Stochastic Integration and Ito’s Lemma:

Definitions and Results

Rody Manuelli
Department of Economics

University of Wisconsin-Madison

September, 2007

Acknowledgement 1 These notes contain some mathematical results taken from

several different references (missing)

1 Riemann vs. Lebesgue Integrals
Let [a,b] be an interval of the real numbers. Let f be bounded on [a,b]. Let
" ={a=af <af <. <2t =0}

be a partition. Let

[ I* |= max {zf,, -2}

be the mesh of the partition. We can now construct the upper and lower sums of f

relative to II as follows

M; = sup{f(z):aj, <z <a}, i=12..n & fi(z)

m; = inf{f(zx):al | <a <}, i=1,2,...n < fi(z).



Define

Uty = Y Mi(af —afy),
=1

L) = S mlat— ok ),
i=1
Note that, if we denote the Lebesgue measure by A, then we have
) = [ @i
) = [ st

By the dominated convergence theorem,

lim U(TT*) = / fY(x)d),

k—o0

lim L(ITF) = /bfL(x)dA.

k—o00

Then f is said to Riemann integrable iff

= /ab FU(z)d = /ab fH(@)dA.

Theorem 2 (Riemann Integrable [Ash p.55]) Let f be bounded and real valued

on [a,b].

1. The function f is Riemann integrable on [a,b] iff [ is continuous A\ — as.

2. If f is Riemann integrable on [a,b] then f is Lebesgue integrable and both inte-

grals coincide.

What is the Lebesgue integral? First, define it for simple functions. Let

h(l‘) = i hiXAi;
i=1

where the A; are disjoint sets in some o—algebra F. Then the Lebesgue integral is

/Q h(z)d\(z) = Z hiA(A;).
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To extend this definition to a non-negative function h we define

/ h(z)d\(x) = sup{/ s(x)d\(x) : s(x) < h(x) is simple}.
Q Q
Finally for an arbitrary Borel measurable h let

ht(z) = max{0,h(x)},

h™(z) = max{0,—h(z)},

then we define

/Qh(x)d)\(ac) :/Qh+(x)d)\(x)—/h(x)d)\(ac),

Q

provided these terms are not of the form +oo — oo.

2 Stochastic Integral

Throughout this section we assume that the filtration {F;} satisfies the usual condi-
tions. Let M be a martingale and assume that My =0, P — as.

Let (M), be the unique adapted continuous and increasing process such that
{M? — (M), ,{F},0 <t < o0}

is a martingale.

We want to define integrals of the form
T
In(X) = / X, (w)dMy(w).
0

Remark 3 In the case of a (u,o0) Brownian Motion (M), = ot. The existence of
(M); as the unique adapted continuous and increasing process such that M2 — (M),

18 a martingale is guaranteed by the Doob-Meyer decomposition.
Why don’t we do it path-wise, i.e. for each w, take the function
G(t)(w) = My(w),
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and integrate —in the Lebesgue-Stieltjes sense— with respect to the measure induced

by G. This will not work because, as we have already argued, if M is a BM then its

sample paths are of unbounded variation. Thus, we need to try something else.
Assume that M € M§ (i.e square integrable martingale). First, let’s define a

measure on [0,00) x F by

mﬂ@=ﬂ£§&@MﬂMMm}

Note that this is a well defined measure.

Let X be measurable and {F;}-adapted. Define

[m%zmllﬁwmwmw»

provided that the right hand side is finite. Note that this is an L? norm restricted to
[0,T7.

Remark 4 In the case in which the integrand is Brownian Motion, then d(M)(w) =

dt, and this is a standard L? norm.

Definition 5 Let L be the space of all measurable, {F;}-adapted processes X for
which [X]r < 0o. Define a metric on L by

oo

(X -Y]=>" (%)nmin{l, (X =Y}

n=1
If L* is the set of progressively measurable processes satisfying [X]|% < oo, define a

metric on L* in the same way we did it on L.
Note that if a process X is in L*, then, for any T' < oo, it must be the case that
T
B[ Xp)aM(w)] < oc
0
Let L. denote the class of processes such that

X € L

Xi(w) = 0, t>T, we .



For T' = oo, L% is the class of processes for which

E| /0 " X2(w)d(MY ()] < oo.

