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1 Stochastic Processes

Let €2 be a space of events, or sample space, and P a probability measure. Let F be
o-algebra of subsets. Let S C R? be the state space, and S the Borel o-algebra. A

stochastic process is a function
X :[0,00) x Q2 — 98

such that, for each t, X (t, o) is F-measurable. The mapping
X(o,w):[0,00) — S

is a sample path.

Definition 2 The process X is measurable if for any A € S, X71(A) € B([0,)) ®
F.



Definition 3 (Filtration) A filtration is a non-decreasing family of sub o-fields of
F, FsC Fy, for 0 < s <t <oo. Let Foo= 0(UpsoFt)

Fi=o0(U,_,Fs),

Fi+= Nes0Fthe

A filtration is right continuous if Fy= Fyy.

Definition 4 (Adapted) A process X is adapted to {F,} if X; is Fi-measurable

2 Stopping Times

Definition 5 (Stopping Time) Let (€2, F) be a measurable space equipped with the
filtration {F,}. A random time T is a stopping time of the filtration if

{w:T(w) <t} e F.
It is called optional time if
{w:T(w) <t} eF.

It follows that all constants are stopping times and if {F,} is right continuous
every stopping time is optional (exercise).
There is a special class of stopping times denoted hitting times. Let I' € B(R?)
and let
Hp(w) = inf{t > 0; X}(w) € '}

Results:
e If I' is open then Hr is optional.

e If I' is closed and the sample paths of X are continuous, then Hr is a stopping

time.

Claim 6 (Properties of Stopping Times) 1. T optional and 0 > 0 implies
that T + 0 is a stopping time.



2. T and S stopping times —

TAS
TVS

T+S
are stopping times
3. T and S optional times — T + S optional. T + S is a stopping time if either

a) T > 0, >0,

b) T > 0, T is a stopping time

4. {T} sequence of stopping times so is sup,,>; T,.

Definition 7 Let T' be a stopping time of the filtration {F,}. The o-field Fr of
events determined prior to the stopping time T consists of those events A € F for

which
for all t, An{T <t} e R

Claim 8 If T =t then Fr= F;.

Claim 9 Let T be a stopping time and S a random time such that S > T. If S is

Fr-measurable it is also a stopping time.

Claim 10 Let T and S be stopping times. For any A € Fg
AN{S <T} € Fr.

In particular, if S <T — FsC Fr.

Claim 11 Let T and S be stopping times. Then,

Fras= FrNFs,
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and each of the following events

{T' < S},
{S < T},
{T < s},
{T = 5},

belongs to Fras= FrNFs.

Definition 12 (Usual Conditions) A Filtration {F,} satisfies the usual condi-

tions if it is right continuous and Fy contains all the P — null sets in F.

Proposition 13 If the process X has RCLL paths and is adapted to the filtration
{F,} which satisfies the usual conditions, then there exists a sequence of stopping

times {T,,} which exhausts the jumps of X, i.e.

{(t,w): Xi(w) # Xi- (W)} S UZ{(tw)  Talw) = 1}

3 Continuous Time Martingales

Throughout this section we assume
1. (Q,F, P) is a probability space.
2. {F,} is a filtration (to which X, is adapted)
3. E]| X¢|] < oo, forall t > 0.

Definition 14 (Submartingale-Supermatingale-Martingale) X is a submartin-

gale (supermartingale) is for all 0 < s <t < oo we have P — as

X, < E[X,|F]
(Xs = EX¢ | F)).

If X is both a sub and a supermartingale then it is a martingale



3.1 Inequalities

Let X be a submartingale and let Fo, = 0(Ui>0F1), then it follows that if there exists

an F,.-measurable random variable, X, such that
XtSE[XOO|E]7 tZOuP_CLSa
then we say that {X;, {F,},0 <t < oo} is a submartingale with last element X.

Claim 15 {X;} is a (sub)martingale and ¢ : R — R convex (convex non-decreasing)
such that
Ell o(Xy) [] <00, 120

then {¢(Xy)} is a submartingale.

3.2 Convergence Results

In this section assume that all processes are right continuous.

Theorem 16 (Submartingale Convergence) Let {X;, {F,},0 < t < oo} be a

right continuous submartingale. If

C = sup E[X}"] < oo,

>0
then
Xoo(w) = tlir& Xi(w) exists P — as,
El | Xsl] <oo.
where

X" = max{ Xy, 0}

Remark 17 If the submartingale is non-negative then the existence part is guar-

anteed without any further assumptions and
{Xi, {F,},0 <t < oo}

1 a submartingale.



