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Abstract

Lecture notes (literally) from Econ 712. Fall 2007. Use at your own risk.



MODEL 1

Model

Zﬁtu (Ct) , Ct + x4 S f (kt) + e
=0

e; is random and f (k) = 0, Vk, implies

Ct + Tt S th (kt> -+ €t

e; is the source of randomness. {z;} < {e;} = e (), {e;} is a Markov process
P <€t+1 € A\et, Ct_1,"" ) =P <6t+1 c A\et) .

Example 1

€11 = é+(1—p)€t+€t+1, €tz"Z\SiN

eir1 = glene), {et} is a sequence of i.i.d. r.v.

For f(es, €141),
Eleiqle] = /Eef (e, €) de.

g (ers1) — Elg (ers) ler] = / 9(e) f (ern ) de.

E
If e € {6; en}? f (6t7€j)
Elg(e1)|ed = Zg e;) f (e €5) .

Expected utility
u(c) +5Zf (er, €j) ulcrs ()] + 8%+

=1

Ct + b1 + piseer + Z q: (e;) 2z () < wealth at ¢ (M)
Stock j=1 Arrow security (lottery)
Ccey1(€5) + b (€5) +pigser2 (6) < Yo (e5) + Regabea
+5t41 [pf+1 (ej) + dia (ej)] + zt (e5) . (At+1 (ej)>

# of winning ticket

in a complete market. Let

5\1t+1 (ej) = Bf (e ej) Aty (ej) .



MODEL 2

The lagrangian

) B <ej[>> .
A Yi4+1 (€5 +Rt+1bt+1+ pf 1 (&5 +dt+1 €5 )| St+1
wle) 6 Flene)y ) { 2t (6) — Coan (€3) — besa (€5) — Pion (€5) Seea ()
- Z?:l qt+1 (65) Zt4+1 (65)

+\ |wealth@Qt — ¢, — by — piSit1 — Z qi (ej) 2t (ej)] .

j=1
F.O0.Cs:
Ct . Ul (Ct) = )\t-
bii1 : =N+ Rl Z Ay (e5) f (er,e5) = 0. discounted expected MU
j=1
T e Z [ (e, €j) A1 (ej) [pfﬂ (ej) + di (ej)} = 0.

J=1

zi(ej) © =g (eg) + Bt (e5) f (er,e5) = 0.
cer1(ej) + Bf (e ey) W' (e (€5)) — A (e5)] = 0.

b+ (c) = BRip Y u' (i (¢)) f (en, )

J=1

oo (¢r) = PR B {u/ (ce41)}
u' (cr) p; = BE {u' (cry1) (D741 + disr) }

St41 -

Non-random economies

f €t7€t+1 =1
te = {feta =0, e # e

= U (¢;) = fRi1 (cry1) -

n

Ei(g (1)) = Zg f (e, e /Eg(e)f(et,e)de.
Fe,e”) = P(€t+1§€ let)

Eilg(ern)] = / g(e) F (er,de).

Pis1 (e]) + diy1 (ej)

S

Dby

Ry () =



MODEL 3

W (e) = BE [ () Bl L _ o _ g e s
0 (Ct) = [SE; [Ul (Ct-:—l) Rt-:_l] } =0="F { ( t+1) (Rt+1 Rt+1)}

Ifu'>0= (R;5 1 Rt+1) must have some state —ve. [Remark — Nonstochastic economy:
1-96 + Tty1 = R§+1 = Rt+1].
In general, X, Y two random variables

Cov(X,Y) = E[(X-EX))Y -E())
= E(XY)—E(X)E(Y).

Let X =/ (Ct+1) s Y = Rerl — Rt+1,
E, (XY)=0=E, (X)E, (Y)+ Cov, (XY).

