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Abstract

This paper uses a variant of the consumption-based representative agent model in Camp-
bell and Cochrane (1999) to study how investors’ time-varying risk aversion affects asset
prices. First, we show that a countercyclical variation of risk aversion drives a pro-
cyclical conditional risk premium. Second, we show that with a small value for the
volatility of the log surplus consumption ratio, a large value of risk aversion may not
determine whether the equity premium and the risk-free rate puzzles can be resolved
or not. Third, we show that countercyclical risk aversion may not help explain the pre-
dictability of long-horizon stock returns, the univariate mean-reversion of stock prices

and the "leverage effect" in return volatility.
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1 Introduction

Our understanding of the impact of investors’ risk aversion on asset prices is largely associ-
ated with using standard representative agent models to resolve asset pricing puzzles. For
example, Mehra and Prescott (1985) find that in order to explain the large average risk
premium of historical stock returns in a standard representative agent model with a power
utility function, the representative agent must be assumed to be very risk-averse. Thus high
risk aversion implies a large risk premium.

More recently, Campbell and Cochrane (1999; hereafter CC) present another example
to study how investors’ time-varying risk aversion affects asset prices in a consumption-
based model with a representative agent whose utility function exhibits countercyclical
variation in risk aversion with a large (average) value. Since the CC model is able to explain
many of the empirically observed properties of aggregate stock returns, several interesting
research questions arise. First, does the countercyclical variation in risk aversion in CC
drive the countercyclical (conditional) risk premium? Second, does the large average value
of risk aversion help resolve the equity premium and the risk-free rate puzzles? Third, does
countercyclical risk aversion help explain the predictability of long-horizon stock returns,
the univariate mean-reversion of stock prices and the "leverage effect" in return volatility?

In this paper, we use a variant of the CC model to study the research questions raised
above. This variant has a constant value for the market price of risk and is hereafter referred
to as the variant of the CC model. In a consumption-based representative agent model, such
as the one in CC, there are two sources that can lead to a countercyclical risk premium. The
first one is a countercyclical variation of risk aversion. When investors become more risk-
averse about uncertain future dividends in recession, they require a larger risk premium.
The second one is a time-varying countercyclical market price of risk, which can also yield
a countercyclical (conditional) risk premium, if the stock return in recession is at least as
volatile as at boom.

In CC, the two sources for a countercyclical risk premium are both active at the same

time. To determine whether or not the first source induces the countercyclical variation of



the risk premium, we consider a constant value for the market price of risk and the second
source is thus inactive. Then, with only the first source active, we show that countercyclical
variation in risk aversion induces a procyclical risk premium. This is a surprising result,
since this result is against the intuition that countercyclical risk aversion results in a coun-
tercyclical risk premium. The following is the simple intuition for this new finding. In the
variant of the CC model, when investors become more risk averse in recession, they do
require a higher risk premium. On the other hand, when investors become more risk averse
in recession, stock returns become less volatile. This has the effect of decreasing the risk
premium. Since the second effect dominates the first one, the net impact is that higher risk
aversion results in a lower risk premium.

We also show that with a small value for the volatility of the log surplus consumption
ratio, a large value of risk aversion may not determine whether the equity premium and the
risk-free rate puzzles can be resolved or not. Finally, we calibrate the variant of the CC
model to generate artificial data and demonstrate that countercyclical risk aversion may not
help explain the predictability of long-horizon stock returns, the univariate mean-reversion
of stock prices and the "leverage effect" in return volatility.

In this paper, we use the variant of the CC model to study how the representative
agent’s risk aversion affects asset prices for the following two important reasons. First,
the CC model is the first rational asset pricing model that is able to explain many of the
empirically observed properties of stock returns. Thus understanding how countercyclical
risk aversion affects asset prices in CC improves our understanding of asset pricing theory.

Second, the CC model is also the first rational asset pricing model with the two sources
active at the same time. This property provides us with a valuable opportunity to find out
which source or both help explain aggregate stock market behavior, an interesting result,
which is unclear in CC.