Note that since X € L£* to begin with, this last definition (i.e. the definition of L% )
simply extends the upper limit of integration to include the value oco.
With this definition, £% is a closed subspace of an L? space, the Hilbert space
given by
Hy = L2 ([0,T] x Q,B([0,T]) @ Fr, p1y,) -

Note that £ is complete under the norm

= / X2 (w)d(M)(w)]

Definition 6 (Simple Processes) A process X is called simple if there exists a
strictly increasing sequence of real numbers {t,}>° , with to = 0 and lim,,_, t, = o0,
as well as a sequence of random variables {(,,} and a (non-random) constant C < oo
with

sup | (,(w) [SC, weQ,

such that ¢, (w) is F;, -measurable and
Xi(w) = Co(w) X0y (1) + ZC Xt (1)
This class is denoted by L.

Note that if X; € Ly then it is progressively measurable and bounded and hence,
Lo(M) € L(M) € L(M)

If X; € Ly define the integral

n—1

]t(X)EZCi(w) (M, (W) = My, (w)) + Co(w)(My(w) = My, (), tn ST < tpy,

1=0



or, equivalently,

L(X) =) ¢w) (Ming,,, (w) = Mg, (w)) -

1=0

The basic idea is that the integral is well defined for these simple random variables
and then it can be extended to £*(M) and L(M).

For a given martingale M, it follows that

Lo(M) C L(M) C L(M).

Thus the set of simple processes that are square integrable is a subset of the
progressively measurable processes that are square integrable and this, in turn, is
a subset of the measurable processes that are square integrable with respect to the
quadratic variation of a given martingale, (M).

What is the difference between L£*(M) and L(M)? There are two important

results.

Proposition 7 (Meyer (1968)) If the stochastic process X is measurable and adapted

to the filtration {F;}, then it has a progressively measurable modification.
Recall that Y is a modification of X if, for all ¢, we have
P[X; =Y, =1.

Thus, if we can ‘live’ with the idea of modifications (not clear that we can, as it
depends on the application) we can ignore the difference between £*(M) and L(M).
However, for the applications that are relevant for this course, the following result

is more useful

Proposition 8 If the stochastic process X is adapted to the filtration {F,} and every
sample path is right-continuous or else every sample path is left continuous, then X

is also progressively measurable with respect to the filtration {F;}.



In this course we will be dealing (mostly? exclusively?) with either continuous
or right continuous processes (need to check when we choose a process; i.e. when we
endogenously define a process to see if this is too restrictive) this proposition shows

that we can ignore the differences between £*(M) and L(M).

2.1 Construction and Elementary Properties of Stochastic

Integrals

Recall that we defined the stochastic integral of X € Ly(M) with respect to the

martingale M, I;(X), as the stochastic process given by the martingale transform,

1(X) = Z_:Ci(w) (Mi (W) = My, (@) + G (@) (M (w) = My, (@), tn St <oy,

or, equivalently,
L(X) = ZQ(W) (Mipsipy (W) = Mypg, (w)) -
i—0

The basic idea of the stochastic integral is that it is easily defined for X € Ly(M)
and then it can be extended to L*(M) and £(M) (which are the same spaces for right
or left continuous processes).

We now prove some properties of the stochastic integral for simple processes.

Proposition 9 (Properties of the Stochastic Integral) Let X|Y € Lo(M) and

0<s<t< oo then
1. Iy(X) =0, P — as.
2. E[I,(X) | Fs] = L,(X) P — as.

3. BIL(X)*] = Bl fy X2 (@)d(M)u(@)] = [X]}, or || I(X) [l:= [X]s,

where || I(X) |l,= (E[L(X)?])Y? is the L* norm in the space of martingales

previously defined.



b1 T0X) 1= [X) where
1) =) x = 3 LI

n=1

with
| X ll= \/EX2,
and .
x| =y Ak
n=1
with

Thus, this result says that the distance from 0 to I,(X) (in the L? sense) coin-
cides with the distance from 0 of X in the square integrable sense with respect

to (M).
5. B[(L(X) = L(X))* | Fi] = B[] X2 (w)d(M)u(w) | ).
6. For any o, € R I(aX + YY) = al(X)+ BI(Y).

