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Abstract

This paper examines irreversible investment in a project with uncertain returns,
when there is an advantage to being the ¯rst to invest and externalities to investing
when others alsodo so. We show that in a duopoly, greater uncertainty can actually
hasten rather than delay investment, contrary to the usual outcome, due its e®ect
on the equilibrium of the timing game between the players. In the presenceof
positive externalities, greater uncertainty can raise the leader'svalue more than the
follower's; pre-emption then entails that the leadermust act sooner. A switch in the
pattern of equilibrium investment as uncertainty increasesis also possible, which
may hasten investment. These ¯ndings reinforce the importance of extending real
options analysis to include strategic interactions and externalities betweenplayers.
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1 In tro duction

The literature on irreversible investment under uncertainty teachesthree major lessons.

First, the net present value (NPV) rule for investment is generally incorrect, since it

considersonly a now-or-never decision and fails to appreciate that investment can be

delayed. Secondly, an option value is createdby the fact that the return is boundedbelow

by the payo® from not investing; the e®ectof this option value is to delay investment,

relative to the NPV rule. Finally, the greater the degreeof uncertainty, the larger this

delay: an increasein uncertainty increasesthe upsidepotential from investment, and so

increasesthe value of the investment option.

The early literature on the `real options' approach analysesinvestment decisionsfor a

singleagent in isolation. In many real world cases,however, investment takesplace in a

more competitiv e environment in which there are externalities and strategic interactions

betweeninvesting agents. The purposeof this paper is to demonstratethat such interac-

tions canhave important consequencesfor irreversible,uncertain investments, with e®ects

that run counter to the standard results given above.

We analyseirreversible investment in a project with uncertain returns in a dynamic

two-player model, with a generalspeci¯cation. Two types of strategic interactions are

considered.The ¯rst is pre-emption: when there is someadvantage to being the ¯rst to

undertake an investment, there will be competition to be the ¯rst. In this situation, any

bene¯t from delaying investment due to real option e®ectshasto be balancedagainst the

lossfrom beingpre-empted.The secondinteraction ariseswhenthe valueof an investment

dependson the number of agents who havealsoinvested.The interaction may a®ectvalue

negatively: e.g., if it arisesthrough a competitiv e e®ect;or it may have a positive e®ect,

if there are complementarities betweenthe agents' actions such as network externalities

or demandexpansion.In both cases,the timing of an agent's investment is in°uencedby

the investment decisionsof others.

The contribution of this paper is to show that, contrary to the standard result, the

e®ectof uncertainty on investment is ambiguousin a duopoly. When strategic interactions

determine the exerciseof the option, greater uncertainty can hasten, rather than delay,
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investment. We show that if the payo®externality when the follower invests is positive

and there is not too much uncertainty, then a small increasein uncertainty causesthe

leader's investment point to fall. If investment takes the form of entry into a product

market, for example, then this would require that e.g., the demand expansione®ectof

an additional ¯rm outweighsincreasedcompetition. Investment in the context of strong

network externalities would be similarly a®ected.

To understand this surprising comparative static, note that when two agents invest

sequentially , the ¯rst investment point is determinedby rent equalization(seeFudenberg

and Tirole (1985)): at the point at which the ¯rst investor acts it is indi®erent between

being the leader and the follower. At the leader's investment point, the leader's value

function crossesthe follower's from below (otherwise investment would have occurred

sooner). Hencean increasein uncertainty lowersthe leader'sinvestment point if and only

if the value function from investing ¯rst increasesby more than the value to investing

second.

With positive externalities betweenthe agents, investment by the follower is valuable

to the leader|particularly since it does not require any additional cost for the leader.

But once the leader has acted, the leader is unable to a®ectthe follower's investment

decision,and must take the investment point of the follower as given. For the follower,

investment is costly; but it choosesits investment point optimally. The ¯rst factor tends

to make the follower's option lessvaluable than the leader's; the secondfactor makes it

more valuable. When uncertainty is relatively small, the ¯rst factor dominatesand the

leader'soption1 is more valuable. Given the form of the value functions, this alsomeans

that the leader'svalue function increasesby more than the follower's when uncertainty

rises. (Both functions increase,due to the convexity of payo®s.)

There is an additional way in which greater uncertainty may hasten investment: by

causinga switch in the pattern of equilibrium investment. Two equilibrium patterns of

investment are possible. Either the agents invest sequentially (i.e., the `leader' invests

1Strictly speaking, the leader does not hold an option: it simply waits for the follower to act. It is
more accurate to refer to the option-lik e term of the leader. We use the more accurate terminology in
the rest of the paper.
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early while the `follower' investslate), or they invest simultaneously. We also show that

an increasein uncertainty cancauseequilibrium to switch from sequential to simultaneous

investment, or vice versa,in such a way that the ¯rst investment occurssooner. We argue

that these e®ectsare present at plausible parameter values, and so can be empirically

important.

Overall, therefore,strategic interactions in the presenceof positive externalities give

rise to signi¯cant qualitativ e e®ectsthat are omitted from the standard real options

analysisof investment, even thosemodelsincorporating game-theoreticinteractions. The

relationship between uncertainty and investment, even for a single irreversible project

available to each ¯rm, is morecomplexthan given by the standard result. This ¯nding is

relevant to cross-border investment in the faceof exchangerate uncertainty, for example.

Its implications are important to ¯rms planning their investments, and for policy-makers

wishing to understandand anticipate private sector investment behaviour.

Two generalstrands of literature are related to this paper. Real options modelshave

beenusedto explain delay and hysteresisarising in a wide rangeof contexts. McDonald

and Siegel(1986)and Pindyck (1988)considerirreversibleinvestment opportunities avail-

able to a singleagent. Dixit (1989) and Dixit (1991) analyseproduct market entry and

exit in monopolistic and perfectly competitiv e settings respectively. The secondstrand

of literature concernstiming gamesof entry or exit in a deterministic setting. There are

several types of paper within this strand. Papers analysing pre-emption gamesinclude

Fudenberg, Gilbert, Stiglitz, and Tirole (1983), Fudenberg and Tirole (1985), Katz and

Shapiro (1987) and Lippman and Mamer (1993). Wars of attrition have beenmodelled

by e.g.,Fudenberg and Tirole (1986).

A number of real options modelsincorporating strategic interactionsnow exist. Smets

(1991)examinesirreversiblemarket entry in a duopoly facing stochastic demand. Simul-

taneousinvestment may ariseonly when the leadershiprole is exogenouslypre-assigned.

Consequently, he does not consider fully the pre-emption externality. Weeds (2002)

presents a model in which two ¯rms may invest in competing research projects with

uncertain returns. Shedoesnot imposean asymmetry betweenthe ¯rms, but allows the

3



leaderto emergeendogenously. Shedoesnot, however, includemoregeneralexternalities.

