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Instructor: Rody. Manuelli
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Mathematical Preliminaries

e o-algebra: Let 2 be a set. A class F of subsets of €2 is a o-algebra if:
- AeF —-A°e F.
- AABe F—-AUBEeF.
-QeF(oeF)

- ifA; € F,ie=1,2,... then U;j)ilAi c F.

o Aset A€ F is called measurable.



e Example: Toss a coin twice. In this case
Q= {(H7 H)v (H7 T)? (Ta H)? (T7 T)}
Let F, be given by
Fo=1{Q,9,{(H,H),(H,T)},{(T,H),(T,T)}}

Is it a o-algebra?

e Example: Let Fy be given by

Fo =12, 9,{(H, H)},{(H,T),(T, H),(T,T)}}

Is it a o-algebra?



Theorem 1 (Monotone Convergence 1) LetY, X7, Xo,...be random vari-
ables.

f Xy > Y, foralln > 1 and E[Y] > —o0 and Xy, /" X, then E[Xy]
E[X].

f Xy <Y, foralln > 1 and E[Y] < oo and Xy, \, X, then E[Xn] \,
E[X].

Theorem 2 (Monotone Convergence Il) Let X1, X»,...be random variables.
Then if Xy, < X,,41 then

/ lim Xndy = nleOO/Xndu.

n—aoo



Theorem 3 (Monotone Convergence Ill) Let X1, X»,...be random vari-
ables. Then if Xy, < X, 11 and if

/XndAgB

for some B. Then there exists a random variable X such that X,, — X, A—as
and

lim /XndA:/XdA
n—oo



Theorem 4 (Fatou’s lemma) Let Y, X1, Xbo,...be random variables.

1. If X 2 Y, foralln > 1 and E[Y] > —oo, then E[limXy]| < limE[X4)].

2. If Xn <Y, foralln > 1 and E[Y] < oo, then TmE[X,] < E[limXa].

3If| Xn |[<Y, foralln > 1 and E[Y] < oo, then E[limXy] < IimE[X,] <
limE[X,] < E[limXy)].



Theorem 5 (Lebesgue Dominated Convergence) LetY, X1, Xo,...be ran-
dom variables such that | Xn, |< Y, E[Y] < oo, and X, “5 X, then

B[ X ] < o0

. E[| Xn |] — F[X]

Corollary 6 Let Y, Xy, Xbo,...be random variables such that | X, |< Y,
E[YP] < oo, for some p > 0, and Xp, “3 X, then E[| X |P] < oo and
E[| Xn — X |P] — 0.



Theorem 7 (Fubini) Let X = X(w1,w2) be an F1 ® F» measurable func-
tion, integrable with respect to the measure pq X puy. Then

1. The integrals

Ja, X (w1, w2)u1(dwy)
Ja, X (w1, w2)uo(dw?)

are defined for all (w1,w>), and they are Fo and F1 measurable.
2. pplwz ¢ Jo, | X(wi,w2) | pi(dwy) = oo} = 0, and py{wy : Jo, |
X (w1, w2) | pp(dwy) = oo} =0, and
| X(wr,waun X pa(dwn, duw) = [ [ X(wr,wo)pup(duwa)lpeg (deon)
Q1 x5 Q2 J

Jo Ly, X(@r,w2)um(don)lpa(don).



Remark 8 If Q21 = [0,00), and F1 = B(R), uy= Lebesgue, and o, Qo, F>
arbitrary it says that if

E[/OOO|X(t,w)|dt] < 00

then,

E [ /O > X(t,w)dt] _ /O * BIX(t, w)]dt



Theorem 9 (Tonelli) /f X(t,w) > 0 and

/[O’OO)XQX(t,w))\ % p(dt, dw)

is defined (but it could be infinite), we still have

E [ /0 > X(t,w)dt] _ /O * E[X(t, w)]dt

although it could be equal to infinity.



e Let () be a space of events, or sample space, and P a probability measure.
Let F be o-algebra of subsets. Let S C 3% be the state space, and S the
Borel o-algebra. A stochastic process is a function

X :[0,00) x Q2 — S
such that, for each ¢, X (¢, @) is F-measurable. The mapping
X(o,w):[0,00) — S

is a sample path.

e X(t,e) is F-measurable means that Be S — {w: X(t,w) € B} € F.