Remark 18 If instead of a submartingale we have a supermartingale then the anal-

ogous conditions/results are

C=sup F[X[ ]| < o0,

>0
then
Xoo(w) = tlim Xi(w) exists P — as,
El | X&l] <oo.
where

X, = max{—X;,0}

Definition 19 (Uniform Integrability) A collection of random variables { X} de-
fined on (0, F, P) is uniformly integrable if

/ | X,(w) | dP(w)
{IX¢t|>c}

converges to 0, uniformly in t, as ¢ — oo.
Definition 20 (L' norm) || X; [i= [ | Xi(w) | dP(w), provided it is finite.

Theorem 21 Corollary 22 If {X;,{F,},0 <t < oo} is a uniformly integrable
supermartingale then,

sup || X; [[1< oo,
t

and since E[X; | <|| X; ||1the supermartingale version of the theorem implies

Xoo(w) = lim Xy(w) exists P — as.

t—oo

By uniform integrability convergence is also in L' — {X;,{F,},0 <t < oo} is also a

supermartingale!

Claim 23 The following three conditions are equivalent for a right continuous

martingale



1. It is a uniformly integrable family of random variables
2. It converges in L' ast — oo.

3. It converges P—as to an integrable random variable X, such that {X;, {F,},0 <

t < oo} is a martingale.
4. There exists a random variable Y such that

Xy = ElY | A, t>0, P—as.

5. If (4) holds, and X is the random variable in (3)

Xoo = E[Y | Ful, P — as.

Theorem 24 (Optional Sampling) Let {X;, {F,},0 <t < oo} be a right contin-
uous submartingale with last element X, and let S < T be two optional times of the

filtration {F,}. Then,

XSSE[XT|fS+]’ tZOa P—CLS,
2. If S is a stopping time then
XSSE[XT|-FS]7 tZO,P—CLS,

and, in particular,

E[Xo] < E[X7].
3. For a martingale with last element X, the previous inequalities are equalities.

Remark 25 Note that the theorem assumes that the process has a last element X .

This is a strong assumption. See before to check the iff conditions for this!



Remark 26 (Extensions of the OST Theorem) Is it necessary for the process

to have a last element? Here are alternative conditions under which the theorem

holds

1. Let {X,{F,},0 <t < oo} be a right continuous submartingale and let the
optional times satisfy S < T, then OST holds if either of these two conditions
15 satisfied

(a) T is bounded (i.e. Ja such that T(w) < a P — as)
(b) There exists an integrable random variable Y such that

Xi < ElY | A, t>0, P—as.

2. Let {Xi,{F,},0 <t < oo} be a right continuous submartingale and let the
stopping times satisfy S < T, then

(a) {Xra, {F,},0 <t < o0} is a submartingale,

(b)

Xgnt < E[XT/\t | fSAt]7 t>0, P—as.

4 Brownian Motion

Definition 27 A standard one dimensional Brownian Motion (BM) is a continuous
adapted process W = {W;, {F,},0 < t < oo} defined on some probability space
(Q, F, P) with the properties that

1. Wo=0
2. For 0 <s <t, W, — W is independent of Fs.

3. W, — W, ~ N(0,t — s)



Is this definition restrictive? Maybe. Consider the following

Claim 28 (Levy) If X € M (continuous path martingale) and X is such that its

quadratic variation (X); =t as, for all interval [0,t], then X is a Brownian Motion.

Claim 29 (Breiman/Harrison) If X is continuous (i.e. has continuous sample

paths) and X has identical independent increments, then X is a Brownian Motion.

Does a Brownian Motion exist? Yes. There are several ways to construct a
Brownian Motion. We will not go into the details, but the interested reader can
consult Karatzas and Shreve or Harrison.

Here is one simple construct that gives a random walk interpretation of a BM.

Consider a random walk Z; such that

AZ=2", 2" = Ah with probability p

’ ’ —Ah with probability 1 — p.

It follows that

E[Z!

Jj+1

Var[Zj’.Zrl — Zjh] = 4p(1 —p)(Ah)2.

Consider a time interval of length 7', and let T" = nAt. Then the cumulative

change in Z ;LH - Z]h over the whole interval is

ArZ = A7, + ...+ AZ,

Vv
n times

It follows that

A
E[ArZ] = nAh(2p—1)= TKZL(Zp - 1),
9 Ah?
Var[ArZ] = n4(1 —p)Ah® = TTt4p(1 —p).