Other paperscombining real options with gametheory include Boyer, Lasserre,Mariotti,

and Moreaux (2004) Huisman and Kort (1999) and Lambrecht and Perraudin (2003);

these,however, do not generatethe comparative static result we ¯nd. A survey of this

literature is provided by Boyer, Gravel, and Lasserre(2004). The generalspeci¯cation of

our model encompassesseveral of thesecontributions. Hoppe (2000) analysesa timing

gameof new technology investment in an uncertain environment. Sheconsiderssecond,

rather than ¯rst, mover advantagesand models uncertainty in a di®erent way from our

paper.

In a two-period model, Kulatilak a and Perotti (1998) ¯nd that greater uncertainty

over market demandmay increasecost-reducinginvestment undertakenin the ¯rst period.

Their model is quite di®erent from ours: there is an exogenousasymmetry betweenthe

¯rms|only ¯rm 1 holds a strategic investment opportunit y in the ¯rst period|and this

¯rm exercisesa subsequent option (over production) in the secondperiod. Although

their result has a super¯cial similarit y to ours, it is driven by the strategic e®ectof

¯rst period investment in reducing the competitor's output in the secondperiod (µa la

Cournot), or deterring entry altogether (as in Dixit (1980)), combined with optionality

at the secondstage. Sincethe ¯rst period investment is available to a single ¯rm, there

is no competition in exercisingthe option. In this paper, by contrast, our result is due

to the e®ectof uncertainty on the equilibrium outcomeof the timing gamebetweenthe

players. Dixit and Pindyck (1994) describe situations in which uncertainty can speedup

investment, becauseinvestment itself revealsinformation about costs. We show that even

in the absenceof this `shadow value', investment may be speededup by uncertainty.

Our paper is also related to the literature on technology investment with network

externalities, such asFarrell and Saloner(1986) and Katz and Shapiro (1986). In Farrell

and Saloner(1986), a model of technology investment with uncertainty about the tim-

ing of (rather than return from) investment, positive network e®ects,and irreversibility is

analysed(seesectionI I). UnlikeFarrell and Saloner,weallow agents to investat any time,

not just at random opportunities. If this assumptionwere used in the Farrell and Sa-
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loner model, then many of the featureswould disappear (although the basicco-ordination

problem due to network e®ectswould remain). Here, delay is endogenouslydetermined

through the optimization decisionsof the agents, rather than imposedexogenously. Choi

(1994) examinesa model in which there are positive network e®ects,uncertainty and

the possibility of delay. In Choi's model, usersare exogenouslyasymmetric: user 1 is

able to choosewhich of two technologies(with random returns) to invest in either of two

periods, while user2 is able to invest only in the secondperiod. This paper departs from

Choi's in several respects. Most importantly, it doesnot imposeexogenouslyan asymme-

try betweenplayers, but instead allows the ¯rst mover to be determined endogenously.

In our model, the leader invests at the point at which it is indi®erent between leading

and following; seesection 3. The fact that investment by the leader is determined by

indi®erence,rather than optimally (for the leader), makesan important di®erenceto in-

vestment behaviour. We alsoallow for a moregeneralpayo®structure, including allowing

for negative as well as positive externalities.

The rest of the paper is structured as follows. Section2 describesthe model. Section

3 analysesthe non-co-operative equilibria of the model. Section4 looks at the e®ectof

uncertainty on investment delay when pre-emption can occur. Section5 concludes.The

appendix contains lengthier proofs.

2 The Mo del

This section develops a general model to capture the three e®ectsthat are the focus

of this paper: (i) uncertainty, irreversibility and the possibility of delay in investment;

(ii) investment externalities, where the return to investment dependson the number of

investors;and (iii) pre-emption, whereearly investorshave an advantage.

Two risk neutral agents, labelled i 2 f 1; 2g each can invest in a project. There is a

cost K > 0 to doing so,which is the samefor both agents. Investment is irreversible(the

cost K is entirely sunk) and can be delayed inde¯nitely . Time is continuousand labelled

by t 2 [0; 1 ). The timing of investment is the main concernof the analysis. Investment
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by the two agents may occur sequentially|that is, the two agents invest at distinctly

di®erent times|or simultaneously.

Consider¯rst the outcomewhen the agents invest sequentially . Call the ¯rst investor

the `leader' and the secondinvestor the `follower'. The leader's instantaneouspayo®at

time t from investment, beforethe follower has invested,is

¼I
L = µt ;

where µt is the stand-alonebene¯t from investment|the instantaneouspayo® received

by an agent that is the soleinvestor. After the follower has invested,the leader'sinstan-

taneouspayo®becomes

¼I I
L = (1 + ±L )µt :

The follower's instantaneouspayo®at time t from investment is

¼I I
2 = (1 + ±F )µt :

Now supposethat the agents invest simultaneously. The instantaneouspayo®at time t

from investment is the samefor both agents:

¼I I I = (1 + ±S)µt :

The model speci¯cation is a generalone. We do not investigateall possiblecon¯gurations

of the payo®parameters±L ; ±F and ±S. Instead, we restrict attention to casesdescribed

in the following assumption:

Assumption 1 ¡ 1 · ±F · 0; ±F · ±S; and ±F · ±L .

This assumption ensurestwo things. First, there may be a ¯rst-mover advantage,

since±L ¸ ±F . Secondly, there may be a second-mover disadvantage, in the sensethat ±F

is lessthan both ±S and ±L . The role of particular aspectsof assumption1 will be pointed

out as the analysisprogresses.
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Evenwith assumption1, our model encompassesmany relatedpapers. For example,in

Fudenbergand Tirole (1985),whenn ¯rms haveadoptedthe newtechnology, the payo®of

a ¯rm that hasnot adoptedis ¼0(n), and of a ¯rm that hasadoptedis ¼1(n). They assume

that if n0 ¸ n, then ¼1(n0) < ¼1(n). A speci¯c versionof their payo®scan be represented

in our model by supposing that ¼0(n) = 0 8n, ¼1(1) = µ and ±L = ±F = ±S < 0. Real

optionsduopoly modelssuch asSmets(1991),Weeds(2002)andHuismanandKort (1999)

employ functional forms equivalent to negative ±L , ±F and ±S parameters.Similarly, some

of the payo® structures used in Katz and Shapiro (1987) can be replicated within our

model. What they term the `stand-aloneincentiv e' is measuredby ±L in this model; their

`pre-emption incentiv e' is measuredby ±L ¡ ±F ; the degreeof imitation that is possible

can be captured by ±F . Lippman and Mamer (1993) analysea model in which the ¯rst

¯rm to innovate spoils the market for its rival; in this case,±F = ¡ 1. Notice alsothat by

setting ±S = (±L + ±F )=2, wecanallow for the possibility that, in the event of simultaneous

adoption, the rolesof leaderand follower are assignedrandomly betweenthe two agents.

