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Abstract

In this paper, we provide a framework for the bootstrap in the weak-
instrument case. This framework yields a formal proof for the bootstrap
validity of the Anderson-Rubin statistic, and bootstrap invalidity of the like-
lihood ratio (and Wald) statistic. Additionally, we propose two conditional
bootstrap methods for the conditional likelihood ratio (CLR) test. Monte
Carlo simulations show that the (conditional) bootstrap yields higher-order
improvements with good instruments and is first-order valid with weak in-
struments. Finally, we provide a framework to derive asymptotic expansions
in the weak-instrument setting. In particular, we show that an empirical
Edgeworth expansion for the Anderson-Rubin test provides an o(n™!) im-

provement to the chi-square-k distribution.

Keywords: Instrumental variables regression, weak instruments, t-statistic,
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1 Introduction

The challenge posed to first-order asymptotics by weak instruments in the
traditional simultaneous equations model has been explored extensively in
the econometrics literature; cf. Bound, Jaeger, and Baker (1995), Dufour
(1997), Nelson and Startz (1990), Staiger and Stock (1997), and Wang and
Zivot (1998). In particular, the 2SLS estimator is biased, and the size of
the Wald test is larger than the nominal significance level. Under standard
asymptotics (with good instruments), empirical Edgeworth expansions show
that the bootstrap actually provides asymptotic refinements. It is then nat-
ural to apply either higher-order asymptotics or the bootstrap to decrease
the bias of the 2SLS estimator and the size distortions of the Wald test. How-
ever, in weak-instrument cases, these procedures appear to be unreliable; cf.,
Hahn, Hausman, and Kuersteiner (2002), Horowitz (2001), and Rothenberg
(1984).

In this paper, we provide a theoretical proof for the validity of the boot-
strap for the Anderson-Rubin statistic, and invalidity for the likelihood ratio
(and Wald) statistic. In addition, we propose two conditional bootstrap
methods for the conditional likelihood ratio (CLR) test. These simulation
methods do not generally provide higher-order improvements in the uniden-
tified case, since the bootstrap replaces parameters with inconsistent esti-
mators. Although other methods, such as the m-out-of-n bootstrap (or, of
course, using the chi-square critical value), also provide first-order asymptotic
approximations, the usual bootstrap method has the advantage of providing
a higher-order approximation in the good-instrument case. Thus, bootstrap-
ping such statistics should outperform competing methods overall. A Monte
Carlo study for the (conditional) bootstrap supports our theoretical results.

We also propose a theoretical two-step framework to study asymptotic
expansions in the weak-instrument setting that augments the standard Bhat-
tacharya and Ghosh approach. We first provide an Edgeworth expansion for
certain sufficient statistics, and then we find an approximation of the dis-
tribution of the test statistic as a function of the sufficient statistics. As a

result, we show that an empirical Edgeworth expansion for the Anderson-



Rubin test provides an o (n~!) improvement to the chi-square-k distribution.
This theory may also be helpful to study asymptotic expansions for non-
differentiable statistics, since a general theory of higher-order expansions for
non-smooth statistics is unavailable; see Bhattacharya and Ghosh (1978),
Chambers (1967), Phillips (1977), Sargan (1976), and Wallace (1958).

Other papers consider bootstrapping in weak-instrument settings. In re-
lated work, Moreira, Porter, and Suarez (2005) focused exclusively on the
score statistic and point out that it is non-differentiable in the unidentified
case. That work emphasizes the importance of recentering residuals for boot-
strapping the score statistic, and shows that the higher-order terms are in
general not continuous functions of the nuisance parameters in the (locally)
unidentified case. The current paper focuses on a different, yet complemen-
tary, set of issues: the bootstrap for a smooth statistic (e.g, Anderson-Rubin),
conditional bootstrap methods, and developing an approach to Edgeworth
expansions for test statistics under weak instruments. Work by Inoue (2002)
and Kleibergen (2003) presents Monte Carlo results suggesting that the usual
bootstrap may work when applied to the Anderson-Rubin statistic and score
statistics. However, they do not provide formal proofs for the validity of
Edgeworth and the bootstrap that work in the unidentified case. Our theo-
retical results can in principle be extended to the GMM and GEL contexts
and provide a formal validation of their simulation results. This can be
done by replicating our results on the higher-order expansion and bootstrap
behavior of the GMM and GEL versions of the statistics considered in the
simple simultaneous equations model analyzed here.

The remainder of this paper is organized as follows. In Section 2, the
traditional instrumental variables model is presented and corresponding no-
tation established. In Section 3, folk theorems are summarized which give the
size improvements for the likelihood ratio and Anderson-Rubin tests based
on Edgeworth expansion or the bootstrap under the standard asymptotics.
Section 4 presents the main results. We provide a formal result on the va-
lidity of the bootstrap for the Anderson-Rubin test, and of two conditional
bootstrap methods for the CLR test. Additionally, we provide a framework

for Edgeworth expansions when instruments are unrelated to the endogenous



explanatory variable. In Section 5, we present Monte Carlo simulations that
suggest that the bootstrap methods may lead to improvements, although in
general they do not lead to higher-order adjustments in the weak-instrument
case. Section 6 concludes.

2 The Model

In this section, we introduce notation for the standard instrumental variable
specification. The following structural equation is assumed to be part of a

larger linear simultaneous equations model

(1) Y1 = Yo + u.

This notation represents a vector of n observations, so that the two endoge-
nous variables, y; and y», and the unobserved disturbance, u, are each n x 1
vectors. The key object of interest is the unknown scalar parameter, 3. It is
assumed that y, and u are correlated, and the reduced form for Y = [y, y2]

is given as follows

(2) v = ZuB+un
Yo = LT+ o,

where the n X k matrix of exogenous variables Z has full column rank £ and
mis a k x 1 parameter vector. We assume the rows of Z and V' = [vy, v9]
are i.i.d. The rows of the n x 2 matrix of the reduced-form errors V are
mean zero with 2 x 2 nonsingular covariance matrix Q = [w;;|. For ease
of exposition, we consider statistics tailored to the known 2 case. In the
proofs, we indicate how to handle the unknown €2 case. Let F' denote the
joint distribution of an observation from Z and V. We will focus on the case
where 7 is independent of V. In what follows, X,, is the n-th observation of
some random matrix X, and X, is the sample mean of the first n observations
of X. The subscript n is typically omitted unless necessary. Finally, for any
conformable matrix A, let Ny = A (A’A)_1 A" and My =1 — N4. Also, set
bo = (1, —0,)" and ag = (5, 1)".



Tests for the null hypothesis Hy : § = (3, play an important role in our
results. Two common statistics designed for Hy are the score (LM) and Wald
(W) statistics:

LM = S'T/VT'T and
W = (ﬁzsw - 50) VYsNzy2/6u,
where S = (Z'Z) Y2 Z'Y by (by Q) ~Y2, T = (Z' Z) 2 Z'Y Q ag-(apQag) V2,
B%‘LS = (5Nzy2) 95 Nzyn, and o3 = [1, _B2SLS]Q[1> —stLs]/,

Staiger and Stock (1997) show that under weak-instrument asymptotics
the limiting distribution of the Wald statistic is not standard normal and
hence may have large size distortions in the weak-instrument case. The
score test used by Kleibergen (2002) and Moreira (2001) is a discontinuous
function of the observations at m = 0. The bootstrap behavior in this special
circumstance is examined in separate work, by Moreira, Porter, and Suarez
(2005).