Definition 10 (Filtration) A filtration is a non-decreasing family of sub o-
fields of F, FsC Fy, for0 < s <t < co. Let Foo= O'(Utzoft)

Ft_E O-(US<tFS)7
Ft4+= Ne>0Ft+e

A filtration is right continuous if F1= Fi4.

Definition 11 (Adapted) A process X is adapted to {F,} if Xy is Ft-measurable

e Example: Coin toss. In this case

Q={(H,H),(HT)(T,H),(T,T)}



Let's consider the natural filtration, i.e. the filtration generated by each
coin toss. Before we toss the coin, Fq is

Fo = {Q, , }

After the first toss (at time ¢ = 1) the information available (i.e. whether
the first toss is a head or a tail) is summarized by F7 where

F1=19,9,1(H, H),(H, T)}, (T, H),(T, T)} -

After the second toss (i.e. in the second period) we have that
Fo = {Q7 9, {(Ha H)? (H7 T)}a {(T7 H)a (T7 T)}a

{(H, H)}A(H, T) 1, (T, H) (T, T)

plus other sets}

o Let X be {F;} adapted. Then, it must be the case that be given by

X1(H, H) = X1(H,T) =z,



and
X1(T,H) = X1(T,T) = =1 .
In this case

Xy = {(H H),(HT)}} € A,
XY z]) = {(T,H),(T,T)}} € Fi.

e Let Y be such that

Yi(H,H) = 1,
i(H,T) = Yi(T,H) =Y (T, T) =0,

and
Yo(w) = Yi(w).
Is Y {F:} adapted?



e Is Y Fp measurable?

Fo =182, 9, {(H, H) }, {(H,T),(T, H), (T, T)} }



Definition 12 (Stopping Time) Let (€2, F) be a measurable space equipped
with the filtration {F,}. A random time T is a stopping time of the filtration
if

{w:T(w) <t} € F.

It is called optional time if

{w:T(w) <t} € Ft.

It follows that all constants are stopping times and if {F,} is right continuous
every stopping time is optional (exercise).

There is a special class of stopping times denoted hitting times. Let I € B(R%)

and let

Hp(w) = inf{t > 0; X¢(w) €T}



Results:

e If [ is open then Hf is optional.

o If I is closed and the sample paths of X are continuous, then Hf is a
stopping time.



1. T optional and 8 > 0 implies that T" + 6 is a stopping time.

2. T and S stopping times —

TAS
TV S
T+S

are stopping times

3. T and S optional times — 1"+ S optional. T'+ S is a stopping time if
either

a) T > 0, S>0,
b) T > 0, T is a stopping time



4. {Tn} sequence of stopping times so is sup,,>1 Tn.



Definition 13 Let T be a stopping time of the filtration {F,}. The o-field

Fr of events determined prior to the stopping time I’ consists of those events
A € F for which

for all t, AN{T <t} e F

o If T'=1 then Fp= F;.

e Let 1" be a stopping time and S a random time such that S > T". If S is
Fp-measurable it is also a stopping time.

e Let T" and S be stopping times. For any A € Fg

AN {S < T} c Fr.
In particular, if S <T — FqC Fr.



e Let 1" and S be stopping times. Then,

Fras= FrnFg,

and each of the following events

{T < S},
{S < T},
{r < s},
{1 = 5},

belongs to Frag= FrNFg.



Definition 14 (Progressively Measurable) X is called progressively measur-
able with respect to {F,} if for allt > 0 and A € B(R%) the set

{(s,w):0<s<t we, Xs(w)e A}
belongs to the product o-field B([0,t]) ® F.

Definition 15 (Usual Conditions) A Filtration {F,} satisfies the usual con-
ditions if it is right continuous and JFq contains all the P — null sets in F.

Proposition 16 /f the process X has RCLL paths and is adapted to the filtra-
tion {F,} which satisfies the usual conditions, then there exists a sequence of
stopping times {Ty,} which exhausts the jumps of X, i.e.

