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Abstract

Our paper examines the impact of heterogeneous trading opportunities on the distribution
of asset shares and wealth in an equilibrium model. We distinguish between “passive” traders
who hold fixed portfolios of equity and bonds, and “active” traders who adjust their portfolios
to changes in the investment opportunity set. In the presence of non-participants, the fraction
of active traders is critical for asset prices, because only these traders respond to variation in
state prices and hence help to clear the market, not the fraction of agents that participate in
asset markets. We develop a new method for computing equilibria in this class of economies.
This method relies on an optimal consumption sharing rule and an aggregation result for state
prices that allows us to solve for equilibrium prices and allocations without having to search
for market-clearing prices in each asset market. In a calibrated version of our model, we show
that the heterogeneity in trading opportunities allows for a closer match of the wealth and
asset share distribution as well as the moments of asset prices.
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1 Introduction

The correlation of household consumption and income in the data presents a challenge for models
with unlimited trading opportunities. This observation started the work on incomplete market
models which imposes exogenous restrictions on trading opportunities. More recently, more evi-
dence has emerged about the positive correlation of household wealth and household participation
in asset markets and the share of stocks in their portfolio. Even among those households who
participate in asset markets, there are substantial differences in their investment strategies and
realized portfolio returns that are not easily explained by preference heterogeneity or differences in
non-tradable risk exposuref] Standard incomplete market models cannot address this dimension
of household heterogeneity.

Our paper introduces heterogeneity in trading opportunities in an otherwise standard endow-
ment economy with a large number of agents who are subject to both aggregate and idiosyncratic
shocks, and who have constant relative risk aversion (CRRA) preferences with coefficient a. We
distinguish between four different trading technologies; each household has access to only one of
these: (i) complete traders who trade a complete menu of assets, (ii) z-complete traders who trade
claims whose payoffs are contingent on aggregate shocks (e.g. bonds of different maturities, equity
etc.) but not idiosyncratic shocks, (iii) diversified investors who trade a fixed portfolio of bonds
and stocks, and (iv) non-participants who only have access to a savings account. All of these
households face solvency constraints as well. The last two trade fixed portfolios of riskless and

risky assets, but the last two do not.

We distinguish between “passive” traders —non-participants and diversified investors— who trade
a fixed portfolio of safe and risky assets and “active” traders -z-complete and complete traders—
who adjust their portfolio to changes in the investment opportunity set. At the micro level, this
distinction allows us to match the heterogeneity in portfolio composition and returns that was
documented in the data, but it also affects aggregate outcomes. Passive traders cannot respond
to differences in state prices by reallocating consumption across different aggregate states of the
world tomorrow. Instead, passive traders only respond to changes in average state prices that
show up in the risk-free rate or the expected return on the market. Thus, they bear none of the
residual aggregate risk created by non-participants themselves and hence they shift this residual
aggregate risk to the active traders. Their presence concentrates aggregate risk among the market
participants, because they consume “too much” in low consumption growth states and “too little”
in high aggregate consumption growth states. Hence, the active traders bear the residual aggregate

risk in the economy. They are “active” traders in that they actively manage their portfolio to take

LCampbell (2006) refers to the body of literature that documents this heterogeneity as “household finance”. See
Campbell (2006)’s AFA presidential address for a comprehensive discussion of these and other issues related to
household finance.



advantage of variation in the aggregate price of risk. As we show, active traders respond to the
variation in state prices by concentrating their consumption in “cheap” aggregate states (states
with low state prices for aggregate consumption). Correspondingly, state prices will be higher in
recessions to induce active traders to consume less, and lower in expansions. The non-participants
and diversified traders are being forced to take the other side of these trades, consuming more in

“expensive”’ aggregate states.

When this segment of active traders is small enough, this mechanism contributes large and
counter-cyclical volatility to state prices across different aggregate states of the world tomorrow,
while the larger segment of passive traders keeps today’s expectation of state prices tomorrow
constant. The first effect delivers large, counter-cyclical risk premia while the second effect keeps
the risk-free rate stable. Furthermore, the presence of active traders keeps passive traders from
accumulating wealth; active traders easily accumulate more wealth than passive traders. In the
quantitative section, we calibrate the size of each trader segment to match the asset prices in the
data, and we show that the interaction between these traders brings heterogeneous agent models
closer to matching the wealth and the asset share distribution, without resorting to other sources

of household heterogeneity.

Incomplete market economies with a large number of agents who trade in multiple assets are
hard to analyze, even more so when different agents can trade different menus of assets. Our paper
develops a new method for computing equilibria in a class incomplete market economies with
heterogeneous trading opportunities, and we apply this method to solve a calibrated version of our
model. Instead of directly imposing the trading restrictions on the recursive representation of the
household’s consumption and portfolio choice problem, we impose measurability restrictions on the
household’s time zero trading problem. These restrictions govern how net wealth is allowed to vary
across different states of the world, similar to the measurability constraints in Aiyagari, Marcet,
Sargent, and Seppala (2002) and Lustig, Sleet, and Yeltekin (2006). We use the multipliers on these
constraints to derive a consumption sharing rule for households and an analytical expression for
state prices. Importantly, the household’s consumption sharing rule does not depend on the trading
technology, only the dynamics of the multipliers do. State prices only depend on a weighted average
of these multipliers ~the —1/a-th moment. We refer to this simply as the aggregate multiplier. It
summarizes the aggregate shadow cost of the binding measurability and solvency constraints. This

extends the aggregation result by Lustig (2005), who considers a complete markets environment.

To implement our algorithm, we use a recursive net savings function as an accounting device.
This function allows us to determine the individual’s multiplier updating rule as a function of
the updating rule for the aggregate multiplier and the restrictions implied by our asset structure.
These two updating rules — the aggregate multiplier updating rule and the individual’s multiplier

updating rule — completely determine the equilibrium of our economy. Different trading technolo-



gies only change the individual and aggregate multiplier updating rules, but they do not change
our aggregation result. In the computational section, we construct the net savings function and the
individual multiplier rule, taking as given some initial aggregate multiplier updating rule. Next,
we solve for a new aggregate multiplier updating rule by simulating a process for the aggregate
multiplier given the conjectured rule. Finally, we iterate on the aggregate multiplier updating rule

until convergence is achieved.

Quantitatively, our approach has several major advantages. First, our aggregation result implies
that we only need to forecast a single moment of the multiplier distribution, regardless of the
number and nature of the different trading technologies. Also, our aggregation result allows us to
directly compute the pricing kernel as a function of this moment. There is no need to search for
the vector of prices that clears the various asset markets, as in the standard methods (Lucas (1994)
and Krusell and Smith (1997)). Searching for market-clearing prices is hard because, in general,
we do not know the mapping from the wealth distribution to prices. In addition, the updating rule

for the multipliers involves solving a simple system of equations.

In the quantitative section of the paper, we show that the interaction between a small segment
of active traders and a larger segment of passive traders is key to understanding asset prices and the
wealth distribution. Due to this interaction, equilibrium state prices are highly volatile but their
conditional expectation —and hence the risk-free rate— is not. Passive traders consume too much
in low growth states (recessions) and too little in high growth states (expansions). Since there
is no predictability in aggregate consumption growth, changes in the risk-free rate do nothing to
clear the market in each aggregate state tomorrow. Instead, changes in the average state price and
hence the risk-free rate change the average consumption growth path of non-participants, a large
fraction of the population, by the same amount in all aggregate states tomorrow, thus creating
even more aggregate risk in the economy. Instead, the equilibrium state prices are highly volatile
across aggregate states to induce the small segment of active traders to adjust their consumption
growth in different aggregate states of the world by enough. The active traders consume less in
low growth states when state prices are high and more in high growth states when state prices are
low. The share of total wealth owned by the active traders declines in low aggregate consumption
growth states, because these take highly leveraged equity positions. As a result, the conditional
volatility of state prices increases after each recession: a larger adjustment in state prices is needed

to clear the goods markets.

The distinction between non-participants and diversified traders is critical. As long as all
households can trade a claim to the market, regardless of the composition of the different trading
groups, the risk premia are the same as in the representative agent economy, i.e. small and
constant. This being the case, everyone bears the same amount of aggregate risk in equilibrium,

the ability to reallocate consumption across different aggregate states of the world is redundant
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and the distinction between active and passive traders is moot, because the aggregate multiplier
adjustment to state prices is constant, i.e. there is no spread between the prices in different states.
Risk premia are identical to those in the representative agent version of our economy. However, if
we exclude some households from actively trading shares in total financial wealth or the market,
this irrelevance result, first derived by Krueger and Lustig (2006), disappears and the distinction
between active and passive traders starts to matterl In a calibrated version of this economy,
we show that non-participants would be willing to pay 15 % of consumption every year to gain
complete access to financial markets —to become a z-complete trader. Exclusion from financial
markets is costly only because of the induced volatility of state prices and the passive trader’s
inability to exploit this spread in state prices.

In the quantitative section, we show that the z-complete traders accumulate five times more
wealth on average than non-participants. Passive traders have an even stronger precautionary mo-
tive to save, but they earn much lower returns than the active traders, and hence fail to accumulate
assets. As a result, our model comes closer to matching the actual distribution of wealth among
US households than standard models, especially in the tails. The model also replicates the strong
correlation between wealth and the portfolio share of risky assets —the main stylized fact of house-
hold portfolios—, even if households are ex ante identical. In addition, the failure of passive traders
to accumulate wealth after a history of good shocks contributes to a break-down of the standard
self-insurance mechanism. As a result, the idiosyncratic component of consumption growth volatil-
ity is highest for non-participants and then decreases monotonically in the degree of sophistication
of traders. The “aggregate component” of household consumption growth volatility follows the
reverse pattern, as we discussed, with active traders choosing high market beta investment strate-
gies. As a result, the correlation of consumption growth with stock returns increases in wealth,
consistent with Mankiw and Zeldes (1991) and Brav, Constantinides, and Geczy (2002a), who find
lower risk aversion estimates off the Euler equation for stock returns for wealthier households. To
an econometrician observing data generated by our model, heterogeneity in trading technologies
may appear as heterogeneity in preferences. Using consumption and return data generated by our
model, we estimate the elasticity of intertemporal substitution, and we find higher estimates for
active traders than for passive traders. We find EIS estimates in the [.92,1.1] range using the
bond returns and in the [.48,.78] range for stock returns. This is consistent with the findings of
Vissing-Jorgensen (2002), who, using CEX consumption data, reports estimates in the range [.3, .4]

for stock returns and [.8, 1] for bond returns.

Related Literature With respect to our methodological goal, this paper is closely related to
Krusell and Smith (1997) and (1998). KS developed a computational method that solves for and

20ne of the key assumptions for this result is that aggregate shocks are i.i.d. and that the idiosyncratic shocks
are independent of the aggregate shocks.



estimates approximate pricing functions, using the mean of the wealth distribution as the state
variable. Their approach, which requires one to solve for and estimate a separate pricing function
for each of the assets that are traded, has been used extensively and is in many respects the
standard approach in the literature. The ability of the KS method to closely approximate prices
using only the mean of the wealth distribution relies on approximate aggregation. Building on
work by Krueger and Lustig (2006), we show that there is exact aggregation in our model, as long
as all there are no non-participants. In this case, there is an equilibrium with an invariant wealth

distribution. Unfortunately, this model’s asset pricing implications will be at odds with the data.

In contrast to KS, we make use of an analytic asset pricing result that expresses state prices
as a function of the growth rates of aggregate consumption and a single moment of the multiplier
distribution. The algorithm consists of a search for the optimal forecasting function for this sin-
gle moment of the multiplier distribution rather than a search for a menu of pricing functions.
Moreover, as we show in our example, our approach works even when the aggregation result does
not hold, in the case with non-participants. This model’s asset pricing predictions line up better
with the data. However, unlike KS, we do not include capital in our model. This is a substantial

simplification, though we believe that our method can readily be extended to include capital.

Standard incomplete market models cannot match the dispersion of the wealth distribution in
the data. In the literature, preference heterogeneity (Krusell and Smith (1997)) or concern for sta-
tus Roussanov (2007) have been explored to generate more dispersion. Our paper focus exclusively
on heterogeneity in trading technologies; we show that this mechanism alone generates the same
skewness and kurtosis as in the data. However, the middle class in our model still accumulates too
much wealth relative to the rich. There is a growing literature on the asset pricing effects of limited
stock market participation, starting with Saito (1996) and Basak and Cuoco (1998). Our paper
is the first -we believe- to document the importance of distinguishing between active and passive
traders for understanding asset prices and the wealth distribution. Other papers have focussed
mostly on heterogeneity in preferences (e.g. see Krusell and Smith (1998) for heterogeneity in the
rate of time preference and Vissing-Jorgensen (2002), Guvenen (2003) and Gomez and Michaelides
(2007) for heterogeneity in the willingness of households to substitute intertemporally) and the
heterogeneity in participation decisions (e.g. see Guvenen (2003) and Vissing-Jorgensen (2002)),
rather than trading opportunities. There has been substantial progress on the empirical front
in carefully documenting the heterogeneity of household investment decisions. In a comprehen-
sive dataset of Swedish households, Calvet, Campbell, and Sodini (2006) find that sophisticated
investors realize higher Sharpe ratios, but at the cost of incurring more volatility. Indeed, the
z-complete and complete traders in our model realize much higher returns, but they adopt a so-
phisticated trading strategy that exploits the time variation in the risk premium to do so. Campbell

(2006) argues that some households voluntarily limit the set of assets they decide to trade for fear of
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making mistakes, at the cost of forgoing higher returns. To capture this, we introduce “diversified
investors”, who simply trade a claim to the market.

There is an active debate about the effects of limited participation on asset prices. Guvenen
(2003) argues that limited participation goes a long way towards explaining the equity premium in
a model with a bond- and a stockholder. In this model, stockholders are more willing to substitute
intertemporally. Vissing-Jorgensen (2002) documents that this is a feature of the data. Guvenen’s
model abstracts from idiosyncratic risk. In more recent work, Gomez and Michaelides (2007) also
consider a model with bond-and stockholders, but they add idiosyncratic risk. Their model pro-
duces a large risk premium, which they attribute to imperfect risk sharing among stockholders, not
to the exclusion of households from equity markets. In our benchmark model, we show analytically
that market segmentation only affects the risk-free rate, but not risk premia, as long as there is no
predictability in aggregate consumption growth and all traders can trade the market —a claim to
all diversifiable income. We do not model the participation decision, but we show that the costs
of non-participation are too large in a model with volatile state prices to be simply explained by
standard cost arguments. Instead, one might have to appeal to information and cognitive ability
differences.ﬁ However, we argue that this is not implausible, given that complex trading strategies
need to be implemented to fully realize the welfare gains of participation.

This paper is organized as follows. describes the environment, the preferences and
trading technologies for all households. characterizes the equilibrium allocations and
prices using cumulative multipliers that record all the binding measurability and solvency con-
straints. Kecfion 4 describes a recursive version of this problem that we can actually solve. This
section also describes conditions under which market segmentation does not affect the risk pre-

mium. Finally, in we study a calibrated version of our economy.

2 Model

In this section we describe the environment, and we describe the household problem for each of

different asset trading technologies. We also define an equilibrium for this economy.

2.1 Environment

This is an endowment economy with a unit measure of households who are subject to both aggre-
gate and idiosyncratic income shocks. Households are ex ante identical, except for the access to
trading technologies. Ex post, the households differ in terms of their idiosyncratic income shock
realizations. Some of the households will be able to trade a complete set of securities, but others

will trade a more limited set of securities. All of the households face the same stochastic process

3 In the data, education is a strong predictor of equity ownership (see Table I in Campbell (2006)).
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for idiosyncratic income shocks, and all households start with the same present value of tradeable

wealth.

In the model time is discrete, infinite, and indexed by t = 0, 1, 2, ... The first period, t =0, is a
planning period in which financial contracting takes place. We use z; € Z to denote the aggregate
shock in period t and n; € N to denote the idiosyncratic shock in period t. z* denotes the history
of aggregate shocks, and, similarly, n?, denotes the history of idiosyncratic shocks for a household.
The idiosyncratic events N are i.i.d. across households. We use 1(z*,n’) to denote the unconditional

probability of state (z',n’) being realized. The events are first-order Markov, and we assume that
m(z"™, N z5 0') = M(Zewa |2 U Npra| Zewa, M)

Since we can appeal to a law of large number, 1(z%, n")/m(z") also denotes the fraction of agents in
state z' that have drawn a history n’. We use m(n|z") to denote that fraction. We introduce some
additional notation: z*! > z or y**! = y? means that the left hand side node is a successor node
to the right hand side node. We denote by {z7 > z'} the set of successor aggregate histories for z*
including those many periods in the future; ditto for {n™ > n’}. When we use =, we include the

current nodes z! or N’ in the summation.

There is a single final good in each period, and the amount of it is given by Y (z*), which evolves

according to
Y (z') = exp{z,}Y ('), (2.1)

with Y (z!) = exp{z;}. This endowment good comes in two forms. The first form is diversifiable
capital income, which is not subject to the idiosyncratic shock, and is given by (1 —y)Y (z%).
The other form is non-diversifiable income which is subject to idiosyncratic risk and is given by

VY (z')ng; hence y is the share of income that is non-diversifiable.