Other frequently-used test statistics include the Anderson-Rubin (AR)
and likelihood ratio (LR) statistics:

AR = S'S and
LR = (S’S 7T+ J(SS + T'T)? — A[ST - T'T — (T’T)2]> .

1
2
The test of Anderson and Rubin (1949) rejects the null hypothesis if the AR
statistic is larger than the 1 — a quantile of the chi-square-k distribution.
The CLR test of Moreira (2003) rejects the null if the LR statistic is larger
than the 1 — « conditional quantile of its null distribution conditional on 7.
Both of these tests are similar if the errors are normal with known variance
Q, since the AR statistic is pivotal and the LR statistic is pivotal conditional
onT.

In this paper, we focus primarily on the test based on the AR statistic
and conditional tests based on the LR statistic. These two statistics seem
to be the most relevant for applied work. The AR statistic is robust to
misspecifications of the structural equation for 1,,®> and the CLR test has

optimality properties.

3This robustness property of the AR statistic was pointed out by Jean-Marie Dufour.
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3 Preliminary Results

In this section, we review Edgeworth expansion and bootstrap results for
the good-instrument case. These results are already known or follow from
standard results. The results in this section parallel results for the Wald and
score tests given in Moreira, Porter, and Suarez (2005) and provide a basis
of comparison for the weak-instrument results to come in the next section.
For any symmetric ¢ x ¢ matrix A, vech(A) will denote the ¢(¢ + 1)/2-
column vector containing the column by column vectorization of the non-
redundant elements of A. In this section, we focus on two-sided tests based

on AR and LR statistics, which can be written in the form
(3) 2n (H (Rn) = H (1) ,

where R, = vech ((Y,,Z,) (Y,,Z})). Also, H has gradient evaluated at
i = E(R,) equal to zero, and the Hessian matrix L and variance = of R,
satisfy L=L = L.

We use the following high-level assumptions:

Assumption 1. 7 is fixed and different from zero.

Assumption 2. F ||R,||” < oo for some s > 3.
Assumption 3. l'hrrlll sup |Eexp (it'R,)| < 1.
tl|—o0

Assumption 1 corresponds to standard good-instrument asymptotics. Since
the test statistics involve quadratic functions of (Y,,, Z], ), Assumption 2 holds
if B||(Y!,Z)||* < co. Assumption 3 is the commonly used Cramér’s con-
dition. A primitive sufficient condition for this assumption is given in Bhat-
tacharya (1977).

In the identified case in which 7 is fixed and different from zero, not only
is the 2SLS estimator consistent for (3, but both Wald and score statistics
also admit second-order Edgeworth expansions under mild conditions. Ap-
plication of Bhattacharya and Ghosh (1978) and Chandra and Ghosh (1979)
yields the following good-instrument Edgeworth expansion result for the AR
and LR statistics:



Theorem 1 Under Assumptions 1-3, the null distributions of AR,, and LR,

statistics can be uniformly approximated (in x) by the following expansions:

(a) P (AR, < 2) = Gy (2) + 3o n™"pyp (23 F, fo, m) gy (#) + 0 (n77),

(b) P(LR, < z) =Gy (z )+Zn i (@ F, By, m) g1 (x) +0(n7"),

where ® (x) and ¢ (x) are the cdf and pdf of a chi-square-one variable; G, (x)
and g, (x) are the cdf and pdf of a chi-square-v variable; p4 5 and p’ p,i = 1,2,
are polynomials in x with coefficients depending on moments of R, 3,, and
7; and r is the greatest integer less than or equal to (s — 2) /2.

Proof. See Appendix A.

A corresponding bootstrap result is also available. First, we describe
the natural method for obtaining bootstrap samples in this model. Given a
bootstrap sample, each bootstrapped test statistic value can be computed.
These bootstrapped test statistics have an empirical distribution which can
be approximated through simulation and used to give critical values for the
tests.

We start with a sample from which consistent estimates B and 7 for 5 and
7 are obtained. The reduced-form residuals are then given by v; = y; — Z Wﬂ
and vy = y, — Z7. Next, re-center these residuals to obtain v; = v; — vj
for j = 1,2. Now, construct the bootstrap sample for Z* and (vj, vy) from
independent draws of the empirical distribution functions of Z and (vy, v5)
(with distribution denoted by F},). Finally, set

yi = 270+
ys = 24T +;.

Note that an alternative exactly equivalent method for generating boot-
strap samples is to simulate directly from the structural model. The re-
centered structural residual is ©u = v, — 71723 . From the empirical distribution
functions of Z and (u,vs) take independent draws to form Z* and (u*,v3).



Then obtain Y* = [yf, y3] from

yo= wltu
vy, = 2T+

Let P* denote the probability under the empirical distribution function
(conditional on the sample). Note also that our results are for the “correlated
case” corresponding to random draws on Z*. Different Edgeworth expansions
and bootstrap approximations would result from the fixed Z case. We will
not consider this case here, although one could handle it by establishing
conditions similar to those by Navidi (1989) and Qumsiyeh (1990, 1994) in
the simple regression model.

The following result shows that the bootstrap approximates the empirical
Edgeworth expansion up to some order of the sample size n.

Theorem 2 Under Assumptions 1-3,
(a) P* (AR < 1x) =Gy () + > n 'pyp(x; Fo, B, %) g (z) +0(n"),
i=1

() P* (LR <) = G (2) + ; n=ip (s Fo, B, 7)g1 () + 0 (n7) |

a.s. as n — Q.

Proof. See Appendix A.

Comments: 1. The error based on the bootstrap simulation is of order
n~! for two-sided tests due to the fact that the conditional moments of R}
converge almost surely to those of R,, and that E and 7 converge almost
surely to # and 7. Consequently, Theorem 2 shows that the bootstrap offers
a better approximation than the standard normal and chi-square approxima-
tions.

2. Similar results holds for the one-sided W and LM statistics; see
Moreira, Porter, and Suarez (2005).



4 Main Results

The previous section yielded three findings for the good-instrument case.
First, higher-order expansion approximations are available for the null dis-
tribution of the likelihood ratio and Anderson-Rubin statistics. Second, the
bootstrap distribution of these tests approximates their empirical Edgeworth
expansions up to the n™" order. Third, for the Anderson-Rubin and likeli-
hood ratio tests, the error of the bootstrap is o(n™!).

The good-instrument condition, given in Assumption 1, is critical to these
results. When instruments are weak, versions of Theorems 1 and 2 have been
unsuccessful in fixing size distortions of the Wald test. Three issues that
arise in the weak-instrument setting help explain the poor performance of
the bootstrap and Edgeworth expansions.