{(t,w) : Xi(w) # Xy—(w)} € Upa{(t, w) : Th(w) = t}



Continuous Time Martingales
e Maintained assumptions:
1. (2, F, P) is a probability space.
2. {F,} is a filtration (to which X} is adapted)

3. E[| Xt |] < oo, forallt>0.



Definition 17 (Submartingale-Supermatingale-Martingale) X is a submartin-
gale (supermartingale) is for all 0 < s <t < oo we have P — as

Xs < E[Xt|f3]
(Xs = E[X¢| Fs]).

If X is both a sub and a supermartingale then it is a martingale



Inequalities

o Let X be a submartingale and let Foo = o(Us>0F¢), then it follows that
If there exists an Fso-measurable random variable, X0, such that

Xt < E[Xx | Ftl, t >0, P— as,

then we say that {X¢,{F,;},0 < t < oo} is a submartingale with /ast
element X .

e This also applies to martingales



Convergence Results

e Assume that all processes are right continuous.

Theorem 18 (Submartingale Convergence) Let {X;, {F,},0 < t < oo}
be a right continuous submartingale. If

C = sup E[X;"] < oo,

t>0
then
Xoo(w) = tlim X¢(w) exists P — as,
— 0
where

X" = max{ Xy, 0}



e If the submartingale is non-negative then the existence part is guaranteed

without any further assumptions and
{Xt,{F},0 <t < oo}

Is a submartingale.

e If instead of a submartingale we have a supermartingale then the analogous

conditions/results are

C =sup E[X, ] < o0,
t>0

then
Xoo(w) = tlim X¢(w) exists P — as,
— 0



where

X; = max{—X;, 0}



Definition 19 (Uniform Integrability) A collection of random variables { X}
defined on (2, F, P) is uniformly integrable if

Xt W dP(w

Jri o | X00) 14P()

converges to 0, uniformly in t, as ¢ — o0.
Definition 20 (L! norm) || X; |1= [ | Xi(w) | dP(w), provided it is finite.

o If {X¢,{F,},0 <t < oo} is a uniformly integrable supermartingale
then,

sup | Xt ||1< oo,



and since E[X, ] <|| Xt ||1 the supermartingale version of the theorem
implies

Xoo(w) = tlggo X¢(w) exists P — as.

By uniform integrability convergence is also in L1 — {X}, {F;},0<t <
oo} is also a supermartingale!



Theorem 21 (Optional Sampling) Let { X, {F,},0 <t < oo} be a right
continuous submartingale with last element X o and let S < T’ be two optional
times of the filtration {F,}. Then,

X‘ggE[XT‘fS+], t >0, P—as,

. If S is a stopping time then

Xs < E[Xr|Fsl, t=0, P—as,
and, in particular,

E[Xo] < E[XT7].



3. For a martingale with last element X o the previous inequalities are equalities.

e Note: the theorem assumes that the process has a last element X~. This
is a strong assumption. See before to check the iff conditions for this!

e Example: Gambling.

e Example:
t
X = > Zj Z; € {—1,1}, p=1/2,
J=1
Xo = O,
and

T =inf{t: X; = 1}



e Is it necessary for the process to have a last element?

e Alternative conditions under which the theorem holds

—

. Let {X¢,{F,;},0 <t < oo} be a right continuous submartingale and let
the optional times satisfy S < T', then OST holds if either of these two
conditions is satisfied:

(a) T is bounded (i.e. Ja such that T'(w) < a P — as)

(b) There exists an integrable random variable Y such thatX; < E[Y |
Fil, t>0, P— as.

2. Let {X¢,{F;},0 <t < oo} be a right continuous submartingale and let
the stopping times satisfy S < T, then



(@) { X7t {F;},0 <t < oo} is asubmartingale,

(b)

Xont < E[ X7t | Feontls t>0, P—as.

3. A submartingale of constant expectation, E[X;] = E[X(] is a martingale.

4. Let {X¢, {F;},0 <t < oo} be a right continuous process with

Bl Xt[] <oo,  0<1t< o0,

then this process is a submartingale iff for every pair of stopping times
S < T of the filtration {F,} we have

E[Xg] < E[X7].