Households trade assets in securities markets and they trade the final good in spot markets
that re-open in every period. A fraction W; of households can trade claims that are contingent on
both their aggregate and their idiosyncratic state (z*,n"), a fraction Hp can trade claims contingent
on the aggregate state z!, a fraction Pz can only trade claims to a share of diversifiable income,
and a faction 4 can only trade non-contingent contracts to deliver units of the final good in the

next time the spot market reopens.

We refer to the first set of households as the complete traders since they are able to trade a
complete set of Arrow securities. We refer to the second set as the z-complete traders since they
can only offset aggregate risk but not idiosyncratic risk through their asset trading. We refer to the
third set of households as the diversified investors since they are trading a claim to total financial
wealth or equivalently a claim to all tradeable income. We will refer to the fourth set of households

as non-participants, since they only have a savings account.



Since the return on the tradeable income claim is measurable with respect to the asset trading
structures of the complete and z-complete traders, we assume w.l.o.g. that the households in the
first two partitions can also trade the claim to diversifiable income. Since this is not the case for
the non-participants in the fourth partition, we assume that they cannot trade or hold this claim.

(z') denotes the price of a claim to diversifiable income in aggregate state z*. In each node,
total diversifiable income is given by (1 —y)Y (z%). We use q[(z!*1,n'*?1), (z%,n")] to denote the
price of a unit claim to the final good in state (z!*,n®*!) acquired in state (z,n’). The absence
of arbitrage implies that there exist aggregate state prices q(Zs+1,2") such that

1] (L1
q D:Iz:tl+1’ T]t+1 , I%tl’ ﬂt — n(r]t+1|zt+1, r]t)q(zt+1, Zt),

where ((Z;+1, 2%) denotes the price of a unit of the final good in aggregate state z*?

given that we
are in aggregate history z!. From these, we can back out the present-value state prices recursively
as follows:

t_

%)+ 0(21,2°)q(20)-
We use B2, n') to denote the Arrow-Debreu prices P (z)1t(z%,nt). Let m(z*1|z!) = P (z/*1)/P (2%)

denote the stochastic discount factor that prices any random payoffs. We assume there is always a

n(z', P (z',n") = q(z;, 2" 1)q(z-1, 2

non-zero measure of z-complete or complete traders to guarantee the uniqueness of the stochastic
discount factor.

The diversified traders effectively hold a fized portfolio of equity and bonds. Following Abel
(1999), we define equity as a leveraged claim to consumption. Let ¢ denote the leverage parameter,
let by(z") denote the supply of one-period risk-free bonds, and let Rf denote the risk-free rate. We
can decompose the aggregate payout that flows from the tradeable income claim (1 —y)Y (z') into
a dividend component d,(z") from equity and a bond component R/ (z=1)b(z"~1) —b(z*). The bond
supply adjusts in each node z' to ensure that the bond/equity ratio equals @:

] ]
b(z') = ¢ (z')—b(z")

for all z!. The diversified trader invests a fraction /(1 + @) in bonds and the remainder in equity.

All households are endowed with a claim to their per capita share of both diversifiable and non-
diversifiable income. Households cannot directly trade away their claim to non-diversifiable risk,
though households can hedge this risk to the extent that they can trade a sufficiently rich menu
of securities. For example, the complete households can hedge both their idiosyncratic and their
aggregate risk. We also assume that households that cannot hold the equity claim, the bonds-only
traders, trade away their claim to diversifiable capital in exchange for a claim that they can hold.

Finally, the households face exogenous limits on their net asset positions. The value of the

household’s net assets must always be greater than —{ times the value of their non-diversifiable



income, where Y € (0, 1]. We allow households to trade away or borrow up to 100% of the value of
their claims to diversifiable capital.
All households are infinitely lived and rank stochastic consumption streams {c(z,n")} according

to the following criterion

I:I‘:l t ntyl— —
N S T 22)

where a > 0 denotes the coefficient of relative risk aversion, and ¢(z%,n*) denotes the household’s

consumption in state (z',n").

2.2 Asset Trading Technologies

All of the households have access to only one of four asset trading technologies. We assume
households cannot switch between technologies. It is straightforward to extend the methodology
we develop to allow for exogenous transitions between trading technologies. The probability of
these transitions could even be contingent on the household’s realized shocks. The first technology

we consider gives households access to a complete menu of assets.

Complete Traders We start with the household in the first asset partition who can trade both
a complete set of securities as well as claims to diversifiable income. The budget constraint for this

trader in the spot market in state (z*,n') as

L1 1
vYI(__)ﬂLTaz N’ |+—L(Z—t|l N A-y)Y )+ () —c(z'n)
> 4(Zis1,2") az™t " Hn(n™*z* 0 + o(zhnY) () Y(Zhnh),  (2.3)
Zt+1|zt_—| t+1|il_*|

where a(z¢, n!) denotes the number of unit claims to the final good held for state (z¢,n?), o(z!=1,n*"1)
denotes the number of claims on diversifiable income acquired in state (271, n"1), where (z,n') =

(zi71,n*"1). The period 0 spot budget constraint is given by

L 1
(z°)[1 —a(zo,Mo)] > q(z1,2°)  a(z',nY)n(n™z"" 0", (2.4)

21,11

where z° and n° are degenerate states representing the initial position in the planning state at time
0 before any of the shocks have been realized, and where (z°) denotes the price of capital in the
planning stage and q(zy, z°) denotes the price in this stage of a claim to consumption in period 1.

In addition to their spot budget constraint, these traders also face a lower bound on the value of
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their net asset position. Let M (n*, z") be defined as

I:l T[ ZT, T P ZT, T
M(nt’zt) - —LD yY (ZT)r]TT[(Zt+(1 nt?—lipﬁp&? rzt+1) (2'5)
{=7 =T [t} ’ ’
The lower bound is given by:
] ]
az™ ") +o(z',n") dz™) + (@™ =M@, 2). (2.6)

The complete trader’s problem is to choose {c(z,n!),a(z"**,n*1), a(zt,n")}, a(zt, nt) and a(z% n°)

so as to maximize (Z2) subject (2Z3HZH).

z-complete Traders The households in the second asset partition have a budget constraint in

the spot market in state (z*,n’) given by

L] L]
| YA A o DY+ () ot

> Az, 2Na(2™h0") +0(2',nY) (2) V(') (2.7)
Pl 18 |

where a(z*1,n') denotes the number of claims acquired in state (z¢,n') that payoff one unit if the
aggregate state tomorrow is z'*1, and a(z!,n'"?) is such that n* = n*~1. The period 0 spot budget

constraint is given by

0 o 1 t+15t+1 Lt
(2°)[1=0(zo,m0)] = a(zi,2%a(z' n’)n(n™ 2" ). (2.8)

21,11

The z-complete traders face bound on their net asset position which is given by
L] ]
az"™*n") +o(z'\n") dz") + (™) =M@,z (2.9)

for each (z!*1,n*1) = (z!,n). Note here that for each aggregate state tomorrow, z!*!, the mag-

t+1

nitude of the bound is determined by the idiosyncratic state n*** in which the present value of

non-diversifiable income is smallest.
The z-complete trader’s problem is to choose {c(z‘,n'),a(z*%,n'),a(zt,nY)}, a(zt,n® and

a(z°%n°) so as to maximize () subject (3.

Diversified investors We think of diversified investors as trading a claim to financial wealth,

broadly defined, not just equity. These households in the third asset partition have a budget
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constraint in the spot market in state (z*,n") given by

L] L]
y('n)+o@ 0T d@) + (2) —c@n) =00 (@) V@), (210)

a degenerate period 0 constraint
(2% [1 — 6(z0,M0)] > 0, (2.11)

and a net asset position bound

L] L]
>

o(z',nY) diz™YH) + (™Y >M(n,2zY, (2.12)

for each (z*1,n™*1) = (z',n’). The equity trader’s problem is to choose {c(z%,n%),0(z%,n’)} and

a(z%n%) so as to maximize () subject [ZIHHZIH).

Non-participants The households in the fourth and final partition have a spot budget constraint
in state (z',n') given by
1
YY 2 +az =™ —c(z',n") > q(zi+1,2"a(z', n’), (2.13)
Zt+1 I__Z_t—l

where 2! =z~ and n* = n‘"1, for states other than the first, and a first period budget constraint

given by — 1
(%) >az®n% gz, 2%)m(n"*z"* 0 (2.14)

21,11
The asset bound for non-participants is given by

a(z',n') > M(n', 2" (2.15)

The non-participant’s problem is to choose {c(z*,n¢),a(z%,n*)} and a(z° n°) so as to maximize (22

subject to (ZI3HZTH).

2.3 Equilibrium

The market clearing condition in the bond market is given by:
cl(ot Wt Z(9t At—1l(nt n; t—1/5t t—1/t [:] t|5t
Hia®(z',n’) + pea’ (2, (%)) + ™ (2 (z°),n"(n")) m(n'lz’) =0,
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where a¢, a%, a”¥, and a™ denote the bond holdings of the complete-markets, z-complete, equity-
only, and bonds-only traders respectively. The market clearing condition in the output claim

market is given by

, ]
M10°(Z", ") + H20%(2",n") + Hea™ (2", n) m(n[z") = 1.

nt

An equilibrium for this economy is defined in the standard way. It consists of a list of bond and
output claim holdings, a consumption allocation and a list of bond and tradeable output claim
prices such that: (i) given these prices, a trader’s asset and consumption choices maximizer her
expected utility subject to the budget constraints, the solvency constraints and the measurability
constraints, and (ii) the asset markets clear.

The next section analytically characterizes the household consumption function and the equi-

librium pricing kernel in terms of the distribution of the household’s stochastic multipliers.

3 Solving for Equilibrium Allocations and Prices

This section reformulates the household’s problem in terms of a present-value budget constraint,
and sequences of measurability constraints and solvency constraints. These measurability con-
straints capture the restrictions imposed by the different trading technologies of households. We
show how to use the cumulative multipliers on these constraints as stochastic weights that fully
characterize equilibrium allocations and prices. We are not the first to do so. Cuoco and He (1994)
were the first to use this stochastic weighting scheme in a continuous-time setup. Basak and Cuoco
(1998) also make use of stochastic weights to characterize equilibrium prices and allocations, but
in a two-agent economy without idiosyncratic risk, in which one agent is excluded from the stock
market. The approach we adopt in this paper can handle idiosyncratic risk, several trading tech-
nologies and a large number of agents. Lustig (2005) uses similar methods to solve a complete

markets problem with solvency constraints, and he derives a similar aggregation result.

3.1 Measurability Conditions

We begin by recursively substituting into the spot budget constraints, in order to derive an ex-

pression in terms of future consumption sequences and the initial asset position in state (z*,n?).

Complete Traders For example, start from the complete traders constraint (23), and assume

it holds with equality. Then we can substitute for future a(z®**,n!**), while using the equity

13



no-arbitrage condition
I | ]
(z') = dz"™) + (2™ g

(77t+1,Zt+1)

(Zt+l1 r]t+ll Zt)l

to obtain the following budget constraint in terms of present value prices:

O E— n(z",n")P (2", ")

t At t—lt—ll:]_ t A T nT\ _ T
a(z',n)+o(z"n") (1-y)Y(Z2)+ (2 —{Zrmrm[c(z N7) =y, n,)] nZ P (250

Rather than carry around both a and 0, we will find it convenient to define net wealth as

L] ]
az'n)=a@ ) +o@ ) A-Y @)+ (@) .
The borrowing constraint in terms of a is given by
az',n') = M, 2). (3.1)

Requiring that condition (B hold for each (z%,n) is equivalent to the spot budget constraints
&3) and borrowing constraints (Z8) for the complete traders for all t > 1. In addition we have

the period 0 gross present value constraint

I O
(z°) = c(z',n") —yY (2, n(z',n")P(z",n"). (3.2)

t>0 (%"

It is straightforward to show that the spot budget and debt bound constraints for the other types
of traders imply condition (BI) hold for each (z*,n’) and that condition ([B2) holds. However, they
also imply additional measurability constraints which reflect the extent to which their gross asset

position can vary with the realized state (z*,n").

z-complete Traders The z-complete traders face the additional constraint that a(z’,n’) is mea-
surable with respect to (z',n"!). Since the payoff of the stock o(z"=4,n" 1) [(1 —y)Y (z!) + (2%)]
is measurable with respect to(z!,n"1), requiring that a(z!,n?) = a(z!, §*) for all z!, and {*,n’ such
that n'~1(qY) = n'"1(n’) is equivalent to requiring that

A, i ) = a1, (33)

for all z*, n“%, and n,, f; € N.

14



Diversified investors For the diversified investors, a(z’,n') = 0 and hence the present value
of net borrowing in B is equal to o(z™1,n™ 1) [(1 —y)Y (z) + (z!)]. Thus their additional

measurability constraints take the form

a([z"* 2], n"* i) _ a([z"* 2], n"* n.])
(1-y)Y @z tz)+ (z0%z) (A—-y)Y(zZYL2z)+ (2074, 7y)

for all 271, n*™%, z,, Z, € Z, and n, i, € N.

Non-participants For the non-participants, the payoff in state (z*,n") is supposed to be mea-

surable with respect to (Zt_l, r]t_l), and hence their additional measurability constraints take the

P, e 5 a2 R (3.5)

a(z 'z, () =a(z "z, t),

form:

for all z#71, n*%, z,, Z, € Z, and 1, fj: € N.

Summary Let RP(z!*1) denote the return on the passive trader’s total portfolio. In general,

for “passive” traders, we can state the measurability condition as:

a2z, ") _alz™h 2], Inhn)
Rport(zt’ Zt) Rport(zt’ j:)_l !

(3.6)

for all 271, n'™1, z;, Z, € Z, and n;, {; € N. For the non-participant, RP"!(z*1) = R/(z!) is the
risk-free rate, for the diversified trader, RP°"*(z*1) = R(z!*!) is the return on the market —the
tradeable income claim. Of course, a similar condition holds for any investor with fixed portfolios
in the riskless and risky assets.

Given these results, we can restate the household’s problem as one of choosing an entire con-
sumption plan from a restricted budget set. Next, we turn to examining a household’s problem
given this reformulation.

Because the complete traders do not face any measurability constraints, we start a z-complete
trader’s problem. The central result is a martingale condition for the stochastic multipliers. We
also discuss the same problem for the other traders, and we derive an aggregation result. Finally,

we conclude this section by providing an overview.

3.2 DMartingale Conditions

To derive the martingale conditions that govern household consumption, we consider the household
problem in a time zero trading setup. Markets open only once at time zero. The household chooses
a consumption plan and a net wealth plan subject to a single budget constraint at time zero, as well

as an infinite number of solvency constraints and measurability constraints. These measurability

15



constraints act as direct restrictions on the household budget set. We start off by considering the

active traders.

3.2.1 Active Traders

Let y denote the multiplier on the present-value budget constraint, let v(z*,n*) denote the multiplier
on the measurability constraint in node (z*,n'), and, finally, let ¢(z*,n") denote the multiplier on

the debt constraint. The saddle point problem of a z-complete trader can be stated as:

DDD

P | 1
L= min max B! u(c(z,n"))m(z*, n)
D} feat 0
1 =5 1
y 2 ) W@ - @)
T t ’ L
= 1
Cr1r 1 g 1
+ vz n) — B0 [yY (2)n, —c(z’.n)] - B nha(z' n' ™)
t=1 2t nt 7=t (27 ,n%) (A7)
11 1 L1 I 1l 1
+ o(z'.n") M,z n )R n") — P n7) [yY (27)n, —c(z",n")]
t=1 (ztnt) 7=t (2%,n") L&,nY)

Following Marcet and Marimon (1999), we can construct new weights for this Lagrangian as follows.
First, we define the initial cumulative multiplier to be equal to the multiplier on the budget

constraint: {y =Y. Second, the multiplier evolves over time as follows for all t > 1:

Lz =2 +v %I r]tD— d(z5,n"). (3.7)

Substituting for these cumulative multipliers in the Lagrangian, we recover the following expression

for the constraints component of the Lagrangian:

1, , O - O -
+ I:I:!ﬁl,nt) T2'0) Yiz') oz~ v 2 A + el M ()

t=1 zt777t

+y (2%.

This is a standard convex programming problem —the constraint set is still convex, even with the
measurability conditions and the solvency constraints. The first order conditions are necessary and

sufficient. The first-order condition with respect to consumption is given by:

] 1] [
Blue(z!, n))m(zt,nY) — Tz H +v I% n —aé %l n" PHmn(z,n) =0 (3.8)
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and the first order condition with respect to net wealth &(zf,n'"?) is given by:

1]
IQ+l t+1 (Zt+l, r]t+1)|3 (Zt+1) =0 (3‘9)

v Z7 ™o
nt+1 Y

n'*! is zero since

This implies that the average measurability multiplier across idiosyncratic states
P (z'*1) is independent of n*1. As we will show, the first order condition for consumption is the
same for all households regardless of their trading technology, but the first order condition for
net wealth is not. The first order condition for consumption in (B8) implies that the cumulative

multiplier measures the household’s discounted marginal utility relative to the state price P (z°):

B'u'{c(z',n"))

i (L) (3.10)

The marginal utility of households is proportional to their cumulative multiplier, regardless of their

trading technology.