Good time: Riq T, i1 T, ' (cryn) |-
Bond:

Conditional Variance

R < Z q (e;) . (no arbitrage)

52?21 u' (cey1 (e5)) f (er, €5) _ BE A{u (ct41)}
' (ct) w (ct)

Assume pure discount bond:

= R (From by1).

k

n
ot b P + Y ae) (e + Y Ptt+i) L(tt+i)
j=1 i=1

k—1
< Y L(t—1t+i) P(t,t+14) +pj (s + )
=0

Lt t+1i)==MNP(Lt+0)+ B8 wr(ef) f(er ;) P(t+ 1t +1) (¢))
j=1
Remark: Risk—free is related to payoff (not price). In this model, price is endogeneous.

u' (¢;) P(t,t+1) = BE{u (ciur) P(t+1,t +14)}
This is stock with no dividend (check s;; F.O.C.).

U (Cpio1) P(t+i— 1t +1i) = BB {u (crg) X 1}

Rt_-H 1—Work backward

u'(c;) P(t,t+1i) = 5iEt{U/ (cevd)}

zE / ;
Pt tyi) = SEL i)}
u' (ct)
The term structure of interest rate
L4 (i) = \JP(tt+i)"

L1 u () T 4
1+Tt(2) = B(m) —>Bf07”2—>00
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if v’ (¢;) is bounded.
[Insert diagram here]

Case (1) ¢; is idd. (c: = e)
Eqt’ (ci41) = B’ (¢141)
N YRICORY
b i) = 5 <Eu’ (Ct+1)>

"Bad times" ¢ is low, v’ (¢;) > E [u/ (¢t41)] . Temporary shock — borrowing.
Case (I1) Growth (cis1 = veqc {7ea} isiid.)

Cl—@
u(c) = T 0
1 ¢’
Ptt+1) = —— G
( ) 5Et{ct_0%_f1
1 1 .
P(t,t+1) = Bm, v > 1 (gI‘OWlI’lg)
t+

Permanent shock — no borrowing. More general process will be in between permanent
and temporary shock.
Lucas critique

Ct = €.
Y1 = yf€t+1, Ing;y ~ N (MUUE) )
G
gt - _t - 0157
Yt

(1 - 9t+1) = (1 - 9,5)5 UVt+1, In Vg1 ™~ N (ILL,U, O'%)) .
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o= -0 fu@ -1

P(t,t+1) — u' () P(t,t+1)=pEA{u (cts1)}.

= (L= 0)u] "P(tt+1) = BE (1= bis1) yis] "}
= BE; { [(1 - 9t)§ yf)gtJrlUtJrl] —77}
= [(1=0)y] "P(tt+1) = B(1—0,) "y " By [(eer1ve11) "] -

2 2
_ 29z _ 290
e MHetN® 3 oy TN

(Assume £, and v;,1 are independent)

1 n(§—-1) 5(‘1)*1)1 m 7772042 im 7172042’
Plorrn 0T e e e

2

I (Rip) — 1n(%)+n<¢—1>1nyt+n<§—1>1n<1—0t>+nu5—n2%

oy — 2
5 T =

1 Gt 20’?
= In 3 +77(¢—1)1nyt+n(1—€)a+ws—n—+nuv—n

2
(In(l—2)~ —x)

200
5"
Now suppose (1 —0;11) = (1 — ‘9t) Vit1, Ug41 = U, ‘712; =0, {=1,
InRiy1 =B+ B Iny: + 621ny—, R =1
t
Lucas critique: Sy, ;, (5 no use after policy change (regime change, no use in policy

analysis).
Lucas “Tree” economy

u'(cr) = BRi B {u (cn)} (1)

P(t,t+j) = E; { u’(it;)l) } (j — period bond) (2)

U (cr) p} = BE {u (cts1) (P4q + disr) } (Price of stock) (3)
q (e, d) = BZ: Ez;))f (¢r, d) (Arrow’s securities) (4)

1
Yield (ﬁ) . Rewrite (3) — Optimal capital structure and price earning’s ratio —

pricing options.
(dlty"' 7dkt =Xy, ¢ = det

From (4),
1 (X, X)) = gD
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From (3) and get rid of pyi1

u (c)pi = BE {u' (¢e1) [dt—H T BB (W (ciy2) (dira +pf+2))] }

u' (cr1)