The organization of the paper is as follows. In the next section, we revisit the continuous-
time and discrete-time versions of the CC model. In Section 3, we derive the closed-form

solution to the equilibrium risk-free interest rate and the market price of risk. When the



market price of risk is a constant, we also derive the closed-form solution to the equilibrium
stock price and return, and show that countercyclical risk aversion induces a procyclical risk
premium. In Section 4, we show that with a small value for the volatility of the log surplus
consumption ratio, a large value of risk aversion may not determine whether the equity
premium and the risk-free rate puzzles can be resolved or not. In Section 5, we calibrate
the variant of the CC model to generate artificial data and show that countercyclical risk
aversion may not help explain the predictability of long-horizon stock returns, the mean-
reversion of stock prices and the "leverage effect" in return volatility. Finally in Section 6,

we make conclusions.

2 The CC model

In this section, we revisit the continuous-time and discrete-time versions of the CC model.
The continuous-time model helps derive a closed-form solution to the equilibrium when the
market price of risk is a constant, but the discrete-time one is used to generate artificial
data. Consider a single-good standard pure-exchange economy with two securities: a riskless
bond and a risky stock.

The stock represents a claim to the aggregate endowment flow (or total consumption)

of C(t), which grows according to the following process:

% = gdt + 0dB, (1)

where o and g are assumed to be constants, and B(t) is a standard Brownian motion.

The economy is populated by a representative agent with a utility function

Ule,X) =

where v is the utility curvature, p the time impatience parameter, c(t) the consumption
rate at time ¢, and X (¢) the level of habit.
In CC, the consumption surplus ratio S(t) = (c¢(t) — X (t))/c(t) is used to capture the

relationship between consumption and habit, where s(¢t) = Ln(S(t)) evolves according to



the following stochastic process:
ds = k(5 — s)dt + 7(s)dB, (2)

where £ is the mean-reverting rate, 7(s) the volatility of the log surplus consumption ratio
and B(t) the standard Brownian motion specified in equation (1). Based on the specification
of the surplus ratio above, S(t) > 1 does not have an economic interpretation, since habit
is non-negative.

Naturally, a high (low) log surplus consumption ratio, s(¢), can be regarded as a good
(bad) state of economy. The process in equation (2) is a mean-reverting one, which is the
continuous time analog of the AR(1) process. Equations (1) and (2) describe the continuous-
time version of the CC model. The corresponding discrete-time version of the CC model is
as follows:

AG(E+1) =g — %02 Folt+1), w(t+1) ~idd N0, o), ()

s(t+1)=35(1—9¢)+ ¢s(t) + A(s(t))v(t + 1), (27)

where

AO(t+1)=Ln (%) , o =¢ "and A\(s(t)) = ﬂ(i(t)) ! _22%.

Clearly (s) plays the role of A(s)! in the discrete-time model. The relative risk aversion

coefficient (RRA) with respect to consumption is

c(O)Uce(c(t), X(1) _ 7
Uec(t), X)) S(t)

Since RRA is time-varying, countercyclical with respect to the state of economy, the
representative agent’s risk aversion, measured by RRA, is time-varying, countercyclical.

Thus the first source for a countercyclical risk premium is active.

'Since o and & are constants, 7(s) has exactly the same dynamics as A(s) does.



The objective function of the representative agent is to choose a consumption rate c(t)

and a fraction of wealth invested in the stock, n(t), to solve the following problem:

su e c(t) — 1—y
ooy [/0 Ty (=X dt] ®)

subject to
dP(t) + C(t)dt
P(t)

where W (t) is the agent’s wealth, P(t) is the stock price, and ¢(t) is the consumption rate.

aw (t) = W(t) [n(t) +(1- n(t))rdt} — c(t)dt,

An equilibrium is defined as a vector process (¢, P,r,7n) such that the market clears and
the problem in (3) is solved optimally. In equilibrium, 7(¢) = 1 and ¢(¢) = C(t) (see Lucas
1978 for detail).

3 Countercyclical risk aversion and the procyclical condi-

tional risk premium

In this section, we use the continuous-time version of the CC model defined in equations
(1) and (2) to first derive the closed-form solution to the equilibrium interest rate and the
market price of risk. When the market price of risk has a constant value, we also derive a
closed-form solution to the equilibrium stock price and return. We show that countercyclical
risk aversion drives a procyclical risk premium.