Active Trading Strategy Next, we use this condition to characterize the z-complete trader’s

consumption and trading choices.

Lemma 3.1. The trader’s cumulative multiplier is a super-martingale:

Z(Zt r]t) > Z(Zt+l r]t+1).'.[(nt+1|zzt+1 r]t) (3‘11)
nt+lml_‘|

The cumulative multiplier is a martingale if the solvency constraints do not bind for any N+t = n!

given z!*1.

This result follows directly from the measurability condition in equation ([B3):
E{V(Zt+1, I,]t+1>|zt+l} = 0.

In each aggregate node z*1, the household’s marginal utility innovations not driven by the solvency
constraints have to be white noise. The trader has high marginal utility growth in low n states
and low marginal utility growth in high n states, but these innovations to marginal utility growth
average out to zero in each node (z*, z;+1). If the solvency constraints do bind, then the cumulative

multipliers decrease on average for any given z-complete trader:
E{Z(ZH_]', I’]t+l)‘Zt+1} S Z(Zt’ r]t)
Hence our multipliers are a bounded super-martingale.
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As we are about to show, this trader takes advantage of the spread in state prices. Using this

relationship and condition ([B3), we recover the standard Euler inequality:

L1 L1

ufofz', ) 2 BE - ufo(zwt,n ) S TE o g (312)

This condition holds as an equality if the borrowing constraint does not bind, i.e. ¢(z!*1,n*1) =0
for all N*** = n’. If there is such an unconstrained z-complete trader in equilibrium, then equation

(BI2) implies that the SDF equals the highest expected IMRS, averaging across | states tomorrow:

1
P (z1+1) B 8E Iac(ztﬂ’ntﬂ))n(zt+1,r]t+1)‘zt+1 ¢
P(zt) - z—rtrl%gd}érs uf{c(zt,n?)) m(z',n’)

N

Unconstrained z-complete traders adjust their consumption growth upwards when state prices are

low and downwards when state prices are high.

For the complete traders, there is no measurability constraint, and hence the constraints

portion of the recursive Lagrangian is given simply by:

L] L] L1 L] L1
+ I:I:@I,nt) T2 Y2 ) — el ) v 2t Az + 9z M )

t=1 zt,r]t

+y  (29).
The first order condition with respect to &2, n') is given by:
1]
v %*1, N+t ™t e (2 =0, (3.13)

which implies that v (z!*1,n*1) is equal to zero for all z!*1,n®*1.  All of the other conditions,
including the first-order condition with respect to consumption (B§) and the recursive multiplier
condition (B) are unchanged. This leads to the following recursive formulation of the cumulative

multipliers:

4z'n) =20 — o' n),
The multipliers decrease if the solvency constraint binds in node (z',n’); if not, they remain
unchanged. The history of a complete household n? only affects today’s consumption and asset
accumulation, as summarized in {, through the binding solvency constraints. As a result, when

state prices are high, the consumption share of the complete trader decreases if the solvency

constraint does not bind, not only on average, across N"states, but state-by-state.

To recover the complete trader’s Euler equation, we can simply drop all the multipliers v on

18



the measurability constraints, and we get that
1

P (Zt>n(zt+l t+l) I:I
ufe(z',n) > B ue(z*t, ) il

P(Zt+1)n(zt, r]t) !

(3.14)

If there is an unconstrained complete trader in equilibrium —with ¢(z¢,n') = 0 for all n* = n~1-,

then equation (BI4]) implies that the SDF equals the highest IMRS; no averaging across I states

P(Zt+1) C e B %C(Zﬂ'l,ﬂﬂ'l)) n(z“l,r]t*l) L1
P (Zt) ~ c—traders U%C(Zt, l']t)) T[(Zt, r]t)

tomorrow:

The common characteristic for all active traders is that their marginal utility innovations are

t+l] t+1 .

orthogonal to any aggregate variables, because we know that E[v.1|z = 0 in each node z
Below, we explore the implications of this finding, but first, we show that diversified traders and
non-participants satisfy the same martingale condition, but with respect to a different measure.

The next section derives the martingale condition for the passive traders.

3.2.2 Passive Traders

We start by looking at the diversified traders.
For the diversified investors, the constraints portion of the Lagrangian is given by
1

L1
EEhS ) @) 0@ — o' n)) —v 20 0@ :
T T oy @+ @ eame Y

The other components of the Lagrangian are unchanged. The first order condition with respect to
(71,0t 1) is given by:
L 1 111 L]
Vv I%Ll’ r]t+1 (1 - y)Y (Zt+1) 4 (Zt+1> T[(Zt+1, r]t+1)|:) (Zt+l) = 0. (315>
L+l |lt|nt+l IEEI

The other conditions are identical. The measurability condition in (BX) can be stated as:

1 ] L 1
Z(Zt, r]t)E m(zt+l|zt)R(Zt+l)|Zt 2 Z(Zt+1, I’]t+1)mt+l, r]t+l|zt, r]t)’ (3.16)

L+l mt+l EH

where R(z*1) is the return on the tradeable income claim and the twisted probabilities are defined

as:
m(zt+1 |Zt)R(Zt+1)

+1 NtFl|,t Gt t+1 Lt+l|,t gt
mt 1 ‘Z i1 ) _ E{m(Zt_'_l‘Zt)R(ZH_l)}n(Z 1 |Z 1 )'

So, the diversified traders’ multipliers satisfy the martingale condition with respect to the these

“risk-neutral” probabilities, whenever the borrowing constraints do not bind. Moreover, when
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ever the debt constraints do bind, their multipliers are pushed downwards in order to satisfy
the constraint. So, relative to these twisted probabilities, the equity traders multipliers are a

supermartingale.

When z and n are independent, only the aggregate transition probabilities are twisted:

A, 0"z ') = @z d (' n’) (3.17)

The same is true of the non-participant’s multipliers, however the twisting factor is different.

If there is an unconstrained stock trader in equilibrium —with ¢(z*,n*) = 0 for all (z,n") >
(71,0 1)~ then equation (BI4]) implies that the stock price equals:
L1

(Zt) — max BE (1 _ y)Y (Zt+1) 4 (Zt+1)[j%C(z " i1 " )) T[(Z M i1 " )‘Zt, r]t

div—traders UQC(Zt, nt)) T[(Zt! ﬂt)

This restriction on the diversified trader’s IMRS is of course much weaker than that for the z-

complete traders. Diversified traders cannot respond to the spread in state prices tomorrow.

Non-participants Finally, for the non-participants, the constraints portion of the recursive

Lagrangian is given by

1, , O O O -
+ I:Eﬁnt) T2'n) Yiz' )~ o2) v 2 AL (M)

t=1 zt,nt
+y  (29).
The first order condition with respect to &z, n'1) is given by:
L 1 |
Vv I%+1’ r]t+1 T[(Zt+l, r]t+1)|:) (Zt+l) = 0. (318)
21 [Ztyt+1 [t
This implies that non-participants’ multipliers have the supermartingale property:
1 1 L1
Z(Zty nt)E m(zt+1|zt)|zt 2 Z(Zt+11 r]1t+1)1ﬂ2t+1’ r]t+l|zt, r]t) (319)
L+l |—_Z_7r|nt+l IEEI
with respect to the twisted probabilities
m(z*+t(zt)

t+1 Nt+l,t Nt t+1 N+l t Lt
m 1 |Z 1 ) - E {m<zt+1|zt))}n(z 1 ‘Z i1 )7
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whenever the borrowing constraints do not bind. The unconstrained non-participant’s Euler equa-

tion is given by:

t+1 nt+l t+1 Ht+l
Tl ) m

t

_pf
=R B npgtlr%é(ers E U%C(Zt, r]t)) T[(Zt, r]t)

As we have shown, all households share the same first order condition for consumption, regard-
less of their trading technology. This implies that we can derive a consumption sharing rule and

an aggregation result for prices.

3.3 Aggregate Multiplier

We can characterize equilibrium prices and allocations using the household’s multipliers and the

aggregate multipliers.

Proposition 3.1. The household consumption share, for all traders is given by

L' Lnh)e E—
C(é(;t])) _ Z(Zh,(;]t)) . where h(Zt) _ Z(Zt,nt)ﬁn(nqzt)_ (3.20)

nt

The SDF is given by the Breeden-Lucas SDF and a multiplicative adjustment:

L1 L 1L 1 L1
C<Zt+1) & h(zt+l) ™

C(z?) h(zt)

m(z"*z") =B (3.21)

The consumption sharing rule follows directly from the ratio of the first order conditions and

the market clearing condition. Condition (B8) implies that

] ]
c(z',n) =u™* (z'\n)P(Z')
In addition, the sum of individual consumptions aggregate up to aggregate consumption

—
C(iz')=  c(z',n")n(n"z").

77t

This implies that the consumption share of the individual with history (z*,n') is

c(z'.n") _ ()P (2")]
C(z") A UFHL(Z P (@) n(n'[z!)’
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With CRRA preferences, this implies that the consumption share is given by

n' tnt)e —
CE:Z(Z?)) - Z(th;]t)) , where h(z') = 2(@'n) = n(n'|2").

nt

Hence, the —1/0™ moment of the multipliers summarizes risk sharing within this economy. We
refer to this moment of the multipliers simply as the aggregate multiplier. The equilibrium
SDF is the standard Breeden-Lucas SDF times the growth rate of the aggregate multiplier. This
aggregate multiplier reflects the aggregate shadow cost of the measurability and the borrowing
constraints faced by households.

The expression for the SDF can be recovered directly by substituting for the consumption
sharing rule in the household’s first order condition for consumption (BI0). This aggregation
result extends the complete market result in Lustig (2005) to the case of incomplete markets and
heterogeneous trading technologies.

This proposition directly implies that an equilibrium for this class of incomplete market economies
can be completely characterized by a process for these cumulative multipliers {{(n’,z")}, and by
the associated aggregate multiplier process {h;(z")}. Section H describes a method to solve for
these multipliers. In the next subsection, we use the consumption sharing rule and the martingale
condition to highlight the effect of the heterogeneity in trading strategies on savings and investment

behavior.

3.4 Savings Behavior of Active Traders

Complete traders do not have a precautionary motive to save, while z-complete traders do. As a
result, when interest rates are low, complete traders invariably de-cumulate assets, while z-complete

traders do not necessarily choose to do so.

Corollary 3.1. The unconstrained complete trader’s consumption share increases at a rate —hy 1 (z!*1)

/h;(z) in each nPstate in the next period.

If hy+1(z*1)/hy(z!) > 1 on average, and hence the risk-free rate is lower than in a representa-
tive agent economy, the complete trader’s consumption share decreases on average, because he is
dissaving. Complete traders have no precautionary motive to save — as reflected in the absence of
measurability constraints—, and hence they run down their assets in each 1 state, when state prices
are high, until they hit the binding solvency constraints. This is an “aggressive” trading strategy.

This is not true for the z-complete trader.

Corollary 3.2. If the state price is low and hyq (271 /hy(28) < 1, the unconstrained z-complete
trader’s consumption share increases on average across N states in the next period. If the state

price is high and 1 (221 /hy(2%) > 1, her consumption share can increase or decrease.
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Because of the market incompleteness, the z-complete trader may still accumulate assets in
equilibrium even if the state price is high (or expected returns are low), and choose an increasing
consumption path over time, as long as his borrowing constraint does not bind. This reflects
his precautionary motive to save. Another way to illustrate the difference in savings behavior
is by fixing the household’s consumption level in this period, and considering the household’s

consumption choice for next period depending on its trading technology.

Corollary 3.3. Fiz a cumulative multiplier . In the absence of binding solvency constraints, a
z-complete trader consumes less on average in the next period than a complete trader, strictly less

if marginal utility is strictly convewz.

If marginal utility is strictly convex, conditional on having the same consumption today, the
z-complete trader always saves more on average tomorrow, regardless of the state prices. This of
course implies she will accumulate more wealth. In fact, in a calibrated version of this economy,
we will show that z-traders accumulate 4 times more wealth than complete traders. The next

subsection consider the implications for investment behavior.

3.5 Investment Behavior

The martingale condition for active traders puts tight restrictions on the joint distribution of
returns and consumption growth. Using the SDF expression in (B.21]), we can state the martingale
condition as E;[M+1V;+1] = 0 for non-participants, z-complete traders and complete traders. This

gives rise to the following expression for marginal utility growth of an unconstrained trader:

t+1 -1 2t+1
Et Z— =1- Et[mt+l] covy Z—y My (3’22>
t t

The covariance term drops out for active traders (complete and z-complete traders) because
E[Vi+1]z*!] = 0 in each node z*!. Hence the martingale property. This orthogonality condi-
tion is the hallmark of an “active trading” strategy. Using the consumption sharing rule, this
implies the following orthogonality condition:

]

]
cov; AlogCiy — Alog Curg + Aloghysg, X (271 0

where X (z!*1) is any random payoff (including m itself). This condition is trivially satisfied for
the complete trader, whose consumption growth is AlogCi+; = AlogCi+1 — Aloghy+1 in each
node. Active traders increase their consumption growth when state prices are lower than in the
representative agent model, and they decrease consumption growth when state prices are higher

than in the representative agent model.
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However, non-participants are not hedged against aggregate shocks and this induces a strong
negative correlation between m and the growth rate of the multiplier. This imputes a positive
drift to the growth rate of their multipliers, implying that the unconstrained non-participants

“oversave”: 1

P(Zt)n(zt+l t+l) I:I
ue(z',nY) < BE  ufe(z**L,n*h)) al

P (Zt+l)n(zt, nt)

This follows by combining the drift for the multipliers with the first order condition for consump-

tion.
Similarly, for diversified investors, z-complete traders and complete traders, the equivalent

condition is E; [My+1R+1Vi+1] = 0. If the probability of binding solvency constraints at t 4+ 1 is

zero, then: ] ? ]
Et tz—+l = 1 - COVt tz—+l, Rt+1mt+1 (323)
t t

The second term always drops out for active traders. It is zero for the diversified traders only if
h;+1/h; is deterministic. This turns out to be the case if there no non-participants. We refer to
this case as complete separation of aggregate and idiosyncratic risk. Section provides a precise

statement of this result. In general, the diversified traders over-save as well.

Example We show a time series for the consumption growth and the multiplier growth generated
dy simulating a calibrated version of the model (see section [l for details).The z-complete traders
in the top panel in figure [l adjust their consumption growth rate, plotted against the {hy+1/h;}
shocks, to line up their IMRS with the SDF in each aggregate state of the world, allowing them to
earn a high return on total wealth. They sell aggregate consumption claims for the high h,y1/h;
states and buy claims for the low h;41/h; states. On the other hand, the consumption growth
rates of the diversified trader does not respond to hy+1/h; shocks. To understand this, it is helpful
to examine the underlying multiplier processes. Figure B plots the multiplier growth rates of the
different traders, against the h;+1/h; shocks. As we explained, the multipliers of the complete
and z-complete traders do not respond to the aggregate shocks (see martingale result) —this is the
hallmark of the sophisticated investment strategy—, while the multipliers of the diversified traders
and non-participants actually increase when there is a large h,+1/h; shock. If not, they would

violate their measurability constraints.
[Figure 1 about here.|
[Figure 2 about here.|

In a separate appendix, available from the authors’ web SitesH, we show that these results go

through even if agents have non-expected utility as in Epstein and Zin (1989). The next section

“http:-//www.econ.ucla.edu/people/Taculty/Lustig. html
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derives a recursive set of updating rules for these multipliers, and we show under what conditions

this separation result obtains.

4 Computation

This section describes a computational method that builds on the recursive saddle point problem.
Our algorithm proceeds in three steps. We start by conjecturing an {h;} process for the aggregate
multiplier. Then we compute the new updating functions. Finally, we back out the new guess for

the aggregate multiplier process:
1. guess an {h?(z!)}, starting with {h%(z%)} =1
2. solve system of equations for household multiplier updating functions Tg ,J € {z,c,div,np}

3. household multiplier updating functions define new aggregate multiplier function {h*(z?)}:

—
. L —1C 11 . . = n(nt+?, 21+ nt, z¢
hia(z7) = /(2" n"™" Yz ") (Q(z',n") © ( T[(Zt+1|z|t) )
jOM g+l mh

dad?,

4. iterate until convergence of {h*(z!)}

In a first step, this method involves computing the updating rule for the cumulative multipliers
by solving a system of simultaneous equations, rather than solving an optimization problem, for
a given aggregate multiplier process. These equations are (1) the Kuhn-Tucker conditions on the
measurability constraints, (2) the martingale conditions on the multipliers, and (3) the Kuhn-
Tucker conditions on the solvency constraints. In a second step, we back out a new aggregate
multiplier process, computed using the new updating functions. Finally, we iterate on this process
until it converges. The optimality condition for consumption and the market clearing conditions
are already satisfied by the consumption sharing rule we devised, so there is no need for a separate
algorithm to clear the markets.

The first subsection describes how to compute the updating function for the individual mul-
tiplier, while the second subsection describes the updating operator for the aggregate multiplier

process.