First, to our knowledge, the only approach to proving existence of Edge-
worth expansions (Bhattacharya and Ghosh (1978), Chandra and Ghosh
(1979)) depends upon the existence of derivatives of the function, defining
the given statistic, evaluated at u = E (R,,). However many statistics (likeli-
hood ratio, Wald, score) are not smooth when instruments are uncorrelated
with the endogenous variables.

Second, many statistics (such as likelihood ratio and Wald) have a discon-
tinuous limiting distribution. They are pivotal under standard asymptotics,
but have non-standard distributions that depend on parameters that are not
consistently estimable under weak-instrument asymptotics.

Third, the null hypothesized value (3, is replaced by an estimator 3 that
is inconsistent with weak instruments.

In this section, we study asymptotic expansions and the (conditional)
bootstrap for the likelihood ratio and Anderson-Rubin statistics in the weak-
instrument setting.* Formally, Assumption 1 will be replaced by one of the

following poor-instrument assumptions:

Assumption 1A (unidentified case). 7 = 0.

4All stated results are for tests designed for the known covariance matrix case. Analo-
gous results hold when we replace €2 with the consistent estimator (2.
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Assumption 1B (locally unidentified case). © = ¢/\/n for some non-
stochastic k-vector c.

In Section 4.1, we present the main results of this paper. Using Theorem
3 and Corollary 4, we prove that: the bootstrap provides a valid first-order
approximation to the null distribution of the Anderson-Rubin (and score)
test; we show that the bootstrap does not provide a valid first-order approx-
imation to the null distribution of the likelihood ratio (and Wald) test; and
we propose two conditional bootstrap methods to approximate the null dis-
tribution of the CLR test. Our bootstrap results for the weak-instrument
case are of first-order nature given that the bootstrap replaces (3, by the
(inconsistent) estimator 3.

In Section 4.2, we derive the first results on higher-order expansions in
the weak-instrument setting. These results allow us to show formally that
the Anderson-Rubin statistic admits a standard asymptotic expansion with
continuous higher-order terms even at m = 0. In particular, an empirical
Edgeworth approach would be able to provide an o(n~!) improvement to
the chi-square-k approximation. We also note how the provided Edgeworth
expansions for S and 7T can be used to find asymptotic expansions for other
statistics, like the CLR (and the score).

4.1 Bootstrap

A priori, it is not clear whether the empirical distribution generating the
bootstrap sample is close to the distribution of the data under the null when
instruments are weak. In particular, the residuals are based on inconsistent
parameter estimates and so may not provide a good approximation to the
corresponding distribution of errors. This line of intuition underlies the doubt
concerning bootstrap usefulness when instruments are weak.

However, we note that for any fixed value of 7 (including the unidentified
case 7 = 0), we typically have 7 > 7 and %B L% 7B, For m = 0, this
convergence occurs despite an inconsistent estimator, B Since the residuals

depend on 7 and /ﬁB (and not 3 alone), this convergence suggests that the
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bootstrap might be useful even in the unidentified case. This basic insight
will underlie our first-order bootstrap results below.

We note that the test statistics of interest here are functions of the statis-
tics S and T'. Hence, we first derive bootstrap asymptotics for S and 7" and
use this result to obtain the bootstrap asymptotic results for each test. As
noted above, we discuss the known €2 case for expositional ease. In this case,
Q is replaced by the estimator € (based on (¥, 7)) in the bootstrapped test
statistics. The bootstrapped versions of S and T are:

A, o~

S* — (Z*/Z*)fl/Zz*ly*B (b

i)) 1/2
T = (Z'Z2)7VPZ2Y QA (@0

) 1/2
where d = (5,1) and b = (1, —f3)".

To derive the asymptotic distributions of S* and T, we must re-center
T* by subtracting the term

Z2'Z\"? -
th=+n ( ) TV a'Qta.
n

We can then consider the joint limiting distribution of (S*, 7" — t¥), where
Z*/Z* _1/2 Z*/v* ~—1A
< ) —0a

Tt =/ Va1 larvn

(=) (%) I
" n a'Qa

To describe this limiting distribution, we require some additional notation,

Liapunov’s Central Limit Theorem and the Delta method,
ValZ'2/m)? = E(Z'Z/n) x5 N(0,5),

where ¥ depends directly on 7. In particular, define ¥ = 0 when © = 0.
For 7 = 0, \/n7 is bounded in probability and (Z*'Z*/n)'/? — (Z'Z/n)"/?
has zero conditional probability limit almost surely. Hence, the first term of
T — 7 is asymptotically negligible, and the second term has a joint normal
limit distribution with S*.

12



Lemmas in Appendix A show asymptotic normality of the following ex-
pression under various assumptions including good- and weak-instrument
cases:

(Z*/V*) b
Vi) Voo
(Z*,V*> 971b
AT
NG (W_*'Z _ W_'Z>
where w; = vech (Z;Z;') € RFFV2 W = (wy, ..., w,), w} = vech (Z; Z}),

W* = (wj,...,w’), and + denotes an n x 1 vector of ones. Since (S*,T*)

is a function of the above expression, the next result on the asymptotic
distribution of these bootstrapped statistics follows.

Theorem 3 Suppose that, for some § > 0, E||Z;||**, E||v,||**° < oo, where
v = [vlﬂ-,vgﬂ-]/, is the i-th observation of the reduced-form residuals. Let T
and B be estimators satisfying either

(i) Assumption 1, B‘S B, 7—1230; or

(ii) Assumption 1B (or 1A), FR—maB 30, F—m, = 0,(n12), 3= 0,(1).
Then, the following result holds:

(T*S—th)P(ni (i) a.s.

where X, = {(Y{, Z}),..., (Y, Z!)} and (S',T") is N(0, A) with

I 0
A= .
0 [k + ECLOIQ_ICLO

Proof. See Appendix A.

Comments: 1. Lemma A in Moreira, Porter, and Suarez (2005) shows
that the assumption of almost sure convergence of 7 and 7?3 is the norm
even in the unidentified case. However, if instead # and 703 only converge
in probability, then the proof of Theorem 3 still works but the weak conver-

gence in the conclusion of the theorem occurs with probability approaching

13



one rather than almost surely. Both almost-sure and in-probability conclu-
sions correspond to modes of convergence that have been proposed for the
bootstrap; cf. Efron (1979) and Bickel and Freedman (1981).

2. This result provides a first-order approximation. In principle this re-
sult could be extended to include higher-order terms. However, the bootstrap
in the weak-instrument case does not provide a second-order approximation
because the higher-order terms depend on ﬁ separately from the term #3. In
other words, second-order improvements based on the bootstrap may worsen
as 7 approaches zero.

3. Of course, other bootstrap methods are also possible. One alterna-
tive method would replace generate bootstrap samples using 3, rather than
replacing it with @ While this method avoids the use of an inconsistent
estimator (when instruments are weak), it also possibly leads to power losses
(under the alternative hypothesis, the true § will differ from (3, and so the
e.d.f. of the residuals will not be close to their c.d.f.). Another method
would be to ignore the “structural restrictions” on the parameters and just
perform OLS on the reduced-form model. However, then we no longer have
the interpretation of bootstrapping from the structural form residuals (in the
over-identified model).