5. Let T be a bounded stopping time of the filtration {F,} which satisfies
the usual conditions. Let

j}t p— fT—Hﬁ
then ﬁt also satisfies the usual conditions and
(a) If {X¢, {F;},0 <t < oo} is a right continuous submartingale then
SO IS
Xt = Xpqt — X
for the filtration {F,}.

(b) If {X¢,{F,},0 < t < oo} is a right continuous submartingale with
Xo=0 P — as then

Xt = X(t—T)v0
is an {F,} submartingale



e Definition (Quadratic Variation): Fixt > 0 and let 1 = {tq,t1, ..., tm}
with 0 =tg <t; < .. <tm =1t. Then, the pth variation of X over 1 is

(p) G
V;fp(n): Z |th_th_1 |p'
k=1

Let the mesh of 1, denoted || M ||= maxj<g<y, | tx — tx—1 | - Then,

if Vt(z)(l'l) converges, in some sense, as || 1 ||— 0, then the limit is the
quadratic variation. If X € M5 we have that

||r||i|m>o Vt(z)(”) 5 (X,



e Moreover, if {X¢, {F,;},0 <t < oo} is continuous and such that, for
each fixed ¢, and some p

) P
Mo v - L

where Ly is a random variable taking values in [0, 00), then
: P
® q>p— lim g g vy Lo,

e g <p— Iim|||—|||_>o V;S(Q)(I'I) £> oo, on the event {Lt > 0}



Brownian Motion

Definition 22 A standard one dimensional Brownian Motion (BM) is a con-
tinuous adapted process W = {Wy,{F,},0 < t < oo} defined on some
probability space (2, F, P) with the properties that

1. Wg=0

2. For0 < s <t, Wy — Ws is independent of Fs.

3. Wy — Ws ~ N(0,t — s)

e |s this definition restrictive? Maybe. Consider the following



e Result (Levy): If X € M®€ (continuous path martingale) and X is such
that its quadratic variation (X); =t as, for all intervals [0, ¢], then X is
a Brownian Motion.

e Result (Breiman/Harrison): If X is continuous (i.e. has continuous
sample paths) and X has identical independent increments, then X is a
Brownian Motion.

e Does a Brownian Motion exist? Yes.



Constructing a Brownian Motion

e Random walk interpretation of a BM. Consider a random walk Z; such
that

h

gh _ Ah with probability p
J J

—Ah with probability 1 — p.

It follows that

B[z} - Z]] = Ah(2p-1),
Var[Z} 1 — Z}]1 = 4p(1 —p)(Ah)?.

e Time interval of length T', and let T' = nAt.



e The cumulative change in Z;l+1 — Zjh over the whole interval is

ApZ = AZy + ...+ Ay,

v
n times

e |t follows that

Ah
E[ATZ] = nAh(2p—1) = TE(Zp — 1),

Ah?
Var[ArZ] = n4(l — p)Ah? = T=—4p(1 - p).

e Pick parameters (p and Ah) so that:
— mean is uT,

— variance is 02T



or,

N
2p — 1
(AR)? = ( o2Ar |\
4p(1 — p)



e T he solution is

e Since this is an approximation that is valid when A¢ — 0, the solution
can be described as

Ah = O'\/Kt,
pi = i1+ (4) Vlm 1.

2



e Special Case: Weiner process or standard Brownian motion (SBM), we
have y =0 and o = 1.

Ah = oV AL,

b =

N[ =Q

e Thus, one way of thinking about Brownian Motion is as the sum of a
sequence of Bernoulli 2.2.d. random variables, with the size of the jump of
the order of the square root of dt

e What is the quadratic variation of this process?

Z [AZ Z [VAL]? = —T.

