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1 Riemann vs. Lebesgue Integrals

Let [a, b] be an interval of the real numbers. Let f be bounded on [a, b]. Let

Πk = {a = xk0 < xk1 < ... < xkn = b}

be a partition. Let

| Πk |= max
0≤i≤n−1

{xki+1 − xki }

be the mesh of the partition. We can now construct the upper and lower sums of f

relative to Π as follows

Mi = sup{f(x) : xki−1 < x ≤ xki }, i = 1, 2, ..., n ⇔ fUk (x)

mi = inf{f(x) : xki−1 < x ≤ xki }, i = 1, 2, ..., n ⇔ fLk (x).
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Define

U(Πk) ≡
nX
i=1

Mi(x
k
i − xki−1),

L(Πk) ≡
nX
i=1

mi(x
k
i − xki−1).

Note that, if we denote the Lebesgue measure by λ, then we have

U(Πk) =

Z
fUk (x)dλ,

L(Πk) =

Z
fLk (x)dλ.

By the dominated convergence theorem,

lim
k→∞

U(Πk) =

Z b

a

fU(x)dλ,

lim
k→∞

L(Πk) =

Z b

a

fL(x)dλ.

Then f is said to Riemann integrable iff

r =

Z b

a

fU(x)dλ =

Z b

a

fL(x)dλ.

Theorem 2 (Riemann Integrable [Ash p.55]) Let f be bounded and real valued

on [a, b].

1. The function f is Riemann integrable on [a, b] iff f is continuous λ− as.

2. If f is Riemann integrable on [a, b] then f is Lebesgue integrable and both inte-

grals coincide.

What is the Lebesgue integral? First, define it for simple functions. Let

h(x) =
nX
i=1

hiXAi,

where the Ai are disjoint sets in some σ−algebra F . Then the Lebesgue integral isZ
Ω

h(x)dλ(x) =
nX
i=1

hiλ(Ai).
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To extend this definition to a non-negative function h we defineZ
Ω

h(x)dλ(x) ≡ sup{
Z
Ω

s(x)dλ(x) : s(x) ≤ h(x) is simple}.

Finally for an arbitrary Borel measurable h let

h+(x) = max{0, h(x)},
h−(x) = max{0,−h(x)},

then we define Z
Ω

h(x)dλ(x) =

Z
Ω

h+(x)dλ(x)−
Z
Ω

h−(x)dλ(x),

provided these terms are not of the form +∞−∞.

2 Stochastic Integral

Throughout this section we assume that the filtration {Ft} satisfies the usual condi-
tions. Let M be a martingale and assume that M0 = 0, P − as.

Let hMit be the unique adapted continuous and increasing process such that

{M2
t − hMit , {Ft}, 0 ≤ t <∞}

is a martingale.

We want to define integrals of the form

IT (X) =

Z T

0

Xt(ω)dMt(ω).

Remark 3 In the case of a (µ, σ) Brownian Motion hMit = σt. The existence of

hMit as the unique adapted continuous and increasing process such that M2
t − hMit

is a martingale is guaranteed by the Doob-Meyer decomposition.

Why don’t we do it path-wise, i.e. for each ω, take the function

G(t)(ω) ≡Mt(ω),
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and integrate –in the Lebesgue-Stieltjes sense– with respect to the measure induced

by G. This will not work because, as we have already argued, if M is a BM then its

sample paths are of unbounded variation. Thus, we need to try something else.

Assume that M ∈ Mc
2 (i.e square integrable martingale). First, let’s define a

measure on [0,∞)×F by

µM(A) = E[

Z ∞

0

XA(t, ω)dhMit(ω)].

Note that this is a well defined measure.

Let X be measurable and {Ft}-adapted. Define

[X]2T ≡ E[

Z T

0

X2
t (ω)dhMit(ω)],

provided that the right hand side is finite. Note that this is an L2 norm restricted to

[0, T ].

Remark 4 In the case in which the integrand is Brownian Motion, then dhMit(ω) =
dt, and this is a standard L2 norm.

Definition 5 Let L be the space of all measurable, {Ft}-adapted processes X for

which [X]T <∞. Define a metric on L by

[X − Y ] =
∞X
n=1

µ
1

2

¶n

min{1, [X − Y ]n}

If L∗ is the set of progressively measurable processes satisfying [X]2T < ∞, define a
metric on L∗ in the same way we did it on L.

Note that if a process X is in L∗, then, for any T <∞, it must be the case that

E[

Z T

0

X2
t (ω)dhMit(ω)] <∞

Let L∗T denote the class of processes such that

X ∈ L∗,
Xt(ω) = 0, t > T, ω ∈ Ω.
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For T =∞, L∗T is the class of processes for which

E[

Z ∞

0

X2
t (ω)dhMit(ω)] <∞.

Note that since X ∈ L∗ to begin with, this last definition (i.e. the definition of L∗∞)
simply extends the upper limit of integration to include the value ∞.

With this definition, L∗T is a closed subspace of an L2 space, the Hilbert space

given by

HT ≡ L2 ([0, T ]×Ω,B([0, T ])⊗FT , µM) .