Corollary 10 I,(X) € M (i.e. the martingale I;(X) has continuous sample paths)

and

umm:KXMMn

Remark 11 If M, is a Brownian Motion or a Poisson process (M), = ct for some

constant c. In this case we have that

(I(X)); = c/ot X2du

Now we are almost ready to extend the definition of the integral to £(M). The
notion is not standard. It is a probabilistic construct. The strategy consists of
showing for X € L(M), there exists a square integrable martingale that is a “natural”

candidate to be I(X).



It follows from part 4 of the previous Proposition that if there exists a sequence

XM ¢ L£o(M) such that, for any X € £(M), [X™) — X] — 0 as n — oo, then
| (X — I(X0) =] H(X) — X09) )= [0 — X0] — 0

as m,m — 0o.
In other words, {I(X()}>, is a Cauchy sequence in MS. Since this space is

complete, then there exists a process I(X) = {[;(X);0 <t < oo} in M$ such that

I 1(X™) = 1(X) || = 0.

Note that, for A € F, the Proposition implies

EXA(L(X) = L(X)?) = lim B (LX) — LX)
= Jim FiX, / t<X<”>>2d<M>u1
= E[X4 / Xod(
where the last inequality follows from [X () — — 0. Thus, the limiting process

satisfies part 5 of the proposition. The other parts are verified as well. Thus we have

a definition

Definition 12 For X € L*(M), the stochastic integral of X with respect to the
martingale M € M is the unique square integrable martingale I(X) = {I;(X);0 <
t < 0o} which satisfies lim,, .o || I(X™)—1(X) ||= 0 for every sequence { XM} C
Lo(M) with lim,, o[ X™ — X] = 0. We write

t
= / XsdM;
0

Proposition 13 The stochastic integral defined above satisfies parts 1-5 of the pre-
vious proposition and the corollary as well. Furthermore, for any two stopping times

S <T and any t > 0 we have
E[It/\T(X) | fs] = -[t/\S(X)7 P — as,
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and for X,Y € L*(M) we have
El(Linr(X) = Lins (X)) (L (Y) = Lins(Y)) | Fs] = E[/MS XuYud(M). | Fsl.

Note that this holds for any pair of numbers t > s as well.

3 Ito’s Lemma
In this section we state (and provide a proof of) Ito’s lemma.

Definition 14 (Continuous Semimartingale) A continuous semimartingale X =

{X:,{F};0 <t < oo} is an adapted process which has decomposition
Xt:X0+Mt+Bt, 0<t<

where M = {M;,{F:};0 <t < 0o} € M and B = {B;,{F,};0 <t < oo} is the

difference of continuous, nondecreasing, adapted processes { A, {Fi};0 <t < oo} :

Remark 15 In this definition we assume that A is the minimal decomposition of B,

i.e. Al is the positive variation of B and A; is the negative variation of B.

Ito’s formula states that a “smooth function” of a continuous semimartingale is a

continuous semimartingale and provides its decomposition.

Theorem 16 (Ito (1944)) Let f : R — R be of class C? and let X = {X;, {F};0 <
t < oo} be a continuous semimartingale with decomposition as in the definition. Then,

P —as

FO0 = £+ [ i+ [ s+ g [ redn,

Proof (from Karatzas and Shreve). There are several parts to this proof. First,

there is a localization argument and then a second order Taylor expansion.
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1. Localization Argument. First, note that since the process By is of finite varia-

tion, then it can be written as

Define B, by
= A+ A

Let the stopping time T,, be given by

T, =4 inf{t:| M, |>n, or | B;|>n, or (M), >n if |Xol<n
00 if |Xol<nand{.}=92

The resulting sequence of stopping times is non-decreasing with lim, .. T, = oo.
Thus, if we prove the theorem for the stopped process Xinr,, Mint, then we have
the desired result upon letting n — oo. Thus, we may assume that all functions are
bounded by some constant K. It follows that | Xi(w) |< 3K. The values of f outside
[—3K,3K] are irrelevant. Thus we assume that f has compact support and this means
that ' and " are bounded.