4.1 Updating function for household multipliers

To allow us to compute equilibrium allocations and prices for a calibrated version of this economy,

we recast our optimality conditions in recursive form. To do so, we define a new accounting
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variable: the recursive savings function. This accounting variable serves the same purpose as the
promised utility in recursive contracts. Making use of the consumption sharing rule, we can express
the household’s present discounted value of future savings or “promised savings” as a function of
the individual’s multiplier:

1]

S((z5n");z'n") = ym—

1
(2, nt)%l . I ﬁat+l’ r]t+1)|;> (Zt+1) et e 1 e
W C(Z )_l_ t+1 t+1 n(ztlnt)P(Zt) S(Z(Z ’n )72 ’n )
Z 777

This recursive expression for promised savings holds for all of our different asset traders.

We start by showing how to compute the updating functions for the cumulative multiplier,
while taking the aggregate multiplier process as given. The updating rule for {(z%,n") is determined
by the borrowing restrictions, the measurability restrictions and the martingale conditions. The

Kuhn-Tucker condition on the borrowing constraint reads as:

D El
O™, 2% S(Z(2E, N, 2 ) — Mz ) = 0. (4.1)

This condition is common to all traders, regardless of the trading technology. However, the measur-
ability and optimality conditions depend upon the trading technology. We start with the z-complete

trader’s version of these constraints.

Let S*(-) denote the z-complete trader’s savings function. Our measurability constraint

requires that the discounted value of the future surpluses be equal for each future n‘*!, or

SZ(Z(ZH_]', r]t+1); Zt+1, r]t+1) — S (Z( t+1’ r~]t+1) t+1 r]t+1) fOl" all n ﬁt+l and Zt+1

This implies the following Kuhn-Tucker condition for the measurability constraints:
] .
S*(Q@™ ™2™ 0™ = S*C AT 2 AT for all ™ v(n™ 2, (4.2)

for all n'*1, A™*! and z!*'. Conditions [EIHEZ) and the martingale condition ([BM), reproduced
here,
@+1 t+1 I:I(Zt+1 r]t+1)|:) (Zt+l) =0

vzt
nt+1 Y

determine the multiplier updating function:
TZ(Zt+1, r]t+1|zt, r]t)(z (Zt, nt)) — Z(Zt+l1 r]t+l).

T7 is determined by solving a simple set of simultaneous equations. Using the martingale condition,

note that in each node z;41, we have #Y — 1 measurability equations to be solved for #Y — 1
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multipliers v(n?, Ns+1,2"*1). In addition, in each node z;+1, we have #Y — 1 Kuhn-Tucker conditions
to be solved for #Y — 1 multipliers ¢(n?, Ns+1,2t*1). Finally, the law of motion for the cumulative
multiplier { is given in (B).

In the recursive formulation, the complete trader’s measurability condition collapses to:
SC(Z (Zt+1, ﬂt+1); Zt+1, ﬂt+l) _ SC(Z (Zt+l, ﬂt+1); Zt+l, r]1t+l) for all Z1t+1 and ﬂt+l, (43)

which is vacuous and hence can be dropped. Also in the recursive formulation, we know that the

martingale condition reduces to:
V(Zt+1, r]t+1) =0 (4.4)

for all z*1 = z' and n*! = n! in which the debt constraint doesn’t bind. This condition implies
that this trader’s multipliers are a degenerate bounded super-Martingale.

Conditions (1), (1), (E3), and () determine the complete trader’s multiplier updating func-
tion

TC(Zt+1’ ﬂt+1|Zt, nt)(z (Zt, nt)) — Z(Zt+l1 r]t+l).

Again, even though the form of the promised savings function, S¢({(z*1,n*1); z*1, n'*1), is the
same, because the multipliers are being updated differently with the complete structure, the value
of function will in general be different from that of the z-complete securities market recursive

savings function.

Diversified investors: For diversified investors, the measurability condition is given by:

Sdiv(z (Zt, Z, I,]t+l); Zt, Z, r]t+1> _ Sd“’(Z (Zt, zt+l; nt’ r~]t+1)§ Zt, zt+11 nt’ ﬁt+1) (4 5)
(1=Yy)Y(zt,2;) + (2% 2)] [(1=VY)Y (2, Z441) + (28, Z441)] ’

for all n“*1,n¢, A1, 2041 and z¥, Z,41 and, making use of the above first-order condition.
Conditions (BT, the Kuhn-Tucker condition for the measurability constraint in (EH) and the

martingale condition in (BIH) determine the diversified investor’s multiplier updating function
Tdiv(zt+lnt+l|zt, r]t)(z (Zt, r]t))’
which in turn will determine the net savings function
S (7 (2%, ) 2ttt

Note that we have #Z x #Y — 1 measurability equations to be solved for #Z x #Y — 1 multipliers
v(n, N1, 2. (Recall that they average out to zero). In addition, in each node z;+1, we have
#Y — 1 Kuhn-Tucker conditions to be solved for #Y — 1 multipliers ¢(n?, Ns+1,2t*1). Finally, the
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law of motion for the cumulative multiplier { is given in (B7).

Fixed Portfolio Traders This approach can easily be generalized to deal with households who
hold a fixed portfolio of securities (e.g. in the market and the riskless asset). Let RP”" denote the
total portfolio return from this strategy. For these investors, the measurability condition is given
by:

Sport(z (Zt+1, nt+l); Zt+1, r]t+1) Sport(z (Zt, Zt+11 r]t’ ﬁt+l); Zt, Zt+11 r]t’ ﬁt+l)

RPot(z!,Z;41) RPort(z!, Zp41)
for all N**1,n¢, fr+1, 2" and 7!, 7,41 and, the martingale condition becomes:
L 1 |
v 9+1, r]t+l R;Dort(zt’ Z~t+1)T[(Zt+l, r]t+l)P (Zt+l) — 0,
L+l Ef,]nt"'l EH

Finally, we turn to the non-participants.
Non-participants: For non-participants, we get the following measurability condition:
Snp(z (Zt+1, I’]t+l); Zt+1, r]t+1) — Snp(z (Zt+1, ﬁt)§ Zt+1, ﬁt+1) for all r]t+1’ ﬁt+l, Zt+1 and Z~t+l (46)

Conditions (Jl) , I, and the Kuhn-Tucker condition for the measurability constraint in
(d) determine the updating function for the non-participants:

Tnp(2t+1, r]t+1|zt, nt)(z (Zt, nt))
and

Snp(z (Zt+l, r]1t+1); Zt+l, r]1t+1)_

4.2 Aggregate multiplier updating operator

Finally, these updating functions for each of the trading technologies T7(-),j € {c,z,div,np}

determine the law of motion for the aggregate multiplier:

| = 11 !El [k n(nt+1 Zt+lmt Zt)
hpe1 (27 = T7 (2" 0™z n") (2" n")) = T[(’Zt+l|zt)’
jm nt+l |11‘|

da,

where <I>{ is the joint distribution of multipliers and endowments and j € {c,z,div,np}. These
aggregate multiplier dynamics govern the dynamics of the SDF, and hence of risk premia and

asset prices. Clearly, this defines an aggregate multiplier updating operator {h}(z!)} = T"{h%(z")}
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that maps the initial multiplier function {h,(z")} into a new aggregate multiplier function. We are

looking for a fixed point of this operator.

4.3 Algorithm

In the next section, we develop some conditions under which aggregate and idiosyncratic risk
separate. In the case of separation, h(z*1)/h(z?) is deterministic, independent of the aggregate
history z'. However in general, the growth rate of the aggregate multiplier process {g;(z")} depends
on the entire history. Of course, in an infinite horizon economy, we cannot record the entire
aggregate history of shocks in the state space. To actually compute equilibria in a calibrated
version of this economy, we propose an algorithm that only uses the last n shocks, following

Verarcierto (1998), and we use S to denote a truncated aggregate history in Z". The algorithm we

apply is:
1. conjecture a function go(s,sY = 1.
2. solve for the equilibrium updating functions T¢ (s7nYs, n)(Q) for all trader groups j € {c, z, div, np}.

3. By simulating for a panel of N = 5000 households for T = 1000, we compute a new aggregate
weight forecasting function g;(s, sY.

4. We continue iterating until gx(s,s5 converges.

The computational algorithm is discussed in detail in the appendix (see section [Bl). Using
the recursive savings function, we can characterize the aggregate multiplier dynamics analytically
under some assumption. First, we derive some bounds on the growth rate of {h,}. Second, we
conditions under which the growth rate is constant and hence the aggregate risk premium is not
affected by limited participation. Finally, we show the growth rate converges to zero when agents

become more patient.

4.4 Aggregate Multiplier Dynamics

Using the properties of the household multiplier updating function, we can establish some bounds
on the growth rate of the aggregate multiplier process. If there are only complete traders or

z-complete traders, {h,} is a non-decreasing (over time) stochastic process.

Proposition 4.1. Suppose there are only complete or z-complete traders. The equilibrium stochas-

Tz ™
h,(z?) -

tic process {hy(z")} is non-decreasing:
1
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If there are no binding solvency constraints, this holds with equality. Similarly, if there are only
z-complete traders, we can establish the same property. If marginal utility is convex, this holds
with strict inequality. Of course, this also implies that {h;} is non-decreasing if we have a mix
of complete traders and z-complete traders. This not only means that binding measurability and
solvency constraints lower the risk-free rate, but it also implies that any time variation in the
volatility of the aggregate weight growth imputes volatility to the risk-free rate. This changes once

we introduce diversified traders and non-participants into the mix.

Proposition 4.2. Suppose there are only diversified investors. In the case of independence, the

equilibrium stochastic process {h(z")} is non-decreasing on average under the risk-neutral measure:

t+1 L1
g T

2t 20

In this case, in some states of the world the aggregate weight (gross) growth rate could be less
than one. As we will show, this dampens the volatility of the risk-free rate, even when the ag-
gregate weight growth contributes substantial volatility to the SDF. The same result holds for

non-participants, but under a different measure.

Consumption Distribution How is our SDF related to how the consumption distribution
evolves over time? There is a tight connection between the aggregate weight growth rate and
the growth rate of the —0-th moment of the consumption distribution. We define Chs the —a®™

moment of the consumption distribution in trader segment i.

Corollary 4.1. If there are only complete and z-complete traders, then the SDF is bounded below

by the growth rate of the —a™ moment of the consumption distribution:
1 1
B Ci(z"")/Ci{z") <m(z"Mz).

This follows directly from the martingale condition and the consumption sharing rule. If the
borrowing limits never bind in equilibrium (e.g. in the case of natural borrowing limits), then these
two SDF’s coincide:

B CE/CT) = mz ).
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Finally, in the case of diversified traders, then the following inequality holds for the return on
a claim to tradeable output:
] ] 1 ]
R(z™) <E; m@z™z)R(z"™) =1,

L1 ]
E: B Cd%]@tﬂ)/cd%l(zt)

Kocherlakota and Pistaferri (2005) derive this exact aggregation result with respect to the —at"
moment of the consumption distribution directly from the household’s Euler equation in an en-
vironment where all agents trade the same assets. We show this is a lower bound in the case of
binding borrowing or solvency constraints. Before we conclude this section, we derive conditions

under which the aggregate weight growth rate is constant and/or equal to one.

4.5 The Separability of Aggregate and Idiosyncratic Risk

In this section, we will show that if the following two conditions are satisfied and if all agents can
trade a claim to all diversifiable income, the equilibrium distribution of the household multipliers
does not depend on the realization of the aggregate shocks. This result is an extension of Krueger
and Lustig (2006) to the case of segmented markets. In the absence of non-participants, the degree
of consumption smoothing within and among different trading groups only affects the risk-free rate,
not the risk premium. To prove this result, all we need to show is that the multiplier updating

functions T* do not depend on the aggregate history z*.
Condition 4.1. The aggregate shocks are i.i.d. : ©(Zi+1|2t) = @(Z¢+1)-

Condition 4.2. The idiosyncratic shocks are independent of the aggregate shocks:

T(Ner1s Zert|Nes Ze) = G2 Ne) P(Ze2]Ze).

We start out by noting the borrowing constraints are proportional to aggregate income. From
our definiton ([ZH) and our asset pricing result (BZ1]), it follows that

I I T[(ZT’ nT)BTY (ZT>—Q’h(ZT)Q’
M(n',z") = —y VY @)=ty
o mr mg T[(zt l’ r]t 1)Bt 1Y (Zt l) h(zt 1)

Since the growth rate of Y (z") is i.i.d. by assumption, it follows that M (n*, z*)/Y (z") is independent

of zt, and hence
M(z',n") = M(n")Y (2°).
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Then, we define the ratio of savings to aggregate consumption S as follows:
S(Z(z5nh);zhnY) = Y (29)S(2(Z4 ) 24 ). (4.7)

Our recursive relationship for S({(z%,n’); z*,n’) implies that

3 t oty ot Z(Zt,ﬂt)%l ¢ Y < t+1 1y, i+l i+l
S(Z(Z,n);z,n)zvnt—wﬂtﬁ 1+1]2") G(Ne+1Ne)S(C(Z7 ") 275, ).

Zt+1 Tt+1

where %I LA
Zt+l B
@+1‘Zt) _ (P(Zt+1) :](Zt>) e(l=Mzer1

In addition, our debt constraint in terms of S is simply given by:
S~(Z (Zt+l, I,]t+1>; Zt, nt) < M(ﬂt+1)- (48)

Proposition 4.3. If condition (7.3) and (Z_1) are satisfied, in any economy without non-participants
the equilibrium values of the multipliers { and the equilibrium consumption shares are independent
of Z°.
The reason behind the independence result is straightforward. Start by conjecturing that h(z'**)/h(z?)
does not depend on z!**, and conjecture that the savings/consumption ratio S(Z(z*,n'); z*,n*) does
not depend on z'!. This being the case, nothing else in the recursive equation depends on the re-
alization of the aggregate shock z; , because (@H) does not depend on z', in the measurability
constraints z-complete traders or in the debt constraint. That versifies our conjecture about the
savings consumption ratio So, the measurability constraint for the z-complete traders is indepen-
dent of z;:

S*(™1), ") = S*C(M™*H); A" for all n°, A7 and 2, (4.9)

and this implies that the updating function does not depend on z* either:

T*(n"*n)(@n")) =T("™).

What about the diversified investors? Let pd; denote the price/dividend ratio on a claim to

consumption. For the diversified investors, the measurability constraint reads as:

SN, SN, Aera); N i)
[(1—y) + pds+1)] [(1—y) + pd+1]

for all n“*,nt, A1, 2%t and 2%, Z,41. Since the pd, can only evolve deterministically, given the

i.i.d. shocks and the conjecture about h;+1/h;, the diversified trader faces the same measurability
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constraints as the z-complete traders. Hence, the diversified investor’s updating function does not

depend on zt*1:

TN ") CM")) =TM™).

This being the case, it easy to show that h,4+1/h; does not depend on z!**

either, as long as there
are no non-participants, simply because nothing on the right hand side depends on z!**:
_ @j t4+1)t t % £y =2t o J
hivs —hy = T/ In)(CM") = d(afne) —C(n) e dPy

Jjm ptrlgh

(4.10)

where T = {c, z, div}.

Corollary 4.2. Independent of the market segmentation, if all households can trade a claim to

diversifiable income, the (conditional) equity risk premium is the Breeden-Lucas one.

When {h;+1/h;} is non-random, market incompleteness only affects the risk-free rate, not the
risk premium (see Krueger and Lustig (2006) for a formal proof). The consumption shares of
all households do not depend on the aggregate shocks. There is no time variation in expected
returns, and households only want to trade a claim to aggregate consumption to hedge against
aggregate risk. All the asset market participants face the same measurability condition if {h,+1/h,}
is non-random. The distinction between active and passive traders is irrelevant, because there is
no spread between state prices other than that in a representative agent model. Households all
hold fixed portfolios (i.e. the market) in equilibrium, and there exists a stationary equilibrium
with an invariant wealth distribution. This result implies that the multipliers are not affected by

the aggregate shocks.

Non-participants This independence with respect to the value of z;4+1 is not true for the non-
participants, since the measurability condition in terms of S is given by
S~t+1(z (Zt+11 Zt+11 r]t+1); Zt+11 nt+l> o ét"‘l(Z(i zt+11 ﬁt+1); Zt"‘ll ﬁt+1) (4 11)

pAt+1 prt+1

for all (™), (%, fs+1), (z'*1) and (2%, Z;+1). Clearly, this household’s multiplier updating function
will depend on the aggregate history. This measurability condition implies that the ratio of non-
participant household net wealth to aggregate consumption needs to be counter-cyclical.

The inclusion of a positive measure of non-participants causes a breakdown in the separation of
aggregate and idiosyncratic risk. There no longer is an equilibrium with a stationary distribution of
wealth; {hs1/h;} depends on the entire history of aggregate shocks. This drives a wedge between
the martingale condition of the active investors and the diversified investors. We explore the

quantitative importance of this in the rest of the paper.
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4.6 Shifting Aggregate Risk

We can define the aggregate promised savings function for each group of traders j € {c, z, div, np}:

j(5t L] 1 t+1

Zt+1

by aggregating across all the households in segment j, and exploiting the linearity of the pricing
functional. Finally, the sum of the aggregate savings functions is (minus) a claim to diversifiable

income:

L1
Siz') = - @)+0-y)Y(@) (4.12)

J
This follows directly from market clearing. The measurability restrictions on the household savings
function, and this in turn generates restrictions on the aggregate consumption share of each trader
group.
The diversified traders do not bear any of the residual aggregate risk, created by non-

participants.