Note that L∗T is complete under the norm

[X]2T ≡ E[

Z T

0

X2
t (ω)dhMit(ω)].

Definition 6 (Simple Processes) A process X is called simple if there exists a

strictly increasing sequence of real numbers {tn}∞n=0 with t0 = 0 and limn→∞ tn =∞,
as well as a sequence of random variables {ζn} and a (non-random) constant C <∞
with

sup
n
| ζn(ω) |≤ C, ω ∈ Ω,

such that ζn(ω) is Ftn-measurable and

Xt(ω) = ζ0(ω)X{0}(t) +
∞X
i=0

ζi(ω)X(ti,ti+1](t).

This class is denoted by L0.

Note that if Xt ∈ L0 then it is progressively measurable and bounded and hence,

L0(M) ⊆ L∗(M) ⊆ L(M)

If Xt ∈ L0 define the integral

It(X) ≡
n−1X
i=0

ζi(ω)
¡
Mti+1(ω)−Mti(ω)

¢
+ ζn(ω)(Mt(ω)−Mtn(ω)), tn ≤ t < tn+1,
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or, equivalently,

It(X) ≡
∞X
i=0

ζ i(ω)
¡
Mt∧ti+1(ω)−Mt∧ti(ω)

¢
.

The basic idea is that the integral is well defined for these simple random variables

and then it can be extended to L∗(M) and L(M).
For a given martingale M , it follows that

L0(M) ⊆ L∗(M) ⊆ L(M).

Thus the set of simple processes that are square integrable is a subset of the

progressively measurable processes that are square integrable and this, in turn, is

a subset of the measurable processes that are square integrable with respect to the

quadratic variation of a given martingale, hMi.
What is the difference between L∗(M) and L(M)? There are two important

results.

Proposition 7 (Meyer (1968)) If the stochastic processX is measurable and adapted

to the filtration {Ft}, then it has a progressively measurable modification.

Recall that Y is a modification of X if, for all t, we have

P [Xt = Yt] = 1.

Thus, if we can ‘live’ with the idea of modifications (not clear that we can, as it

depends on the application) we can ignore the difference between L∗(M) and L(M).
However, for the applications that are relevant for this course, the following result

is more useful

Proposition 8 If the stochastic process X is adapted to the filtration {Ft} and every
sample path is right-continuous or else every sample path is left continuous, then X

is also progressively measurable with respect to the filtration {Ft}.
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In this course we will be dealing (mostly? exclusively?) with either continuous

or right continuous processes (need to check when we choose a process; i.e. when we

endogenously define a process to see if this is too restrictive) this proposition shows

that we can ignore the differences between L∗(M) and L(M).

2.1 Construction and Elementary Properties of Stochastic

Integrals

Recall that we defined the stochastic integral of X ∈ L0(M) with respect to the
martingale M , It(X), as the stochastic process given by the martingale transform,

i.e.

It(X) ≡
n−1X
i=0

ζi(ω)
¡
Mti+1(ω)−Mti(ω)

¢
+ ζn(ω)(Mt(ω)−Mtn(ω)), tn ≤ t < tn+1,

or, equivalently,

It(X) ≡
∞X
i=0

ζ i(ω)
¡
Mt∧ti+1(ω)−Mt∧ti(ω)

¢
.

The basic idea of the stochastic integral is that it is easily defined for X ∈ L0(M)
and then it can be extended to L∗(M) and L(M) (which are the same spaces for right
or left continuous processes).

We now prove some properties of the stochastic integral for simple processes.

Proposition 9 (Properties of the Stochastic Integral) Let X,Y ∈ L0(M) and
0 ≤ s < t <∞ then

1. I0(X) = 0, P − as.

2. E[It(X) | Fs] = Is(X) P − as.

3. E[It(X)2] = E[
R t
0
X2

u(ω)dhMiu(ω)] = [X]2t , or k I(X) kt= [X]t,

where k I(X) kt≡ (E[It(X)2])1/2 is the L2 norm in the space of martingales

previously defined.
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4. k I(X) k= [X] where

k I(X) k=k X k≡
∞X
n=1

1∧ k I(X) kn
2n

,

with

k X kt≡
q
E[X2

t ],

and

[X] =
∞X
n=1

1 ∧ [X]n
2n

,

with

[X]t =

µ
E[

Z t

0

X2
u(ω)dhMit(ω)]

¶1/2
.

Thus, this result says that the distance from 0 to It(X) (in the L2 sense) coin-

cides with the distance from 0 of X in the square integrable sense with respect

to hMi.

5. E[(It(X)− Is(X))
2 | Fs] = E[

R t
s
X2

u(ω)dhMit(ω) | Fs].