The following proposition summarizes the equilibrium interest rate and market price of

risk ( the Sharpe ratio of stock market returns).

Proposition 1 The equilibrium interest rate r¢(t) and the market price of risk (Sharpe

ratio of market stock returns) q(t) are
_ 1 1
) =p+yg+y6(5—s) — 572(0 +7(s))? — Efyaz,

q(t) = v(o +7(s)),

where w(s) is the volatility of the log surplus consumption ratio defined in equation (2).



Clearly, the equilibrium interest rate and the market price of risk are both affected by
the volatility of the log surplus consumption ratio, 7(s). In particular, since v and o are
constants, there is a one-to-one relationship between the dynamics of the market price of
risk ¢(t) and the one of 7(s). Like A(s) in the discrete-time version of the CC model, 7 (s)
is countercyclical with respect to s(t). Thus ¢(t) is countercyclical and the second source
for a countercyclical risk premium is also active.

On the other hand, risk aversion, which is measured by /S(t) (RRA), is countercycli-
cal but not affected by whether the volatility of the log surplus consumption ratio, 7(s),
is countercyclical or not. Thus there is no interaction between the two sources for a coun-
tercyclical risk premium. This independence between the two sources is important, since it
enables us to separate the impacts of the two sources on asset prices. For example, if we
let 7(s) be a constant, then the second source is inactive, but the first source is still active
and we can examine how the first source affects stock returns. Another important reason
that we can pinpoint the impact of risk aversion on asset prices is that the consideration of
a constant value for the volatility of the log surplus consumption ratio doesn’t change how
risk aversion affects asset prices.

Before proceeding to show the impact of the first source on asset prices, we briefly discuss
why the volatility of the log surplus consumption ratio, 7(s), determines the dynamics of
the equilibrium market price of risk.

From the definition of the log surplus consumption ratio in the previous section, surplus

consumption, ©, can be written as
O=C(t)—X(t) = St)C(t) = Ct)e*™.

Using Ito’s lemma, we have

% = |k(5—s)+ %71‘2(8) +g+m7(s)o|dt+ (o +m(s))dB,

where dO/© is (instantaneous) surplus consumption growth.
Since o is a constant, it is clear that surplus consumption growth in CC has countercycli-

cal volatility, since 7(s) is countercyclical. As in the standard representative agent model



(see Mehra and Prescott 1985), where a constant value of volatility in consumption growth
drives a constant market price of risk?, a countercyclical variation of volatility in surplus
consumption growth in CC induces a countercyclical conditional market price of risk, since
the product of surplus consumption and consumption in CC plays the role of consumption
in the standard representative agent model with a power utility function.

In the following, to examine how the first source affects stock returns, we let the second
source be inactive by considering a constant value for the volatility of the log surplus
consumption ratio. In the rest of paper, we use m and m(s) to denote a constant value of
volatility and time-varying volatility, respectively, for the log surplus consumption ratio. It
should be emphasized here that the consideration of a constant value of m doesn’t aim to
modify the CC model but to illustrate how investors’ risk aversion affects asset prices.

When the second source is inactive, the equilibrium stock price and return are charac-

terized in the following lemma and proposition.

Lemma 1 If the market price of risk has a constant value, y(o + ), then the equilibrium

stock price is P(t,s) = C(t)p(t,s), where

Pt 5) = / " exp(II(t, y, 5))dy,

I(t,y,s) = ®1(y — t) + y&B(t,y) (s(t) — 5) + %7%252(% y) +7(y — Do,

1
Py =— [ﬂ+(7—1)9—§V(’7—1)02 ;

Blt,y) = 1- eXp(:@(y —1)) Byltiy) = 1-— exp(;zn(y - t))

In Lemma 1, p(t, s) is the time-varying price-dividend ratio, since it is a function of the

log surplus consumption ratio, s(¢). In order to make sure that the stock price is finite,

’In a standard representative agent model with a power utility function (Mehra and Prescott 1985), if
the volatility of consumption growth is o, the market price of risk is yo, where « is the curvature of the

power utility function.



®; must be negative. If p is assumed to be positive, for standard parameter values, ®; is

indeed negative and thus the equilibrium stock price is finite.