2. Taylor Expansion. Fizt > 0 and let Il = {0 =1ty <t; < ... < t,, =t} be a

partition. A Taylor expansion yields

F(X0) = f(Xo) = Xﬁf&k F(X )}

m 1 m
= Z f/ th 1 th thfl] + 5 Z f//<77k)[th - th71]2
k=1 k=1

where
(W) = Xy, (@) + Ok (W) [ Xy, (w) = X, ()]
can be chosen so that f"(n,) is measurable. Thus, we conclude that

F0X) = £(Xo) = (1) + Jo(IT) + 5 J5(11),
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where

S~
E
I

NE

f,<th71>{Btk - Btk71]7

>
I

1

o
E)
I

NE

f,<th71)[Mtk- - Mtk71]7

>
I

1

f”(nk)[th - th71]2‘

Do
E
Il

NE

e
I

1

What do we know about these integrals? First, it is clear that Jy(II) converges to the
Lebesgue integral fot f'(Xs)dBs as || I1 ||— 0, where || IT ||= maxy<x<m | tx — tp—1 | -
Since Yi(w) = f(Xs(w)) is in L(M) we can approximate Yy by the following

simple process

m

Y (w) = f'(Xo(@))Xop(s) + D f (X (@) Xyt 11y ()-

k=1

Given the properties of the stochastic integral,
t
B =) = B[ | YR =Y. daa)..
0

Howewver, it is clear that the right hand side of the previous expression converges to 0
P —as as || I ||— 0. This follows because | Y =Y, |* converges P — as to 0 and the

bounded convergence theorem implies that it also converges in the L? norm. Thus,

t t
Jo(IT) = / viam, — Y,dM, .
0

=0 ./
3. The Quadratic Variation. The last term can be written as

J3(IT) = Ja(II) + J5(II) + Js(IT)

where
']4<H) = ZfH(nk)[Btk Btk 1]27
k=1
() = 2 f'(n)[By, — Bi_J[My, — My,_],
k=1
J6<H) = Zf”<nk)[Mtk Mtk 1]2
k=1



Because B; has total variation bounded by K we have

| ] )
< 2K F o (s | B = By | s 00, = M 1)

and since the processes By and M, are continuous, the last term converges to zero
P —as as || 11 ||— 0. (Given the bounded convergence theorem, it also converges in
LY, F, P).
We are now left with Js(II). Define
E Zf” th 1 Mtk Mtk—l]Q'

k=1
It follows that

1<k<m
quadratic var of M

| ) = Je(M) < VPA)  max | (X ) = O |-
N——

Next recall that “If X € My, | X5 |< K for s € [0,t] then E[V;(Q)(H)] < 6K2%” In
addition, the Cauchy-Schwartz inequality is just

E| XY |<E|X||Y | < VEIX PVE[Y Pl.

Using these two results we get

Ef| Js(IT) = Jo(TI) [] < \/6K2\/E max | f"(Xe ) = f" (i) )]

1<k<
However, given that X has continuous sample paths and the bounded convergence

theorem, the term

El(max | f"(Xo_,) = f"(n) )] =0, as [[IT]|—0.

1<k<m

Thus, to show that
t

J5(Il) — i f"(Xo)d(M)

it suffices to show that

Je(I) — Jo(I) = Y f"(Xe ) (M), — (M)e,._,).

k=1
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We now do this

E |

<

IN

IN

Thus,

Jg(H) - J7(H) |2: E | Zf”(th—l)[(Mtk - Mtk—1)2 - (<M>tk - <M>tk—1)] |2

E Z(f“(thfJ)z[(Mtk - Mtk71)2 - (<M>tk - <M>tk71)]2
E[Z(f//(th—l))2[<Mtk - Mtk71)4
_2(Mtk - Mtk71)2(<M>tk - <M>tk71) + (<M>tk - <M>tk71)2]
max (X, ){EV (1)
+2 121]?§L<<M>tk - <M>tk71) Z(Mtk - Mtk71)2 + Z(<M>tk - <M>tk71)2}
| (X0 oo LBV (D) +2 i (M), = (M) )DD_(My, = My, )+ 3 7 | (M, = (M)
| £ oo (BT VAL o+ 2mas (M), — (M), )V + (M) ]}
<oo —0 as ||TI||—0 d bounded

~
—0 as ||II||—0 (continuity)

this argument shows that

J5(I) — / F1(X)d(M),

[IT1[|—0

where convergence is in the L? norm (and hence in L').