6. For any α, β ∈ R I(αX + βY ) = αI(X) + βI(Y ).

Corollary 10 It(X) ∈M c
2 (i.e. the martingale It(X) has continuous sample paths)

and

hI(X)it =
Z t

0

X2
udhMiu

Remark 11 If Mt is a Brownian Motion or a Poisson process hMit = ct for some

constant c. In this case we have that

hI(X)it = c

Z t

0

X2
udu

Now we are almost ready to extend the definition of the integral to L(M). The
notion is not standard. It is a probabilistic construct. The strategy consists of

showing forX ∈ L(M), there exists a square integrable martingale that is a “natural”
candidate to be I(X).
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It follows from part 4 of the previous Proposition that if there exists a sequence

X(n) ∈ L0(M) such that, for any X ∈ L(M), [X(n) −X]→ 0 as n→∞, then

k I(X(n))− I(X(m)) k=k I(X(n) −X(m)) k= [X(n) −X(m)]→ 0

as n,m→∞.
In other words, {I(X(n))}∞n=1 is a Cauchy sequence in Mc

2. Since this space is

complete, then there exists a process I(X) = {It(X); 0 ≤ t <∞} inMc
2 such that

k I(X(n))− I(X) k→ 0.

Note that, for A ∈ Fs the Proposition implies

E[XA(It(X)− Is(X))
2] = lim

n→∞
E[XA(It(X

(n))− Is(X
(n)))2]

= lim
n→∞

E[XA

Z t

s

(X(n)
u )2dhMiu]

= E[XA

Z t

s

X2
udhMiu],

where the last inequality follows from [X(n) − X] → 0. Thus, the limiting process

satisfies part 5 of the proposition. The other parts are verified as well. Thus we have

a definition

Definition 12 For X ∈ L∗(M), the stochastic integral of X with respect to the

martingale M ∈Mc
2 is the unique square integrable martingale I(X) = {It(X); 0 ≤

t <∞} which satisfies limn→∞ k I(X(n))−I(X) k= 0 for every sequence {X(n)}∞n=1 ⊆
L0(M) with limn→∞[X(n) −X] = 0. We write

It(X) =

Z t

0

XsdMs

Proposition 13 The stochastic integral defined above satisfies parts 1-5 of the pre-

vious proposition and the corollary as well. Furthermore, for any two stopping times

S ≤ T and any t > 0 we have

E[It∧T (X) | FS] = It∧S(X), P − as,

9



and for X,Y ∈ L∗(M) we have

E[(It∧T (X)− It∧S(X))(It∧T (Y )− It∧S(Y )) | FS] = E[

Z t∧T

t∧S
XuYudhMiu | FS].

Note that this holds for any pair of numbers t > s as well.

3 Ito’s Lemma

In this section we state (and provide a proof of) Ito’s lemma.

Definition 14 (Continuous Semimartingale) A continuous semimartingaleX =

{Xt, {Ft}; 0 ≤ t <∞} is an adapted process which has decomposition

Xt = X0 +Mt +Bt, 0 ≤ t <∞

where M = {Mt, {Ft}; 0 ≤ t < ∞} ∈Mc,loc, and B = {Bt, {Ft}; 0 ≤ t < ∞} is the
difference of continuous, nondecreasing, adapted processes {A±t , {Ft}; 0 ≤ t <∞} :

Bt = A+t −A−t

Remark 15 In this definition we assume that A is the minimal decomposition of B,

i.e. A+t is the positive variation of B and A−t is the negative variation of B.

Ito’s formula states that a “smooth function” of a continuous semimartingale is a

continuous semimartingale and provides its decomposition.

Theorem 16 (Ito (1944)) Let f : <→ < be of class C2 and let X = {Xt, {Ft}; 0 ≤
t <∞} be a continuous semimartingale with decomposition as in the definition. Then,
P − as

f(Xt) = f(X0) +

Z t

0

f 0(Xs)dMs +

Z t

0

f 0(Xs)dBs +
1

2

Z t

0

f 00(Xs)dhMis

Proof (from Karatzas and Shreve). There are several parts to this proof. First,

there is a localization argument and then a second order Taylor expansion.
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1. Localization Argument. First, note that since the process Bt is of finite varia-

tion, then it can be written as

Bt = A+t −A−t .

Define B̌t by

B̌t = A+t +A−t .

Let the stopping time Tn be given by

Tn =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 if | X0 |≥ n

inf{t :|Mt |≥ n, or | B̌t |≥ n, or hMit ≥ n if | X0 |< n

∞ if | X0 |< n and {...} = ∅

The resulting sequence of stopping times is non-decreasing with limn→∞ Tn = ∞.
Thus, if we prove the theorem for the stopped process Xt∧Tn, Mt∧Tn then we have

the desired result upon letting n → ∞. Thus, we may assume that all functions are
bounded by some constant K. It follows that | Xt(ω) |≤ 3K. The values of f outside
[−3K, 3K] are irrelevant. Thus we assume that f has compact support and this means

that f 0 and f 00 are bounded.

2. Taylor Expansion. Fix t > 0 and let Π = {0 = t0 < t1 < ... < tm = t} be a
partition. A Taylor expansion yields

f(Xt)− f(X0) =
mX
k=1

{f(Xtk)− f(Xtk−1)},

=
mX
k=1

f 0(Xtk−1)[Xtk −Xtk−1] +
1

2

mX
k=1

f 00(ηk)[Xtk −Xtk−1]
2

where

ηk(ω) = Xtk−1(ω) + θk(ω)[Xtk(ω)−Xtk−1(ω)]

can be chosen so that f 00(ηk) is measurable. Thus, we conclude that

f(Xt)− f(X0) = J1(Π) + J2(Π) +
1

2
J3(Π),
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where

J1(Π) ≡
mX
k=1

f 0(Xtk−1)[Btk −Btk−1 ],

J2(Π) ≡
mX
k=1

f 0(Xtk−1)[Mtk −Mtk−1 ],

J3(Π) ≡
mX
k=1

f 00(ηk)[Xtk −Xtk−1 ]
2.