Proposition 2 Let dR be the equilibrium instantaneous excess return, which is defined as
dR = (dP+ Cdt)/P —r¢dt. If the market price of risk has a constant value, y(o + ), then

dR evolves according to the following stochastic differential equation:
dR = prdt + ordB,
where
Ps
KR = [U + 7’1?”} v(m+0),
OR =0+ vn&w,
p

p is the price-dividend ratio, ps/p is the partial derivative of the log price-dividend ratio
with respect to s(t), that is, ps/p = dLn(p)/0s.

Since o, v, m and k are constants, countercyclical risk aversion doesn’t directly affect
the risk premium and return volatility. However, it affects the value of p,/p, the partial
derivative of the log price-dividend ratio with respect to s(t), and thus indirectly the stock

return. In the following lemma, we show that ps/p is procyclical with respect to s(t).

Lemma 2 Let p(t,s) be the price-dividend ratio as defined in Lemma 1. Then the partial

derivative of the log price-dividend ratio is increasing with the state of economy. That is,

d(ps/p)
s > 0.

Thus, the log price-dividend ratio is convex with respect to the state of the economy,
s(t). Since ps > 0, the price-dividend ratio is procyclical. Intuitively, when s(t) increases,
the risk-free rate, based on Proposition 1, will decrease. This tends to decrease the expected

return or the discount rate®. Thus, the price-dividend ratio increases, since the stock price

$When s(t) increases, the risk-free rate will decrease and this tends to decrease the discount rate. On the
other hand, when s(t) increases, the risk premium will increase and this tends to increase the discount rate.
Since the former effect dominates the latter one, the net effect is that when s(t) increases, the discount rate

decreases.



is just the discounted present values of future dividends.

From Proposition 2 and Lemma 2, both the risk premium and return volatility are
clearly procyclical. This is a surprising result, since this result is against the intuition
that countercyclical variation in risk aversion results in a countercyclical risk premium and
return volatility.

Why is return volatility procyclical? The simple intuition is as follows. When s(t)
is large, the risk-free rate is low and the discount rate tends to be small. Then when
s(t) changes, the stock price will become more volatile than when s(¢) is small and the
discount rate is high, since the stock price is just the discounted present value of future
dividends. Now we are in a position to understand the procyclical risk premium. When
s(t) decreases, investors become more risk averse and thus require a higher risk premium.
On the other hand, when s(t) decreases, stock returns become less volatile. This has the
effect of decreasing the risk premium. When the market price of risk is a constant, the second
effect dominates the first one. Thus countercyclical risk aversion results in a procyclical risk
premium?.

If we closely examine the equilibrium stock return in Proposition 2, two interesting
observations emerge. First, if o, v and k are constants, the only way to make the conditional
risk premium and return volatility countercyclical is a countercyclical market price of risk,
which implies countercyclical volatility for the log surplus consumption ratio, 7(s). Thus,
in CC, it is the second source (the countercyclical market price of risk) that induces the
countercyclical risk premium and return volatility. In other words, if countercyclical risk
aversion drives the countercyclical risk premium and return volatility in CC, then this
countercyclical risk aversion should induce similar results for stock returns when the market
price of risk becomes a constant, since a consideration of a constant market price of risk
doesn’t change how risk aversion affects asset prices. Thus this result indirectly shows

that it is not countercyclical risk aversion but the countercyclical market price of risk that

"We are very grateful to one of the two anonymous referees for this explanation of the procyclical risk

premium and return volatility.



induces the countercyclical variation of the risk premium and return volatility in CC.
Second, the value of 7 affects the size of the risk premium and the risk-free rate, and
thus determines whether or not the CC model can be used to explain the large average risk
premium and the low average risk-free rate in historical data.
In the next section, we demonstrate that with a small value of m, a large value of risk
aversion may not determine whether the risk-free rate and the equity premium puzzles can

be resolved or not.

4 The risk-free rate and the equity premium puzzles

The CC model is able to explain the equity premium and the risk-free rate puzzles with a
large value of RRA, for example, 80 in the steady state. Intuitively, this high risk aversion
is regarded as responsible for resolving these two well-known puzzles. In this section, we
use a simple numerical example to study whether or not with a small value of 7, high risk
aversion can help resolve the two puzzles.