Final Touches. If {II™} is a sequence of partitions of [0,t] with || TI™ ||— 0,

then for some subsequence

k—oo

t
lim J; (™)) = / f(X,)dB,, P —as,
0

k—o0

t
lim Jo(TI)) = / f(X)dM,, P —as,
0

k—o0

lim Js(II™)) = /t f(Xs)d(M)s, P — as.
0

This completes the proof. m

There are several comments that are relevant for this definition.
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1. For fixed w and ¢ > 0 the function X(w) is bounded for 0 < s < ¢, so is
/' (Xs(w)). Thus, it follows that fo 1 (X5)dM; is defined on this interval and

the integral is a continuous local martingale.

2. The other two integrals are defined in the Lebesgue sense and so, as functions

of the upper limits of integration, are of bounded variation.

3. From the previous two, it follows that { f(X;), {F:};0 <t < oo} is a continuous

semimartingale.
4. The statement in Ito’s Theorem is often written as
df (Xy) = f'(Xy)dM; + f'(X;)dB; + %f’(Xt)d(M>t.
Here is the multidimensional version of Ito’s rule

Theorem 17 (Generalized Ito) Let {M; = (Mt(l), ..,Mt(d)), {F};0 <t < oo} be
a vector of local martingales in Mec, {B, = (B, .. BI), {F,};0 < t < 0o} be a
vector of adapted processes of bounded variation with By = 0, and set X; = Xy +
M; + By where X, is an Fo-measurable vector in R?. Let f(t,X) :[0,00) x RT — R
be of class C*2. Then, P — as

ft, Xy) = f(0,Xo)+ /675 SXd+Z/6 f(s, X,)dB¢

d
E E ' (s Xs)d(M(i) M(j)>s
— ﬁxzﬁx] ’

=1 j=1

+

1
2
3.1 Examples

There are several interesting special cases of the above formula

1. If d = 1 then the previous formula just extends Ito’s Theorem to the case in
which the f function depends on time. In this case the (differential) version of

the formula is

0 1 0?

daf (t, X¢) = (%f(t Xt)dt—i- f(t Xt>th+ f(t Xt)dBt+28 5 /(8 Xe)d(M),.
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2. In the case in which the process M is a Brownian Motion, W, d(M); = dt.The

formula is

0 1 92

0
o X+ 50

(L XM+ (1 X)W, + (1, X,)dB,

df(t> Xt) = [ O

3. If the semimartingales is given by a (i, o) Brownian Motion we have that

Xt :XO+ /,Lt +0—Wt7
~—

Bt Mt
and Ito’s formula is
0 0 1 02 9 0
df(t, Xt) = [af(t, Xt) + %f(t, Xt),u + 5@]6(16, Xt)O' ]dt + %f(t, Xt)O'th,

where we have used the fact that if M; = oW,, then (M), = o*(W); = o?t.

4. Consider the Geometric Brownian Motion that satisfies the following differential
equation

dXt = MXtdt + O'Xtdm.

Since this is just notation for the following stochastic integral

t t
X, = Xo+ / (X udu + / o XdW,,
0 0

J/ N J/

g g

Bt Mt

it follows that B, = fot uXydu is a standard Lebesgue integral. Thus B; is
of bounded variation and, as such can be written as B; = A — A; (this is
a property of functions that have bounded total variation) and is continuous.
Since M, = f(f o X,dW, is a stochastic integral, it is a martingale. In order to
use Ito’s formula we need to determine what is dB;. Note that this is a regular
Lebesgue integral and hence it is given by dB; = uX,;dt. Thus, the differential
version of Ito’s lemma results in
2

o o 10 d
df (t, X;) = [E f(t, Xt)+% f(t, Xt)uXtJré@ f(t, Xt)a2Xt2]dt—|—% ft, X)) odW,
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5. The multi-dimensional case for diffusion processes. Let X; satisfy
dXy = p(t,w)dt + o(t, w)dW;
where

po [0,T] x Q — R4,
o [0,T] x Q— R x R,
where o(t,w) is a d X m matrix that is measurable with respect to {F;} (non-

anticipating), and W, is an m-dimensional Wiener process. Let, f(t, X) be as

before. Then,

8
af(t, X)) = - tXt+Za F(t, X))y (t, w) +
14 52 i 5
520 g F(L X))o Oy + D o (1 Xi)oi(t,w)aWs.
i=1 j=1 v i=1 ¢

Note that the double summation can be written as

d d 2
Z Z 81’?8xj f(t> Xt)[a(t)al(t)]ij =tr (fm;O'O'/) =t{r (O-O-,fxx)

3.2 A Digression: More General Processes

In this section, we state versions of Ito’s Lemma that apply to processes that do not

have continuous sample paths.