The joint distribution of S* and 7™ can be used to provide first-order
validity of the bootstrapped Anderson-Rubin even with weak instruments.
It also yields a proof for the invalidity of the bootstrap in approximating the
asymptotic distribution of the likelihood ratio (and Wald) statistic with weak
instruments. This is rather expected, given that the likelihood ratio (and
Wald) statistic is not well-behaved with weak instruments. However, we are
unaware of any formal proof in the literature of bootstrap failure with weak

instruments.®

Finally, following the discussion of Section 2, conditioning
can be used to provide asymptotically similar tests, as is the case with the

likelihood ratio statistic. These tests rely on a theoretically constructed

5The only negative result is by Dufour (1997) on Wald-type confidence regions having
zero confidence level even using bootstrapped critical values. Dufour (1997)’s impossibility
result does not hold for the likelihood ratio statistic.
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(and typically Monte Carlo-simulated) critical value function. Theorem 3
provides another way of obtaining a critical value for conditional tests. We
could exploit the (first-order) independence of S* and 7™ —t! from Theorem
3 by fixing T at its observed value and obtaining S* from bootstrap samples.
These results are presented in the following corollary:

Corollary 4 Suppose that, for some § > 0, E||Z;||**°, E|jv,||**° < oo, where
V; = [v17i,v27i]/ 18 the i-th observation of the reduced-form residuals. Then,

the following results hold:
(a) Under Assumption 1A, 7 — 1,330, 7 —m, = O,(n~Y?), 3 = 0,(1),

1
LRI, 4 5 (85 =TT 4[5 + TT) - ST T~ (1T )

almost surely, where T,= T+t
(b) Either under Assumption 1, 3 8, 7 —m “3 0, or under Assumption

1B, 73 —m %30, 7 — 1, = O,(n"Y2), 3 = 0,(1),

i) AR* X, % X2 (q)

ii) LR (S*,1)|X, %

% <S’S —t't+ \/ (S'S +t't)2 — A[S't - t't — (t’t)2])

almost surely.

Comments: 1. The term ¢; = O, (1) present in the asymptotic boot-
strap distribution of LR* affects the ability of the bootstrap in approximating
the asymptotic distribution of LR when 7 = 0:

LR % % (8’3 ~T'T + \/(5’5 +TT?—AST -T'T — (T'Tﬁ) '

A similar argument can be used to show that the bootstrap does not work
with the Wald statistic.

2. Under Assumption 1, the term ¢; drifts off to infinity. Following the
proof of Theorem 6(c), of Andrews, Moreira, and Stock (2006), we can show
that the asymptotic bootstrap distribution of LR* is chi-square-one. This

result is just the first-order version of Theorem 2(c).
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3. The fixed-T bootstrap method of item (b), part (ii), can be extended
to other conditional tests. However, this conditional bootstrap method does
not work for the conditional Wald testing procedure, since the Wald statistic
depends on 3, not only through S and 7.

Theorem 3 is also connected to the conditional bootstrap method as pro-
posed by Booth, Hall, and Wood (1992). When conditioning on the observed
value of T', we make use of the bootstrap samples for which 7™ is close to
T. The fixed-T bootstrap has a significant, computational efficiency advan-
tage over the non-parametric method proposed by Booth, Hall, and Wood
(1992). This non-parametric method also depends crucially on bandwidth
choice, which may prove problematic in practice. In addition, 7™ is a ran-
dom vector with dimension k£, and non-parametric methods are known to
perform poorly for high dimensions. The high-dimensionality problem can
be avoided for the class of invariant similar tests analyzed by Andrews, Mor-
eira, and Stock (2003). These tests depend exclusively on S'S, S'T" and
T'T, which allows us to consider modified versions of the fixed-7T" and non-
parametric conditional bootstraps. For example, Moreira (2003) shows that
the LR statistic can be rewritten as

(4) LR= % Q1+ Qey = T'T+ V(@1 + Qo + TT? —4Q, 1 T'T),

where Q; = S'T(T'T)'T'S and Q1 = S'[I — T(T'T)"'T']S. Conditional
on T"T' = 7, (1 and Qy_1 are asymptotically independent, and, under the
null hypothesis, have limiting chi-square distributions with one and k — 1
degrees of freedom, respectively.

The first conditional bootstrap method adapted to similar tests exploits
the asymptotic first-order independence of Q = (S'S, S'T/v/T'T) and T'T.
For each bootstrap sample, the bootstrap version of the statistic (), denoted
Q*, is generated. The bootstrap critical value is then the 1—a quantile of the
empirical distribution of LR(Q*, T"T). Note that T'T is fixed at its observed
value here. The second conditional bootstrap procedure is based on the non-
parametric method described in Booth, Hall, and Wood (1992). Suppose B
bootstrap samples are generated. Let @} and TJ?” T} denote the values of Q)

16



and T'T in the j-th bootstrap sample. Booth, Hall, and Wood (1992) suggest
using a standard non-parametric kernel estimate of the desired conditional
distribution based on these bootstrap samples. Therefore, the problem of
finding the critical value of the LR statistic conditional on T"T" = 7 boils
down to determining the value z(7) such that

LS L [LRQ T < ()] o (K57)
1 B THT*—1 =1 a,
B Y ()

where 1[-] is an indicator function, ¢(-) is a kernel function, and h is a

bandwidth parameter. In section 5, each of these bootstrap procedures is

implemented and compared in a Monte Carlo exercise.

4.2 Edgeworth Expansions

The Anderson-Rubin, likelihood ratio, Wald, and score statistics can all be
written as functions of averages for various moments of the data. For the
Wald statistic, this function includes a division by zero under Assumption
1A when evaluated at the expected values of the averages. Hence, the results
in Bhattacharya and Ghosh (1978) are unavailable for the Wald statistic. A
similar problem holds for the score and likelihood ratio statistics. In particu-
lar, for one-sided statistics of the form /n (H (En) —H (p)), Bhattacharya
and Ghosh (1978)’s approach uses

gn (2) = n'/? [H (LH- n—1/2z) — H(u)} and

; 1 N
hs—l (Z) = Z liz(l) + 5%71/2 Z li’jz(l)Z(J) 4.
i i

1 7 .
+ (3 — 1)|n_(3—2)/2 Z lilv"‘7is_1z(ll) .. Z(zs,l)’

11,0 ,0s—1
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where [;, ... ;, = (D,-1 Dy H ) (1) and D; denotes differentiation with respect
to the i-th coordinate, to show that

PWA(HE)-HW)eB) = [ g (i)

= / o (2)dz+o0 (n’(s’Q)/Q)
{hs—1(2)€B}

for a suitably chosen Edgeworth expansion ¢, (2). However, the one-sided
score statistic is not differentiable at 7 = 0, and so we cannot obtain hs_; (2).
This problem makes Bhattacharya and Ghosh (1978)’s expansion method
unavailable; cf. Moreira, Porter, and Suarez (2005). A similar argument
holds for the likelihood ratio statistic with respect to the results in Chandra
and Ghosh (1979). More specifically, the likelihood ratio statistic is not
second-order differentiable at 7 = 0, making Chandra and Ghosh (1979)’s
expansion method unavailable.