µt is assumedto be exogenousand stochastic, evolving accordingto a geometricBrow-

nian motion (GBM) with drift:

dµt = ¹µ tdt + ¾µtdWt (1)

where¹ 2 [0; r ) is the drift parameter,measuringthe expectedgrowth rate of µ, r is the

continuous-timediscount rate,2 ¾> 0 is the instantaneousstandarddeviation or volatilit y

parameter,and dW is the increment of a standard Wiener process,dWt » N (0; dt). The

parameters¹; ¾ and r are common knowledge and constant over time. The choice of

continuous time and this representation of uncertainty is motivated by the analytical

tractabilit y of the value functions that result.

The strategiesof the agents in the investment gameare now de¯ned. If agent i has

not investedat any time ¿ < t, its action set is A i
t = f invest, don't investg. If, on the

other hand, agent i has investedat some¿ < t, then A i
t is the null action `don't move'.

2The restriction that ¹ < r ensuresthat there is a positive opportunit y cost to holding the `option'
to invest, and so that the option is not held inde¯nitely .
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The agent therefore facesa control problem in which its only choice is when to choose

the action `invest'. After taking this action, the agent can make no further moves.

A strategy for agent i is a mapping from the history of the gameH t (the samplepath

of the stochastic variable µ and the actions of both agents up to time t) to the action

set A i
t . Agents are assumedto usestationary Markovian strategies: actions depend on

only the current state and the strategy formulation itself doesnot vary with time. Since

µ follows a Markov process,Markovian strategiesincorporate all payo®-relevant factors

in this game. Furthermore, if one player usesa Markovian strategy, then its rival has

a best responsethat is Markovian as well. Hence,a Markovian equilibrium remainsan

equilibrium when history-dependent strategiesare also permitted, although other non-

Markovian equilibria may then alsoexist. (For further explanationseeMaskin and Tirole

(1988) and Fudenberg and Tirole (1991).)

The formulation of the agents' strategiesis complicated by the useof a continuous-

time model. Fudenberg and Tirole (1985) point out that there is a loss of information

inherent in representing continuous-time equilibria as the limits of discrete time mixed

strategy equilibria. To correct for this, they extend the strategy spaceto specify not only

the cumulative probability that player i has invested,but also the `intensity' with which

each player invests at times `just after' the probability has jumped to one.3 Although

this formulation usesmixed strategies,the equilibrium outcomesare equivalent to those

in which agents employ pure strategies. (Seesection3 of Fudenberg and Tirole (1985).)

Consequently, the analysiswill proceedas if each agent usesa pure Markovian strategy,

i.e., a stopping rule specifying a critical valueor `trigger point' for the exogenousvariable

µ at which the agent invests. Note, however, that this is for convenienceonly: underlying

the analysisis an extendedspacewith mixed strategies.

Our analysis focuseson trigger points of the stochastic variable µ. Thesecould also

3In Fudenberg and Tirole (1985), an agent's strategy is a collection of simple strategies satisfying an
intertemporal consistency condition. A simple strategy for agent i in a gamestarting at a positive level
µ of the state variable is a pair of real-valued functions (Gi (µ); ² i (µ)) : (0; 1 ) £ (0; 1 ) ! [0; 1] £ [0; 1]
satisfying certain conditions (seede¯nition 1 in their paper) ensuringthat Gi is a cumulativ e distribution
function, and that when ² i > 0, Gi = 1 (so that if the intensity of atoms in the interval [µ; µ + dµ] is
positive, the agent is sure to invest by µ). A collection of simple strategies for agent i , (Gµ

i (:); ²µ
i (:)), is

the set of simple strategies that satisfy intertemporal consistencyconditions.
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be expressedin terms of expectedstopping times; we do not, however, include this step.

For our comparative static results it is su±cient to recall that, for a given time path of

the stochastic variable, a lower trigger point corresponds to earlier investment.

The possiblestates of each agent are denoted ni 2 f 0; 1g when the agent has not

investedand has invested,respectively. The following assumptionsare made:

Assumption 2 If ni (¿) = 1, then ni (t) = 1 for all t ¸ ¿, i 2 f 1; 2g.

Assumption 3 maxf 1; 1 + ±L gE0
£R1

0 exp(¡ r t)µtdt
¤

¡ K < 0.

Assumption 2 formalizesthe irreversibility of investment: if agent i has investedby

date ¿, it then remainsactive at all datessubsequent to ¿. Assumption 3 statesthat the

initial value of the project is su±ciently low that the expectedreturn from investment is

negative, thus ensuringthat immediate investment is not worthwhile. (The operator E0

denotesexpectationsconditional on information available at time t = 0.)

3 Equilibrium

3.1 Sequential In vestmen t

Start by assumingthat the agents invest at di®erent points. The possibility of simultane-

ous investment is consideredbelow. As usual in dynamic games,the stopping time game

is solved backwards; seee.g.,Dixit (1989). Thus the ¯rst step is to considerthe optimiza-

tion problem of the follower who invests strictly later than the leader. Given that the

leaderhasinvestedirreversibly, the follower's payo®on investinghastwo components: the

°ow payo®from the project, (1 + ±F )µt ; and the cost of investment, ¡ K . The follower's

value function F (µt ) at time t given a level µt of the state variable is therefore

F (µt ) = max
TF

Et

· Z 1

TF

exp(¡ r (¿ ¡ t))(1 + ±F )µ¿d¿¡ K exp(¡ r (TF ¡ t))
¸

where TF is the random investment time for the follower, and the operator Et denotes

expectationsconditional on information available at time t.
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The value function F has two components, holding over di®erent rangesof µ: one

relating to the value of investment before the follower has invested, the other to the

follower's value after investment. We derive these value functions in section A in the

appendix. We show there that the follower's value function is

F (µ) =

8
<

:

bF µ¯ µ < µF ;

(1+ ±F )µ
r ¡ ¹ ¡ K µ ¸ µF :

(2)

µF is the follower'soptimally-choseninvestment point. (The valuefunction in equation

(2) assumesthat the leader investsat somelevel of µ lessthan µF . We verify below that

this is the casein equilibrium.) By arbitrage, the critical value µF must satisfy a value-

matching condition; optimalit y requiresa secondcondition, known as `smooth-pasting',

to besatis¯ed. (SeeDixit and Pindyck (1994)for an explanation.) This condition requires

the two components of the follower's value function to meet smoothly at µF with equal

¯rst derivatives,which together with the value matching condition implies that

µF =
µ

¯
¯ ¡ 1

¶ µ
K

1 + ±F

¶
(r ¡ ¹ ); (3)

bF =
(1 + ±F )µ¡ (¯ ¡ 1)

F

¯ (r ¡ ¹ )
:

Equation (3) for the follower's trigger point canbe interpreted asthe e®ective°ow cost

of investment with an adjustment for uncertainty. The sunk investment cost is K , but this

yields a °ow payo®of (1 + ±F )µ; hencethe e®ective sunk cost is K
1+ ±F

. With an e®ective

interest rate of r ¡ ¹ (i.e., the actual interest rate r minus the expected proportional

growth in the °ow payo® ¹ ), this gives an instantaneouscost of
³

K
1+ ±F

´
(r ¡ ¹ ). If a

Marshallian rule wereusedfor the investment decision,the trigger point would be simply

this cost. But with uncertainty, irreversibility and the option to delay investment, the

Marshallian trigger point must be adjustedupwardsby the factor ¯
¯ ¡ 1 > 1. The follower's

trigger can alsobe comparedto the standard single-agent trigger,

µL ´
µ

¯
¯ ¡ 1

¶
K (r ¡ ¹ );
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seee.g.,Dixit and Pindyck (1994).