Hence if we wanted to pick the random walk (which in this context means picking
p and Ah) to match the first two moments of a Brownian Motion we would end up

with a system of equations given by

Ah
Ah? 9
Tﬂélp(l —p) = o°T.
This system is then,
 pAt
Ah = 51
2 1/2
(AR)? = <—" A ) .
4p(1 —p)

The solution is

Ah = O’\/A_t{ 1+(H)At],

gy AL
a 2{1i<0> 1+(§)At}'

Since this is an approximation that is valied when At — 0, the solution can be

described as

Ah = oVAL,
1 1 VAL
= {1+ (B) X
g ) <‘7> 1+(!§)At}

In the special case of a Weiner process or standard Brownian motion, we have

=0 and ¢ = 1. Thus, in that case,
Ah = oVAt,
pi =

Thus, one way of thinking about Brownian Motion is as the sum of a sequence of
Bernoulli 7.7.d. random variables, with the size of the jump of the order of the square

root of dt
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What is the quadratic variation of this process?

(AZ) = En:[AZjP = zn:[\/A_t]z = nAt =T.

=l N =1

Thus the random walk has the property that its quadratic variation is ¢ in any
interval of length ¢

What do we know about Brownian Motion? There are a number of results that

hold for all martingales (and some for martingales with continuous paths) that directly

apply to a Brownian Motion
Claim 30 Let W = {W,;,{F,},0 <t < oo} be a Brownian Motion then,

1. W is a Markov process.
2. W is a martingale.

3. (WY, =t

Proof. Using the alternative definition of quadratic variation we have that

2"—1

t—r}ggoz Wi, = Wel?,

where
it
t? — 2_n 5

Since Wig, — Wi ~ N(0, 87, — 1) = N(0, ), it follows that

i=0,1,..,2"

Zi = T W, = Wap] ~ N(0,1).

Thus,
2n—1 2n—1 1
2 — 2
;[Wt?“ — W2 = (W), = ; 52

By the law of large numbers this term converges (a.s.) to E[Z?| =t m
4. W2 — (W), is a martingale

11



Claim 31 If a function is differentiable (with bounded derivative) then its quadratic
variation 18 zero
Proof. Let f(t) be a function. Then, given a partition Il = {0 =ty <t < ... <1, =

t}, the mean Value Theorem implies that

ftiva) = f(ts) = f1(76) (tia — L)

The quadratic variation satisfies

n

Z[f(ti—i—l) — f(t)]

i=1

S 1)ty — )P < max | /(7)Y (tipa — 1)
p =1
< max | f'(72)] miax(tiﬂ —t;)t.

However, as the mesh of the partition goes to 0, max(t;+1 —t;) — 0 and, hence, the

quadratic variation is zero. M

Claim 32 Let W = {W;,{F,},0 < t < oo} be a Brownian Motion then its total
variation 18 0o

Proof. LetT1 = {0 =ty < t; < ... < t, = t} be a partition of the interval [0,1].
Then,

n

Z[VVQH - W ] < maX Wt1+1 VVtz Z ‘I/Vtwrl - i

i=1

but the first term on the right hand side converges to zero (as) as the mesh of the
partition goes to 0 (this follows from continuity of the sample paths). Since (W), =
S Wy, — Wi 2 =t is positive, it follows that the term > | |Wy,,, — W,

(3

must

converge to oo W

Starting from the standard BM we can create what we will denote a (i, 0)-BM.
This is a process X; given by

Xi(w) = Xo + pt + oWi(w).
In the following claims the X; process is the one given above.

12



Claim 33 The process X;(w) = Xo + put + oWy (w) is a submartingale (supermartin-
gale) if p > (<)0.

Claim 34 Y, = X, — ut is a martingale,
Claim 35 (Y); = o’t.

Claim 36 Y? — o%t is a martingale.
Claim 37 (%)2 — t 15 a martingale.

Claim 38 (Wald Martingale) Let Z, = el#Xe=aB with ¢(B) = Bu + %5202.
Then, Z; is a martingale.

Proof. To see this, note that

clBXe=a(B)t] _ [B(Xi—Xs)—a(B)(t—9)] [BXs—a(B)s]
Taking expectations conditional on {Fs} on both sides we get
E[Z,| FJ) = ZSE[e[B(thXs)*Q(B)(t*S)} | FJ.
Thus, it suffices to show that
ElelPXe=X)=a@B)t=)l | F1 =1,

However, (X; — X,) ~ N(Bu(t — s), B20?(t — s)), and the expectation of any such

log-normal random variable is

E[ePX=Xo) | F,] = Ppli=s)t36%0%(=5) — ca(B)(t=s)

which completes the proof m
Claim 39 (X, — ut)> — 0t is a martingale
An important property of Brownian Motion is that it is a Strong Markov process.