Proposition 4.4. The aggregate consumption share €23 (zt) = hdiv(zt)/h(z!) of diversified traders

cannot depend on Z;.

Since the measurability constraints are satisfied for the individual household’s savings function,

they also need to be satisfied for the aggregate savings function. So by the LLN:

Sfi”(zt, Zt+1) SZ””(Zt, Zt+1)

[(A=y)Y (2 z)+ (Zhz)] (=YY (2 Zw) + (2 2Z01)]

where we have used the fact that the denominator is measurable w.r.t. z'. The household measur-
ability condition implies that the aggregate savings of the diversified traders be proportional to the
tradeable income claim in all the aggregate states. Let R%¢ denote the return on the tradeable
income claim and let R%* denote the return on the promised savings of the diversified traders. The

measurability condition implies that in each z':

Rdiv(zt’zt_'_l) B Rdiv(zt,m)
Rtrad(zt’ Zt+l) - Rtrad(zt, m)

for all g1 and 4.4 The aggregate savings function of the diversified traders is a claim to
W (zY)

{C(z}) yW — o > while the tradeable income claim is a claim to {C(z")(y — 1)}. Now, since

the returns cannot depend on the realization of Z;+1, thisjimplies that+he probability distribution
hj (zt+1’)

over normalized cash flows from node z*! onwards { yp/ — eI

},=1 cannot depend on the
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realization z;41 either.
By the same logic, the aggregate consumption share of non-participants hy”(z*)/h(z') has to
be counter-cyclical, because their measurability condition implies that S"P(z*, z441) cannot depend

on Zt+1 .

Proposition 4.5. The aggregate consumption share of non-participants ¢2(zt) = hI’®(z4)/h(z")

15 wnversely proportional to aggregate endowment growth rate

This follows directly from the measurability condition of the non-participant households.

Since the diversified traders have constant consumption shares, and the non-participant traders
have counter-cyclical consumption shares, regardless of the {h} process, there cannot be an equilib-
rium without active traders. The market simply cannot be cleared without active traders, if there
are non-participants. This holds because we have assumed that there is a single stochastic dis-
count factor, but when there are no active traders, then diversified and nonparticipant traders are
effectively completely segmented. In this case, there would exist an equilibrium with two separate
stochastic discount factors; one for each group.

Table [[ summarizes the main effects of heterogeneity in trading technologies on asset prices
and portfolio composition. These results rely on the absence of predictability of aggregate con-
sumption growth and the independence of idiosyncratic and aggregate shocks. In the first panel,
we summarize the effect on the equity premium. In the absence of non-participants, the compo-
sition of the other trader segments has no effect on the equity premium; the Breeden-Lucas risk
premium obtains (Krueger and Lustig (2006)). However, as soon as there is a positive fraction of
non-participants, this irrelevance result disappears. In the second panel, we look at the portfolio
effects. All traders hold the market portfolio in the absence of non-participants. However, when

there are non-participants, the active traders decide to increase their exposure to market risk.
[Table 1 about here.]

Next, we solve a calibrated version of this economy numerically, to examine the quantitative

importance of heterogeneous trading opportunities for asset prices.

5 Quantitative Results

This section evaluates a calibrated version of the model. The first subsection discusses the calibra-
tion of the parameters and the endowment processes. The second subsection considers a bench-
mark calibration without aggregate consumption growth predictability (IID economy) designed to
highlight that the model with heterogeneous trading opportunities manages to reconcile the low
volatility of the risk free rate with the large and counter-cyclical volatility of the stochastic dis-

count factor. We use this economy to explore the impact of changes in the active trader’s segment
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composition. The last subsection presents the benchmark version of the model that matches asset
pricing moments. This section explores the model’s implications for the distribution of wealth and

asset shares across households.

5.1 Calibration

The model is calibrated to annual data. We choose a coefficient of relative risk aversion o of five and
a time discount factor B of .95. These preference parameters allow us to match the collaterizable
wealth to income ratio in the data when the tradeable or collateralizable income share 1 —y is
10%, as discussed below. Non-tradeable income includes both labor income and entrepreneurial

income, among other forms.

IID Economy In the benchmark calibration, there is no predictability in aggregate consumption
growth, as in Campbell and Cochrane (1999) —we impose condition ELJl We refer to this as the
IID economy. This is a natural benchmark case because the statistical evidence for consumption
growth predictability is weak. Moreover, in this case, all the equilibrium dynamics in risk premia
flow from the binding borrowing and measurability constraints, not from the dynamics of the
aggregate consumption growth process itself.

The IID experiment is designed to show that the heterogeneous trading technologies also gen-
erate similar dynamics endogenouslyH The other moments for aggregate consumption growth are
taken from Mehra and Prescott (1985). The average consumption growth rate is 1.8 %. The
standard deviation is 3.15 %. Recessions are less frequent: 27% of realizations are low aggregate

consumption growth states.

In addition, we impose independence of the idiosyncratic risk from aggregate shocks on the labor
income process —condition is satisfied. By ruling out counter-cyclical cross-sectional variance of
labor income shocks, we want to focus on the effects of concentrating aggregate risk among a small
section of households, as opposed to concentrating income risk in recessions. The Markov process
for logn(y, z) is taken from Storesletten, Telmer, and Yaron (2003) (see page 28). The variance is
XXX, and the autocorrelation is 0.89. We use a 4-state discretization. The elements of the process
for logn are {0.38,1.61}.

Finally, given conditions BTl and B2, the risk premium and portfolio irrelevance result we de-
rived for the case without non-participants applies. This will provide us with a natural benchmark

for the asset pricing and wealth distribution results.

5Campbell and Cochrane (1999)’s model is designed to demonstrate that the external habit process endogenously
generates the right dynamics in risk premia without creating risk-free rate volatility.
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Collateralizable Wealth The average ratio of household wealth to aggregate income in the US
is 4.30 between 1950 and 2005. The wealth measure is total net wealth of households and non-profit
organizations (Flow of Funds Tables). We choose a collateralizable income ratio o of 10 %. The
implied ratio is 4.88 in the model’s benchmark calibration. Finally, we set the solvency constraint

equal to zero: M = 0.

Dividend Process We report asset pricing results for two equity-like securities. First, we con-
sider a simple leveraged claim to tradeable income. In the Flow of Funds, the ratio of debt-to-net
worth is around 0.65, suggesting a leverage parameter P of 2. However, Cecchetti, Lam, and Mark
(1990) report that standard deviation of the growth rate of dividends is at least 3.6 times that of
aggregate consumption, suggesting that the appropriate leverage level is over 3. Following Abel
(1999) and Bansal and Yaron (2004) , we choose to set the leverage parameter § to 3. The returns
on this security are denoted R;.. In addition, we consider a second security with more complex div-
idend dynamics. Log dividends are stochastically co-integrated with log consumption. Following
Bansal, Dittmar, and Lundblad (2006), dividend growth is a function of aggregate consumption

growth and the change in the dividend/consumption ratio g:

Adt+1 - 5 + l.pACt+]_ + Aqt+1 (51)
Uie1 = Pglt + PaOU1

U is white noise with mean zero and variance 1. 0 is the standard deviation of aggregate con-
sumption growth. The second equation imposes stationarity on the log dividend/consumption
ratio. This seems like a natural restriction. We choose p, = 0.8 for the autocorrelation of the
consumption/dividend ratio, the leverage parameter { in the dividend growth process is set to 3 ,
and ¢, = 4.5. Equity is a claim to this dividend process. This dividend process has a correlation
with aggregate consumption growth of .64, much closer to that in the data. We chose 0 to match
the standard deviation of dividend growth in the data (16 %). The returns on this security are

denoted R.,. We also consider the returns on a perpetuity (denoted R;).

Composition In our benchmark model, 70 % of households only trade the riskless asset. The
remaining 30 % is split between diversified investors, z-complete traders and complete traders. We
begin by discussing the asset pricing implications of heterogeneous trading opportunities in the
IID version of our economy. In the next subsection, we will show that this composition of traders

allows for a close match of the wealth and asset share distribution.
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5.2 1ID Economy

We use the IID economy as a laboratory for understanding the interaction between active and
passive traders and its effect on asset prices. This interaction generates counter-cyclical state price
volatility without risk-free rate volatility, unlike other heterogeneous agent models (see e.g. Lustig
(2005), Alvarez and Jermann (2001), and Guvenen (2003)).

5.2.1 Asset Pricing in the IID Economy

The asset pricing statistics for the IID economy were generated by drawing 10,000 realizations from
the model, simulated with 3000 agents. Table B reports the asset pricing results in our baseline
experiment. As a benchmark, the first column in the table also reports the corresponding numbers
for the RA (representative agent) economy. We consider three cases in the HTT economy. In
all cases the fractions of active traders (10%), diversified traders (20 %) and non-participants are
constant (20%), but we change the composition of the active trader segment. The first column
in table Bl reports the results for 10 % z-complete traders (case 1). In this case, there are no
complete traders. The second column has 5% z-complete and 5% complete traders (case 2), and
the last column has 10 % complete traders (case 3). The fractions of traders can be interpreted as
fractions of human wealth (or labor income), rather than fractions of the population. Finally, the

last column reports the moments in the data.

[Table 2 about here.]

Representative Agent Economy We start by listing some properties of returns in the RA
economy. In the RA economy, the maximum Sharpe ratio is .19 and the equity risk premium
(E [Reg — Ry]) is 2.3 %. The conditional market price of risk [0;[m]/E;[m]] is constant, because
the shocks are i.i.d. hence, the risk premia are constant as well. Finally, the risk-free rate in
the RA economy is 12 % and it is also constant. As a result, there is no risk in bond returns
(ER, — R/l =0).

All of the moments of risk premia reported in column 1 are identical in the HT'T economy
without non-participants, regardless of the composition of the pool of participantsH As long as
all households can trade a claim to tradeable income, the lack of consumption smoothing has no
bearing on risk premia, and its only effect is to lower the equilibrium risk-free rate (not reported
in the table).

Heterogeneous Trading Technologies Economy In the HTT economy, the interaction

between active and passive traders generates volatile state prices and a stable risk-free rate. We

Ssee Proposition &3

38



start by considering case 1 —no complete traders. In case 1 of the HT'T economy, the maximum
Sharpe ratio, (6[m]/E[m]), is .44, while the equity premium, (E [R., — Ry¢]), is 5.03 %. The risk
premium on the leveraged consumption claim is higher (6.7%) (E [Ri. — Ry]), as a result of the
higher volatility of returns (std [R;. — Ry]). But, it is still well below the average realized excess
return in post-war US data of 7.5 %. However, the average price/dividend ratio (E[P Dy]) in
the data is 33, substantially higher than that in the model. As others have suggested (Fama and
French (2002)), a decrease in the risk premium over the last part of the sample may have causes
higher realized returns.

The risk-free rate Ry is low (1.73 %) and essentially constant. The standard deviation of the
risk-free rate is .06 %. There is also substantial time variation in expected excess returns; the
standard deviation of the conditional market price of risk Std [o,[m]|/E;[m]] is 3.3 %, comparable
to that in Campbell and Cochrane (1999) ’s model. It varies between .4 and .8. Since the risk-
free rate is essentially constant in the IID economy, bond returns (a perpetuity in the model) are
essentially equal to the risk-free rate (E[R, — Ry]). In the data, long-run bonds yielded an average
excess return of 1 % with a Sharpe ratio of .09.

Finally, we look at the autocorrelation of stock returns (p[Re,(t), Rey(t — 1)]). This is close to
zero in the model, as a result of the IID aggregate shocks, while the autocorrelation is around -.2
in the data. The correlation of returns with the risk-free rate in the data is around .2, compared
to zero in the model (p[R.y, Ry]). The next subsection introduces some moderate autocorrelation
in aggregate consumption growth. This allows for a better match of the time-series properties of

returns in the data.

Complete Traders As we increase the fraction of complete traders in the active traders segment,
the market price of risk increases from .44 to .51, but more significantly, the standard deviation
of the conditional market price of risk Std[o;[m]/E;[m]] increases from 3.3 % to 5.8 %. These
complete traders adopt a more aggressive trading strategy and are more levered in equity. This
creates more counter-cyclical variation in the market price of risk. However, this does not come at
the cost of introducing more volatility in the risk-free rate. The standard deviation of the risk-free

rate increases from 3 to 29 basis points, still well below the standard deviation in the data.

Time Variation To understand the time variation, we focus on a specific case-the one with 5%
complete and 5% z-complete traders. Figure Bl plots a simulated path of 100 years for the {h7h}
shocks to the aggregate multiplier process in the top panel, the conditional risk premium on equity
in the middle panel and the conditional market price of risk in the bottom panel. The shaded areas
in the graph indicate low aggregate consumption growth states. As is clear from the top panel
in figure B, [h7h] is large in recessions -low aggregate consumption growth states- to induce the

active traders to consume less in that state of the world, because the passive traders consume “too
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much” in those states. Similarly, [h7h] needs to be small in high aggregate consumption growth
states, to induce the active traders to consume more in those states. The volatility in state prices
induces the small segment of active traders to reallocate consumption across aggregate states and
absorb the residual aggregate risk from the non-participants.

The middle panel plots the expected excess return on equity E [R., — Ry]. Clearly, the IID
economy produces counter-cyclical variation in the risk premium. The underlying mechanism is
shown in the bottom panel. As is clear from the bottom panel, the interaction between active
and passive traders generates counter-cyclical variation in the conditional market price of risk
[0:[m]/E;[m]]. In high [h7h] states, active traders realize low portfolio returns. The wealth of
active traders decreases as a fraction of total wealth. This means, that in order to clear the
market, the future [n7h] -shocks need to be larger (in absolute value), and this in turn increases
the conditional volatility of the stochastic discount factor. As a result, the conditional market
price of risk [0,[m]/E;[m]] increases after each low aggregate consumption growth realization. The
driving force behind the time variation is the time-varying exposure of active traders to equity

risk. We explore this in the next subsection.

[Figure 3 about here.|

5.2.2 Portfolio and Consumption Choice in the IID Economy

The reason for the heterogeneity in portfolio choice is not only the heterogeneity in trading tech-
nologies, but also the presence of non-participants. In the case without non-participants, all house-
holds, complete, z-complete and diversified traders would choose the same market portfolio: 25
% equity and 75 % bonds. However, in the case of non-participation, the fraction active traders
invest in equity varies over time and across traders. On average, the equity share is 93 % for the
z-complete trader and about 160 % for the complete traders. These fractions are highly volatile as
well. The standard deviation is 60 % for the complete trader and 30 % for the -complete trader.
Not surprisingly, the heterogeneity in portfolio choice shows up in portfolio returns. Table
reports the average portfolio returns realized by all traders in a segment. We take case 2 as our
benchmark. We start with the complete investors. Tﬁir investment strategy delivers an average
excess return on their portfolio of 12 % (E RY —R; ) or roug&}y twice %'e equity premium. The
average excess return on the z-complete traders’ portfolio (E RY — R, ) is lower at 6.2 %. The
z-complete trader earns about the equity risk premium on his portfolio. Finally, the diversified
investor earns excess returns of around .8 % while the non-participants realize negative excess
returns. As a result, these investors do not manage to accumulate wealth. Importantly, the z-
complete traders not only take on more risk; they are better COEPensated per unit of risk as well.
The Sharpe ratio on their portfolio E[RY — R(]/6[RY —R;] is about .47, compared to .11 for

the diversified investors.
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Figure | plots the wealth (top panel), the equity share (share of total portfolio invested in
leveraged consumption claim’s) and the conditional market price of risk (bottom panel) for the
z-complete trader. The sequence of aggregate shocks (shaded area) is the same as in figure Bl
These z-traders invest a much larger portfolio share in equity than the diversified trader, but more
importantly, the share varies substantially over time, between 50 and 150 %. Their equity exposure
(middle panel) tracks the variation in the conditional market price of risk (bottom panel) and the
equity premium perfectly.

Since the active traders are highly leveraged, their share of total wealth (see top panel) declines
substantially after a low aggregate shock, and their “market share” declines. As a result, the
conditional volatility of the aggregate multiplier shocks increases; larger shocks are needed to get
the active traders to clear the markets. In response to the increase in the conditional market price
of risk, the active traders increase their leverage. This also explains why increasing the size of the
complete traders imputes more time variation to the conditional market price of risk, since these

traders are more levered.
[Figure 4 about here.|

[Table 3 about here.|

Consumption This heterogeneity in portfolio choice shows up in household consumption and
aggregate consumption for each trader segment as well. The left panel in table @ reports the
correlation of stock returns and household consumption growth as well as the standard deviation
of household consumption growth. The hatted variables denote shares of aggregate consumption.
The panel on the right report moments for consumption aggregated across all households in a
trader segment.

As a benchmark, consider the case without non-participants. Household consumption shares
do not depend on aggregate shocks z!, regardless of their trading technology, and the correlation
of consumption share growth with returns is zero p [R, (A log(€)] for all participants.

