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1 Introduction

In this note, I present some results on the properties of Kolmogorov’s forward and
backward equations, and their relation to the distribution of a stochastic process.

The notes follow

2 Kolmogorov’s Backward Equation

Let a function u(t, ) be the solution to

_ Ou(t,x) Oult,x) 10%u(t,z)
0= ot + ox plw) + 2 Ox? (@), (1)
with boundary conditions
u(T, z) = p(z). (2)

Then, the Feynman-Kac theorem (for finite horizons) shows that u(¢, ) satisfies
u(t, z) = Elp(Xr) | X; = ],
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where the stochastic process for {X;} satisfies

where IV} is a standard Brownian Motion or its integral version

t t
X = Xp +/ pu(Xs)ds + / o(Xs)dWs, 0<t< o0,
0 0

and given a probability space, (2, F, P), and the filtration {F;} (which we assume
satisfies the usual conditions).

It is convenient to define the operator £ by

Lu = —auga;x)u(:r) + %—8 1;552’ x)O'Q(I). (4)

Using this notation the Backward Kolmogorov Equation (BKE) is

ou(t, )
ot

+ Lu(t,xz) = 0. (5)

It follows that KBE is a special case of the Feynman-Kac theorem: It deals with
the case in which the horizon is fixed (and finite), there is no running payoff and there

is no discounting.

3 Kolmogorov’s Forward Equation

In this sections we discuss the forward equation and show that its solution gives the
probability density function of the process {X;}. Let p(z,s,z,t) be the probability
density that, at time s, the process will take on the value z, given that at time ¢
(t < s) it has the value x.

We claim that p solves the following equation

Ip(z; s,x,t) — Oplz, s, @, t)u(z)] n 1 D?[p(z, s, z,t)0?(z)]

0s 0z 2 022 (6)

with boundary conditions

ELI%p(Z? S, T, t) = 5{I}(Z)
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which is just the measure that puts point mass on the point x. If the process has

non-zero variance (and it is not absorbed) then

lim p(z,s,z,t) = 0.

Z—00
It is convenient to define another operator to simplify the presentation. Let

rp= DR D) 1 Plp(e %) -

For any probability density function p(t, z) of the process at time t, it follows that

the density at time s satisfies

p(s,2) = /Rp(z, s,x, t)p(t, x)dx. (8)
Claim 2 The density p(s, z) satisfies the KFE.
Remark 3 Some intuition: Why should the KFFE hold?

By definition of the density, it must be the case that

/Rp(s,z)dz = 1.

0
%/Rp(s,z)dz =0,

dp(s,2) ,
/R s dz = 0.

Thus,
or, using Fubini,

If p(s, z) satisfies the KFE, then
2 2
JLEE PRy ETTETC PR LTS O
R R R

0s 0z 2 02
or,
1 2
0=~ Jim pls.2)le) |7, + e 2)ota)]
=0
or
1. 2
0= 3 lim p(s,z)o"(z) |7,

and these two should be 0!



Definition 4 Let v(x) and w(x) two integrable functions, then by the linear operator

(v, w) we mean

Claim 5 (Lv,w) = (v, L*w),
Proof.

(Lv,w)

Let

A

B

(v, w) :/Rv(x)w(x)d:c.

or that L* is the dual of L.

/R(Ev)(x)w(x)dx
/RW(?U)M(?U) + %v"(x)a2(x)]w(x)dx.

Then, integration by parts, implies that

A =l o) - [ SR @)
4 - _éa[w(glu(x)]v(x)dx
and
L. / 2 T 1 8[w(x)02(x)] !

B = Ez:lir{}ov(x)ajx)w(x) |_{_§/RTU (x)dx
_ 1 [ Ow(x)a*(x)]
- - /R 7 ()
SR O I L TP L aCLC LI
_ 1 [ Plw(z)o*(x)]

B = §/RTv(x)dx.



It follows that

PR R O TIC WRYRSE FTLCTC IS

ox ox?
L [ delade) 1Pl
_ /R (L7 w)()o(x)dz.

Next we use this result to derive the KFE. Let ¢ be an arbitrary function (it has
to be integrable!). Then, using Ito’s Lemma we get that

o) —ole) = [ (2D B )y SOOI
+/T %&(}g)dm.

It follows that

s, Xs) n 0o(s, Xs)
ot ox

E(r.T) | Xi=a]- o) = | g WX+

10%¢(t, X,
5 qﬁa(ﬂ )0'2(XS)]CZS

- 00X gy (s, X )ds | X, = af

ot

or,

_ ng S, 2)
/RQS(Z,T)Z)(Z,T,JJ,I'I)CZZ ¢($>t) // S,l’,t)deZ

+/ / (Lo)(s,2)p(z, s, x,t)dsdz.
R Jt
Let the first term on the right side be

T
/R/t %p(z,s,x,t)dsdz = /R{gb(s,z)p(z,s’x’t) K

- /T ¢(S> Z)pS(Z, S, T, t)dS}dZ

= —/R/tTgb(s,z)ps(z,s,x,t)dsdz.



Then, it follows that

/(;S(z,T) (2, T,x,t)dz — ¢(x /gbsz (z,8,2,t) [T dz
R

_ /R /t (s, 2)ps(2, 5,2, D) dsd>
+AZ?U@@¢w@Maaww-

Thus,

/gsz (e, T2, )z — 6, 1) // (25,2 E) (L) (5, 2 )] 6 (s, 2)dzds
+ [ ol plesnt) | T

Since this has to hold for any function, and the left hand side depends only on the

value of the function at ¢ and 7T',, it must be the case that
[—ps(z,8,2,t) + (L p)(s, z,z,t)] = 0.
Finally, taking limits as T" — ¢ the right hand side goes to 0 and, hence,

lim / o(z, Tp(z,T,z,t)dz — p(x,t) =0

or,
/¢@ﬁﬂ%t%&k=¢@ﬁ
R

This argument shows that if p(z, s, x,t) is a conditional probability density, then it
must satisfy the KFE (and the boundary condition). Conversely, it can be shown that
if a function satisfies the KFE (and the appropriate boundary conditions, including

non-negativity and integration to one) then it is a conditional probability density.