13



Definition 40 (Strong Markov) A process X with initial distribution p (and as-

sociated probability measure P") is said to be a strong Markov process if
1. PHX, €T] = (), for allT € B(R?)
2. For any optional time S, t > 0 and I € B(R?)
P Xg €T | For]| = PM[Xgp € T | Xgl,
Pt —as on {S < oo}
Claim 41 A Brownian Motion is a strong Markov process

There is another way of describing the strong Markov property which reveals more
clearly its implications. Let W = {W;,{F,},0 <t < oo} be a Brownian Motion and
let S be a stopping time of the filtration {F,}. Let

VV: = W5+t - WS.
Then

1. W¢ is a Brownian motion.

2. W is independent of S.

Here is an implication of the strong Markov property that will be useful later. Let

T be an arbitrary stopping time. Then we can define the random Z; by
ZF (w) = Wyt (w), t>0, on {w: T(w) < oo}.

Note that the process Z; need not be defined at all on the set {w : T(w) = co}.

Now let the function F' be a measurable mapping such that
E*[| F(x) |] < o0, Vo e R
Then, the strong Markov property implies that
E*[F(Z;) | Frl = F(Z5) = FWr),  on{w:T(w) < oo}.

This result comes in handy when one needs to compute functions of a stopped

BM.
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5 The Reflection Principle
Let W = {W;,{F,},0 <t < oo} be a standard BM, and let
Ty(w) = inf{t > 0 : Wi(w) = b}.
It follows that T}, is a stopping time of the filtration {F,}.
Claim 42 PO[T, <] = 2P[W; > 8] = % [, e 7 du

Proof. We first claim that P[T, < t] = PO[T, < t,W; > b| + P°[T, < t,W; < b).
This is obvious as W, = b —the missing part— has zero probability. Next, note that
the set {1, < t,W; > b} = {W, > b}. Why? If W, > b it must be the case that T}, < t,
as Wy = 0. Thus, the extra conditioning does not change the set. What about the
other set, {1, < t,W; < b}? On this set, the Brownian motion hit b at some point,
and then drifted to a point ¢ < b. Given that the distribution of a Brownian motion
is symmetric (because the Normal is a symmetric distribution), the probability of
traveling down a distance b— c is the same as the probability of traveling up the same

distance. Thus, we just argued that

PO[T, < t, W, < b = P°[T, < t,W, > b].

Thus,
PT, < t]=2P"[Ty <t,W, > b] = 2P°[W, > b]
2 o o2
= — e 2dx
vV 2T /bt1/2
[

The above proof is somewhat heuristic (but close to being right) but it relies
heavily on the idea that a Brownian motion has the strong Markov property. Where

was this used? We basically used to argue that the process

Wryve — Wry
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is a Brownian motion that is independent of Fr,, the o-field of events determined
prior to Ty. Of course, to claim the strong Markov property, 7T}, has to be a stopping
time as we showed (it is a hitting time).

Here is another application of the strong Markov property
Claim 43 Let W = {W,;,{F,},0 <t < oo} be a standard BM, with Xy = 0. Let
M, = sup{W,,0 < s < t},

then

T T — 2y

Sy =2

\/%) ( 7 )

where ® is the cdf of a standard normal random variable, i.e. a N(0,1)

Proof. Note that

PO[Wt <z, M, Sy] :(I)(

POW, <, My < y] = P[W, < a] — PP[W, <, My > y].

The first term is

POIW, < 2] = @(%)

giwen that Wy is an N(0,t) random variable. What about P°|W; < z, M; > y]? This
event corresponds to the case in which the process Wy hit the value y, and then traveled
to a point below x. However, conditional on being at y, traveling down below x (a
distance y — x) has the same probability (given symmetry of the Normal distribution)
of traveling up a distance y — x. Let T be the first time that the process Wy hits y.
Then, define W} . = W, —Wyp = Wy —y. Using this notation, we need to compute the
probability of W} . increasing by at least (y — x). This is the probability of the event

Wepzy—a={W;>22y—a} ={W; <2 -2y} = <I>(x_—\/§y) Thus, it follows that

PW, < a,M,>y|=P[T <t, W} >y—a
T —2y

Vit

= PT<t, W/ >y—a]=P[W, <x-2y =&

).

Thus, putting together these two pieces we get the desired result. m

16