In fact, little is known about expansions when the statistic is not smooth.
In the words of Wallace (1958), “The assumption H’ (i) # 0 and its equiva-
lent for functions of several moments rule out many interesting functions for
which no general theory of asymptotic expansions is known.” Yet, there has
not been any work in the last decades on expansions for non-smooth statis-
tics. The next result provides a first step towards developing a framework to
analyze asymptotic expansions for statistics in the weak-instrument setting.
This is done by re-writing statistics as functions of S and 7'

Lemma 5 Let B be any class of Borel Sets satisfying

(5) sup ¢, (v)dv=0(€) ase |0,

BeB J(oB)®
where ¢, is the pdf of a mean zero normal distribution with variance A, 0B
is the boundary of B, and (OB)° is the e-neighborhood of A. If Assumptions
1 or 1A, 2, and 3 hold, then

sup =0 (n—(s—z)/z)

BeB

P((SL,T,~ ) € B) - / by (0) do
B
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under Hy : 8 = By, where t, = /a0 2m-(ahQ ao) /2, Qzz = E(Z:2]) < oo,
and v, is a formal Edgeworth expansion of order s — 2 for S, and T, —t,.
In particular, the joint null distribution of S and T can be uniformly (in

x = (2}, 25)") approvimated by an Edgeworth expansion
5—2
P (Sn S ben - tn S x?) = QA (IE) + Zn_l/2ql (.ﬁE, F7 6077‘.) ¢A (.’13)
i=1

up to an o(n’(s’Q)/Q) term, where ®4 is the cdf of a mean zero normal
distribution with variance A.

Proof. The statistics S and T — ¢,, can be written as

S = n(Z2'Z/n) P (Z'Vn)by - (b)Y,
T = ya | G2 P a0 a0) = O (a4 )2
+H(Z'Z )V Z'V ) ag - (ah2 tag) Y2
under H,. Therefore,

(ST — 1) = v/ (H (Ra) = H (1))

for a measurable mapping H from R*+2(*+3)/2 onto R?* with derivatives of
order s and less being continuous in the neighborhood of ;. Using the results
for the multivariate case by Bhattacharya and Ghosh (1978, p. 437), S and

T —t, admit an Edgeworth expansion:
s—2
U (s,) = (1 +3 0w PR (=D F>> B (5.1).
i=1

where ¢, (s,t) is the normal density on R* with mean zero and disper-
sion M, P;(—D : F) is a polynomial in p variables whose coefficients do
not depend on n, and —D = (—Dy,...,—Dy;). An analogous result holds
for statistics in the unknown variance case, S and T , albeit the Edgeworth

expansion would have different polynomials for the higher-order terms. [

An explicit expression for A is given in section 4.1. It should be noted
here that when # = 0, A = I5,. Otherwise, A is a block diagonal matrix
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with upper diagonal block I. Also, the term t, = \/nQyom - (a)Q ag)"/

changes with the sample size. This adjustment is due to the fact that the
mean of 7' drifts off to infinity when 7 # 0, and guarantees an Edgeworth
expansion. Note that we can understand the weak-instrument asymptotics
as if the drift term ¢,, were fixed at the level

0Y2c- () ag) 2.

Thus, Lemma 5 can be seen as a higher-order expansion to the weak-instrument
asymptotics of Staiger and Stock (1997). In particular, it allows us to analyze
the behavior of many tests in the unidentified case. As a direct application,
we show that the Anderson-Rubin statistic admits a standard expansion even

when m = 0:

Theorem 6 Under Assumptions 1A, 2, and 3, the null distributions of AR,
can be uniformly approzimated (in z) by

P (AR, <z)=Gg(x)+ ;n_ipi,R (x; F, By, ) g (x) +0(n7").

Proof: We want to approximate
P(AR, <z)=P(S]S, <)

uniformly in z. This expression can be written as P ((S,’l, T € Cz), for the

convex sets
C,={(s,¥) e R*;s's < z}.

Using Corollary 3.2 of Bhattacharya and Rao (1976), we can show that

sup @ ((9C,)°) < d(k)e,

TeR
where d (k) is a function of only k and € > 0. Therefore, Lemma 5 holds.
Finally, for odd values of i, the terms P; (—D : F') ¢ (s,t) are even. Conse-
—i/2

quently, the terms of n order vanish, and we get the desired result by

integration. 0
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Comments: 1. We could in principle apply Lemma 5 to approximate:
(i) P(LM, < z) uniformly in z, (ii) P(LR, < x1|T, < x2) uniformly in
x = (x1,29); and, (ili) P (LR (S,,t) < z) uniformly in (z,¢). It may not
be possible to provide an approximation for (i) and (ii) of order o (n_(5_2)/ 2)
uniformly in z, since the boundary of sets C, = {(s, ')’ € R*;¢ (s,t) <z}
associated to a statistic ¢ (S, 7") may not be well-behaved in the sense of (5).
For (iii), we can get an approximation for (fixed-7") C'LR uniformly in z (but
pointwise in ¢ # 0).

2. Moreira, Porter, and Suarez (2005) show that LM, is not differentiable
and the higher-order terms of an Edgeworth expansion for LM, cannot in
general be extended continuously at m = 0. This indicates that approximat-
ing P (LM, < z) by an asymptotic expansion up to an o (n~"2/2) term
uniformly in z is not be possible at @ = 0. Nevertheless, fcz Vg, (v)dv,
where C, = {(s’,t’)' € R?%;s't/\/t't < x}, may be a better numerical ap-
proximation to the P (LM, < z) than ®(z) (note that the leading term
fo Vg, (v) dv is the c.d.f. of a standard normal). Using Lemma 5 to provide
asymptotic expansions for LM, (and standard C'LR,) when Bhattacharya
and Ghosh (1978)’s results are unavailable will be considered elsewhere.

Close inspection of the proof of Theorems 1(c) and 6(b) shows that the
higher-order polynomials for the AR statistic are continuous even at m = 0.5
Therefore, unlike the bootstrap (it replaces (3, by an estimator E), an em-
pirical Edgeworth expansion for the AR statistic does provide an o(n™!)
improvement from a chi-square-k distribution even with weak instruments.
Unfortunately, empirical Edgeworth involves extensive algebraic manipula-
tions to find the higher-order terms.

5 Monte Carlo Simulations

Theorem 2 suggests that the bootstrap can decrease size distortions for the
Anderson-Rubin and likelihood ratio tests when instruments are good. More
importantly, Theorem 3 and its corollary provide theoretical support for

6We actually use the argument of Lemma 5 to derive Theorem 6(b).
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bootstrapping the Anderson-Rubin and CLR tests, even when instruments
are weak. The same validation of the bootstrap does not hold for the Wald
or likelihood ratio tests. In this section, we focus on the CLR test. For
bootstrap simulations results for the Wald and score statistics, see Moreira,
Porter, and Suarez (2005).