=1"n



e Random walk has the property that its quadratic variation is £ in any
interval of length t.



e Another derivation of a Brownian Motion.
e Intuition: Sum of white noise “scaled” by v/dt

e Consider the difference between a Z(T + s) and Z(s). The length of
this interval is T'. Partition this interval into n equally spaced segments of
length At. Thus, T' = nAt. Let's define

Z(T +s)— Z(s) = i e,V AL,
1=1

where €; is a collection of independent random variables, each distributed
N(0,1). It follows that

E[Z(T +s)— Z(s)] = 0,
var[Z(T + s) — Z(s)] = nAt="T.



e Given the properties of the normal distribution,

Z(T +s)— Z(s) ~ N(0,T).

e "“Push” the notation and define
dZy = Z(t + dt) — Z(t),
then,
Al =~ at\/a,
from which it follows that

EldZi] = 0,
var|dZy] = dt.



o If Zg and th are two standard Brownian Motion, then
E[dZ}dZ?] = efe?dt = pqodt,

where pq5 is the correlation coefficient between the two normal random
variables.

e Let's consider now a (i, o) Brownian Motion. given by,
Xt = Xo+ pt +oZ;.
It follows that

Xk = Xt + pk+ 0(Zpy g — Zt).

e Then, the best predictor of X, given X; is
Bl Xy | Xie] = Xt + pk,



while the one standard deviation bands around this estimate are:

Xt—l—,uk:l:O'\/E

Remark 23 What dominates the behavior of the best estimate, 1 or o? Since
X¢1k — Xt has mean pk and standard deviation o'k, then

k .
M o ask — 00, [mean dominates]|

oVk

while

k
HE 0 ask — 0, [standard deviation dominates]|

oVk



e What do we know about Brownian Motion? There are a number of results
that hold for all martingales (and some for martingales with continuous
paths) that directly apply to a Brownian Motion.

Claim 24 Let W = {W},{F,},0 <t < oo} be a Brownian Motion then,

1. W is a Markov process.

2. W is a martingale.

3. (W) =t [Quadratic Variation]



Proof. Using the definition of quadratic variation

(W = lim Z [th — th]2

n—00
where

£ = ;’—i i=0.1,..2"
Since Wt? — Wi ~ N(O,tf 1 — 1) = N(0, sm), it follows that

Zi = VW — W] ~ N(0,1).

Thus,
2" —1 5 2" —1 1 5
‘231 [Win | — Win]® = (W)t = 2:1 i
1= 1=

By the law of large numbers this term converges (a.s.) to E[Zf] =t =



4. W2 — (W) is a martingale



Claim 25 If a function is differentiable (with bounded derivative) then its
quadratic variation Is zero

Proof. Let f(t) be a function. Then, given a partition Tl = {0 = tg < t1 <
... < tn = t}, the mean Value Theorem implies that

ftiv1) — F() = f(m) (i1 — ).

The quadratic variation satisfies

;[f(tiﬂ) — F(E))?

;[f/(Ti)(ti+1 — ;)]

VAN

max |f'(7)| Y (tip1 — i)
1=1

< max|f'(r;)

1

max(t; 1 — t;)t.
1



However, as the mesh of the partition goes to 0, max(t;+1 — t;) — 0 and,
hence, the quadratic variation is zero. ®



Claim 26 Let W = {W;,{F;},0 <t < oo} be a Brownian Motion then its
total variation is oo

Proof. Let 1 = {0 =19 < t1 < .. < tn =t} be a partition of the interval

[0,¢]. Then,
n 5 n
[Wiion = Wil” < m,f'x(Wtz'H - W) > ‘Wtz’+1 — Wi, -
1=1 1=1
max;(Wy,. , — Wy,) — 0 (by continuity). Since (W), = 31 4[Wy, ; —
VVti]2 = t is positive (and finite), it follows that the term " 4 ‘Wti g~ W

must converge to oo R



Starting from the standard BM we can create what we will denote a (i, 0)-BM.
This is a process Xy given by

Xt(w) = Xo + pt + oWi(w).
In the following claims the X} process is the one given above.

Claim 27 The process X¢(w) = Xg + ut + oWi(w) is a submartingale (su-
permartingale) if u > (<)O0.

Claim 28 Y; = X; — ut is a martingale,

Claim 29 (Y); = o°t.



Claim 30 Yt2 — o2t is a martingale.

2
Claim 31 (%) — t is a martingale.



Claim 32 (Wald Martingale) Let Z; = elBXe—aB) with ¢(8) = Bu +
%6202. Then, Z is a martingale.