In sectionA in the appendix, weshow that the leader'svaluefunction hasthe following

form:

L(µ) =

8
>>><

>>>:

bL 0µ¯ µ < µP ;

µ
r ¡ ¹ + bL 1µ¯ ¡ K µ 2 [µP ; µF );

(1+ ±L )µ
r ¡ ¹ ¡ K µ ¸ µF ;

(4)

given the leader'strigger point µP and investment by the follower at the higher µF . Notice

that the ¯rst and third components of the leader'svalue function mirror the follower's

value function. The secondcomponent is new, and shows the leader'svalue after it has

invested,but beforethe follower has invested.

The value of the unknown constant bL 1 is found by considering the impact of the

follower's investment on the payo®to the leader. When µF is ¯rst reached, the follower

investsand the leader'sexpected°ow payo®is altered. Sincevalue functions are forward-

looking, L 1 anticipates the e®ectof the follower's action and must thereforemeet L 2 at

µF . Hence,a value-matching condition holds at this point (for further explanation see

Harrison (1985)); however, there is no optimalit y on the part of the leader, and so no

corresponding smooth-pasting condition. This implies that

bL 1 =
±L µ¡ (¯ ¡ 1)

F

r ¡ ¹
: (5)

The remaining coe±cient, bL 0 is determinedby value matching at µP :

bL 0 =
K

¯ ¡ 1
µ¡ ¯

F : (6)

The next proposition describesthe equilibrium in this case.

Prop osition 1 Given assumptions1{3, when equilibrium investment is sequential, the

leader investsat µP and the follower at µF > µP . µP 2 (µ0; µL ) is the smallest solution to

the equation

µP

r ¡ ¹
¡ K =

K
¯ ¡ 1

µ
1 + ±F ¡ ¯ ±L

1 + ±F

¶ µ
µP

µF

¶ ¯

: (7)
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The proof of the proposition is in sectionB in the appendix. The explanation of the

equilibrium is asfollows. The leadercannot chooseits investment point optimally, as the

follower can. Instead, the ¯rst agent to invest does so at the point at which it prefers

to lead rather than follow, not the point at which the bene¯ts from leading are largest.

Clearly, it cannot be that the ¯rst agent investswhen the value from following is greater

than the value from leading|if this werethe case,the agent would do better by waiting.

Likewise,it cannot be that the ¯rst agent investswhen the value from leading is strictly

greater than the value from following, since in this casewithout pre-assignedroles, the

other agent could pre-empt it and still gain. Hencethe investment point is determined

by indi®erencebetweenleading and following. The trigger point µP in the pre-emption

model is given by indi®erence:L(µP ) = F (µP ). This is in contrast to the trigger point of

the follower, which is determined by value matching and smooth pasting, i.e., is chosen

optimally.

The rent equalization condition L(µP ) = F (µP ) gives the non-linear equation (7) for

µP . A number of possibilities arise: there may be no, one or multiple solutions to this

equation. In the proof of the proposition, we show that there is at least one solution

which lies betweenµ0 and µL . We have alsoassumedthat the initial value of the project

is su±ciently low that immediate investment is not worthwhile (seeassumption3). Hence

in equilibrium, there is no investment beforeµ hits µP . In other words, the leader'svalue

function hits the follower's from below.

One possibility for a solution to equation (7) is illustrated in ¯gure 1 (in which it is

assumedthat 1 + ±F ¡ ¯ ±L > 0). The left-hand side of equation (7) is the increasing,

linear function; the right-hand side is the increasing, convex function. There are two

intersection points of the two functions; the lower point is the relevant solution for the

leader'sequilibrium trigger point µP . (µM ´ K (r ¡ ¹ ) in the ¯gure is the myopic Mar-

shallian trigger, i.e., the investment point of an agent who ignoresboth uncertainty and

any subsequent investment by other agents.)
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-
µPµM µ

Figure 1: The solution for µP

3.2 Simultaneous In vestmen t

Now consider the alternative case, in which investment is simultaneous at the trigger

point µS. The previousanalysisindicates that the value function of each agent is then

S(µ) =

8
<

:

bSµ¯ µ < µS;

(1+ ±S )µ
r ¡ ¹ ¡ K µ ¸ µS:

(This value function can be derived from the appropriate Bellman equation, following

the steps shown in the appendix.) There is a continuum of simultaneous solutions; it

is straightforward to show that they can be Pareto ranked, with higher trigger points

yielding higher value functions. In this case,it seemsreasonablethat the agents invest

at the Pareto optimal point, given by both value matching and smooth pasting. So

Prop osition 2 The Pareto optimal trigger point for the simultaneous equilibrium is

µS =
µ

¯
¯ ¡ 1

¶ µ
K

1 + ±S

¶
(r ¡ ¹ ):
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The coe±cient in the value function is

bS =
(1 + ±S)µ¡ (¯ ¡ 1)

S

¯ (r ¡ ¹ )
: (8)

The next proposition describeswhen simultaneousinvestment is an equilibrium.

Prop osition 3 Simultaneous investmentoccurs in equilibrium i®

¸ E ´ (1 + ±S)¯ ¡
¡
1 + ¯ ±L (1 + ±F )¯ ¡ 1

¢
¸ 0: (9)

A su±cient condition is ±S ¸ 0 ¸ ±L .

Pro of. For equilibrium simultaneous investment, it must be that S(µ) ¸ L(µ) for µ 2

[µP ; µS]. Due to the convexity of the value functions, this requiresthat S(µ) ¸ L(µ) for

µ 2 [0; µP ], and so that bS ¸ bL 0. Substituting the expressionsfor thesetwo coe±cients

gives the necessaryand su±cient condition of equation (9). The su±cient condition

follows directly from equation (9). ¤

Whether simultaneousinvestment occursin equilibrium is determinedby whether the

leaderwishesto invest before the follower, or at the sametime (i.e., by the comparison

of L(µ) and S(µ)). The proposition shows the reasonablecondition that, in order for

simultaneousinvestment to occur in equilibrium, it must be the casethat ±S is su±ciently

large and/or ±L and ±F su±ciently small. (This is clearest in the su±cient condition.)