In the following set of results, we compare the sizes of the CLR test when
based on the two conditional bootstrap methods for computing the critical
value function. We calculate actual rejection probabilities of nominal 5%
tests based on these two methods using 1000 simulations. We follow designs I
and II of Staiger and Stock (1997). We simulate the simple model introduced
in equations (1) and (2). The true value of the structural parameter, (3, is
assumed to be zero. We assume that the n rows of [u, v5] are i.i.d. random
variables with mean zero, unit variance, and correlation coefficient p. The
correlation coefficient represents the degree of endogeneity of y,. The first
column of the matrix of instruments, Z, is a vector of ones and the other £—1
columns are drawn from independent standard normal distributions, which
are independent from [u, v2].” We consider bootstrap performance under three
different degrees of identification, corresponding to three different values of
7'(nly)m/k, the population first-stage F-statistic: the good instrument case
(r'(nly)m/k = 10), the weak-instrument case (n'(nly)m/k = 1), and the
completely unidentified case (n'(nly)m/k = 0). Note that our population
first-stage F-statistic corresponds to the concentration parameter A'\/k in
Staiger and Stock (1997). For design I, we assume that u; and vy, are normally
distributed with unit variance and correlation p. For design II, we assume
that u, = (&3, —1)/v/2 and vy, = (€5, —1)/v/2, where &, and &,, are standard
normal random variables with correlation /p.

Table I shows rejection rates computed using the fixed-7" conditional boot-
strap. The rejection probabilities using bootstrap critical values are consid-
erably smaller than those using the critical value function of Moreira (2003).
The size distortions obtained by the bootstrap are particularly important
when instruments are weak. This seems to hold for different values of p,

"There is a slight difference between Moreira’s (2001, 2003) design and ours. Our design
takes Z as being random whereas Moreira’s (2001, 2003) design takes Z as being fixed.
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sample sizes (n = 20 or 80), and error distributions (normal or Wishart).®
The non-parametric conditional bootstrap method can in principle work even
better than the fixed-T" conditional bootstrap. The non-parametric bootstrap
offers second-order improvements at least in the good-instrument case. Ta-
bles II and III summarize the results for the non-parametric bootstrap with
Gaussian kernel for different sample sizes (n = 20 or 80) and error distribu-
tions (normal or Wishart). In general, the non-parametric bootstrap offers
size improvements over the critical value function, but its performance is be-
low the fixed-T" bootstrap. The nonparametric procedure is not very sensitive
to the choice of bandwidth, although an intermediate value of the bandwidth
parameter tends to outperform extreme choices. Finally, we consider other
kernels, such as the Epanechnikov and truncated types. Simulations not re-
ported here suggest that our results are not very sensitive to the choice of

kernel function.

6 Conclusions and Extensions

It is well-known that the Wald statistic admits higher-order Edgeworth ex-
pansions under some reqularity conditions. Replacing the unknown parame-
ters by consistent estimators and using the continuity of the polynomials in
the higher-order terms guarantee that empirical Edgeworth expansions lead
to smaller size distortions than those found when using the chi-square-one
critical value. Computing the critical value with the bootstrap also leads to
size improvements given the asymptotic equivalence between the bootstrap
and the empirical Edgeworth expansion up to higher-order terms. How-
ever, when the instruments are uncorrelated with the endogenous explana-
tory variable, these regularity conditions break down. The consequences of
this breakdown are threefold. First, the Wald statistic no longer admits a
standard higher-order Edgeworth expansion. Second, the Wald statistic is a

8We chose a small sample size to have meaningful size comparisons using chi-square and
bootstrapped critical values with normal and Wishart error distributions. It is well-known
that size distortions with large samples can happen in the presence of either different error
distributions or heretoskedasticity.
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non-differentiable function of sample means and, consequently, non-regular.
Third, the bootstrap and the empirical Edgeworth expansion approaches re-
place unknown parameters by estimators that are inconsistent in the uniden-
tified model.

Our contribution to the weak-instrument literature is as follows. First,
we show that the bootstrap is valid for the Anderson-Rubin test. Second, we
provide a theoretical proof that the bootstrap does not work for the likelihood
ratio (and Wald) statistic. This is rather expected, given that the likelihood
ratio statistic is not well-behaved with weak instruments. However, we are
unaware of any formal proof in the literature of bootstrap failure with weak
instruments. Third, we propose two conditional bootstrap methods for the
CLR test. Fourth, we provide a theoretical framework to derive asymptotic
expansions in the weak-instrument setting. As a direct result, we show that
an empirical Edgeworth expansion for the Anderson-Rubin statistic provides
an o(n~') improvement to chi-square-k distribution. We can also obtain
asymptotic expansions for other statistics (e.g., fixed-T" CLR).

Finally, our results can, in principle, be extended to the GEL and GMM
contexts; cf. Guggenberger and Smith (2003) and Stock and Wright (2000).
Simulations in Inoue (2002) and Kleibergen (2003) indicate that the boot-
strap can lead to size improvements for the unidentified case in the GMM
context as well. By extending our two-step approach to analogous sufficient
statistics for the GMM and GEL cases, a formal proof of the validity of the
bootstrap and Edgeworth expansions in the (locally) unidentified case should
be available.
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Appendix A - Proofs

Proof of Theorem 1. To prove part (a), we can also rely on Bhattacharya
and Ghosh (1978). The S statistic can be written as

S = Vi (H (B,) ~ H (1)

under Hy, where H is a Borel measurable function that maps onto R* such
that H (u) = 0. All derivatives of H of order s and less are continuous in
the neighborhood of . This guarantees an Edgeworth expansion for S,

v (s) = (1 £> 0 PR D, F)) ?(s).

where D is the differential operator and P;(—D : F') are suitably chosen
polynomials. We can use Chibishov (1972):

sup
ceC

— o (n~=/2)

P(S,eC)— /Cwns (u) du

holds uniformly over every C of measurable convex sets. In particular, this
holds for the class {C,;z € R}, where

sz{SERQ;s'sgx}.
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For odd values of i, the terms P; (—D : F)) ¢4 (s,t) are even. Consequently,
the terms of n=*? order vanish. The Anderson-Rubin statistic for unknown
variance, Xé, also admits an Edgeworth expansion by first finding an expan-
sions for S and then proceeding as above.

Part (b) is a direct result of Chandra and Ghosh (1979). O

Proof of Theorem 2. Let F' be the distribution of
Ry, = vech ((Y,, Z,)"(Yy, Z,))
and let F,, be the distribution of
By, = veeh (V. 2) (V. 2))

conditional on &, = {(Y{,Z1),...,(Y,,Z])}. Here, Z} has probability 1/n
in taking the values Z,,, and Y,* has probability 1/n in taking the values

Y, = Zy7a+ V, = Z,7(3,1) + V.