What do we know about these integrals? First, it is clear that J1(Π) converges to the

Lebesgue integral
R t
0
f 0(Xs)dBs as k Π k→ 0, where k Π k= max1≤k≤m | tk − tk−1 | .

Since Ys(ω) ≡ f 0(Xs(ω)) is in L(M) we can approximate Ys by the following

simple process

Y Π
s (ω) = f 0(X0(ω))X{0}(s) +

mX
k=1

f 0(Xtk−1(ω))X{(tk−tk−1]}(s).

Given the properties of the stochastic integral,

E[I2t (Y
Π − Y )] = E[

Z t

0

| Y Π
s − Ys |2 dhMis.

However, it is clear that the right hand side of the previous expression converges to 0

P − as as k Π k→ 0. This follows because | Y Π
s − Ys |2 converges P − as to 0 and the

bounded convergence theorem implies that it also converges in the L2 norm. Thus,

J2(Π) =

Z t

0

Y Π
s dMs →kΠk→0

Z t

0

YsdMs .

3. The Quadratic Variation. The last term can be written as

J3(Π) = J4(Π) + J5(Π) + J6(Π)

where

J4(Π) ≡
mX
k=1

f 00(ηk)[Btk −Btk−1 ]
2,

J5(Π) ≡ 2
mX
k=1

f 00(ηk)[Btk −Btk−1][Mtk −Mtk−1 ],

J6(Π) ≡
mX
k=1

f 00(ηk)[Mtk −Mtk−1 ]
2.
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Because Bt has total variation bounded by K we have

| J4(Π) | + | J5(Π) |
≤ 2K k f 0 k∞

µ
max
1≤k≤m

| Btk −Btk−1 | + max
1≤k≤m

|Mtk −Mtk−1 |
¶
,

and since the processes Bt and Mt are continuous, the last term converges to zero

P − as as k Π k→ 0. (Given the bounded convergence theorem, it also converges in

L1(Ω,F , P ).
We are now left with J6(Π). Define

J∗6 (Π) ≡
mX
k=1

f 00(Xtk−1)[Mtk −Mtk−1 ]
2.

It follows that

| J∗6 (Π)− J6(Π) |≤ V
(2)
t (Π)| {z }

quadratic var of M

max
1≤k≤m

| f 00(Xtk−1)− f 00(ηk) | .

Next recall that “If X ∈M2, | Xs |≤ K for s ∈ [0, t] then E[V
(2)
t (Π)] ≤ 6K2.” In

addition, the Cauchy-Schwartz inequality is just

E[| XY |] ≤ E[| X || Y |] ≤
p
E[| X |2]

p
E[| Y |2].

Using these two results we get

E[| J∗6 (Π)− J6(Π) |] ≤
√
6K2

q
E[( max

1≤k≤m
| f 00(Xtk−1)− f 00(ηk) |)2].

However, given that X has continuous sample paths and the bounded convergence

theorem, the term

E[( max
1≤k≤m

| f 00(Xtk−1)− f 00(ηk) |)2]→ 0, as k Π k→ 0.

Thus, to show that

J3(Π)→
Z t

0

f 00(Xs)dhMi

it suffices to show that

J∗6 (Π)→ J7(Π) ≡
mX
k=1

f 00(Xtk−1)[hMitk − hMitk−1].
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We now do this

E | J∗6 (Π)− J7(Π) |2= E |
mX
k=1

f 00(Xtk−1)[(Mtk −Mtk−1)
2 − (hMitk − hMitk−1)] |2

≤ E

"
mX
k=1

(f 00(Xtk−1))
2[(Mtk −Mtk−1)

2 − (hMitk − hMitk−1)]2
#

= E[
mX
k=1

(f 00(Xtk−1))
2[(Mtk −Mtk−1)

4

−2(Mtk −Mtk−1)
2(hMitk − hMitk−1) + (hMitk − hMitk−1)2]

≤ max
1≤k≤n

(f 00(Xtk−1)){E[V (4)
t (Π)

+2 max
1≤k≤n

(hMitk − hMitk−1)
mX
k=1

(Mtk −Mtk−1)
2 +

mX
k=1

(hMitk − hMitk−1)2}

≤ k f 00(Xtk−1) k∞ {E[V (4)
t (Π) + 2 max

1≤k≤n
(hMitk − hMitk−1)[

mX
k=1

(Mtk −Mtk−1)
2 +

mX
k=1

| hMitk − hMi

= k f 00(Xtk−1) k∞ {E[ V
(4)
t (Π)| {z }

<∞ →0 as kΠk→0

+ 2max
1≤k≤n

(hMitk − hMitk−1)| {z }
→0 as kΠk→0 (continuity)

[V
(2)
t (Π) + hMit]| {z }

bounded

}.