Suppose 7 has a small value, for example, the value of o. If we want to match the
average risk free rate of 0.94% and the average risk premium of 6.69% in the postwar data
set, then 7 = 0 = 1.22% and g = 1.89% (see CC for detail). We let S = 0.001 and x = 0.15.
Next we study whether we can find reasonable parameter values for p and « to resolve the
risk-free rate and equity premium puzzles.

From Proposition 1, when the log surplus consumption ratio has a constant value of

volatility, 7, the risk-free interest rate becomes

] 1 1
rp(t) = p+yg+ 765 =) = 570 +7)* = 5yt

From equation (2), we have s(t) = 5 + (s(0) — 5)e™ " +r fg e *t=7)dB(r). When t is very
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large, the unconditional expectation of the risk-free rate at time ¢, Eq [r(t)], is close to®

1
2

2_1

370"

(o +7)

1
= p+yg9—27y%0% - 5702.

pt+g9—

To have an average risk-free rate of 0.94%, v must be less than 1, if p is assumed to have a
value between 0 and 1.

From Proposition 2, the unconditional expectation of the risk premium at time ¢,

Ey [:U’R(t)]’ is
v (o +0) (0 +vkEy [%} o) <vy(o+0) (0 +~0) =2r(r+1)o?,

since ps/p < 1/k. To have an average risk premium of 6.69%, v must be larger than 14.5.

Thus a tension between a high risk premium and a low risk-free rate arises, and we now
cannot resolve the Mehra and Prescott’s (1985) equity premium puzzle and Weil’s (1989)
risk-free rate puzzle with a positive time impatience parameter. So, if 7 has a small value,
for example, the value of o, we cannot use a large value of risk aversion to resolve these
two puzzles at the same time unless we have a negative time impatience parameter, which
is highly undesirable, as pointed out by CC and other researchers.

Two observations are ready from this simple exercise. First, when 7 has a small value,
a large value of risk aversion may not help resolve the two puzzles. On the other hand, a
large value of 7 is the key to resolving these two puzzles.

So far, we focus on a constant value of 7. When the volatility of the log surplus con-
sumption ratio is time-varying, as in CC, its average value must be much larger than the
value of ¢ to help resolve the risk-free rate and the equity premium puzzles. Readers may
have observed that the constant risk-free rate defined in equation (12) in CC seems to have
nothing to do with the average value of the volatility of the log surplus consumption ratio,

since A(s) is not there. However, from the definition of A(s) in equation (10) in CC, it

°For example, since £ = 0.15, when ¢ = 100, Eo [rf(t)] is very close to p+rg—37° (oc + m)% — 1vo%. In
numerical exercises, if we generate more than 10,000 years of data for the risk-free interest rate, the sample

mean will be close to Ey [rf(t)].

11



is not difficult to find that the average value of A(s) is affected by the value of S , which
affects the risk-free rate. Thus the average value of A(s) indirectly plays an important role
in resolving the risk-free rate and equity premium puzzles there.

Second, since S°® is assumed to be 0.001, even a small value of 7, such as 2, can result in
a very large value of 2,000 (2/0.001) for RRA in the steady state, but the risk premium is
very small, less than 0.18%. Thus, when the value of 7 is small, high risk aversion doesn’t
imply a large risk premium, a result that is totally different from the one in Mehra and
Prescott (1985) that a large value of risk aversion leads to a large risk premium.

The results above are based on a small value of 7. However, there is no economic reason
for m to be restricted to be small. Thus, our simple exercise just illustrates one interesting
aspect in resolving the equity premium and the risk free rate puzzles in CC.

Next, we calibrate the variant of the CC model to generate artificial data and show
that countercyclical risk aversion may not help explain many of the empirically observed
dynamic properties of stock returns, e.g., the predictability of long horizon stock returns,

the univariate mean-reversion of stock prices, and the "leverage effect" in return volatility.