Proof. To see this, note that
JBXi—a(BY] _ IB(Xi—Xs)—a(B)(t—s)] IBXs—a(B)s]

Taking expectations conditional on {Fs} on both sides we get
E[Z: | Fs| = ZsE[elf(Xi=Xs)=a(B)(t=)] | £,
Thus, it suffices to show that
Elelf(Xi=Xs)=a(B)(t=s)] | r] = 1.

However, B(X; — Xs) ~ N(Bu(t — s), 8202(t — s)), and the expectation of
any such log-normal random variable is

E[B(Xi=Xs) | 7] = Bult—s)+38%0%(t=s) — ca(B)(t—s)

which completes the proof ®



Claim 33 (X — ,ut)2 — o2t is a martingale



e An important property of Brownian Motion is that it is a Strong Markov
process.

Definition 34 (Strong Markov) A process X with initial distribution A (and
associated probability measure pA ) is said to be a strong Markov process if

1. PMXg €T = (), for all T € B(RY)

2. For any optional time S, t > 0 and I € B(R%)
PAXg4s €T | Fgi] = PM[Xgqe €T | Xg],
P> —as on {S < oo}



There is another way of describing the strong Markov property which re-
veals more clearly its implications.

Let W = {W;,{F,;},0 <t < oo} be a Brownian Motion and let S be a
stopping time of the filtration {F,}. Let

Wt* — WS—|—t — Ws.
Then

. Wt* is a Brownian motion.

. W is independent of S.



Implication of the strong Markov property. Let I" be an arbitrary stopping

time. Define the random variable Z; by

Z;Ek(w) = WT(w)—I—t(w)7 t >0,

Note that the process Z;" need not be defined at all on the set {w : T'(w) =

on {w : T(w) < co}.

Let the function F' be a measurable mapping such that

E*[| F(2) [] < oo,

Strong Markov property implies that

E*[F(Z;) | Frl = F(Zg) = F(Wr),

Vr € R.

on {w: T(w) < oo}.



e This result comes in handy when one needs to compute functions of a
stopped BM.



The Reflection Principle

o Let W = {W;, {F,},0 <t < oo} be astandard BM, and let
Ty(w) = inf{t > 0: W(w) = b}.

It follows that T} is a stopping time of the filtration {F,}.

2

Proposition 35 PY[T}, < t] = 2PO[W; > b] = \/%—W bio_l/z e~ 2dz

Proof. (sketch)

1. First claim that PO[T, < t] = PO[T}, < t, W; > b] + PY[T}, < t, W; < b].



2. The set {Ty, < t,Wy > b} = {Wy > b}. Why? If Wy > b it must be the case
that Ty < t, as Wy = 0. Thus, the extra conditioning does not change the
set. What about the other set, {1}, < t, Wy < b}? On this set, the Brownian
motion hit b at some point, and then drifted to a point ¢ < b. Given that
the distribution of a Brownian motion is symmetric (because the Normal is a
symmetric distribution), the probability of traveling down a distance b — ¢ is
the same as the probability of traveling up the same distance. Thus,

POT, < t, Wy < b] = PO[T}, < t, W; > b].
Thus,

PYTy, < t]=2PYTy < t,W; > b] = 2PO[W; > b]
2 o0 z2

= Var it T



e The above proof is somewhat heuristic (but close to being right) but it
relies heavily on the idea that a Brownian motion has the strong Markov
property. Where was this used? We basically used to argue that the process

WTb +t WTb

iIs a Brownian motion that is independent of ]:Tb, the o-field of events
determined prior to Tp. Of course, to claim the strong Markov property,
T}, has to be a stopping time as we showed (it is a hitting time).

e Here is another application of the strong Markov property

Proposition 36 Let W = {W;,{F,},0 <t < oo} be a standard BM, with
Xo=0. Let

My = SUP{WS, 0<s< t})



then

x T — 2y
POIW, <z, My < y] = d(—=) — @
(Wi < t <yl = ®( \/E) ( i )
where ® is the cdf of a standard normal random variable, i.e. a N(0,1)
Proof.
1. Note that

PO[W; < @, My < y] = PO[W; < @] — PO[W; < @, My > ],

2. First term is

PO[W, < o] = ¢(%>

given that Wy is an N(0,t) random variable.



. PO[W; < x, My > y]? This event corresponds to the case in which the process
W4 hit the value y, and then traveled to a point below .

