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Additional Appendix
This additional appendix contains material omitted from the published paper to
conserve space: (1l)a sketch of the proof of Theorem 2; (2)additional simulation

results.

(1)SKETCH OF PROOF OF THEOREM 2

Lemma A9: Let y-1T1/(2q+1). Let N be an arbitrary integer > 1. Then if v B v

=0, 1(Iyley Ny o g (HD/QarD)

Proof: We have

Op(l).

Ly D Ny = v+ M -y,
-y M lysayemyin - cdayisn st

-y Mo iy - ymt,

where the final equality follows since 0 < y/([y]+l) < 1 and y20. The result will now
follow if

(A-11) YL - (Cyl+D/mN - 0,(1)

Now, ([y)l+l)/y =1 + dT/y for some 0 < dT =< 1, and the "T" subscript is present to

emphasize that dT is random. Thus

N 3
L=ty = 2 e ay/y)

where the cj are the negative of the binomial coefficients, cj - -N!/[JU(N-3)1].

Upon multiplying the summation in the preceding expression by y and taking absolute

values, we obtain
(A-12)  eydp + 23‘_2cj(d:}/y3'1)|

We have 0 < cldT sc, = cldT - Op(l). For j=2 (cjd%/yj'l) -

3,031 (3-1)/(2q+1), B ’3-1 j-1 J J .
(egdq/y’ (/T ) B0 since vV "B 4t w0, 0< ejdp S ¢y @ cgdg = 0 (1),
It follows that (A-12), which is just (A-11) rewritten, is Op(l), which is the
desired result.

oIl K k)(G,-E5.)) B o.

Lemma AlQ: Under the assumptions of Theorem 2, Tq/(2q+1)[ j--T+1( 375y 3 3

Proof: Choose v and define a so that
14+ 1/(2b-2) < v < 5/4, a= [T/ 201,
b>3 guarantees that this can be done. We need to show that

/(29458 T 2y o g
2T 21 (k) (54 -E5))

i
(@/2q41) T-1 ¢ = = ., (q/2q+1) T-1 [ ~ -
+2T %) g ®y @y E5p - 21 AN )
= 2F) + 2F, + 2F, Bo.

The Lipschitz condition and Lemma A9 imply that

Iy 1=er¥/ a2 1/t 3 . g 3y 155

. (a-2)/(2q+l)ja = .-
c0, (1T =] 315,85,

i




AA-3

It follows from the proof of Lemma A6 that the right hand side of this expression

(a-2)/(2a+1)1-1/2,2v/(2q+1)

converges in probability to zero if T 2 0, which in turn

follows since v < 5/4.
That F3 B 0 was already established in the proof of Lemma A6. That l-‘2 Bo

follows from a similar argument.

Lemns ALL: £ 7 By # 0, VIV TL @ kyes ) B o,

Proof: Define
7 = min((1-1), [z 23Dy,

We need to show that

a/2a+1)J & b oyps a/(2q+1)4T-1 L ¥/ 2a)T-1 ¢ oo
21 %_l(kj kEs, + 2T %) §,1FyE5, - 21 % k59,

= 2D, + 20, +2D330.

As in the proof of Lemma A7, for 1 < j < 5, expand Ej and kj around k(0). It

follows from the proof of that lemma that

Tq/(2q+1)(k([q])(0)/[q],)zg_l(j/([le/(Zqﬂ)]u)[q] (/1 2ath)y Iq],Ea
+ TQ/(zq*1)<1/([q1+1)s)zi (R Gy art/ 8D ) L0415
1V gy ] UID g gt/ B, (g

=D . +D,, +D

11 12 13’

where ;J lies between 0 and ij-j/(['y'l‘l/(zqﬂ)]i»l), ;; between 0 and

x -(j/ ot/ 29Dy By Lemma A9,

(a-1q]-1)/(2q+1) .3 ,lq}, .~
DI < eT Eg_lj 1E5,10,(1) Bo

since 0 > q-[q]-1 and Z j quloj| < =, That D12 B 0, 013 B 0 follows from the argument
used to show 312 B 0, 513 B 0 in the proof of Lemma A7.
That l')2 B 0, l)3 B 0 foliows from the argument used to show 52 B 0, 133 B 0 in the

proof of Lemma A7.

q/(2q+1) B
Lemna A12: Tf v B 4, T [zJ T+1< 3 kj)(aj ;1 Bo.

Proof: Follows by logic similar to that used in proving Lemmas A8, Al0, and All.

Proof of Theorem 2:; Follows from Theorem 1 and Lemmas Al10, All and Al2.
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(c)EMPIRICAL

AA-7
MSE’'S RELATIVE TO QS, VARIOUS KERNELS

Relative MSE's, Experiment A

Kernel PW? bandwidth m

. Bartlett
. QS-AR(1)
. QS-AR(1)
QS-AR(1)
. Truncated
. Bartlett,
. Bartlett
. Bartlett
. Bartlett
Bartlett
* Bartlett
* Bartlett
10.Parzen
11.Parzen
12.Parzen
Parzen
Parzen
* Parzen
13.QS

O 0N R WA

*

Kernel

. Bartlett
. QS-AR(1)
. QS-AR(1)
QS-AR(1)
. Truncated
. Bartlett,
. Bartlett
Bartlett
. Bartlett
. Bartlett
Bartlett
* Bartlett
* Bartlett
10.Parzen
Parzen
11.Parzen
12.Parzen
Parzen
* Parzen
* Parzen
13.QS

NONE kW

O

See notes on

or lag selection
parameter n

Al A2 Al a2

4 5 0.966 1.016

n.a. n.a. 1.036 1.061

y n.a. n.a. 0.959 0.945
y n.a. n.a. 1.021 1.028
4 5 1.003 0.945

8 13 1.005 0.942

4 5 1.011 0.989

12 15 1.296 1.166

y 3 10 0.976 0.900
y 6 13 1.052 0.953
y 3 10 0.996 0.916
y 6 13 1.057 0.956
4 5 1.029 0.986

12 15 1.430 1.205

y 3 7 0.989 0.901
y 6 14 1.126 0.992
y 3 7 1.000 0.899
y 6 14 1.121 0.989
4 4 1.000 1.000

Relative MSE's, Experiment B
bandwidth or
lag selection

parameter Bl B2
T=300 T=1000 T=300 T=1000 T=300 T=1000
4 5 0.955 1.213 1.062 1.103
n.a. n.a. 0.982 1.199 1.016 0.999
y n.a. n.a. 1.035 0.967 1.025 1.054
y n.a. n.a. 58.533 4.329 1.277 0.892
12 12 1.107 0.987 0.992 0.975
16 24 0.901 0.937 1.010 1.020
5 6 0.878 0.912 1.010 1.023
15 20 1.013 1.154 1.031 1.040
12 12 0.981 0.976 1.021 1.017
y 10 21 0.879 0.838 1.009 1.012
y 13 28 0.893 0.876 0.992 1.005
y 10 21 73.748 5.361 1.518 0.918
y 13 28 73.762 3.914 1.479 0.911
4 5 0.865 0.833 1.005 1.008
14 17 1.052 1.117 1.026 1.013
12 12 1.007 1.005 1.003 1.001
y 7 9 0.869 0.780 1.000 1.002
y 14 18 0.938 0.854 0.983 0.987
y 7 9 77.631 5.583 1.593 0.911
y 14 18 67.302 4.670 1.493 0.924
12 12 1.000 1.000 1.000 1.000

page 5 of additional appendix.