5 Return predictability, price reversion and the "leverage

effect" in return volatility

In the last section, we have demonstrated that when 7 has a small value, such as the
value of o, it seems impossible to resolve the risk-free rate and the equity premium puzzles
with a positive time impatience parameter. As pointed out in the last section, there is no
economic reason for 7w to have a small value. In this section, we let m be a free parameter
and thus calibrate the variant of the CC model to match some moments in the postwar
data set (1947-1995). This data set (see CC) includes value-weighted New York Stock
Exchange stock index returns from CRSP, three-month treasury bill rate, and per capita

nondurables and services consumption. The moments we try to match are the mean and

Tn our numerical exercise, the value of S is found to have little impact on the risk premium.
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standard deviation of per capita consumption growth, the mean of the risk-free rate and
the mean of the risk premium. We use the calibrated model to generate artificial data and
study whether the artificial data exhibit the predictability of long horizon stock returns,
the mean-reversion of stock prices and the "leverage effect" in return volatility, which are
documented in empirical studies. As argued before, if countercyclical risk aversion drives
these empirical properties in CC, our artificial data should show these properties.

We choose the mean and standard deviation of consumption growth, g and o, to match
the corresponding values of per capita aggregate consumption growth; we choose the time
impatience parameter p, the mean-reverting speed parameter r, the volatility of the log
surplus consumption ratio 7, the long-run mean of the log surplus consumption ratio S,
and the curvature of the power utility function v to match the average risk-free interest
rate and the average risk premium. Table 1 summarizes our parameter choices’ and Figure
1 draws the conditional risk premium, return volatility and the Sharpe ratio as a function
of the surplus consumption ratio. As shown in the figure, countercyclical risk aversion leads
to counterfactual properties of stock returns: procyclical variation in the risk premium and
return volatility.

Table 1 yields one interesting observation. The value of 7 is almost seven times the value
of o. This is consistent with our argument that a large value of 7 is the key to resolving
the risk-free rate and the equity premium puzzles.

To be consistent with CC, we also consider another century-long data set that includes
S&P 500 index and commercial paper returns (1871-1993) and per capita consumption
(1889-1992) from Campbell (1999). We use the calibrated model to generate 50,000 years
of artificial data and then calculate a variety of statistics. We compare statistics from our
artificial data to the corresponding ones in the two data sets.

Table 2 reports the means and standard deviations in the artificial data, and the corre-

If p is positive, o and g have the values of the standard deviation and mean, respectively, of historical
consumption growth, then ®; in Lemma 1 is always negative for reasonably large values of « and thus the
stock price is finite. For example, for the values of p, o and g in Table 1, in order to make ®; positive, y

must have a value of at least 255, which is unreasonably large.
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sponding statistics for the two data sets. The volatility of the risk-free rate in the artificial
data is slightly larger than the corresponding statistics in two data sets. Return volatility
and the Sharpe ratio in the artificial data are close to the corresponding statistics in the
postwar data set. The average price-dividend ratio is slightly below but its standard devi-
ation is close to the corresponding statistics in the two data sets. When the second source
is also active, CC reports similar results.

Table 3 reports the autocorrelations for the risk premium, the partial sum of autocor-
relation coefficients for the risk premium, and the cross-correlations between the log price
dividend ratio and subsequent absolute risk premia or subsequent risk premia.

In panel 1, the autocorrelations for the risk premium are positive. Thus excess stock
returns don’t exhibit the univariate mean-reversion of stock prices documented by Fama and
French (1988a), and Poterba and Summers (1988). This finding implies that countercyclical
risk aversion may not be the driver of the univariate mean-reversion of stock prices in CC;
To take care of the poorly measured individual small coefficients, we aggregate individual
autocorrelations into partial sums, which are reported in panel 2. As shown there, the
calibrated model with the second source inactive doesn’t generate the pattern and the
magnitude of the partial sums in the two data sets.

In panel 3, the cross-correlation between the price-dividend ratio and subsequent ab-
solute excess returns in the artificial data are positive and different from the corresponding
statistics in the two data sets. Thus the price-dividend ratio does not forecast the "leverage
effect " in return volatility that is documented by Black (1976), Schwert (1989), Campbell
and Hentschel (1992) and others. So the "leverage effect" in return volatility in CC may
not be induced by countercyclical risk aversion.