. Conditional on being at vy, traveling down below x (a distance y — x) has the
same probability (given symmetry of the Normal distribution) of traveling up a
distance y — x.

. Let T' be the first time that the process Wy hits y. Then, define W[ - =
Wy —Wp =Wy —y.

. Need to compute the probability of W}* . increasing by at least (y — x).



7. This is the probability of the event {W} - >y —x} = {W; > 2y —x} =
—2
(Wi <z -2y} = (b(x\/gy)

POIW; < o, M;>y]=POT <t, W) >y—ax

T — 2y

Vit

= PUT <t, W} 7 >y—za]=P[W; <z —2y] = ).

Thus, putting together these two pieces we get the desired result.



Some Results

o Assume that W = {W;,{F;},0 <t < oo} is a standard BM. Start the
process at Wy = x (use P* on (€2, F).

o Let

Ty(w) = inf{t > 0 : Wy(w) = b}

and

M; = sup{Ws,0 < s < t}.

Proposition 37 Fort > 0anda <b,b >0

2(2b — (2b—a)?
(2b—a) G2,
27rt3

PY[W; € da, My € db] =




Proof. See previous results. m

Proposition 38 Lett >0,b>0

e 2tdb.

1. PO[ M; € db] = PO[| Wy | db] = PO[M; — Wy € db] = 2

2. POlmaxq<y<t | Wau |> b] < 4PO[W; > b] < \/o=Fe” 2t

3. 1— PY[ T}, < t] = PO[ M; > b] with density

B2
36_2_tdt,

PO T, € dt] =
[ T} ] —



has Laplace transform

EO [e—Osz] — e—b\/&.

Proof. (of the Laplace transform result) Define the martingale

142
X, = AWt

Since, W, = b as and Xo = 1. Then, the OST theorem implies

E°[X7,] = E°[Xo] =1,
1y2
ROV — 1,
Eo[e—%Asz: — N

then, setting A = /2, the result follows. =



Claim 39 lim;_,o PO[T}, < t] = 1 but EV[T}] = oo.

Proof. To see this, use the formula

PO[ Ty, € dt] b St
= e ,
° 27t3
to compute
t b b2
P T, <t] = / e 2sds.
0 v2ms
It is convenient to use the change of variable formula z = LS Note that
1 b b 1
dz = — ds = ——=23ds
2b2 /5 s 2b2
or,
2b?
ds = ——3dz.

z



Using the same change of variables in the integral, it follows that

t b b2 L9 121 © 1 1.2
/O me_fsds — /\/E— 23e ~3% dz — 2/ e 2% dz
s

= 2[1 = &(—%)]
where, as before, ®(x) is the cdf of a standard normal random variable. Thus,
b
PO Ty, < t] = 2[1 — ®(—%)] —t—oo 1.
[Tp < ] =2[1 = S(7)] =0
Now, to show that EO[T}] = oo we use a similar computation. Note that

0 oo bs _ﬁ
E*[T3] :/O \/me 2sds.

Thus, using the same change of variables as before, we get

EO[T]—2/OO L e dz—2/ ——e 37,




However, this is just the expectation of 1/X? where X ~ N(0,1). It is a
standard result that this expectation is infinite (or just compute the integral)
u



Claim 40 Let T be defined by (for a,b > 0)

T =inf{t: Wy = —a, or Wy = b}
then show that E°[T] < oo

. Proof. To see this, let
Tn = min{T,n}.

Since the stopping times I}, are bounded, the OST theorem can be applied.
Since, as we showed before, the process

Zt — Wtz —t
is a martingale, the OST theorem implies that

E°[Z7,] = E°[Zo] = 0,



However, W%n < min{a, b}. Thus,

0 = E°Zy ] = E° W2 — Ty] < min{a, b} — E°[Th).
It follows that
EY[T},] < min{a, b}.

But now the sequence {Tn} is converging to T', and is bounded below by 0.
Thus, the monotone convergence theorem (version | with' Y = Q) implies the
desired result.

Remark 41 Note that in the previous case, when the stopping time is I}, this
bound does not bind (of course, since, in that case we have to take a — oco.