Note that the simultaneousinvestment equilibrium, when it exists,Pareto dominatesthe

sequential outcome; this is an immediate consequenceof the condition for existenceof

the simultaneousinvestment equilibrium: S(µ) ¸ L(µ) for µ 2 [0; µS].

4 Uncertain ty and Dela y with Pre-emption

Real options analysisfor monopoly or perfectly competitiv e industries concludesthat:

1. The net present value (NPV) rule for investment is incorrect since it ignores the

option value createdby irreversibility and uncertainty.
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2. The e®ectof this option value is to delay investment, relative to the NPV rule.

3. The greater the degreeof uncertainty, the larger the option value and the greater

the extent of delay.

In this section,we show that the third conclusionneednot hold when pre-emption is

possible;in particular, moreuncertainty can hasteninvestment. Our resultsdemonstrate

that the combination of uncertainty and pre-emption can result in complex interactions.

First note that the triggers µF and µS are increasingin ¾, for the familiar real options

reason.The intuition is that delay allows for the possibility that the random process(1)

will go up; if it goesdown, then the agent neednot invest. The greater the varianceof

the process,the more valuable is the option createdby this asymmetricsituation, and so

the more delay occurs for both agents. Notice that this result relies on the fact that all

of thesetriggers are chosenoptimally by the relevant agent(s).

There are two ways in which greater uncertainty can hasteninvestment. First, when

equilibrium investment is sequential, the trigger point µP of the leadermay decreaseas¾

increases.This possibility is examinedin proposition 4. Secondly, a rise in ¾can cause

the pattern of equilibrium investment to switch, with investment in the new equilibrium

pattern occurring earlier. This possibility is consideredin proposition 5.

Prop osition 4 Joint su±cient conditions for the leader's investment trigger µP to be

decreasing in the volatility parameter ¾are

1 + ¯ ln(1 + ±F ) < 0 and 0 ·
(1 + ±F ) ln(1 + ±F )

1 + ¯ ln(1 + ±F )
· ±L :

The proof is in sectionC in the appendix.

The result thereforeraisesthe striking possibility that greater uncertainty lowers the

leader'strigger point. The possibility arisesfrom the lack of optimalit y in the choice of

the pre-emption trigger point. An optimal trigger point is such that the marginal bene¯t

from delaying investment for a period equalsthe marginal cost. The marginal bene¯t is
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the interest saved on the investment cost plus the expectedgain from the possibility that

the °ow payo®increases.The marginal cost is the °ow payo®foregoneby not investing.

In this marginal calculation, the agent does not consider the e®ectof its delay on the

investment decisionof the other agent, sincein the modelsconsideredin this paper, each

agent's trigger point (with the exceptionof µP ) doesnot dependon the other's. Increased

uncertainty raisesthe expected gain from delay, causingthe (optimally chosen) trigger

point to increase. This reasoningdoes not apply in the caseof µP , however: it is not

chosenaccordingto a marginal equality, but an absoluteequality betweenthe value from

leading and the value from following. The proposition shows that this di®erencein the

determination of the trigger point can lead to µP decreasingas uncertainty increases.

In order for this unusual comparative static to hold, it must be that in the region of

the intersection point, the leader'svalue function increasesby more than the follower's

when uncertainty rises,holding constant the leader's trigger point µP . (This statement

follows directly from using the implicit function theorem on the non-linear equation (7)

de¯ning µP .) There are, therefore, two necessaryand su±cient conditions for µP to be

decreasingin ¾:

1. The leader'svalue function L 1 is increasingin ¾.

2. The increasein the leader'svaluefunction is larger than the increasein the follower's

value function F0.

The leader'svalue function dependson uncertainty due to the option-like term that

anticipates investment by the follower: bL 1µ¯ , where bL 1 ´ ±L µ¡ (¯ ¡ 1)
F =(r ¡ ¹ ) and µ 2

(µP ; µF ). Hencethis option-like term is positive if and only if ±L > 0; this implies that

the follower's investment bene¯ts the leader,e.g. when demandexpansionoutweighsthe

e®ectof competition, or in a setting with network externalities. When this is the case,the

option-like term increasesin value with the degreeof uncertainty (for the usual reasons),

and so condition 1 holds. The follower's value function alsodependson uncertainty, due

to the option value of its investment: bF µ¯ , where bF = (1 + ±F )µ¡ (¯ ¡ 1)
F =¯ (r ¡ ¹ ) and

µ < µF . This option value increaseswith the degreeof uncertainty.
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The su±cient conditions in the proposition ensurethat ¯ ±L ¡ (1 + ±F ) > 0. So,when

the conditions are satis¯ed, the value of the leader'soption-like term is greater than the

option value of the follower. Both values are convex functions of µ; the leader's value

is more convex than the follower's, since it lies above it. Therefore the samecondition

ensuresthat the value of the leader'soption-like term, bL 1µ¯ , increasesby more than the

option value of the follower, bF µ¯ , for any increasein ¾and any value of µ 2 (µP ; µF ).

The su±cient conditions require that ±L is su±ciently large (certainly positive), ±F

is su±ciently small (i.e., negative), and ¾ is su±ciently small (so that ¯ is large). The

result is illustrated in ¯gure 2, which plots the triggers µF and µP against the volatilit y

parameter¾. As the ¯gure shows, µF is increasingin ¾|the standardcomparative static.

But µP is decreasingin ¾for low valuesof the parameter, but eventually increasesin ¾

for valuesabove around 1.75%.4
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Figure 2: Triggersagainst the volatilit y parameter¾

4Numerical results and ¯gures are generatedusing Ox version 3.30 (seeDoornik (1999)).
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Hencethis result relies on the existenceof a positive externality from the follower's

investment to the leader'spayo®. This factor is absent from earlier duopoly real options

models,which consideronly competitiv e interactions betweenthe players. By expanding

the framework to includepositive,aswell asnegative,externalities,wehavedemonstrated

that contrary comparative statics can arise.

We now considerthe secondpossibility for greater uncertainty to hasten investment:

as a result of a switch in the equilibrium pattern of investment as uncertainty increases.

Therearetwo casesto consider.First, equilibrium investment switchesfrom simultaneous

to sequential, and µS > µP . In this case, the investment point of the ¯rst investor

decreases;but the follower adopts at a higher value of µ, since µF > µS. Secondly,

equilibrium investment switches from sequential to simultaneous,and µS < µP . In this

secondcase,the investment points of both agents unambiguously decrease.Two steps

are neededto obtain su±cient conditions for theseresults, set out in proposition 5. The

¯rst step analyseswhether the necessaryand su±cient condition in proposition 3 for

equilibrium to be simultaneous is easieror more di±cult to satisfy as ¾ increases(i.e.,

whether ¸ E is increasingor decreasingin ¾). The secondanalyseswhether µS is greater

or lessthan µP .

Lemma 1 1. Joint su±cient conditions for ¸ E to be a decreasing function of ¾ are:

±S ¸ 0 and either (i) ±L ¸ 0 and ±F · e¡ 1 ¡ 1 or (ii) ±L · 0 and ±F ¸ e¡ 1 ¡ 1.