In panel 4, the cross-correlations between the price-dividend ratio and subsequent excess
returns are totally different in sign from the corresponding statistics in the two data sets.
This finding implies that countercyclical risk aversion may not drive the predictability of
long-horizon stock returns; otherwise there should be negative cross—correlations between

the price-dividend ratio and subsequent excess returns in the artificial data.
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Table 4 presents the long-horizon regression of log excess stock returns on the log price-
dividend ratio. Clearly, the regression coefficients and R? in the artificial data have different
patterns from those in historical data. This finding further confirms that countercyclical
risk aversion may not induce the predictability of long-horizon stock returns, an empirical
evidence that is documented by Campbell and Shiller (1988b) and Fama and French (1988b).
The finding in Table 4 also indicates that the equity premium is procyclical but economically
small.

Thus, countercyclical risk aversion may not help explain the predictability of long-
horizon stock returns, the mean-reversion of stock prices, and the "leverage" effect in return
volatility in CC. Since the results above may not be robust, this numerical exercise can be
regarded as a step stone toward further study of the impact of countercyclical risk aversion

on aggregate stock market return behavior.

6 Conclusion

In this paper, we have used the variant of the CC model to examine how the representative
investor’s risk aversion affects asset prices. We obtain several results on the impact of risk
aversion on asset prices that seem counterintuitive at first. First, we show that counter-
cyclical risk aversion induces a procyclical risk premium and return volatility. Second, we
show that with a small value for the volatility of the log surplus consumption ratio, a large
value of risk aversion may not determine whether the equity premium and the risk-free rate
puzzles can be resolved or not. Finally, we show that countercyclical risk aversion may not
help explain the predictability of long-horizon stock returns, the univariate mean-reversion
of stock prices and the "leverage effect" in return volatility.

The findings in this paper indicate that time-varying countercyclical risk aversion with
a large average value may not play a big role in explaining aggregate stock market return
behavior; rather that the time-varying countercyclical market price of risk may help un-
derstand many of the empirical properties of the stock market return. Thus the future

research topic is to develop a consumption-based representative agent model with a small,
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constant value of risk aversion and a time-varying countercyclical market price of risk to

explain aggregate stock behavior.
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Appendix The Proof of the Results in the paper

Proof of Proposition 1
Let A(t) be the marginal utility process. Then A(t) = e PU,(C—X) = C~7(t)e Pt=75(),
Clearly, this marginal utility process defines the state-price density or the pricing kernel,
whose dynamic follows:
dA

T —r¢(t)dt — q(t)dB,

where 7¢(t) is the risk-free interest rate to be decided endogenously, and ¢(t) is the market
price of risk. According to Ito’s lemma, we have

_ 1 1
ri(t) =p+79+ry(5—s) - 5’72<7T(3) +0)* - 57027

q(t) = y(o +m(s)).
See Basak and Cuoco (1998) for using the same approach to derive the interest rate and
the market price of risk. H

Proof of Lemma 1

The first order condition for the investor’s optimal portfolio problem yields

Pls) =i | [ 38t

where A(t) is the marginal utility mentioned above.

Since the market clears, ¢(7) = C(7) for all 7. Thus,
> Aly)
P = FE —
s = B | [ fdcw
= C(t)E; [/OO el =1)(9-30%) =)+ (1—e~@=O") (s()-5)— [, [T”ef(y”)”(V—l)"]dB(T)dy .
t
Using Fubini’s theorem, we then have

P(t,5) = C(1) / " exp(II(t, v, 5))dy,

where

II(t,y,s) = P1(y — t) + 6Bt y)(s(t) — 5) + %727?252(157 y) +(y — DomB(t,y),
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1
b1 =—|p+(y=Dg—3(v—1*|,

Bit.y) = 1 —exp(—k(y —t)) and By (t,y) = 1 — exp(—2(y — 1))

I 2K

Proof of Proposition 2

According to Ito’s lemma, we have

0P
0s0C

2
ap =4 Lo g 10D

~ ot aC s 2052 dsdC

(ds)* +

Then calculating each partial derivative and collecting terms yield the results. B
Proof of Lemma 2

First

0 (ps/p) _ PssP — (Ds)”
0s p? '

To show

9 (ps/p)

>0,
0s

we need to show

pssp — (ps)? > 0.

