 0.0000 0.2800 0.5303

(0.0043) (0.0000) (0.0773) (0.0216)
ai 0.0196 Med[q,] 1.0000 1.3257 2.3551

(0.3410) (0.0000) (0.1791) (0.1608)
é 0.0628 Elk,] 1.0000 1.6098 2.1881

(0.0019) (0.0000) (0.1515) (0.1241)
” 2.6149

(0.1153)
14 44.3084

(1.3828)
g 0.0146

(0.0008)

AEquilibrium wage is estimated at w = 187.720. Estimation is performed for o = 1.
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TABLE XI

WHOLESALE AND RETAIL—MODEL FIT (DATA IN TOP ROW,
ESTIMATED MODEL IN BOTTOM ROW)

1369

1992

1997

1992

1996

Survivors 1584.000 1189.000 Cor[ X, ;g ] 0.325 0.674
1584.000 1183.114 0.736 0.743
E[Y] 22,952.920 28,386.719 Cor[ %, A% —0.195 —0.259
20,261.525 23,080.814 —0.326 —0.336
Med[Y] 12,757.909 15,288.949 Cor[ %, &4F —0.088
12,810.779 14,328.397 —0.097
Std[Y] 33,400.313 41,409.060 Cor[ %, & 0.189
23,880.447 27,936.033 0.162
E[W] 10,696.683 12,712.898 E[4F] —0.042
9453.095 10,563.140 —0.003
Med[W] 6423.473 7650.564 Std[4Y] 0.425
6237.066 6945.005 0.426
Std[W] 15,360.222 16,802.715 Cor[4L, Y] —0.090
9909.854 11,174.611 —0.036
E[%] 410.234 466.591 Within 1.176
403.462 445.301 0.796
Med[ %] 373.928 408.244 Between 0.618
372.826 408.648 0.236
Std[ =] 171.661 278.495 Cross —0.826
167.813 189.967 —0.163
Cor[Y, W] 0.922 0.914 Exit 0.032
0.903 0.899 0.131
Cor[ =, N*] —0.028 —0.039
—0.006 0.013
Cor[ %, Y] 0.252 0.188
0.285 0.310
TABLE XII

WHOLESALE AND RETAIL—GROWTH DECOMPOSITION
(STANDARD ERROR IN PARENTHESES)

Point Estimate

Fraction of g

4
Entry/exit
Residual

Selection

0.0146
(0.0008)

0.0036
(0.0003)
0.0033
(0.0002)
0.0077
(0.0007)

1.0000

0.2460
(0.0226)
0.2274
(0.0119)
0.5267
(0.0343)
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TABLE XIII
CONSTRUCTION—PARAMETER ESTIMATES (STANDARD ERROR IN PARENTHESES)?

T=1 T=2 T=3
c/Z 62.2679 b 0.4733 0.2350 0.2917
(8.6072) (0.0481) (0.0214) (0.0471)
<] 3.6300 b 0.3627 0.2598 0.3775
(0.0638) (0.0408) (0.0228) (0.0471)
K 80.1574 é: 0.0000 0.0751 0.2047
(2.5200) (0.0000) (0.0150) (0.0210)
Z 8414.3712 By 0.6727 0.6727 0.6727
(193.1805) (0.0309) (0.0309) (0.0309)
Bz 1.2233 Ve 0.0000 0.0462 0.0583
(0.1669) (0.0000) (0.0044) (0.0041)
0z 4184.8523 K, 0.2468 0.2685 0.4847
(1129.7484) (0.0298) (0.0281) (0.04406)
n 0.0443 v, 0.0000 0.7848 1.8282
(0.0025) (0.0000) (0.1469) (0.1532)
o3 0.0357 7, (o) 0.0000 0.0775 0.1632
(0.0043) (0.0000) (0.0137) (0.0110)
ai 0.0198 Med[q,] 1.0000 1.0435 1.1187
(0.0210) (0.0000) (0.0090) (0.0130)
é 0.0850 Elk,] 1.0000 1.5185 1.8867
(0.0045) (0.0000) (0.0669) (0.1104)
" 0.9832
(0.0785)
L 28.7271
(0.6870)
g 0.0104
(0.0010)

AEquilibrium wage is estimated at w = 191.849. Estimation is performed for o = 1.
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TABLE XIV

1371

CONSTRUCTION—MODEL FIT (DATA IN TOP ROW; ESTIMATED MODEL IN BOTTOM ROwW)

1992

1997

1992

1996

Survivors 651.000 480.000 Corl %, 3 0.428 0345
651.000 476.879 0368  0.361
E[Y] 15,191.354 16,869.551 Cor[L,AYX] —0327  —0.560
12,356.844 14,492.060 —0.548  —0.558
Med[Y] 8688.501 10,711.648 Cor[X,4Y]  —0.187
8848.573 10,108.425 ~0.239
Std[Y] 31287.564 22,454.655 Cor[ L, 4] 0.089
11,008.879 13,086.746 0.185
EW] 9973.166 10,594.737 E[3] —0.025
8007.838 9332.966 0.009
Med[W] 5785.053 6838.405 Std[4Y ] 0.448
5905.672 6715.133 0.456
Std[W] 24,526.438 14,181.147 Cor[&Y,Y]  —0.122
6738.723 8002.867 —0.081
E[%] 305.075 342.273 Within 0.986
303.289 324.261 1.037
Med[ ] 286.749 311.509 Between 0.635
287.309 307.529 0.383
Std[ 1 133.111 173.871 Cross ~0.870
94.018 99.614 —0.503
Cor[Y, W] 0.967 0.922 Exit 0.249
0.925 0.927 0.084
Cor[ %, N*] —0.040 ~0.093
—0.091 —0.084
Cor[ £, Y] 0.131 0.174
0.190 0.192
TABLE XV

CONSTRUCTION—GROWTH DECOMPOSITION
(STANDARD ERROR IN PARENTHESES)

Point Estimate

Fraction of g

8
Entry/exit
Residual

Selection

0.0104
(0.0010)

0.0035
(0.0004)
0.0044
(0.0006)
0.0024
(0.0005)

1.0000

03411
(0.0282)
0.4249
(0.0225)
0.2340
(0.0438)
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