Thus, this argument shows that

J3(Π) →kΠk→0
Z t

0

f 00(Xs)dhMis

where convergence is in the L2 norm (and hence in L1).

Final Touches. If {Π(n)} is a sequence of partitions of [0, t] with k Π(n) k→ 0,

then for some subsequence

lim
k→∞

J1(Π
(nk)) =

Z t

0

f 0(Xs)dBs, P − as,

lim
k→∞

J2(Π
(nk)) =

Z t

0

f 0(Xs)dMs, P − as,

lim
k→∞

J3(Π
(nk)) =

Z t

0

f 00(Xs)dhMis, P − as.

This completes the proof.

There are several comments that are relevant for this definition.
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1. For fixed ω and t > 0 the function Xs(ω) is bounded for 0 ≤ s ≤ t, so is

f 0(Xs(ω)). Thus, it follows that
R t
0
f 0(Xs)dMs is defined on this interval and

the integral is a continuous local martingale.

2. The other two integrals are defined in the Lebesgue sense and so, as functions

of the upper limits of integration, are of bounded variation.

3. From the previous two, it follows that {f(Xt), {Ft}; 0 ≤ t <∞} is a continuous
semimartingale.

4. The statement in Ito’s Theorem is often written as

df(Xt) = f 0(Xt)dMt + f 0(Xt)dBt +
1

2
f 0(Xt)dhMit.

Here is the multidimensional version of Ito’s rule

Theorem 17 (Generalized Ito) Let {Mt = (M
(1)
t , ..,M

(d)
t ), {Ft}; 0 ≤ t < ∞} be

a vector of local martingales in Mc,loc, {Bt = (B
(1)
t , .., B

(d)
t ), {Ft}; 0 ≤ t < ∞} be a

vector of adapted processes of bounded variation with B0 = 0, and set Xt = X0 +

Mt + Bt where X0 is an F0-measurable vector in <d. Let f(t,X) : [0,∞)×<d → <
be of class C1,2. Then, P − as

f(t,Xt) = f(0,X0) +

Z t

0

∂

∂t
f(s,Xs)ds +

dX
i=1

Z t

0

∂

∂xi
f(s,Xs)dB

(i)
s +

dX
i=1

Z t

0

∂

∂xi
f(s,Xs)dM

(i)
s

+
1

2

dX
i=1

dX
j=1

Z t

0

∂2

∂xi∂xj
f(s,Xs)dhM (i),M (j)is

3.1 Examples

There are several interesting special cases of the above formula

1. If d = 1 then the previous formula just extends Ito’s Theorem to the case in

which the f function depends on time. In this case the (differential) version of

the formula is

df(t,Xt) =
∂

∂t
f(t,Xt)dt+

∂

∂x
f(t,Xt)dMt+

∂

∂x
f(t,Xt)dBt+

1

2

∂2

∂x2
f(t,Xt)dhMit.
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2. In the case in which the process M is a Brownian Motion, W , dhMit = dt.The

formula is

df(t,Xt) = [
∂

∂t
f(t,Xt) +

1

2

∂2

∂x2
f(t,Xt)]dt+

∂

∂x
f(t,Xt)dWt +

∂

∂x
f(t,Xt)dBt.

3. If the semimartingales is given by a (µ, σ) Brownian Motion we have that

Xt = X0 + µt|{z}
Bt

+ σWt|{z}
Mt

,

and Ito’s formula is

df(t,Xt) = [
∂

∂t
f(t,Xt) +

∂

∂x
f(t,Xt)µ+

1

2

∂2

∂x2
f(t,Xt)σ

2]dt+
∂

∂x
f(t,Xt)σdWt,

where we have used the fact that if Mt = σWt, then hMit = σ2hW it = σ2t.

4. Consider theGeometric Brownian Motion that satisfies the following differential

equation

dXt = µXtdt+ σXtdWt.

Since this is just notation for the following stochastic integral

Xt = X0 +

Z t

0

µXudu| {z }
Bt

+

Z t

0

σXudWu| {z },
Mt

it follows that Bt ≡
R t
0
µXudu is a standard Lebesgue integral. Thus Bt is

of bounded variation and, as such can be written as Bt = A+t − A−t (this is

a property of functions that have bounded total variation) and is continuous.

Since Mt ≡
R t
0
σXudWu is a stochastic integral, it is a martingale. In order to

use Ito’s formula we need to determine what is dBt. Note that this is a regular

Lebesgue integral and hence it is given by dBt = µXtdt. Thus, the differential

version of Ito’s lemma results in

df(t,Xt) = [
∂

∂t
f(t,Xt)+

∂

∂x
f(t,Xt)µXt+

1

2

∂2

∂x2
f(t,Xt)σ

2X2
t ]dt+

∂

∂x
f(t,Xt)σdWt
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5. The multi-dimensional case for diffusion processes. Let Xt satisfy

dXt = µ(t, ω)dt+ σ(t, ω)dWt

where

µ : [0, T ]× Ω→ <d,

σ : [0, T ]× Ω→ <d ×<m,

where σ(t, ω) is a d×m matrix that is measurable with respect to {Ft} (non-
anticipating), and Wt is an m-dimensional Wiener process. Let, f(t,X) be as

before. Then,

df(t,Xt) =
∂

∂t
f(t,Xt) +

dX
i=1

∂

∂xi
f(t,Xt)µi(t, ω) +

1

2

dX
i=1

dX
j=1

∂2

∂xi∂xj
f(t,Xt)[σ(t)σ

0(t)]ij +
dX
i=1

∂

∂xi
f(t,Xt)σi(t, ω)dWt.