2. Joint su±cient conditions for ¸ E to be an increasing function of ¾are: ±S < 0 and

either (i) ±L ¸ 0 and ±F ¸ e¡ 1 ¡ 1 or (ii) ±L · 0 and ±F · e¡ 1 ¡ 1.

The proof is in sectionD in the appendix.

Recall that two terms in µ appear in the two parts of the leader'svaluefunction before

the follower's investment: L 0 contains a direct option value associated with the leader's

own investment, while L 1 has an option-like term relating to the follower's investment. 5

Considerthe e®ectof an increasein ¾when ±L < 0. The leader'svalue increasesdue to

5Refer to equation (4). Notice that both terms are important for µ · µF . This is explicit over the
range µ 2 [µP ; µF ), and implicit for µ < µP : for the latter, the two factors show up in the expressionfor
bL 0|see equation (6).
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the ¯rst, direct option term|this is the standard comparative static of an option value.

But the leader'svaluedecreasesdue to the secondterm: the magnitudeof the option-like

value increases,but it is a negative value, since±L < 0. Hencethere are two con°icting

e®ectswhen ¾increases,and consequently the comparative static with respect to ¾may

be (and in fact is) non-monotonic.

In the casesidenti¯ed in the lemma, however, the comparative statics are unambigu-

ous. Consider part 1(i) of the lemma, in which ±S ¸ 0 and ±L ¸ 0. The value from

simultaneous investment increaseswith ¾, in line with the standard option value com-

parative static. The marginal e®ecton the simultaneous investment value function of

an increasein ¾ is therefore positive; but it is decreasingin ±S. This is becauseas ±S

increases,for any given level of ¾, simultaneousinvestment occurssooner (µS decreases).

Hencean increasein ±S acts in the opposite direction to an increasein ¾, which increases

µS.

The direct option term in the leader'svaluefunction increaseswith ¾; and the marginal

e®ectof an increasein uncertainty is independent of ±L and ±F . The secondterm increases

with uncertainty, since±L ¸ 0. In this case,the marginal e®ectof an increasein uncer-

tainty is decreasingin ±F : as ±F increases,for any given level of ¾, the follower invests

sooner(µF decreases).Hencean increasein ±F actsin the oppositedirection to an increase

in ¾, which increasesµF . This argument establishesthat the value of the leaderincreases

with uncertainty by more than the value of a simultaneousinvestor if (i) ±S is su±ciently

large; (ii) ±L is su±ciently large; and (iii) ±F is su±ciently small. Similar considerations

underlie the su±cient conditions in the other parts of the lemma.

The secondstep is to compareµS and µP (the proof of the following lemma comes

directly from substitution of µS into equation (7)).

Lemma 2 µS is greater (less) than µP i®

±S

1 + ±S
< (> )

±L

1 + ±F
:
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The lemma givesthe intuitiv e condition that µS is greater than µP if and only if ±S is

su±ciently small (since ±S=(1 + ±S) is increasingin ±S) and/or ±L su±ciently large and

±F su±ciently small.

Lemmas1 and 2 can be combined to give su±cient conditions for the trigger point of

the ¯rst investor to decreaseas¾rises,asa result of a changein the equilibrium pattern

of investment.

Prop osition 5 1. Suppose that the conditions in part 1 of lemma 1 hold, and that

±S=(1 + ±S) < ±L =(1 + ±F ). Then there existsa ¾00> ¾0 > 0 suchthat ¸ E (¾0) > 0 >

¸ E (¾00); and µS > µP .

2. Suppose that the conditions in part 2 of lemma 1 hold, and that ±S=(1 + ±S) >

±L =(1 + ±F ). Then there exists a ¾00> ¾0 > 0 such that ¸ E (¾0) < 0 < ¸ E (¾00); and

µS < µP .

Both casesgive su±cient conditions for an increase in uncertainty from ¾0 to ¾00to

cause the trigger point of the ¯rst investor to decrease. In the second case the trigger

points of both investorsdecrease.

(Proposition 5 follows directly from the two precedinglemmas,and so is stated without

proof.)

The proposition gives, then, a secondreasonwhy a model of investment under un-

certainty with strategic interaction can be very di®erent from the single-agent case.The

reasonnow is that there are two typesof equilibrium in the multi-agent case.An increase

in uncertainty can causea switch from one type to another in such a way as to decrease

the trigger point of the ¯rst investor. Of course,this factor cannotarisein the single-agent

case.

The ¯nal issue to consider is: how empirically relevant is this unusual result? To

focus the discussion,we concentrate on proposition 4 (which gives su±cient conditions

for uncertainty to reducethe leader'sinvestment trigger, when investment is sequential).

Recall that the proposition requires that the ¯rst-mover advantage ±L must be large

(certainly positive), and ±F and ¾ small. The ¯rst part of this condition may seem
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unusual|it requires that investment by a secondagent increasethe °ow payo® to the

¯rst investor. If investment takesthe form of entry into a product market, then this would

require, for example, that the demand expansione®ectof an additional ¯rm outweighs

increasedcompetition.

Note, however, that ±L doesnot needto be very largeat all. Figure 3 plots the critical

value of ±L asa function of ±F , for three di®erent valuesof ¾: 1%, 2% and 2.5%. ±L must

be greater than this value for the su±cient conditions of proposition 4 to be satis¯ed.

The ¯gure illustrates that when ¾ is low, the su±cient conditions can be satis¯ed for

valuesof ±L and ±F closeto 0. For example,when ¾= 1% and ±F = ¡ 0:04, ±L must be

greater than about 0.01for the su±cient conditions to be satis¯ed. In words: investment

by the secondagent must increasethe °ow payo® of the ¯rst investor by 1% or more.

The ultimate test of the relevanceof the proposition is how it matchesdata: the pattern

of investment and the level of pro¯ts observed in a particular market. Nevertheless,these

parametric conditions do not seemimplausible.
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Figure 3: The critical value of ±L
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Furthermore, the result and its empirical relevanceis not speci¯c to our model. The

ratio of the leader'sand follower's valuesanticipating the follower's investment is key for

the result. In our model, the ratio is ¯ ±L =(1 + ±F ); when ±L > 0, this ratio is positive

and tends to in¯nit y as ¾ tends to zero (so that ¯ tends to in¯nit y). More generally,

the result requires that, when the ¯rst-mover advantage is su±ciently large, the ratio

increasesabove 1 asuncertainty decreases.The follower's option value at any level of the

state variable below its trigger point decreasesasuncertainty is reduced.This fact is not

speci¯c to the particular form of process(seeequation (1)) that we use,or the particular

payo®sassumed.