However, in the economy with non-participants, the correlation of consumption share growth
with stock returns is highest for complete traders (.64), and decreases to .58 for z-complete traders
and 0 for diversified traders. The overall correlation for the participants p [R, (Alog(€,]] is only
about .20. The correlation of household consumption growth for all participants p [Rs, (A log(c;)]
is .43. So an econometrician with data on all market participants would estimate the coefficient
of relative risk aversion from the Euler equation for stock returns to be much higher than 5.
The standard deviation of household consumption growth can be ranked according to the trading
technology, from 5.6 % for the complete traders to 12 % for the non-participants. Note that the
standard self-insurance mechanism breaks down for non-participants and diversified traders; they

fail to accumulate enough assets.
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Of course, the z-complete and complete traders absorb the residual of aggregate risk created by
the passive traders. The second panel in table B reports the correlation of returns with aggregate
consumption share growth and standard deviation of aggregate consumption growth for each group
of traders. This is the growth rate of total consumption in each segment Gifz*) = h’(z!)/h(z").
The z-complete traders and the complete traders bear all of the aggregate risk. The aggregate
consumption share growth of this trader segment has a correlation of .95 with stock returns. The
same correlation for diversified investors is -.08, while the correlation for bond holders is -.9.

The IID economy cannot match the autocorrelation properties of stock returns. The next

subsection drops the independence assumption.

[Table 4 about here.]

5.2.3 Robustness

Finally, we examined the impact of relaxing the borrowing limits or increasing the tradeable income
share. We find this mainly increases the risk-free rate, but has a small effect on risk premia. First,
we increased the fraction of the present-value of labor income that households can borrow against,
which is parameterized by @. Starting from our benchmark value of 0, risk premia fall by almost
1% for both our levered claim and the dividend security as we increase @ from 0 to 0.05. However,
further increases in @ have no effect. At @ = .25, the risk premium on the levered security is
1.1% lower than at @ = 0.. At the same time, the market price of risk, a[m|/E[m], falls from an
average of 0.47 down to an average of 0.40, while the standard deviation of the conditional market
price of risk Std[o,[m]/E;[m]] decreases from 0.05 to 0.03. However, the risk-free rate increases
by 160 basis points. Thus, risk premia remained relatively high and volatile even in this extreme
case; the tightness of the borrowing limits mainly impacts the risk-free rate. This points to the
offloading of aggregate risk on active traders as the main driving force behind the volatile and
counter-cyclical state prices, not the borrowing limits. Second, we also examined the impact of
increasing the tradeable share of income. If we decrease y from 0.90 to 0.70, the average market
price of risk dropped from 0.47 to 0.42, and the standard deviation of the conditional market price
of risk decreases from 0.05 to 0.03. At the same time, the average risk premium on the levered
output claim falls from 6.44 % to 6.36%. However, the risk free rate increases from 1.92% to 6.53%.

5.2.4 Accuracy

To assess the accuracy of the approximation method, we report the highest coefficient of variation
for the actual simulated realizations of [n'Zh];, conditioning on the truncated history of length 5.
These are reported in the upper panel of Bl If the method were completely accurate, this statistic

would be zero because the actual realizations would not vary in a truncated history. This coefficient
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(CV) varies between .57 % and .28 %. So, the forecasting errors are small. The truncated aggregate
history explains approximately all of the variation in [th]tﬂ In addition, we checked how well
we would have done simply by conditioning on the first moment of the wealth distribution. In the
lower panel of [, we report the R? in a regression of the log SDF on the first moment of the wealth
distribution. The R? are vary between 3% and 60 %. Clearly, approximate aggregation does not

hold, in the sense that more moments of the wealth distribution are necessary to forecast the SDF.

[Table 5 about here.]

5.3 MP Economy

This section considers a version of this economy with negative autocorrelation in aggregate con-
sumption growth that can match the behavior of asset returns in the data, and we explore its
implications for the wealth and asset class share distribution.

We drop condition BTl and we simply adopt Mehra and Prescott’s (MP) calibration of the
aggregate consumption growth process . The first order autocorrelation of aggregate consumption
growth is -.15. This calibration allows for a better match of the time series properties of returns.
We adopt the case with only z-complete traders in the active traders segment as our benchmark.
These make up 10 % of the population. The remaining 90 % is split between diversified traders (20
%) and non-participants (70 %). The model’s market segmentation was calibrated to match asset
prices. As an out-of-sample check of the model, the next subsection compares the implications of

these choices for the wealth distribution and the asset class share distribution against the data.

5.3.1 Asset Pricing in the MP economy

The asset pricing moments for the MP economy are reported in Table In the RA version of
the MP economy (column 1), the risk-free and the conditional market price of risk are no longer
constant. However, the heterogeneity in trading technologies increases risk premia, creates more
time-variation in risk premia without increasing the volatility of the risk-free rate. The maximum
Sharpe ratio is .48, while the Sharpe ratio on equity in post-war US data is .45. The conditional
market price of risk has a standard deviation of 5.4%. The model produces a low risk-free rate of
.86 %, a large risk premium on equity of 5.8 %. The risk-free rate in the MP economy is more
volatile (2.8 %), but not more so than the RA risk-free rate (3%). The standard deviation of the
conditional market price of risk is 5.4 %, compared to 1.1 % in the data. The additional risk-free
rate variation brings the volatility of equity returns in line with the data. In addition, the MP

economy comes close to matching the autocorrelation properties of the returns we observe in the

"The implied R? is approximately 1 — CV 2.
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data. The autocorrelation is -.19 in the model, as in the data. The contemporaneous correlation

of returns on equity and the risk-free rate is .2 in the model, compared to .27 in the data.

[Table 6 about here.]

5.3.2 Portfolio Choice and Consumption

The top panel of Table [dreports the moments of portfolio returns and the wealth distribution. On
average, the z-complete trader invests 69 % in equity, but the fraction is highly volatile (19 %).
The z-trader realizes an average excess return of 5.7 % (E[R}” — Ry]), compared to 1.9 % for the
diversified trader and -1 % for the non-participant. Not only does the z-trader take on more risk;
his compensation per unit of risk is much higher. The z-trader’s Sharpe ratio on his portfolio is
.37, compared to .22 for the diversified trader and -.16 for the non-participant.

In addition, the z-trader accumulates 3.2 times the average wealth level (E[W;/W]), while the
diversified trader is right at the average. Non-participants fail to accumulate wealth; on average,
their holdings amount to only 69 % of the average. This will severely limit the amount of self-
insurance these non-participant households can achieve. On average, the z-trader accumulates 4.6
times more wealth than the non-participant. Because the z-trader invests a large fraction of his
wealth in the risky asset, his wealth share is highly volatile. The coefficient of variation for the
z-trader’s wealth share is 45 %. However, most of this reflects aggregate rather than idiosyncratic
risk. On the other hand, these coefficient of variation for the passive traders are higher, but that
reflects mostly idiosyncratic risk.

The welfare costs of being a passive trader are quite large. Figure plots the fraction of lifetime
consumption a fixed portfolio trader would be willing to give up to become a z-complete trader
against the fraction he invests in equity. The full line shows the welfare costs if the trader invested
a fixed fraction in the dividend claim; the dotted line does the same for the levered consumption
claim. The fixed portfolio trader needs leverage of 80 % (levered claim) or 180 % (dividend claim)
to reduce the welfare cost to less than 1.5 % of lifetime consumption. This graph also shows that
the diversified trader, who holds 25 % in equity, would be willing to give up between 10 and 15 %

of consumption to become an active trader.
[Figure 5 about here.|

The middle panel of Table [ reports the moments of household consumption growth and ag-
gregate consumption share growth. We report the ratio of the standard deviation of household
consumption growth and the standard deviation of aggregate consumption growth to make the
numbers comparable to recent studies of household consumption growth; the standard deviation
of aggregate consumption growth in our model is much higher than the same standard deviation

in recent decades.
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The z-trader’s consumption growth has the lowest volatility (7.7 %) -2.8 times the volatility
of aggregate consumption growth-, but most of this variation is common across z-traders; the
volatility of their aggregate share growth rate is 4.6 %. The z-traders exploit the variation in state
prices. On the other hand, the diversified traders’s volatility is 11.5 % (3.4 times the volatility of
aggregate consumption growth), and virtually none of this volatility is common (only .4 %). This
not surprising given the result in section 6l The non-participant’s consumption growth, expressed
in shares of aggregate consumption, is the highest at 13.2 % (3.8 times the volatility of aggregate
consumption growth), almost all of which is due to idiosyncratic risk. Their failure to accumulate
enough assets after good y* histories prevents them from self-insuring. As we discussed in section
0, the consumption share of active traders is highly pro-cyclical, while the consumption share of
the non-participants is counter-cyclical.

Note that the overall correlation of consumption growth with returns for all participants is
about .4 and .16 for non-participants. However, for the diversified traders, this correlation is .75.
So, if an econometrician with access to data generated by our model were to limit his sample to
wealthier households, the risk aversion estimate from the Euler equation for stocks would decrease,
even though households have the same preferences. This is exactly what Mankiw and Zeldes
(1991) and Brav, Constantinides, and Geczy (2002b) have documented. We estimated the EIS
off the household Euler equation for bond returns and stock returns. We followed the procedure
outlined by Vissing-Jorgensen (2002). We find similar evidence of preference heterogeneity. First,
both the estimates obtained from the bond and stock Euler equation are biased upwards. All these
households have EIS of .2, but we find estimates between [.92,1.1] using the bond returns and
between [.48,.78] for stock returns. Vissing-Jorgensen (2002) reports estimates in the range[.3, .4]
for stock returns and [.8, 1] for bond returns. Our EIS estimates are highest for the most sophis-
ticated investors, as has been documented in the data. Also note that the estimates are upward
biased for all householdsH

Finally, we also compared the equilibrium stochastic discount factor to the growth rate of
the —a-th moment of the consumption distribution for all the households B (CHZz!*1)/CHZ?)).
In section B4, we showed this growth rate is a lower bound on the actual SDF. The standard
deviation of this growth rate is less than half of the actual volatility of the SDF. This is consistent
with the empirical findings of Kocherlakota and Pistaferri (2005) who tested B (CHz!*1)/CHZz!))
on the Euler equation for stocks and bonds using household consumption data; they found large

Euler equation errors.
[Table 7 about here.]

The next subsection considers the model’s implications for the wealth distribution and the asset

8 The source of the bias is the time variation in the second moments of household consumption growth and its
correlation with the instruments.
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class share distribution. Since we calibrated the market segmentation to match asset prices, we

regard these as over-identifying restrictions on our model.

5.4 Wealth and Asset Class Share Distribution

We consider two versions of the benchmark model. In the version labeled “standard”, households
are ex ante identical. In the version labeled “twisted”, we introduce permanent income differences
to match the income distribution, while keeping the fraction of human wealth in each trader segment
constant. This way, the asset pricing implications of the model are not affectedH Essentially, the
heterogeneity in trading opportunities makes the rich richer and the poor poorer. However, the
middle class in our model accumulates too much assets.

Table [ reports the summary statistics and the percentile ratios for the standard and twisted
version of the model in the first panel. We contrast these with the same ratios from the 2004 SCF
for US households. The Gini coefficient in the data is .727 (SCF, 2001). Our model produces a
Gini coefficient of .59. The model without heterogeneous trading opportunities produces a Gini
coefficient of .48. So, the heterogeneity in trading opportunities bridges half of the gap with
the data, by producing fatter tails and a more skewed distribution. The skewness of the wealth
distribution increases from .8 to 3.1 (compared to 3.6 in the data) while the kurtosis increases from
2.8 to 15.8. (compared to 15.9 in the data).

First, consider the standard version of the model (column 1). Households in the 75 -th percentile
accumulate 5 times as much wealth as households in the 25-th percentile, while households in the
80-th percentile accumulate 8.7 times as much wealth as households in the 20-th. The effect of
the heterogeneity in trading technologies is most visible in the tails. The 90/10 ratio is 220 in the
standard model. This ratio is only 45 in a version of the model with only diversified traders.

The second column reports the same statistics for the version of the model that is calibrated
to match the income distribution. The 75/25 ratio increase to 7.6 while the 80/20 ratio increases
to 15.12. The 90/10 ratio increases to 1731. The twisted version of the model still falls well short
of the data. The poor households still accumulate too much wealth in the model compared to
the data. This is clear from figure @ The full line shows the model’s wealth distribution, while
the dotted line shows the distribution of wealth among US households in 2004. This discrepancy
is not surprising given that these households have no life-cycle motive for borrowing and saving.
However, the model does quite well in matching the right tail of the wealth distribution in the
data.

The second panel focusses on the left tail of the wealth distribution. The 50/10 ratio in the
twisted version of our model is 134, compared to 100 in the data. However, the 90/50 ratio is only

3.5 in our model, compared to 9.5 in the data. This discrepancy is partly due to the fact that

9 Table [ in the Appendix lists the percentile ratios in the twisted version of the model and the data.
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the twisted income distribution in our model does not quite match that in the data in the highest

income percentiles.
[Table 8 about here.]
[Figure 6 about here.]

Finally, we turn to the asset class share distribution, and we check whether our model can
replicate the distribution of asset shares in the data. Table @ shows the equity share (as a fraction
of the household portfolio) at different percentiles of the wealth distribution in the model and the
data. In the data, we rank households in terms of net worth and we backed out their equity holding
as a fraction of net wealth less private business holdings — the latter is non-tradeable (like labor
income). Because there is quite some time variation in these shares, we report the 2001 and 2004
numbers. Overall, the standard model tends to under-predict equity shares between the 50 and
80th percentile, but it does rather well in the left and the right tail.

[Table 9 about here.|

6 Conclusion

We calibrated a model with heterogeneity in trading technologies to match some moments of
asset prices in the data. In the quantitative section of the paper, we showed that this type of
heterogeneity brings the standard model much closer to matching the asset class share and wealth
distribution in the data. The passive traders in our model accumulate much less wealth than the
active traders, even though they have identical preferences, simply because they are handsomely
compensated for bearing the residual aggregate risk created by the non-participants. In fact, we
showed that the data generated by our model can reproduce some of the evidence for preference
heterogeneity in the literature. To solve the model, we developed a new solution method that, at

least in this class of models, substantially simplifies the computations.
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A Proofs

e Proof of Lemma BTk

Proof. Our optimality conditions @&, B3) imply that if the borrowing constraint does not

bind, then 1
@' = @™ Hnm ™z ), (A1)
nt*+1 g4
Hence, when the borrowing constraint doesn’t bind for any possible n‘** given z*1, the multipliers
are a Martingale. O

e Proof of Corollary B2k

Proof. We know that E{Z(z!*1,n'*)|z!*1} < Z(z,n"). This implies that
E{z—l/a(zt+l’ r]t+1)|zt+l} > E{Z(ZH-]', ﬂt+1)|2t+l}_l/a — Z(Zt1 T]t)_l/a.

Assume h;(z!*! < hy(z!). Then the risk-sharing rule in &3) implies the unconstrained z-complete
trader’s consumption share increases over time.

O
e Proof of Corollary BTk
Proof. Follows directly from the risk sharing rule. O

e Proof. Proof of Corollary B3 In fact, Corollary (Z2) and &) imply that if we take two traders
with the same initial {, the complete trader will always choose higher average consumption than
the z-complete trader, irrespective of {h}:

E{z—a(zt+l’ r]t+l)’2t+1} < E{Z(ZH_J', nt+l)’2t+1}—a — Z(Zt' nt)—a.

e Proof of Proposition BT}

Proof. Condition 8] implies that
] 1
c(z',n") =u®* L', NP ") .
In addition, the sum of individual consumptions aggregate up to aggregate consumption
1
C@@)= @' n)n(’z").
nt
This implies that the consumption share of the individual with history (z¢,n?) is

c'n) _ [yt %I(Zt,ﬂt)P(Zt)D

C@) uPILELMP@INMZ)’ (A2)
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With CRRA preferences, this implies that the consumption share is given by

oz’ _ @ nh)e
c@)  h@)

L 1 _,
, where h(z") = (2", n")= n(n’|z"). (A.3)
nt

Hence, the —1/a™ moment of the multipliers summaries risk sharing within this economy. And,
with this moment we get a simple linear risk sharing rule with respect to aggregate consumption.

Making use of (AZ) and the individual first-order condition, we get that
1 | O 1
=1 t nt t
@z, n)P (")
tyo —F C(ZY) =P@EHUZ D).
P S TRE P @Gz ¢ TP @)

If u™?! is homogeneous, which it is with CRRA preferences, then this expression simplifies to

1 . 1
C(z") ¢
Bru” = =P (2",
UL )T m(n'[z)
which implies that the ratio of the state prices is given by
1 1
Pu” 5 Bl[:(ztgl(zr;ll))]w(nt+l| =n _ P(Z™h
i i = . (A.49)
O Cc@zH P (z%)
>t uFICEE DI (=T
Given that we are assuming CRRA preferences, this implies the following proposition. O

Proof of Corollary BTk

Proof. To see this, note that if we use the risk sharing rule in equation (AZ3), we obtain that the
—a-th power of consumption for an individual household is:

—o _ UZNNYH
@' )™ = fona

Ct(zt)_a.