Note that the double summation can be written as

dX
i=1

dX
j=1

∂2

∂xi∂xj
f(t,Xt)[σ(t)σ

0(t)]ij = tr (fxxσσ
0) = tr (σσ0fxx)

3.2 A Digression: More General Processes

In this section, we state versions of Ito’s Lemma that apply to processes that do not

have continuous sample paths.

Theorem 18 (Ito’s Formula) Let f : <→ < be of class C2 and letX = {Xt, {Ft}; 0 ≤
t < ∞} be semimartingale (not necessarily with continuous sample paths). Then ,
P − as

f(Xt) = f(X0) +

Z t

0

f 0(Xs)dXs +
1

2

Z t

0

f 00(Xs)dhMis +X
s≤t
{[f(Xs)− f(Xs−)− f 0(Xs−)]∆Xs − 1

2
f 00(Xs−)(∆Xs)

2]}

17



or, using the standard decomposition of a semimartingale,

f(Xt) = f(X0) +

Z t

0

f 0(Xs)dMs +

Z t

0

f 0(Xs)dBs +
1

2

Z t

0

f 00(Xs)dhMis +X
s≤t
{[f(Xs)− f(Xs−)− f 0(Xs−)]∆Xs − 1

2
f 00(Xs−)(∆Xs)

2]}

Remark 19 Since the discontinuities of hXis = hMis satisfy ∆hMis = (∆Xs)
2, then

if the process has continuous quadratic variation (e.g. Brownian Motion or Poisson),

then Ito’s formula reduces to

f(Xt) = f(X0) +

Z t

0

f 0(Xs)dMs +

Z t

0

f 0(Xs)dBs +
1

2

Z t

0

f 00(Xs)dhMis +X
s≤t
[f(Xs)− f(Xs−)− f 0(Xs−)]∆Xs

In this case, it is simple to provide the appropriate version of the integration by

parts formula. To be precise we have

Theorem 20 (Integration by Parts I) Let X and Y be semimartingales, then

XtYt = X0Y0 +

Z t

0

XsdYs +

Z t

0

YsdXs + hX,Y it

.Thus, we get the following integration by parts formulaZ t

0

XsdYs = XtYt −X0Y0 −
Z t

0

YsdXs − hX,Y it.

Remark 21 If one of the processes has continuous sample paths and the other is of

finite variation, then hX,Y it = 0. If the processes have no simultaneous jumps, it is
also the case that hX,Y it = 0.

4 Girsanov’s Theorem

• Consider a (µ, σ) Brownian Motion. In many applications, it turns out to be a
lot easier to work with a Brownian Motion with no drift. There are two ways

of doing this: change the stochastic process (i.e. work with Wt− µt) or change

18



the probability measure so that the original process has no drift under the new

probability measure. If the new probability measure is absolutely continuous

with respect to the old, then almost sure statements are similar under either

measure.

• Girsanov’s theorem shows how to construct a new probability measure to modify
the drift of a stochastic process without changing its instantaneous diffusion.

Theorem 22 (Lévy Characterization of Brownian Motion) LetXt = (X
1
t , ...,X

n
t )

be a continuous stochastic process on (Ω,F , P ).Then the following are equivalent:

1. Xt is Brownian Motion with respect to P.

(a) Xt is a martingale with respect to P (and with respect to the filtration

generated by Xt)

(b) Xi
tX

j
t − δijt is a martingale with respect to P.[Here δij = 1 if i = j, and 0

otherwise]

Remark 23 Condition 2 can be replaced by: The cross-variation process satisfies

hX i, Xjit = δijt,where

hXiXjit = 1

2
{hXi +Xj,X i +Xjit − hXi −Xj,X i −Xjit,

where, as before, hX,Xit is the quadratic variation of the process, i.e.

hX,Xit = lim
∆tk→0

X
tk≤t

| Xtk+1 −Xtk |2 .

• To prove the result we first need to prove the appropriate version of Bayes’
Theorem.

Lemma 24 (Bayes Rule) Let µ and υ be two probability measures on a measurable

space (Ω,F) such that
υ(dω) = f(ω)µ(dω)
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for some nonzero f ∈ L1((Ω,F , µ). Let X be a random variable on (Ω,F) such that

Eυ[X] =

Z
Ω

| X(ω) | υ(dω) =
Z
Ω

| X(ω) | f(ω)µ(dω) <∞.