Theorem 18 (Ito’s Formula) Let f : R — R be of class C* and let X = {X;, {F;};0 <
t < oo} be semimartingale (not necessarily with continuous sample paths). Then ,

P —as

f(X) = F(X0)+ /f )X, + 2 /f"
ST — F(Xe) — F(X AKX, - /(X ) (AX.)])

s<t

17



or, using the standard decomposition of a semimartingale,

FX) = F(Xo) 4+ /f dM+/f JdB, + = /f”
Z{ X ) = [((Xe-)]AX, ——f" —)(AX)H}

s<t

Remark 19 Since the discontinuities of (X), = (M) satisfy A(M)s = (AX,)?, then
if the process has continuous quadratic variation (e.g. Brownian Motion or Poisson),

then Ito’s formula reduces to

f(X) = f(Xo)+ /f dM+/f dB+/f”
SOIA(X) - f(X, X,

s<t
In this case, it is simple to provide the appropriate version of the integration by

parts formula. To be precise we have
Theorem 20 (Integration by Parts I) Let X and Y be semimartingales, then

t t
th - XO}/E) + / Xsd}/:g + / }/SdXs + <)(7 Y>t
0 0

.Thus, we get the following integration by parts formula
t t
/ X,dY, = XY, — XYy / YadX, — (X,Y),.
0 0

Remark 21 If one of the processes has continuous sample paths and the other is of
finite variation, then (X,Y), = 0. If the processes have no simultaneous jumps, it is

also the case that (X,Y ) = 0.

4 Girsanov’s Theorem

e Consider a (1, 0) Brownian Motion. In many applications, it turns out to be a
lot easier to work with a Brownian Motion with no drift. There are two ways

of doing this: change the stochastic process (i.e. work with W, — ut) or change

18



the probability measure so that the original process has no drift under the new
probability measure. If the new probability measure is absolutely continuous
with respect to the old, then almost sure statements are similar under either

measure.

e Girsanov’s theorem shows how to construct a new probability measure to modify

the drift of a stochastic process without changing its instantaneous diffusion.

Theorem 22 (Lévy Characterization of Brownian Motion) Let X; = (X}, ..., X}")

be a continuous stochastic process on (2, F, P).Then the following are equivalent:
1. X, is Brownian Motion with respect to P.

(a) X; is a martingale with respect to P (and with respect to the filtration
generated by X3)

(b) XiX] — 6t is a martingale with respect to P.[Here 6;; = 1 if i = j, and 0

otherwise/

Remark 23 Condition 2 can be replaced by: The cross-variation process satisfies

(X' XY, = §,t,where
(XX7), = S0+ X7, X0+ XP), = (X = X, X7 = Xy,

where, as before, (X, X); is the quadratic variation of the process, i.e.

e To prove the result we first need to prove the appropriate version of Bayes’

Theorem.

Lemma 24 (Bayes Rule) Let i and v be two probability measures on a measurable

space (2, F) such that
v(dw) = f(w)p(dw)

19



for some nonzero f € L*((, F, ). Let X be a random variable on (2, F) such that

X]= [ 1X@) Lol = [ 136 | fulds) <

Let 'H be a sigma algebra, H C F. Then
E, X | H] x Ey[f | H] = E[fX | H],

EufX | H]
Eulf | 'H]

Proof. Recall the definition of conditional expectation. Given H, the conditional

E,[X | H] =

expectation of X, E,[X | H] is a random variable such that for all H € H,

/H X | H) (w)(dw) /X
[ BIX | M) = [ X -

/H X(w) flw)u(dw) = /H Byl X | H)(w)p(dw).
Thus, for all H € H,
[ BIX [ H)etd) = [ BIFX [ H(do).
On the other hand,
/H EX | H(w)(de) = /H BuX | H)(w) f(w)a(dw) =
BuEJX | HfXu) = BAEJEX | H)f %) | ]}
= B {XuB[X | HE,[f | H]} = /H X | HIB[f | Hlul(dw).