The re-sampling mechanism for iN/n and Z, and the re-centering procedure for
V of subtracting sample means reflect the fact that Z and V' are independent.
If Z and V' were uncorrelated, it would entail different drawing mechanisms
and re-centering procedures. But the essence of the proofs for the bootstrap
presented here would remain the same.

Let F\n be the Fourier transform of F,, and
By = veeh (V1. 2,) (V1. 21))

Following Lemma 2 of Babu and Singh (1984), there exists for each d > 0

positive numbers € and ¢ such that

limsup sup |F, (t)‘ <1-—c€as.

n—00 d<|t]|<end

Let D be the differential operator, B be the boundary of B, and (0B)° be
the e-neighborhood of B. Since the rows R’ are i.i.d. (conditionally given
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A,,) with common distribution F},, one can proceed as in Bhattacharya (1987)
to show that for suitably chosen polynomials P; (—D : F},)

P (ﬂ(EZ—EQ eB) —/B

is 0(n=72/%) as. as n — oo for every class B of Borel subsets of R

sup
BeB

oy (z)dx

s—2
1+Y n P (-D: F,)
=1

satisfying, for some 6 > 0,

sup®y ((0B)°) = O () ase | 0.
BeB

Reduction of the expansion of \/n (En —En> to AR* and LR* statistics
follows as in the proof of Theorem 1. 0

Lemma A Suppose %B — 7. 220, If, for some & >0, E||Z;||*" < oo,
E|lvi||*"° < oo, then for j1,...,k and m = 1,2, E*[|Z%,v%,,|>°] is bounded

J,t " me

a.s.

Proof. By independence, E*[|Z}v5, |*T°] = E*[|Z;,|*°]E*[Jv, ;|**°]. For
=1,k

E*|Z5, ) = %Z |Z3)*0 %3 B[ Z*).
Let Uy = 230" vy, m=1,2,and Z = 23" Z; Form =1,2,
B, P = n_li’{)m,iP—M

i=1

= n Zn: Vi — T — (Zi = Z) (7B — maB)F
=1

< C {nl i |Vmyi = T [*T + 07! i | (Zi - 7), (76 - Wnﬁ)ﬁ”}

i=1 i=1

(5n_1 Z HZZ —?HZJHS} .
i=1

IN

‘24-

n
LR RN R
i=1
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for a large enough constant C'. The first inequality follows from Minkowski’s
inequality, and the second inequality uses Cauchy-Schwartz inequality.

Using Minkowski’s inequality, we get

Y -7 < C{n‘lZIIZZ-II“‘S+H7ll2”}

i=1 =1

= LB (1217 + 1B Z)IP}

using || Z|| % | E[Z]|| < E||Z|| < (E||Z:|**°)"/?+ by Jensen’s inequality.
Similarly, using Minkowski’s inequality again, we obtain

n n
N o — T[T < C{nlz|vm,i\2+5+\6m12+5}

i=1 =1
a3 o {E |vmﬂ~|2+‘s} ,

249 is hounded a.s.

O

as Ty, =5 0. Since 74 — m,8 %5 0, the term n~' Y, |5

m,i

Recall the following notation w; = wvech (Z;Z;') € RFF+D/2 and W =
(wy, ..., wy,). Similarly, let w} = vech (Z;Z}") and W* = (w?,...,w}). Also

n

let Q,, = Var(w;) and let ¢+ be an n X 1 vector of ones.
Lemma B [f, for some § > 0, E||Z;||**° < oo, El|jv,||** < oo, then
(z*’v*) b
vn bbb
722\ b-1b d L®E(ZZ) 0
x, % N (o, s.
( vn > \/b’gflb ‘ - ( ( 0 Quw o

W*' W'

Proof. Let (c/,d’) be a nonzero vector with ¢ = (¢}, c,) € R* and d €
RFE+D/2 " Define

Xpi = {c’(f’ ® Iy) (vi® ZF) + d (wf — W)} /Vn,
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where v5 = [v], vgﬂ-]/ is the i-th bootstrap draw of the (recentered) reduced-
form residuals, w =n"' 3"  w;, and

. b O ]

Vi Vaota

We use the Cramér-Wald device and verify the conditions of the Liapunov
Central Limit Theorem.

(a) E*[X,,;] = 0 follows from independence and E* [v¥] = 0.

(b) By independence,

AVA ~
E* (X2 ] =n"" {c’ {Ig ® ( )] c+ d’wad} :
’ n

!/

is finite a.s., where Quy = 72 21 (w; — W) (w; — W)
(c) Finally, we need to show that lim, .. > ., SQ%E*HXMPM] = 0, where
s2 =y E*[X2,]. Note that

SUE X ] < CminT YD B [T @ 20 4 |d (wf — ) [
i=1 i=1

< Con BB (|20 (TP 4 |2 (Tl + | (w] — ) [2*7]

k 246 A1~ (246
_s C1,5 co (27 1a), 2+
< Csn™z- { K‘ —_— — = )E* [1Z; 01, 7°]
; Qb Vao-1a !

Cg’j (ﬁ_la)g

VaQ-1a
(k+1)k/2 1
+ Eflw, — | =) wj,

for large enough constants Cy, Cy, and Cj.

+

( Cl,j(_B> 2+5+
Vb

246
)E* UZ;,W;JPM] 1

2+9 }

The vectors @ and b both have one as an element, and Q and Q1 converge

almost surely to positive definite limits. So, regardless of the value of 7, or
[, the terms

(6) ] ! ‘ (O3, "B and'—@la)Q
Vsl IWatal Vsl Va1
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are almost always well-defined. These terms are also bounded by

7 011 022
(7) max{ /== \| === (>
011022 — 049 011022 — 019

where o;; is the (¢, j)-th entry of Q.

This bound follows from the fact that
70 'a=a0'001a,
and the following claim (which holds regardless of the value of 7). Let
K = Mk and 7=| ! ,
k12 ko2 T2

where K is a symmetric positive definite matrix. Then, the following holds:

T 7! (e1€h) T
BN 1T
KT T KT
koo

kuikas — kiy

Given the bound in (7), the conclusion of Lemma A, and the fact that
E||Z;||**° < oo is sufficient to bound E*

surely, the final condition of the Liapunov Central Limit Theorem now fol-

246
wj; — (n”! Z;-Lzl wy;) almost

lows because S
[ (L@ (ZZ/n) ¢+ dQd)~(H2)

is bounded away from zero almost surely since (Z'Z/n) and Q. converge
a.s. to their positive definite limits. 0]

Lemma C If, for some § > 0, E||Z]|*™° < oo, E||lv;||**? < 0o , then

zZx'v* b

( vn > N d

(220) P\, LN (0. L e B(ZZ)  as.
Y VT
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Proof. The result is a special case of Lemma B. The main difference is that
the current result has a less stringent moment condition. The result follows
as a direct application of Liapunov’s Central Limit Theorem, just as in the
proof of Lemma B. 0

Proof of Theorem 3. The result is a direct application of the Delta Method
and the limiting distribution given in Lemma B (and noting the zero covari-
ances between the three components in the normal limiting distribution).