With positive externalities betweenthe agents, investment by the follower is valuable

to the leader|particularly sinceit doesnot requireany additional cost for the leader. But

oncethe leaderhasacted, the leaderis unableto a®ectthe follower's investment decision,

and must take the investment point of the follower asgiven. For the follower, investment

is costly; but it choosesits investment point optimally. The ¯rst factor tends to make the

follower's option lessvaluable than the leader'soption-like term; the secondfactor makes

it more valuable. When uncertainty is relatively small, the ¯rst factor dominates, and

the leader'soption-like term is morevaluable. Given the form of the value functions, this

also meansthat the leader'svalue function increasesby more than the follower's when

uncertainty rises. This result is robust and extendsbeyond the assumptionsusedhere.

5 Conclusions

This paper hasanalysedirreversibleinvestment in a project with uncertain returns, when

there may be an advantage to being the ¯rst investor,and externalities to investingwhen

othersalsoinvest. It thereforeextendsstandard `real options' analysisto a setting where

there are generalstrategic interactions and externalities betweeninvesting agents. This

framework captures a variety of strategic situations and industry settings, and encom-

passesa number of earlier contributions.

We believe that this is an important areaof research. The real options literature has
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taught us that an option value is createdby irreversibility and uncertainty; this option

value typically leadsto delayed investment, wherethe degreeof delay increaseswith un-

certainty. Strategic interactionsand externalities, omitted from the standard real options

analysis,can have important qualitativ e e®ectson investment behaviour. In particular,

we have shown that due to the interaction of pre-emption with positive externalities,

greater uncertainty can actually hasten, rather than delay, investment, contrary to the

usual presumption.

App endix

A Value Functions

Let the follower's value functions be denoted F0 and F1, beforeand after its investment respec-

tiv ely.

Prior to investment, the follower holds an option to invest but receivesno °ow payo®. In this

`continuation' region, in any short time interval dt starting at time t the follower experiencesa

capital gain or lossdF0 . The Bellman equation for the value of the investment opportunit y is

therefore

F0 = exp(¡ r dt)Et [F0 + dF0] : (A.10)

It ô's lemma and the GBM equation (1) givesthe ordinary di®erential equation (ODE)

1
2

¾2µ2F 00
0 (µ) + ¹µ F 0

0(µ) ¡ r F0(µ) = 0: (A.11)

From equation (1), it canbeseenthat if µ ever goesto zero,then it stays there forever. Therefore

the option to invest has no value when µ = 0, and must satisfy the boundary condition F0 = 0.

Solution of the di®erential equation subject to this boundary condition givesF0 = bF µ¯ , where

bF is a positive constant and ¯ > 1 is the positive root of the quadratic equation Q(z) =

1
2¾2z(z ¡ 1) + ¹z ¡ r ; i.e., ¯ = 1

2

Ã

1 ¡ 2¹
¾2 +

r ³
1 ¡ 2¹

¾2

´ 2
+ 8r

¾2

!

.

Now considerthe value of the agent in the `stopping' region, in which the value of µ is such
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that it is optimal to invest at once. Since investment is irreversible, the value of the agent in

the stopping region is given by the expected value alone with no option value terms. When the

level at time t of the state variable is µt , this is

F1(µt ) = Et

· Z 1

t
exp(¡ r (¿ ¡ t)) (1 + ±F )µ¿d¿¡ K

¸
:

µ is expected to grow at rate ¹ , so that

F1(µ) =
(1 + ±F )µ

r ¡ ¹
¡ K : (A.12)

The boundary betweenthe continuation region and the stopping region is given by a trigger

point µF of the stochastic processsuch that continued delay is optimal for µ < µF and immediate

investment is optimal for µ ¸ µF . The optimal stopping time TF is then de¯ned asthe ¯rst time

that the stochastic processµ hits the interval [µF ; 1 ) from below.

Putting together the two regionsgivesthe follower's value function:

F (µ) =

8
<

:

bF µ¯ µ < µF ;

(1+ ±F )µ
r ¡ ¹ ¡ K µ ¸ µF ;

(A.13)

given that the leader investsat µP < µF .

There are three components to the leader's value function holding over di®erent rangesof

µ. The ¯rst L 0 describes the value of investment before the leader (and so the follower) has

invested; the secondL 1 after the leader has invested, but before the follower has done so; and

the third L 2, after the follower has invested. The ¯rst and third components are equivalent to

those of the follower, determined previously. The secondcomponent is new, and so is derived

in detail.

After the leaderhas invested,it hasno further decisionto take and its payo®is given by the

expected value of its investment. This payo®is a®ected,however, by the action of the follower

investing later at µF . Taking account of subsequent investment by the follower, the leader's
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post-investment payo®is given by

L 1(µt ) = Et

· Z TF

t
exp(¡ r (¿ ¡ t))µ¿d¿+

Z 1

TF

exp(¡ r (¿ ¡ t)) (1 + ±L )µ¿d¿¡ K
¸

: (A.14)

The Bellman equation for the leader is

L 1 = µdt + exp(¡ r dt)Et [L 1 + dL1] : (A.15)

Using It ô's lemma and equation (1) gives

1
2

¾2µ2L 00
1(µ) + ¹µ L 0

1(µ) ¡ r L 1(µ) + µ = 0: (A.16)

As before,investment hasno valuewhenµ = 0, and soL 1 = µ
r ¡ ¹ + bL 1µ¯ , wherebL 1 is a constant.

The ¯rst part of the value function L 1 givesthe expectedvalue of investment beforethe follower

invests,while the secondis an option-lik e term re°ecting the value (due to externalities) to the

leader of future investment by the follower.

B Pro of of Prop osition 1

The follower's equilibrium investment point, µF , is given by equation (3). In this proof, we

derive the leader's investment point and establish that it is given by rent equalization.

De¯ne

¢( µ) ´
µ

r ¡ ¹
¡ K ¡

µ
µ

µF

¶ ¯ µ
1 ¡ ¯ ±L + ±F

1 + ±F

¶
K

¯ ¡ 1
(B.17)

i.e., L (µ) ¡ F (µ), where L(µ) is conditional on the leader having invested, and F (µ) is con-

ditional on the leader having invested but not the follower. There are three possibilities:

that there are (i) no, (ii) one or (iii) multiple solutions to equation (B.17). We use the fol-

lowing facts: (i) ¢( µ) is a continuously di®erentiable function of µ; (ii) ¢(0) = ¡ K < 0;

(iii) ¢( µL ) = K
(¯ ¡ 1)(1+ ±F )

µ ³
µL
µF

´ ¯
¯ ±L + (1 ¡

³
µL
µF

´ ¯
)(1 + ±F )

¶
; (iv) since, from assumption 1,

±L ¸ ±F , ¢( µL ) ¸ K
(¯ ¡ 1)(1+ ±F )

µ ³
µL
µF

´ ¯
¯ ±F + (1 ¡

³
µL
µF

´ ¯
)(1 + ±F )

¶
; (v) for all ±F 2 [¡ 1; 0] (see

assumption 1) and ¯ ¸ 1,
³

µL
µF

´ ¯
¯ ±F + (1 ¡

³
µL
µF

´ ¯
)(1 + ±F ) ¸ 0. Hence,by the intermediate
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value theorem, there exists a value µP < µL such that ¢( µP ) = 0, and ¢( µ) is less (greater)

than 0 for µ immediately less(greater) than µP .