Let H e H,

Taking both sets of equalities together, we have shown that for all H € H,

| BrX 1 H@ntd) = [ BIX | B | Huldo).
H H
Since this holds for all H € ‘H, it follows that

Eu[fX [ H] = E,[X [ HIEL[f | H].
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Remark 25 Let (0, F,{F;}, P) be a filtered probability space. Fix T > 0 and let Q
be another probability measure on Fr then Q) is absolutely continuous with respect to
P restricted to Fr , denoted Q << P |z, if and only if P(H) =0 — Q(H) =0, for
all H € Fr. The Radon-Nikodym theorem (reference or state) shows that this holds if
and only if there exists an Fr-measurable function Zr(w), with Zr(w) > 0 and such
that,dp
Q(dw) = Zp(w)P(dw).
Lemma 26 Suppose that QQ << P |z, with dQ/dP = Zr. Then,
Q |lr<< P g, Vte€[0,T]
and if we define
_ dQ |]'—t
" dP |5

then {Z;} is a martingale with respect to {F;} and P.

Proof. Since Q << P |z, and F; C Fr, it is obvious that Q | £, << P |£, Vt € [0,T].
Choose F' € F;. Then

Ep(XpEp|Zr | Rl = Ep[Ep[XrZr | F]]

= Ep[XrZr] = Eq[Xr] = Q(F) = Ep|XrZ],
since Q |/ << P |x, F € F, and dQ |7 /dP |z= Z;. Thus, we have shown that
Ep|XpEp|Zy | Fi|] = Ep|XrZy),
or that for all F' € F,
| Belzr | FlwPa) = [ zp),
which is the definition of conditional expectation. Thus

Z, = Ep|Zy |
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Theorem 27 (Girsanov I) Let Y; be an Ito process satisfying,
dY; = a(t,w)dt + dW;, t<T, Yy=0,

where T' < o0 1s a given constant and Wy is a given n-dimensional Brownian Motion.

Let {}"t(")} be the filtration generated by the Brownian Motion. Let
t 1 t
M, = exp{—/o a(s,w)dW, — 5/0 a®(s,w)ds}.
Assume that M, is a martingale with respect to {}"t(n)} and P. Define () on F}n) by
Q(dw) = Mp(w)P(dw).
Then
1. Q is a probability measure on ]—"}n).
2. Y; is a n-dimensional Brownian Motion with respect to @, for 0 <t <T.
Remark 28

1. How can one guarantee that M; is a martingale? A sufficient condition is the

Novikov condition which is
1 t
Ep[exp{§/ a’(s,w)ds}] < oo,
0

2. What is a®(s,w) since a(s,w) € R"? By convention this is just the Euclidean

norm; t.e.

a*(s,w) = Za?(s,w).
i=1
3. Since My is a martingale then
M, = Ep[My | 7]

which iff
M,dP = MydP  on F™.
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4. Girsanov I says that for all Borel sets (Fi, ..., Fy) and for all ty,ts, ...t < T,
then
Q[Y;l < Fl, ,}/tk € Fk] — P[th € Fl, ~--;Wtk < Fk],

since under the respective measures both processes are Brownian Motions. More-

over, absolute continuity implies that

PV, € Fi,...Y,, € Fy] >0—Q[Y}, € F1,....Y;, € Fi] > 0.

Example 29 Let Y; be a (j1,1) Brownian Motion. Then,
L,
M; = exp{—pW: — 51t}
which satisfies the Novikov condition. Thus, under the measure ) given by
1
Q(dw) = exp{—pWr(w) = 5p*T}P(dw),
Y; is a (0,1) Brownian Motion.
Theorem 30 (Girsanov II) Let Y; be an Ito process satisfying,
dY; = B(t,w)dt + 0(t,w)dW,, t<T,

where T' < oo s a given constant and W, is a given m-dimensional Brownian Motion.