Notice that E*[Z*'Z*/n] = Z'Z/n. So by the Markov Law of Large
Numbers,

VAV ARAVA
— -

Moreover, Z'Z/n “% E(Z;Z}), and so Z*'Z*/n|X, % E(Z;Z;) a.s. Simi-
larly, Z*'V*/n|X, “3 E*[Z*'V*/n] = 0 a.s. So, under (i), T*'T*/n|X, “3
' E(Z;Z{)7(d/2 'a) a.s. By Lemma C,

a.s.
X, = 0 a.s.

V(2 )| X S N(0, 7' E(Z:2 (b)),

The result follows under condition (a).

Now, consider the case (ii) in which Assumption 1B (or 1A) holds, and
define
t = /n(Z'Z/n)*ZVaQ-1a.

n

~

Z*/Z* _1/2 Z*/v* —1~
O a

Therefore, we have
A AN AN = ( " 0
( ) ‘( ) AVaQ a4 -
" " Va-1a

The first term in the sum above is conditionally asymptotically negligible
since \/nm, f and Va@'Q~'a are bounded in probability. It then follows that
(S, (T* = )Y | X, > N(0, Iy) a.s. O

T —tf =/n
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Appendix B - Tables

Percent Rejected Under Hy, Nominal 5%

TABLE I

Conditional LR Test
Number of Simulations = 1000, k =4

Normal Disturbances

Wishart Disturbances

n =20 n = 80 n = 20 n = 80

Crit. Crit. Crit. Crit.

p  MNAk BS Va. BS Val. BS Val. BS Val

Func. Func. Func. Func.

0 0 5.0 10.6 5.3 6.4 7.9 13.8 6.4 7.7
0 1 5.9 9.2 5.1 6.3 7.6 12.3 6.1 7.8
0 10 4.9 6.9 5.4 5.6 6.5 9.7 5.9 6.6
0.5 0 7.2 12.5 5.8 6.8 7.0 12.9 7.8 9.0
0.5 1 6.3 10.2 5.1 5.8 6.4 11.5 6.8 8.5
0.5 10 5.3 7.6 4.6 5.6 5.9 9.8 6.5 7.8
0.75 0 4.5 8.9 5.4 6.3 6.5 12.9 6.3 7.6
0.75 1 4.2 7.2 5.2 6.2 5.2 9.7 5.9 7.3
0.75 10 4.5 6.8 4.8 5.4 4.5 8.1 4.9 6.2
0.99 0 5.9 10.9 5.0 6.2 9.4 15.7 6.5 7.6
0.99 1 3.8 5.9 5.2 6.2 5.7 8.5 5.7 6.6
0.99 10 4.3 6.1 4.9 5.9 5.9 8.1 5.4 6.3
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TABLE II - Panel A (Normal Disturbances)
Percent Rejected Under Hy, Nominal 5%
Conditional LR Test
Non-Parametric Bootstrap with Normal Kernel and Bandwidth h
Number of Simulations = 1000, n = 20, £ = 4, B = 5000

h

Critical Value

p NNk 1 757 5t 257 17 057 ‘
Function
0 6.5 65 6.1 59 6.1 59 10.6
0 1 59 5.8 55 54 55 58 9.2
0 10 53 53 53 54 52 52 6.9
0.5 0 5.2 48 47 46 6.0 6.9 12.5
0.5 1 5.7 5.6 54 52 54 56 10.2
0.5 10 58 58 58 59 60 6.0 7.6
0.75 0 6.0 53 44 46 51 6.2 8.9
0.75 1 5.1 49 47 48 53 56 7.2
075 10 6.0 6.0 59 59 58 56 6.8
0.99 0 63 56 52 59 66 7.3 10.9
0.99 1 3.0 3.0 29 28 92 128 5.9
099 10 37 37 37 38 122 16.6 6.1
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TABLE II - Panel B (Wishart Disturbances)
Percent Rejected Under Hy, Nominal 5%
Conditional LR Test
Non-Parametric Bootstrap with Normal Kernel and Bandwidth h
Number of Simulations = 1000, n = 20, £ = 4, B = 5000

h

Critical Value

p  XNXk 1 757 57 257 1r 057 ,
Function
0 102 98 96 98 98 98 13.8
0 1 94 92 9.0 89 93 95 12.3
0 10 70 70 72 72 72 71 9.7
0.5 0 89 84 83 84 89 95 12.9
0.5 1 75 74 73 72 73 71 11.5
0.5 10 62 63 64 63 63 6.3 9.8
0.75 0 92 88 88 88 95 104 12.9
0.75 1 72 72 71 75 76 75 9.7
0.75 10 56 57 57 59 59 59 8.1
0.99 0 10.1 96 89 9.6 102 11.3 15.7
0.99 1 53 54 53 4.6 105 14.3 8.5
0.99 10 69 71 71 64 13.0 181 8.1
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TABLE III - Panel A (Normal Disturbances)
Percent Rejected Under Hy, Nominal 5%
Conditional LR Test
Non-Parametric Bootstrap with Normal Kernel and Bandwidth h
Number of Simulations = 1000, n = 80, £ = 4, B = 5000

h

Critical Value

p NNk 1 757 5t 257 17 057 ‘
Function
0 84 78 76 72 73 73 6.4
0 1 79 79 75 T4 77T 7 6.3
0 10 64 63 63 63 64 59 5.6
0.5 0 75 74 69 71 75 79 6.8
0.5 1 63 59 59 56 59 6.2 5.8
0.5 10 6.2 62 62 64 65 6.6 5.6
0.75 0 6.0 58 55 54 63 7.0 6.3
0.75 1 44 44 45 48 47 4.6 6.2
075 10 50 5.0 51 52 52 50 5.4
0.99 0 6.5 62 58 52 54 6.6 6.2
0.99 1 3.0 3.0 30 30 106 185 6.2
0.99 10 4.1 41 41 41 80 17.7 5.5
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TABLE III - Panel B (Wishart Disturbances)
Percent Rejected Under Hy, Nominal 5%
Conditional LR Test
Non-Parametric Bootstrap with Normal Kernel and Bandwidth h
Number of Simulations = 1000, n = 80, £ = 4, B = 5000

h

Critical Value

p NNk 1 757 5t 257 17 057 ‘
Function
0 72 72 69 69 72 77 7.7
0 1 80 77 72 68 69 7.0 7.8
0 10 63 62 62 65 66 6.3 6.6
0.5 0 81 78 75 78 7.8 83 9.0
0.5 1 71 70 70 70 71 70 8.5
0.5 10 62 63 64 64 66 6.3 7.8
0.75 0 86 85 82 83 87 92 7.6
0.75 1 56 56 56 58 57 5.7 7.3
075 10 59 6.0 60 64 68 6.7 6.2
0.99 0 81 80 79 72 73 84 7.6
0.99 1 48 49 49 49 119 17.0 6.6
099 10 57 57 56 53 99 169 6.3
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