Let H be a sigma algebra, H ⊂ F . Then

Eυ[X | H]×Eµ[f | H] = Eµ[fX | H],

or

Eυ[X | H] = Eµ[fX | H]
Eµ[f | H]

Proof. Recall the definition of conditional expectation. Given H, the conditional
expectation of X, Eυ[X | H] is a random variable such that for all H ∈ H,Z

H

Eυ[X | H](ω)υ(dω) =
Z
H

X(ω)υ(dω).

Let H ∈ H, Z
H

Eυ[X | H](ω)υ(dω) =
Z
H

X(ω)υ(dω) =Z
H

X(ω)f(ω)µ(dω) =

Z
H

Eµ[fX | H](ω)µ(dω).

Thus, for all H ∈ H,Z
H

Eυ[X | H](ω)υ(dω) =
Z
H

Eµ[fX | H](ω)µ(dω).

On the other hand,Z
H

Eυ[X | H](ω)υ(dω) =
Z
H

Eυ[X | H](ω)f(ω)µ(dω) =
Eµ[Eυ[X | H]fXH ] = Eµ{Eµ[Eυ[X | H]fXH ] | H]}

= Eµ{XHEυ[X | H]Eµ[f | H]} =
Z
H

Eυ[X | H]Eµ[f | H]µ(dω).

Taking both sets of equalities together, we have shown that for all H ∈ H,Z
H

Eµ[fX | H](ω)µ(dω) =
Z
H

Eυ[X | H]Eµ[f | H]µ(dω).

Since this holds for all H ∈ H, it follows that

Eµ[fX | H] = Eυ[X | H]Eµ[f | H].
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Remark 25 Let (Ω,F , {Ft}, P ) be a filtered probability space. Fix T > 0 and let Q

be another probability measure on FT then Q is absolutely continuous with respect to

P restricted to FT , denoted Q << P |FT if and only if P (H) = 0→ Q(H) = 0, for

all H ∈ FT . The Radon-Nikodym theorem (reference or state) shows that this holds if

and only if there exists an FT -measurable function ZT (ω), with ZT (ω) ≥ 0 and such
thattdp

Q(dω) = ZT (ω)P (dω).

Lemma 26 Suppose that Q << P |FT with dQ/dP = ZT . Then,

Q |Ft<< P |Ft, ∀t ∈ [0, T ]

and if we define

Zt =
dQ |Ft
dP |Ft

then {Zt} is a martingale with respect to {Ft} and P.

Proof. Since Q << P |FT and Ft ⊂ FT , it is obvious that Q |Ft<< P |Ft, ∀t ∈ [0, T ].
Choose F ∈ Ft. Then

EP [XFEP [ZT | Ft]] = EP [EP [XFZT | Ft]]

= EP [XFZT ] = EQ[XF ] = Q(F ) = EP [XFZt],

since Q |Ft<< P |Ft, F ∈ Ft, and dQ |Ft /dP |Ft= Zt. Thus, we have shown that

EP [XFEP [ZT | Ft]] = EP [XFZt],

or that for all F ∈ FtZ
F

EP [ZT | Ft](ω)P (dω) =

Z
F

Zt(ω)P (dω),

which is the definition of conditional expectation. Thus

Zt = EP [ZT | Ft]
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Theorem 27 (Girsanov I) Let Yt be an Ito process satisfying,

dYt = a(t, ω)dt+ dWt, t ≤ T, Y0 = 0,

where T ≤ ∞ is a given constant and Wt is a given n-dimensional Brownian Motion.

Let {F (n)t } be the filtration generated by the Brownian Motion. Let

Mt = exp{−
Z t

0

a(s, ω)dWs − 1
2

Z t

0

a2(s, ω)ds}.

Assume that Mt is a martingale with respect to {F (n)t } and P. Define Q on F (n)T by

Q(dω) =MT (ω)P (dω).

Then

1. Q is a probability measure on F (n)T .

2. Yt is a n-dimensional Brownian Motion with respect to Q, for 0 ≤ t ≤ T.

Remark 28

1. How can one guarantee that Mt is a martingale? A sufficient condition is the

Novikov condition which is

EP [exp{1
2

Z t

0

a2(s, ω)ds}] <∞.

2. What is a2(s, ω) since a(s, ω) ∈ Rn? By convention this is just the Euclidean

norm; i.e.

a2(s, ω) =
nX
i=1

a2i (s, ω).

3. Since Mt is a martingale then

Mt = EP [MT | F (n)t ]

which iff

MtdP =MTdP on F (n)t .
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4. Girsanov I says that for all Borel sets (F1, ..., Fk) and for all t1, t2, ..., tk ≤ T,

then

Q[Yt1 ∈ F1, ..., Ytk ∈ Fk] = P [Wt1 ∈ F1, ...,Wtk ∈ Fk],

since under the respective measures both processes are Brownian Motions. More-

over, absolute continuity implies that

P [Yt1 ∈ F1, ..., Ytk ∈ Fk] > 0→ Q[Yt1 ∈ F1, ..., Ytk ∈ Fk] > 0.

Example 29 Let Yt be a (µ, 1) Brownian Motion. Then,

Mt = exp{−µWt − 1
2
µ2t},

which satisfies the Novikov condition. Thus, under the measure Q given by

Q(dω) = exp{−µWT (ω)− 1
2
µ2T}P (dω),

Yt is a (0, 1) Brownian Motion.