= ZﬁjEt [Evrj (0 (cer) derj)] + BT Ey [Br_y (W (7)) P§)

T
- ZﬁjEt [/ (Creg) des] + By [5TUI (cr) pfsf] :

j=1 —0 by transversality condition
0 !
Z j w (Cr+)
S __ J
Py = P E, u () diyj ¢ - (5)
j=1 t) 1 Ve
T Xity

Pl = Z E; (diq) P (t,t+ ) (Expectational theory)

From (5)

pf _ iﬁjEt lu’ (Ct—l—j)} E, (dt+j) —l—ﬁjCovt (M’dtﬂ)

= u' (ct) u' (ct)

= ZP t t—i-j) Et dt+J + ZﬁjCovt (uu(it;_;)’dt-ﬁ-j)
t

7j=1

(Market price of risk)

If w(e;) = g + urc; (Risk neutral), Cov, = 0.
Two trees

dB

E() <dfi]> £ (df,)
Covi () Couvy (CtH, df‘H) >0 Cou (Ct+1,di1) <0

Expectational theory (only concern 1st moment) =

E (dy;)  Ei(d)
P PP

[e.9]

> P(tt+))

=0.

(2nd moment)

u' (Ct+J) A u’ (Ct+J) B
> 0.
Cov, ( 7 () dtﬂ) <0, Cou, < IR dtﬂ
{df} = (df+1,df+2, ' )
One period bond = (1,0,0,---) —P(t,t+1)=RY

j — period bond = (O,---,O, 1 ,O,---) — P (t,t+ )
Tt+j

Constant coupon bond = (n,n,n,---)
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If X0 =X"and X;1; = X' (1 unit Q¢ + 2, component effect)

UI(C(X/)) UI(C(X”))A n f 1N /
| ity Pty e X0 (A7) ax

Two period Arrow—Debreu price

£ (X, X" = 5% [ Fex fuexnax
_ QUI (C (X”)) £(2) "
6 U'(C(Xt))f (Xth )
meoo_ Qi u’ (C (XN)) £(5) "
(XtaX ) 6 o (C(Xt))f (Xt7X )
Now
io= Lo {“;,(it*;) dm}
- Z / dm (Xeg) F9 (X0, Xo) dXors

= Z/dtJrj (Xt+j)qj (Xe, Xiyj) d Xy
j=1

(All the price can be expressed in terms of Arrow security)

745 (Xiqj) arbitrary payout

Zﬁf { C”;) Fits <Xt+j>}

If B bonds are issued, R
dpvj = dij — T4 (Xens) B

_ ZﬁjE { Ct“)dtﬂ}

pt = pt +ptBB

u C A
Z BB, " tcﬂ> diyj + rivj (Xisj) B
t NG v

g

dit;

Option: Gives the holder the right to buy (before devidends are paid out) a share at price
p (strike price)

V (Xtaﬁ) = /TU (Xt+1) q (XtaXtJrl) dXi
X

R P’ (Xpg1) +dip1 (Xeg1) —p >0 if Xy €A
0 if X, €A
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?

V(X.,p) + PP (t,t+1) Z p}

V(Xy,p) = /A (071 (Xig1) + der (Xer) — D) g (X, X)) dX o
= / D51 (Xig) + diga (Xiga) — 9] ¢ (X, Xigr) dX i
x
—/ [Pe1 (Xig1) + der (Xog1) — D] ¢ (X, Xip1) d X

V = /[pfﬂ + dt+1] q (X, Xiq1) dXq1 — ]7/(] (X, Xip1) dX
s ”

N X hd
Py P(t,t+1)

— [Pes1 + dir — D) g (Xe, Xog1) dX
AC

—ve

pP(t,t+1)+V (X, p) = Pf_/ EQH—I +dip1 — P ¢ ( Xy, Xig1)d X

[ S

v
For sure get p ,

-~

“+ve