From the expression for p and ps,

00 le'e) 00 2
mw—%sz J@/ &WM—</ Jw@,
t t t

where ¥ = yk5(t,y).

From Schwartz’s inequality, we have

[e’e) () 00 2
/ endy/ ey > </ enwdy) .
t t t

This shows the result. W
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Table 1. Parameter

Parameter Variables Value
Mean consumption growth (%) g 1.89
Standard deviation of consumption growth (%) o 1.22
Time impatience parameter (%) P 2.72
Mean-reverting coefficient (%) K 5.00
Steady-state surplus consumption ratio (%) S 0.10
Volatility of the log surplus consumption ratio ratio (%) = 8.00
Curvature of the power utility function 0 5.16
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Table 2: Means and standard deviations of artificial and historical data

Statistic Artificial Data Postwar Sample Long Sample
E(Ac) 1.89* 1.89 1.72
o(Ac) 1.22% 1.22 3.32
E(ry) 0.94* 0.94 2.92
o(ry) 6.65 3.01 5.01
E(re—ry) 6.69* 6.69 3.90
o(rs —ry) 16.5 15.7 18.0
E(rs —r¢)/o(rs —rg) 0.41 0.43 0.22
exp(E(p — d)) 18.7 24.7 21.1
o(p—d) 0.55 0.26 0.27

* means that we choose the parameter values to match these moments. The historical
moments for the two data sets are from CC. All the returns are based on annual frequency.
Annual consumption is the average of monthly consumption. The discrete-time version of
the CC model is used to generate annual data. Ac is log consumption growth, 7, is the log

stock return, 7 is the log risk-free rate, and p — d is the log price-dividend ratio.
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Table 3: Auto and cross correlations of artificial and historical data

Lag j (years)
Statistic 1 2 3 5 7

(r =78t (1 —7f)ets

Artificial data 0.026 0.015 0.022 0.023 0.018
Postwar sample -0.11  -0.28 0.15 0.02 -0.10
Long sample 0.05 -0.21 0.08 -0.14 -0.11
S pl(rs = 7p)es (rs = 7))
Artificial data 0.026 0.041 0.063 0.086 0.104
Postwar sample -0.11  -0.39 -0.24 -0.22 -0.32
Long sample 0.06 -0.17 -0.09 -0.23 -0.44
(0 d)usIrs — 7,
Artificial data 021 0.20 020 0.18 0.16
Postwar sample -0.16 0.09 0.11 -0.05 -0.02
Long sample -0.12 0.02 -0.06 -0.10 -0.05
(P = )iy (rs = 7f)14y
Artificial data 0.068 0.067 0.065 0.061 0.059
Postwar sample -0.42 -0.25 -0.13 -0.35 -0.17
Long sample -0.20 -0.21 -0.10 -0.19 -0.08

The autocorrelations and cross-correlations for the two data sets are from CC.
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Table 4: Long-horizon return regression

Artificial data

Postwar sample

Long sample

Horizon (years) Coefficient R? Coefficient R?  Coefficient R?

1 0.022 0.005 -0.26 0.18 -0.13 0.04
2 0.043 0.009 -0.43 0.27 -0.28 0.08
3 0.064 0.013 -0.54 0.37 -0.35 0.09
) 0.104 0.020 -0.90 0.55 -0.60 0.18
7 0.163 0.025 -1.21 0.65 -0.75 0.23

The regression coefficients and R? for the two data sets are from CC.
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Figure 1. In part (a), the conditional risk premium is plotted as a function of the surplus
consumption ratio, which ranges from 0.0005 to 0.004. As shown in this picture, the con-
ditional risk premium is increasing with the surplus consumption ratio, a counterfactual
result. In part (b), conditional return volatility is plotted as a function of the surplus con-
sumption ratio, which has a value from 0.0005 to 0.004. As shown there, conditional return
volatility is increasing with the surplus consumption ratio, a result that is inconsistent with
the empirical fact. Finally, in part (c), the conditional Sharpe ratio ( the market price of
risk) is plotted against the surplus consumption ratio, which ranges from 0.0005 to 0.004.

There the conditional Sharpe ratio is a constant.
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