Let {}"t(m)} be the filtration generated by the Brownian Motion. In this setting

p(t,w) € R"

O(t,w) € R™™.
Suppose that there exists a process u(t,w) such that
T
P[/ u?(s,w)ds < o] = 1,
0
and a process a(t,w) also satisfying
T
P[/ a?(s,w)ds < oo] =1,
0
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such that
H(t,w)u(t, CU) = 5(t,W) - a(t,w).

Let
t 1 t
M, = exp{—/ u(s,w)dWs — 5/ u? (s, w)ds.
0 0
Assume that M, is a martingale with respect to {]—"t(m)} and P. Define () on F}m) by
Q(dw) = Mp(w)P(dw).
Then

1. Q s a probability measure on f;m).

2. The process
t
VVt:/ u(s,w)ds + Wy, t<T
0

is a Brownian Motion with respect to (). This condition is sometimes expressed

as

AW, = u(t,w)dt +dW,,  t<T.

3. In terms of W, the process Y, has the representation
dY; = a(t,w)dt + 0(t,w)dW,
Remark 31
1. If a(t,w) is chosen to be zero, then
0(t, w)u(t,w) = B(t,w).
If the n X m matriz has rank n, then
u(t,w) = 07 (t,w)0(t, )] 7' B(t,w),

which is the projection of u(t,w) on the space generated by ((t,w). Formally, it

15 the coefficient u of a regression
B;(t,w) = 6;(t,w)u(t,w) + noise.
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2. Since dW; = u(t,w)dt + dW, then, given that
dY, = p(t,w)dt + 0(t,w)dW;, t<T, Yy=0,
it follows that

dY, = B(t,w)dt + 0(t,w)[dW; — u(t,w)dt],
dY, = [B(t,w) — 0(t,w)u(t,w)]dt + 0(t,w)d W,

N J
-~

a(t,w)

Ay, = a(t,w)dt+ 0(t,w)dW,.

Example 32 Assume that the price of an asset evolves according to
dS; = pSidt + o S;dW.

Thus, with this notation:

Blt,w) = pSi(w),

O(t,w) = oSi(w).
Then u and o satisfy

oSt (w)u(t,w) = pSi(w) — alt,w).

Let’s choose a(t,w) = 0. This implies that

u=E
o
Then, under @)

dS, = 0.S,dW,,
or, more precisely,

t
St = S() +/ O'SdeS.
0

martingale

Under () asset prices are martingales.
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Example 33 Missing

Theorem 34 (Girsanov III) (Diffusion Version). Let X be a stochastic process
that has initial value x. Assume that X € R" and Y;* € R" are an Ito diffusion and
an Ito process respectively

dXt = b(Xt)dt + O'(Xt)th, XO =T,

dY, = [y(t,w) +b(Y)ldt +o(Y)dWs, Yo =z,

where

b : R" = R"

o : R"— R™™

v : R R
and such that

T

P[/ v*(s,w)ds < oo] = 1,
0

Suppose that there exists a process u(t,w) satisfying P[fOT u?(s,w)ds < oo] = 1 such
that
o(Yu(t,w) = y(t,w).

Define
t 1 t
M, = exp{—/ u(s, w)dWs — 5/ u? (s, w)ds.
0 0
Assume that My is a martingale with respect to {ft(m)} and P. Define QQ on f;m) by

Q(dw) = Mp(w)P(dw),

and

AW, = u(t,w)dt +dW,, — t<T.

Then,

1. @ s a probability measure on f}m).
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2. The process
dY; = b(Y)dt + o(Y)dW,,  t<T

is such that the Q-law of Y; is the same as the P-law of X;.[Both processes have

the same distribution.]
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5 Martingale Representation Theorem

The definition of a stochastic integral shows that it is a martingale. Thus, every

stochastic integral defines a martingale. The converse is also true.

Theorem 35 (Martingale Representation) Let W, be an n-dimensional Brown-
tan Motion. Suppose that My is a square integrable martingale adapted to the filtration
generated by W, {]-"t(n)}. Then, there exists a unique stochastic process g(t,w) such

that g(t,w) is {.ﬁ(n)} adapted and an element of L., i.e. the class of processes for
which

T
E[/ Pt w)dt] < 00
0
such that
t
M;(w) = E[M] +/ g(s,w)dW,
0
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