Next, we define C~4s the —a™ moment of the consumption distribution, or

n(z',n")
n(zt) '

n(z',n) _ Cuz")™*

= iz, n"
@) hz)—° N

77t

ty — I:tlt—a
cteh) c(z',n)

77t

and, we compute the growth rate of the —a-th power of consumption:
I:IZt+l) Ig( I%It_'_l 7T(Zt+1,77t+1) I:I

C(
e (il L i S i B
n(zt) oGy @ RELCRRN '
(%) (2 t

where the last term is equal to one if the borrowing constraints do not bind, and smaller than one
otherwise. This follows from the martingale condition for z-complete and complete traders. For the
diversified traders, we know that the last term is one if we sum across aggregate states and multiply
by the diversifiable income claim return
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t Wt E L] t+1|,t R t+1 tl:l_ t+1 t+1 t+1 t+1 ¢t At
@z \n)E m@z""Z)RE)Z" = @™ N TOE T, 0"z )
zt"'llilr]t"'l@l_']

This in turn implies that ] ]
B Chy/CiE) < m@ ).

for complete and z-complete traders and that:

(I L] (| ] ]
Et B C%t"'l)/C %t) R(Zt+l) < Et m(2t+l’2t)R(Zt+l) =1.

for diversified traders. O
Proof of Proposition &k

Proof. If the solvency constraints do not bind anywhere, then we know that on average

1]
t+1 n(nt+1’ Zt+lmt’ Zt) — Z(Zt- nt)’

from equation @TT). In that case, h,+1(z/*1) = hy(z?) for all zt. This implies that

Zgﬂ,n

ht+1(zt+l)

> t
h () 1 for all z

To see why, note that

ht+1(2t+l) - hi(:?Zt
- icom t+1 1ot At t ot Eliﬂ(rlﬁlvztﬂmtvzt) t iyt
= Tz ™z )@@ nY) © SCGID) —{(z'\n)= do
nt+1 Y

Now, we know that O ]
Teom@™* 0™z n") (@@ ) <z,

with strict inequality if the debt bounds bind. From Jensen’s inequality, since this a strictly convex
function, this implies the following inequality

L] (I
Tcom(zt+l, r]t+1 ’Zt, r]t)(z (Zt, nt)) a

] (IES
> {(z',n") -«

with strict inequality if the debt bounds bind. This implies that, piece-by-piece, the elements in
the integrand are non-negative, which implies that hy.1(z/*) — h,(z") > 0. O

Proof of Proposition ETt

Proof. If the solvency constraints do not bind anywhere, then we know that on average

@ 1]
Z 7 +1’ T]t+1 T[(T]H-l, Zt+l|r]t, Zt) — Z(Zt’ nt),

77[]
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from equation @TT). In that case, h;+1(z"*1) = hy(z?) for all zt. This implies that

ht+1 (Zt+l)

D > 1 for all z!

To see why, note that

hes1 (27 — hy(@'
— iz t+1 1ot At VRN E= n(n™t, z*1nt, ") P S i(:?
= T 0z )@z nY)) © -z \n)= do

t+1|5t
nt+1|31_"| T[(2+ |Z)

Now, we know that

q’lt+l’ Zt+1|nt’ Zt)

t+1|5t
g @)

I;'Z(zt“, N1zt n)( (2" n")) DS 2@ nh,

with strict inequality if the debt bounds bind. From Jensen’s inequality, since this a strictly convex
function, this implies the following inequality

I:élt+l, 7t+1 mt’ Zt)

T[(zt-i-l |Zt)

Qlr

0 O
T n"™z! N (@' nY)

nt+1l g4
]

- IQHz%l’ Zt+1mt’ Zt)

t+1|5t
pagy ETED

oL

;IZ(ZH, Nz’ nH (@' n")

1 Y
> (Z'n") "=,

with strict inequality if the debt bounds bind. This implies that, piece-by-piece, the elements in
the integrand are non-negative, which implies that h;1(z/*1) — hy(z%) > 0. O

Proof of Proposition

Proof. Note that:

ht+l(zt+1) — hy(z!

R - =

= T 0™zt )@@ n?)) = ¢(n*tnh) - @@ nH) = do
nt+1 g

Now, we know that

Iﬁk+l t I:It+l t De t+1 t+1|5t t t t EI t t
z%) d¢(" 7 n%) Tz n)(E(E5nY) <Lz,

Lt+1 21 77t+l |11—|

with strict inequality if the debt bounds bind. From Jensen’s inequality, since this a strictly convex
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function, this implies the following inequality

1 | [
@*Hzt) dM™ Y Tz 0™z 0 nY))

Lt+1 21 77t+1 |1t|

Qlr

oL

1
L 1
> L @”ﬂzt) ("t n’) ;'eq(z“l, Nzt n") (2", n")

L+l [0 77t+1 @1_1

Qlr

> %I(zt,nt)lzI

with strict inequality if the debt bounds bind. Thifﬂlies that, piece-by-piece, the elements in
the integrand are non-negative, which implies that o2 oe®@ 121 (271) — hi(z?) > 0. O

e Proof of Proposition
Proof. Conjecture that % = gr+1 IS @ non-random sequence. Normalize h; to one. Conjecture
that S((z%,n%); zt,n*) does not depend on zt. Given conditions @) and @Z), we know that

_ 1] 1 L1 L 1 -
Sy = yne -2 e + B d(urane)Se+1 @MY, (A.5)

MNt+1

1 . : Yi
where B B 0(z1+1)9741 eXp((1 — Y)Ze+1) and A(z;+1) is defined as the growth rate Z%2. In
addition, our debt constraint in terms of S is simply

S:@m";nh) < M@h). (A.6)

Note that neither the recursion (AX) or the debt constraint (A®H) depend upon the value of the
realization of z;. For z-complete traders, the measurability condition is given by

S:@QM™*Y);nt*h = S,Q@Y); At (A7)

for all n*, /" and z*! where n'(n'*!) = n’(A"**). Their optimality condition is still (AI).
Hence, none of the equations determining either S or the updating rule for { depend on z;+1. This
is also true for the complete traders, since their measurability condition is degenerate, and their
optimality condition is (&Z]). The dynamics of the multipliers on the measurability constraints and
the solvency constraints do not depend on z!, only on n’. This confirms that {h;} does not depend
on the aggregate history of shocks {z'}, and hence is a non-random sequence.

This independence is also true for the diversified investors. The reason is that their measurability
condition is given by

§t+1(Z(Zt+l, Zis1, r]t+1); Zt+1, r]t+1) B §t+l(Z(, 21+1, ﬁ't+1); 2't+1’ ~t+1)

[(L-v) + CadEF/Y @] [ -y) + GA@FH)/Y @]

for all for all n*** and {**1, zt*1 and Z*! where nt(n**1) = nt({**1) and z!(z*1) = z!(Z**1). Hence,
the independence holds i CILd(z!*1)/Y (zt*1) is deterministic, i.e. does not depend on zt*1. Given
conditions (1)) and (@Z), and given our conjecture that {h;} is deterministic, it is easy to show
that T, 1d deterministic as well, because no arbitrage implies that: T, 3 1 + @tﬂ

(A.8)

O
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e Proof of proposition L2k
Proof. First, since the measurability constraints are satisfied for the individual household’s savings
function, they also need to be satisfied for the aggregate savings function. So by the LLN:

S&(z',2:) S§ (2", Zi+1)

[(L-y)Y @ z)+ T@z)]  [(L— Y)Y (2 Ze) + TZ Za1)]

where we have used the fact that the denominator is measurable w.r.t. zt. Note that

] [1
Sk =~ A - VY)Y @', Zw1) + TEZN Z141)
k

Hence the ratio ' 1
ST CHOZINHED
k

cannot not depend on z;, because of the measurability condition. This implies that f;j((;t)) cannot

depend on z; either. This can easily be shown by starting in a finite horizon case, and working
backwards from T. In period T, the measurability constraint implies that:

1 hi (27 1
T J_
is proportional to
C@@" )y -1

for all zT'. This follows from the definition of the aggregate savings function and the aggregate

tradeable income claim. Since this condition holds for all zy, this implies that }i((ZZTT)) cannot depend
J(,T—1
% cannot depend on z7—;.

This follows from S;(z”~1) being proportional to S,(z”~?) in all zr—;. This requirement together

with the previous result implies that %T__ll) cannot depend on zr—;. By backward induction, this
W (zY)

implies that T(-5 cannot depend on z;. If we take the limit of T to oo, this result also applies to
the infinite horizon economy. O

on z;. Next, consider period T —1. The same argument implies that

e Proof of proposition EEG:

Proof. For non-participant traders j =hp, Sg(zt)—_elannot not depend on z;, because of the mea-

surability condition. This implies that y — ’;j((zztt)) C(z?) cannot depend on z;. This can easily be

shown by starting in a finite horizon case, and working backwards from T. In period T, we know
that:

L1 . ]
@)

) 1
cannot depend on zp. Since this condition E)Ids for all z;, this implies that vy — f;;((ZZTT)) cezhH =

k(zT~1). The same argument implies that y — f;f((ZZTT__ll)) C(zT™1 = k(z"~?). By backward induc-
tion, this implies the result. If we take the limit of T to oo, this result also applies to the infinite
horizon economy. O
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B Computational Algorithm

We use a finite history of length n of the aggregate shocks to (reasonably) accurately compute the equi-
librium. The variable n determines the set of aggregate finite histories S(n) that we are keeping track of,
and s € S(n) denotes a generic member. The number of elements of S(n) is given by n*Z | where #Z is
the number of aggregate states. The individual state is then given by his multiplier, the finite aggregate
history, and his individual shock; besides his multiplier, there are n#Z x #N states for the individual.

The algorithm works as follows. Assume that we have a matrix g(s,s", which gives the value of our
moment h(z'*1)/h(z?) in the case where the transition is from finite history s to finite history s” Given
this matrix we can compute the aggregate state price in the stationary version of the economy, which
we will denote by 5(35/!5(5). In computing the equilibrium, we find it more convenient to keep track of
agents by their consumption share ¢ rather than their (normalized) multiplier {. Note that ¢c™* = (.

To compute D(c s,n), we first assume that c is unchanged and we simply use the recursive savings
equation to compute Do. Then, to compute DJ+1 given D we do the following algorithm:

1. We start with a savings grid where the highest savings level is the debt/savings limit. Note that
since this is a fraction of the net present value of income, we can compute this directly given g.

2. For savings grid point S;, we can compute the associated consumption shares cstnH, where S; =
D;(c{s5nY, s5nY. Since D, is piecewise linear, it is trivial to invert this function.

3. Given S; and €{s5nY, we can compute the consumption share today from the optimality condition
for state today (s,n). This is given by

]

If we do this for every grid point savings grid tomorrow, fixing the state today (s, n), this yields
a vector of current consumption shares ¢ and their future associated net savings levels SZfor each
possible transition (n,s,sY. We can then fit linear piecewise linear functions to the [c, S'J for each
transition (n, s, sY. Hence we have constructed SXc;n, s, sH.

4. Given these piecewise linear functions S'{c;n, s,s", we can compute trivially compute I5j+1(c,s, n)
for each current consumption share c¢ in our grid by our recursive saving equation since c is the
consumption share today and we have already computed the future savings levels via our piecewise
linear function for each possible future transition (1, s,s). In this way, we can compute a vector of
current consumption shares ¢ and their gssociateg-gurrent net savings levels I5j+1. We can then fit

linear piecewise linear functions to the c, I5j+1 for each (s,n). In so doing we have constructed

the function D;+1(c, s, n).

5. The iterations continues until the D functions converge. As one of the products of this computation
we have the vectors ¢ and c%rﬁ for each transition (n, s, sY. We store these vectors in an array and
use them in our simulation step when we update the values of g(s,sY implied by our transition
functions for consumption shares.

6. To simulate our economy and update H, we take a single panel draw of aggregate and idiosyncratic
shocks. We then compute the updated consumption shares, where each period we normalize the
consumption shares to average 1, and use the normalization factor to generate a revised estimate
g%s, s'Y. Given this revised estimate we repeat the iterations until the estimate of H™converges.
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C Additional Tables

[Table 10 about here.]
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Table 1: Asset Pricing and Portfolio Implications

Market Segmentation

complete pa K1 pa
z-complete 177) 1773 2
diversified 1“3 0 1“3
non-part 0 0 wa

Asset Prices

R® RA RA g RA

Rf < RA < RA < RA
Portfolios

complete Market Market Levered

z-complete Market Market Levered

diversified Market Market Market

non-part / / Bonds
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Table 2: Asset Pricing in the IID Economy

RA Economy HTT Economy Data
Case 1 Case 2 Case 3
complete 0% 5% 10%
z-complete 10% 5% 0%
diversified 20% 20% 20%
non-part 70% 70% 70%
E[R¢] 12.96 1.737 1.922 2.185 1.049
o[R¢] 0.000 0.066 0.237 0.292 1.560
o[m]/E[m] 0.193 0.440 0.467 0.510
Stdot[m]/Et[ml]] 0.000 0.033 0.045 0.058
E[Req — Ryl 2.328 5.036 5.305 5.882 7.531
o[Req — R¢] 12.74 11.66 11.67 11.98 16.94
E[Req — Rf]/0[Req — Rs] 0.182 0.431 0.454 0.490 0.444
E[Ric — R¢] 3.081 6.702 6.435 6.874 7.531
o[Ric — R¢l 15.94 15.27 13.89 13.69 16.94
E[Ric — Rfl/o[Ric — Rs] 0.193 0.438 0.463 0.502 0.444
E[wCol /] 0.855 5.960 4.889 6.458 3.870
E[PDeq] 7.936 20.98 18.02 23.16 33.87
0[P Deql 13.09 15.92 15.59 15.20 16.78
E[Ry, — R¢] 0.000 —0.271 —0.046 —0.437 1.070
o[Ry — R¢] 0.000 0.604 0.143 0.935 9.366
E[Ry, — R¢]/o[Rp — R¢l / —0.324 —0.467 —0.449 .1145
plReq(t), Req(t — 1)] 0.000 —0.015 —0.010 —0.010 -0.191
plRic(t), Ric(t — 1)] 0.000 0.003 0.012 —0.005 -0.191
plReq, Rf] 0.000 —0.024 —0.014 —0.020 0.272

Notes: Parameters setting: v = 5, 8 = 0.95, collateralized share of income is 0.1. The simulation moments are generated by 10000
draws from an economy with 3000 agents. Benchmark calibration idiosyncratic shocks and 11D calibration of aggregate shocks. Re-
ports the moments of asset prices for the RA (Representative Agent) economy, for the HTT (Heterogeneous Trading Technology)
economy and for the data. We use post-war US annual data for 1946-2005. The market return is the CRSP value weighted return
for NYSE/NASDAQ/AMEX. We use the Fama risk-free rate series from CRSP (average 3-month yield). To compute the standard
deviation of the risk-free rate, we compute the annualized standard deviation of the ex post real monthly risk-free rate. The return on
the long-run bond is measured using the Bond Total return index for 30-year US bonds from Global Financial Data.
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Table 3: Household Portfolio Returns in the I[ID Economy

Case 1 Case 2 Case 3
complete 0% 5% 10%
z-complete 10% 5% 0%
diversified 20% 20% 20%
non-part 70% 70% 70%
E[RY — R¢] NA 0.125 0.126
E[RY — R¢] 0.056 0.062 NA
E[RY,, — R¢] 0.008 0.008 0.009
E[RY, — Rf] —0.012 —0.0120 —0.010
E[RY — Rf]/o[RYY — R¢] NA 0.064 0.116
E[RY — R¢])/o[RY — R¢l 0.429 0.476 NA
E[RY,, — Rfl/o[RY,, — R¢] 0.123 0.119 0.145
E[RW, — Rs]/c[RY, — Rf] —0.167 —0.172 —0.171

Notes: Parameters setting: v = 5, 8 = 0.95, collateralized share of income is 0.1. The simulation moments are generated by 10000 draws
from an economy with 3000 agents. Benchmark calibration of idiosyncratic shocks and 11D calibration of aggregate shocks. Reports the
moments of average returns on the portfolio of each trader. These are the moments of average portfolio returns for all the traders in a
segment.
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Table 4: Consumption in the IID Economy

Case 1 Case 2 Case 3 Case 1 Case 2 Case 3
complete 0% 5% 10% 0% 5% 10%
z-complete 10% 5% 0% 10% 5% 0%
diversified 20% 20% 20% 20% 20% 20%
non-part 70% 70% 70% 70% 70% 70%