Theorem 30 (Girsanov II) Let Yt be an Ito process satisfying,

dYt = β(t, ω)dt+ θ(t, ω)dWt, t ≤ T,

where T ≤ ∞ is a given constant andWt is a given m-dimensional Brownian Motion.

Let {F (m)t } be the filtration generated by the Brownian Motion. In this setting

β(t, ω) ∈ Rn,

θ(t, ω) ∈ Rn×m.

Suppose that there exists a process u(t, ω) such that

P [

Z T

0

u2(s, ω)ds <∞] = 1,

and a process α(t, ω) also satisfying

P [

Z T

0

α2(s, ω)ds <∞] = 1,
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such that

θ(t, ω)u(t, ω) = β(t, ω)− α(t, ω).

Let

Mt = exp{−
Z t

0

u(s, ω)dWs − 1
2

Z t

0

u2(s, ω)ds.

Assume that Mt is a martingale with respect to {F (m)t } and P. Define Q on F (m)T by

Q(dω) =MT (ω)P (dω).

Then

1. Q is a probability measure on F (m)T .

2. The process

W̃t =

Z t

0

u(s, ω)ds+Wt, t ≤ T

is a Brownian Motion with respect to Q. This condition is sometimes expressed

as

dW̃t = u(t, ω)dt+ dWt, t ≤ T.

3. In terms of W̃t the process Yt has the representation

dYt = α(t, ω)dt+ θ(t, ω)dW̃t

Remark 31

1. If α(t, ω) is chosen to be zero, then

θ(t, ω)u(t, ω) = β(t, ω).

If the n×m matrix has rank n, then

u(t, ω) = [θT (t, ω)θ(t, ω)]−1β(t, ω),

which is the projection of u(t, ω) on the space generated by β(t, ω). Formally, it

is the coefficient u of a regression

βi(t, ω) = θi(t, ω)u(t, ω) + noise.
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2. Since dW̃t = u(t, ω)dt+ dWt then, given that

dYt = β(t, ω)dt+ θ(t, ω)dWt, t ≤ T, Y0 = 0,

it follows that

dYt = β(t, ω)dt+ θ(t, ω)[dW̃t − u(t, ω)dt],

dYt = [β(t, ω)− θ(t, ω)u(t, ω)]| {z }
α(t,ω)

dt+ θ(t, ω)dW̃t,

dYt = α(t, ω)dt+ θ(t, ω)dW̃t.

Example 32 Assume that the price of an asset evolves according to

dSt = µStdt+ σStdWt.

Thus, with this notation:

β(t, ω) = µSt(ω),

θ(t, ω) = σSt(ω).

Then u and α satisfy

σSt(ω)u(t, ω) = µSt(ω)− α(t, ω).

Let’s choose α(t, ω) = 0. This implies that

u =
µ

σ
.

Then, under Q

dSt = σStdW̃t,

or, more precisely,

St = S0 +

Z t

0

σSsdW̃s| {z }
martingale

.

Under Q asset prices are martingales.
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Example 33 Missing

Theorem 34 (Girsanov III) (Diffusion Version). Let Xx
t be a stochastic process

that has initial value x. Assume that Xx
t ∈ Rn and Y x

t ∈ Rn are an Ito diffusion and

an Ito process respectively

dXt = b(Xt)dt+ σ(Xt)dWt, X0 = x,

dYt = [γ(t, ω) + b(Yt)]dt+ σ(Yt)dWt, Y0 = x,

where

b : Rn → Rn

σ : Rn → Rn×m,

γ : Rn+1 → Rn,

and such that

P [

Z T

0

γ2(s, ω)ds <∞] = 1.

Suppose that there exists a process u(t, ω) satisfying P [
R T
0
u2(s, ω)ds < ∞] = 1 such

that

σ(Yt)u(t, ω) = γ(t, ω).

Define

Mt = exp{−
Z t

0

u(s, ω)dWs − 1
2

Z t

0

u2(s, ω)ds.

Assume that Mt is a martingale with respect to {F (m)t } and P. Define Q on F (m)T by

Q(dω) =MT (ω)P (dω),

and

dW̃t = u(t, ω)dt+ dWt, t ≤ T.

Then,

1. Q is a probability measure on F (m)T .
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2. The process

dYt = b(Yt)dt+ σ(Yt)dW̃t, t ≤ T

is such that the Q-law of Yt is the same as the P -law of Xt.[Both processes have

the same distribution.]
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5 Martingale Representation Theorem

The definition of a stochastic integral shows that it is a martingale. Thus, every

stochastic integral defines a martingale. The converse is also true.

Theorem 35 (Martingale Representation) Let Wt be an n-dimensional Brown-

ian Motion. Suppose thatMt is a square integrable martingale adapted to the filtration

generated by Wt, {F (n)t }. Then, there exists a unique stochastic process g(t, ω) such
that g(t, ω) is {F (n)t } adapted and an element of L∗T , i.e. the class of processes for
which

E[

Z T

0

g2(t, ω)dt] <∞

such that

Mt(ω) = E[M0] +

Z t

0

g(s, ω)dWs
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