From assumption3, immediate investment is not pro¯table for any agent. This implies that

L (µ) < 0 8µ · µ0. HenceL(µ0) < F (µ0), sinceF (µ) ¸ 0 8µ. Therefore ¢( µ0) < 0 and µP > µ0.

Hencein the sequential equilibrium, no agent investswhen µ 2 [µ0; µp), whereµP is the smallest

solution to ¢( µP ) = 0. At µ = µP , the leader invests;at µF > µP , the follower invests.

C Pro of of Prop osition 4

The di®erencebetween the values of the leader's option-lik e term and the follower's option

associated with the follower's investment is

¢( µ; ¯ ) ´ (bL 1 ¡ bF )µ¯ =
µ

¯ ±L ¡ (1 + ±F )
1 + ±F

¶
F (µ)

where F (µ) ´ bF µ¯ > 0 for µ 2 (µP ; µF ). The objective of the proof is to establish that

@¢( µP ; ¯ )=@̄ · 0, so that @¢( µP ; ¯ )=@¾ ¸ 0, which means that the leader's value function

increasesby more than the follower's (evaluated at µ = µP ) for a small increasein ¾. If this is

the case,then µP must decreasein ¾.

We start by evaluating the derivative of ¢( µ; ¯ ) with respect to ¯ :

@¢( µ; ¯ )
@̄

=
±L F (µ) + (¯ ±L ¡ (1 + ±F )) @F (µ)

@̄

1 + ±F
:

But

@F (µ)
@̄

= F (µ) ln
µ

µ
µF

¶
:

Hence

@¢( µ; ¯ )
@̄

=
F (µ)

1 + ±F

µ
±L + (¯ ±L ¡ (1 + ±F )) ln

µ
µ

µF

¶¶
(C.18)

for µ 2 [µP ; µF ].
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Now note that µP · µL (seethe proof of proposition 1 in section B). Hence

ln
µ

µP

µF

¶
· ln(1 + ±F ):

There are two casesto consider: (i) ¯ ±L ¡ (1 + ±F ) · 0 and (ii) ¯ ±L ¡ (1 + ±F ) > 0. We now

show that the ¯rst casewould violate assumption 1 if it lead to @¢( µP ; ¯ )=@̄ · 0. In order for

the latter inequality to hold in case(i), it must be that

±L · (¯ ±L ¡ (1 + ±F )) ln
µ

µP

µF

¶
; (C.19)

but the right-hand side of this inequality is lessthan or equal to ¡ (¯ ±L ¡ (1 + ±F )) ln(1 + ±F ) ·

¡ (¯ ±F ¡ (1 + ±F )) ln(1 + ±F ), where the secondpart of the statement follows from assumption

1, that ±F · ±L . Hence@¢( µP ; ¯ )=@̄ · 0 only if ±L · ¡ (¯ ±F ¡ (1 + ±F )) ln(1 + ±F ). But the

right-hand side of this inequality, ¡ (¯ ±F ¡ (1 + ±F )) ln(1 + ±F ), is lessthan or equal ±F when

¯ = 1: ln(1 + ±F ) · ±F 8±F 2 [¡ 1; 0], with equality only if ±F = 0. And the right-hand side

is decreasingin ¯ ; hencethe right-hand side is lessthan or equal to ±F for all ±F 2 [¡ 1; 0] and

¯ ¸ 1, with equality only if ±F = 0. Therefore @¢( µP ; ¯ )=@̄ · 0 in case(i) only if ±L · ±F ,

with equality only if ±F = 0. This is consistent with assumption 1 if and only if ±L = ±F = 0;

but then, equation (C.18) shows that @¢( µP ; ¯ )=@̄ > 0, which is a contradiction.

Hence @¢( µP ; ¯ )=@̄ · 0 can hold, if at all, only in case(ii), when ¯ ±L ¡ (1 + ±F ) > 0.

The necessaryand su±cient condition for @¢( µP ; ¯ )=@̄ · 0 is again given by equation (C.19).

In this case, this means that ±L · ¡ (¯ ±F ¡ (1 + ±F )) ln(1 + ±F ) is a su±cient condition for

@¢( µP ; ¯ )=@̄ · 0. Re-arranging this inequality yields

±L (1 + ¯ ln(1 + ±F )) · (1 + ±F ) ln(1 + ±F ): (C.20)

This inequality cannot be satis¯ed if 1+ ¯ ln(1 + ±F ) > 0 and assumption1 holds (in particular,

±L ¸ ±F ). To seewhy, notice that equation (C.20) would require in this casethat ±L · ±L ,

where, as in the proposition,

±L ´
(1 + ±F ) ln(1 + ±F )

1 + ¯ ln(1 + ±F )
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and ±L · 0. Assumption 1 then requires that ±L ¸ ±F . But this in turn requires that (¯ ¡

1)(1 + ±F ) ln(1 + ±F ) ¡ ¯ ln(1 + ±F ) + ±F · 0. When ¯ = 1, this inequality requires that

¡ ln(1 + ±F ) + ±F · 0, which is violated for all ±F 2 [¡ 1; 0) and holds with equality only when

±F = 0. Since(¯ ¡ 1)(1 + ±F ) ln(1 + ±F ) ¡ ¯ ln(1 + ±F ) + ±F is increasing in ¯ , this meansthat

(¯ ¡ 1)(1 + ±F ) ln(1 + ±F ) ¡ ¯ ln(1 + ±F ) + ±F ¸ 0, with equality only when ±F = 0.

Henceinequality (C.20) requires that 1 + ¯ ln(1 + ±F ) < 0; and hencethat ±L ¸ ±L , where

±L ¸ 0.

D Pro of of Lemma 1

Di®erentiate ¸ E with respect to ¯ :

@̧ E

@̄
= (1 + ±S)¯ ln(1 + ±S) ¡ ±L (1 + ±F )¯ ¡ 1(1 + ln(1 + ±F )) : (D.21)

It is su±cient for ¸ E to be an increasing function of ¯ that all terms in equation (D.21) be

positive. Hencejoint su±cient conditions are: (i) ±S ¸ 0, so that ln(1 + ±S) ¸ 0; (ii) ¡ ±L (1 +

ln(1 + ±F )) ¸ 0, which in turn requires that either (a) ±L ¸ 0 and 1 + ln(1 + ±F ) · 0, i.e.,

±F · e¡ 1 ¡ 1, or (b) the converse. To complete the proof of the ¯rst part, note that ¯ is

decreasingin ¾. The proof of the secondpart is very similar, and so is omitted.
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