Household Consumption Aggregate Consumption

o [Alog(ce)] NA 5.641 5.417 o[Alog(Ce)] NA 3.840 4.873
o [Alog(cz)] 7.892 7.131 NA o[Alog(Cy)] 3.972 4.402 NA
o [Alog(cgiv)] 11.44 11.35 11.07 oA 10g(Caiv)] 0.334 0.329 0.368
o [Alog(cnp)] 12.62 12.50 12.35 olA10g(Chp)] 1.062 1.037 1.071
p[Rs, (A1og(Ep)] 0.163 0.204 0.283
p[Rs, (Alog(cc)] NA 0.649 0.857 plRs, A 10g(Co)] NA 0.949 0.951
p[Rs, (A log(cz)] 0.482 0.588 NA plRs, A 10g(C2)] 0.965 0.956 NA
p[Rs, (A log(Egiv)] 0.003 —0.002 —0.003 plRs, Alog(Caiv)] 0.119 —0.083 —0.117
p[Rs, (A10g(Enp)] —0.071 —0.070 —0.073 plRs, Alog(Cnp)] —0.965 —0.959 —0.948
o(Alog(ce)) 8.652 8.411 NA a(Alog(Ce)) 8.310 7.280 NA
o(Alog(cz)) NA 9.72 10.17 a(Alog(Cz)) NA 7.852 7.438
(A log(cgiv)) 11.83 12.10 12.21 oA 1og(Cyiv)) 3.545 3.556 3.622
a(Alog(cnp)) 12.83 13.00 13.11 a(Alog(Cnp)) 2.560 2.582 2.554
plRs, (Alog(cp)] 0.431 0.463 0.503
plRs, (Alog(cc)] NA 0.843 0.920
p[Rs, (Alog(cz)] 0.712 0.784 NA
p[Rs, (A log(cgiv)] 0.291 0.287 0.291
p[Rs, (Alog(cnp)] 0.200 0.203 0.209

Notes: Parameters setting: v =5, 8 = 0.95, collateralized share of income is 0.1. The simulation moments are generated by 10000 draws
from an economy with 3000 agents. Benchmark calibration of idiosyncratic shocks and 11D calibration of aggregate shocks. The first
panel reports the moments for average household consumption share (share of aggregate endowment) growth in each trader segment.
The second panel reports the moments for the growth rate of the aggregate consumption share of each trader segment. The third panel
reports the moments of average returns on the portfolio of each trader. These are the moments of average portfolio returns for all the
traders in a segment. Hatted variables denote shares of the aggregate endowment.
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Table 5: Approximation in the IID Economy

Case 1 Case 2 Case 3
complete 0% 5% 10%
z-complete 10% 5% 0%
diversified 20% 20% 20%
non-part 70% 70% 70%
=12 =1 31.5 57.5 3.1
2P=h =1 32.2 53.1 1.0
2P=1z=h 15.7 225 4.5
2Y=h,z=h 27.9 18.3 9.5
sup SEANARD (o5 0.579 0.309 0.287

Notes: Parameters setting: v =5, 8 = 0.95, collateralized share of income is 0.1. The simulation moments are generated by 10000 draws
from an economy with 3000 agents. Benchmark calibration idiosyncratic shocks and 11D calibration of aggregate shocks. The first panel
reports the R? in a regression of the log SDFt on the mean of the wealth distribution E(log W)¢. The second panel reports the maximal
coe [Cight of variation across all aggregate truncated histories of the actual aggregate multiplier growth rate [h/h] in percentages.
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Table 6: Asset Pricing in the MP Economy

RA HTT Data
E[R¢] 13.04 0.866 1.049
o[R¢] 3.144 2.897 1.560
o[m]/E[m] 0.193 0.481
Std[ot[m]/ Ex[m]] 0.011 0.054
E[Req — R¢] 2.324 5.861 7.531
o[Req — R¢] 13.34 12.49 16.94
E[Req — R¢]/0[Req — Rsl 0.174 0.469 0.444
E[Ryc — R¢] 4.397 10.87 7.531
o[Ric — R¢] 23.07 22.87 16.94
E[R\c — Rfl/o[Ric — Rs] 0.190 0.475 0.444
E[PDl]eq 7.989 18.72 33.87
o[PD]eq 12.81 15.20 16.78
plReq, Rf] 0.204 0.204 0.272
p[Req(t), Req(t — 1)] —0.193 —0.199 -0.191
plRIc(t), Ric(t — 1)] —0.103 —0.134 -0.191
E[Ry — R¢] 0.449 —0.604 1.070
o[Ry — R¢] 2.337 1.297 9.366
[E(Ry — Rf)]/[o(Ry — R¢)] 0.192 —0.466 0.114

Notes: Parameters setting: v = 5, 8 = 0.95, collateralized share of income is 0.1. The simulation moments are generated by 10000
draws from an economy with 3000 agents. Benchmark calibration of idiosyncratic shocks and MP calibration of aggregate shocks.
Reports the moments of asset prices for the RA (Representative Agent) economy, for the HTT (Heterogeneous Trading Technology)
economy and for the data. We use post-war US annual data for 1946-2005. The market return is the CRSP value weighted return
for NYSE/NASDAQ/AMEX. We use the Fama risk-free rate series from CRSP (average 3-month yield). To compute the standard
deviation of the risk-free rate, we compute the annualized standard deviation of the ex post real monthly risk-free rate. The return on
the long-run bond is measured using the Bond Total return index for 30-year US bonds from Global Financial Data.
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Table 7: Household Wealth and Consumption in the MP Economy

Returns ‘Wealth
E[RY — R¢] E[RY — R¢l/o[R\Y — R¢] E[Wi/W] a[Wi/W]
z — complete 0.075 0.368 3.213 1.592
div 0.019 0.225 0.979 0.686
np —0.013 —0.162 0.689 0.522
Household Consumption Aggregate Consumption
ol log(@)] plRs, (A 1og(@)] olAlog(Ci)]  plRs, (B1og(Ci)]

p / 0.191

z — complete 7.7641 0.559 4.616 0.944
div 11.589 0.007 0.406 0.202
np 13.299 —0.091 1.471 —0.951

a[Alog(ci)l/olAlog(C)] plRs, (Alog(ci)] o[Alog(Ci)l plRs, (Alog(Ci)l

p 0.447

z — complete 2.874 0.758 8.0403 1.000
div 3.465 0.291 3.6702 1.000
np 3.839 0.169 2.1895 1.000

EISR, EISReq

P XXX XXX

z 1.097 0.784

div 0.983 0.559

np 0.928 0.484

Notes: Parameters setting: v = 5, 8 = 0.95, collateralized share of income is 0.1. The simulation moments are generated by 10000 draws
from an economy with 3000 agents. Benchmark calibration of idiosyncratic shocks and MP calibration of aggregate shocks. Hatted
variables denote shares of aggregate consumption. EISgr, and EISr., are the EIS estimates obtained by regressing average household
consumption growth on bond returns and stock return using data generated by the MP model. We use the log dividend-price ratio, the

lagged real stock return and the bond risk premium as instruments.
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Table 8: Household Wealth Distribution

Bewley Model HTT Model US Data 2004
‘Wealth ‘Wealth Net Worth Total Assets
Standard Twisted Standard Twisted
kurtosis 1.956 2.842 10.43 15.78 15.87 48.85
skewness 0.231 0.882 2.398 3.189 3.616 6.250
Gini 0.405 0.486 0.513 0.587 0.793 0.697
Wis /Was 4.124 5.529 5.030 6.967 25.09 10.64
Wso /W20 6.623 9.409 8.803 13.31 65.41 33.42
Wgs /Wis 13.34 19.12 21.78 36.15 211.9 55.75
Wao /W10 54.35 82.20 252.0 472.6 999.1 580.5
Wiso/Wio 26.10 25.33 103.4 134.8 105.0 91.00
Wao /Wso 2.082 3.245 2.436 3.505 9.510 6.378

Notes: Parameters setting: v = 5, 8 = 0.95, collateralized share of income is 0.1. The simulation moments are generated by 10000
draws from an economy with 3000 agents. Benchmark calibration of idiosyncratic shocks and MP calibration of aggregate shocks. The
wealth data are from the 2004 SCF. The HTT model has 10% z-complete traders, 20 % diversified traders and 70 % non-participants.
The Bewley model has 100 % diversified traders.

Table 9: Equity Share Distribution

Data Model
Percentile 2001 2004 Standard Twisted
15 % 4.512 2.633 5.694 3.942
25 % 15.40 6.797 6.617 3.293
35 % 6.057 6.669 7.331 3.722
50 % 8.077 2.762 6.817 3.115
65 % 11.09 10.16 6.572 8.207
75 % 19.04 10.12 7.962 11.02
80 % 14.45 17.34 9.204 10.08
85 % 24.16 16.56 13.11 9.263
90 % 32.59 18.94 27.50 12.78
95 % 34.30 25.37 52.02 41.86
100 % 42.67 34.19 59.02 59.80

Notes: Parameters setting: v = 5, 8 = 0.95, collateralized share of income is 0.1. The simulation moments are generated by 10000
draws from an economy with 3000 agents. Benchmark calibration of idiosyncratic shocks and MP calibration of aggregate shocks. The
wealth data are from the 2001 and 2004 SCF. The equity share reported is the share of equity as a fraction of net worth less private
business holdings.
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Table 10: Matching Income Distribution

Model US Data
75/50 2.739 1.785
80/50 2.893 2.041
85/50 3.062 2.414
90/50 3.353 2.908
75/25 4.136 3.449
80/25 4.369 3.943
85/25 4.624 4.663
90/25 5.063 5.618
80/20 4.613 4.710
85/15 6.537 7.024
90/10 11.42 11.64

Notes: Parameters setting: v = 5, 8 = 0.95, collateralized share of income is 0.1. The simulation moments are generated by 10000
draws from an economy with 3000 agents. Benchmark calibration of aggregate and idiosyncratic shocks. The income data are from the
2004 SCF-.
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Figure 1: Consumption Growth
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Notes: Growth Rate of Household Consumption Shares. Market Segmentation: 5% complete, 5% in z-complete, 20% diversified and
70% non-participants. Parameters setting: v =5, 8 = 0.95, collateralized share of income is 0.1. The simulation moments are generated
by 100 draws from an economy with 3000 agents. Benchmark calibration of idiosyncratic shocks and 11D calibration of aggregate shocks.

The thick dashed line is the aggregate weight growth rate ht+1/ht.

Figure 2: Multiplier Growth

z—Complete Traders
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Diversified Traders

Notes: Market Segmentation: 5% complete, 5% in z-complete, 20% diversified and 70% non-participants. Parameters setting: v = 5,
B = 0.95, collateralized share of income is 0.1. The simulation moments are generated by 100 draws from an economy with 3000 agents.
Benchmark calibration of idiosyncratic shocks and 11D calibration of aggregate shocks. The thick dashed line is the aggregate weight

growth rate ht+1/ht.
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Figure 3: Conditional Risk Premium and Market Price of Risk

h'/h shocks
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Conditional Risk Premium

70 75 80

Conditional market price of risk

Notes: Market Segmentation: 5% complete, 5% in z-complete, 20% diversified and 70% non-participants. Parameters setting: v = 5,
B = 0.95, collateralized share of income is 0.1. Plot of 50 draws from an economy with 3000 agents. Benchmark calibration of

idiosyncratic shocks and 11D calibration of idiosyncratic shocks. The shaded are indicates low aggregate consumption growth states.

Figure 4: Equity Share

Net Wealth/C
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Portfolio Share of Equity
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Conditional Market Price of Risk
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T T T 0.7
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Notes: Market Segmentation: 5% complete, 5% in z-complete, 20% diversified and 70% non-participants. Parameters setting: v = 5,
B = 0.95, collateralized share of income is 0.1. The simulation moments are generated by 100 draws from an economy with 3000 agents.

Benchmark calibration of idiosyncratic and 11D calibration of aggregate shocks. The shaded areas indicate low aggregate consumption
growth states.
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Figure 5: Equity Share
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Notes: Market Segmentation: 0% complete, 10% in z-complete, 20% diversified and 70% non-participants. Parameters setting: v = 5,
B = 0.95, collateralized share of income is 0.1. The simulation moments are generated by 100 draws from an economy with 3000 agents.

Benchmark calibration of idiosyncratic shocks and MP calibration of aggregate shocks.

Figure 6: Wealth Distribution

Wealth Distribution
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Notes: Market Segmentation: 5% complete, 5% in z-complete, 20% diversified and 70% non-participants. Parameters setting: v = 5,
B = 0.95, collateralized share of income is 0.1. The simulation moments are generated by draws from an economy with 3000 agents.
Benchmark calibration of idiosyncratic shocks and MP calibration of aggregate shocks. The wealth data is from the 2004 SCF. Data
shown in $ 2004.
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D Separate Appendix

E Ex Ante Heterogeneity

Suppose there are some diLerknces in permanent income and initial endowments of financial wealth. Let
X, index the permanent component, meaning that a household with label x, receives x, times the labor
income process and the initial endowment of financial wealth of the average household. The only part
that aledts the stationary equilibrium is the labor income part.

Lemma E.1. If the borrowing constraints are proportional to X, then optimal consumption is proportional
to X, as well.

This lemma implies that the fraction p; can be interpreted as the fraction of human wealth (not financial
wealth) held by households in segment i. For example, if u, is calibrated to 5 %, that really means 5 %
of human wealth is held by z-complete traders (not 5 % of the population).

Proof of Lemma ETt

Proof. We use B2, n?) to denote P (z)m(z!,n’). Let y denote the multiplier on the present-value budget
constraint, let v(zt, n?) denote the multiplier on the measurability constraint in node (z¢,n?'), and, finally,
let ¢(z',n") denote the multiplier on the debt constraint. We consider the case in which the borrowing
constraint is x,M, — proportional in x,. We consider the case in which the initial endowment of the
tradeable income claim is proportional to x, as well. Let {c,a} denote the optimal consumption and
asset choices for a household with x, = 1. Using the proportionality assumptions and the consumption
conjecture, the saddle point problem for a household with permanent income X, can be stated as:

 ——
L(xy) = B’ u(e(z’, n)m',n")x, ="

t=1 (1t ?t?
+Xy Yol ﬁt " I:I\((t) (' t)E‘L @)
Xy N7 YY(2)n —cz+,n
%I|th?t) L1

+X, (', n)
izl 2tnt -
11 ! t ~t\a[5t ~t—1
AE™, N [yY @n, — ez n")] — B, nHaz!,n') I
T=t (2T T t
+Xy . n")
t=1 (zt777t)

L1
L1

1
BE@ VY @ — o@D

1 I
M(z' )R ) -
7=t (27, n") LEnY)
Let {y,v, ¢} denote the saddle point multipliers for a household with x,, = 1. Then it is easy to see that

(YL 13F x;*{y,v, ¢} and x,{c,a} is a saddle point as well.
U
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E.1 Other preferences

Our analytic framework extends readily to the case of Epstein and Zin (1989)’s recursive preferences since
these preferences also feature the homogeneity of the inverse of marginal utility over consumption. To
show this, assume that preferences are defined by the following recursion:

1] _
= B + pRVy e T

where R is a twisted expectations operator:

IO, sy
RiVir1 = E; VAT

We define the following adjusted cumulative multiplier:

(@' n")
it nh) = tiztn)

and the —1/p-th moment of these weights:

hay= a@hnY bnaniz).
77t

Proposition E.1. In the case of Epstein-Zin preferences, the trader’s consumption satisfies the following
rule:

=t * et (E.1)

and the pricing kernel is given by:

P(Zt+1) _ I%%Zt+l) I;l I%'Zt+l) I;I
PE) C(z") h(zt)

The consumption sharing rule and the main aggregation result go through in the case of recursive
preferences.

Proof of Proposition [EXT}

Proof. This change in preferences would change the first-order condition with respect to consumption
c(z',nY) @3B) (which is common to all our asset structures) to

Vo

3, 4@ n)P(2Hm(z',n") (E2)

where (zt,n?) satisfies our multiplier recursion @2).
To derive an expression for 0Vg/dc;, note first that

oV (z',n")

ac(zt, nt) =V (2", n")’@ - B)ez',n")7,
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and L/T—lv
q
ov(z',n) _ 0V (", f]) g!(ZHl n*1) M C(Zt+l n*1) 241 t+15 .

dc(z*1,nt+L) OC(Zt Vl W c(z',n")

Using the chain rule, these expression imply that
oV Zt_l, t—1 V Zt_l, t—1 I;I _ _
ac((2t+1 r;]t+l)) c((2t+1 r;]t+l)) B2(1 - BM @', nYIM @ Y 02T nt T,

where .
M (Zt nt) — Vt(Zt, ﬂt) I;LY
’ Rt—lvt(zt! nt)

By backward induction we get that

Vo

ac(zt,nt) =VgB'(1 - BM (", n")e(z", n") " n(z',n"), (E.3)

where
M t(zt1 ﬂt) = I_|$—=O'\/I (ZT! ﬂT)
These results imply that our first-order condition (EZ) can be expressed as
VB! (L - BIMY (2", n")e(z',n") ™" =T(2',n")P (2)).
To derive the new expression for the household consumption share which replaces (A3), note that our

first-condition implies that
Mz, i)le(z", i1 _ (2", i)
M@zt nt) ezt nh) ™ (@Y’

This in turn implies our new consumption rule

i@ ntys

c(zt,n®) = NeD C(z) (E.4)
where 2@
z
it nh)y = M@
and where
h(z') = @,nt)_ﬁﬂ(nt\zt)-
77t

To see how this changes the pricing kernel, note that our first-order condition (EZ3) implies that

P(Zt"'l) _ @ nt) q#*l,n“l) ':»L
P(zt) BZ{TZ_Hl nt+1) c(zt nt)
_ @ nt) @+1 t+1) PC(Zt"'l) h(Zt) q
- Z‘G—Z'Hl nt+1) noy” 2 C(zt) h(zt*1)
C(Zt+1) I;l Zt+1) I;I
g C(z) h(z?)
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where we use (E3).
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