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I ntroduction

This paper extends the standard two-period bargaining modd with one-sided private information to
alow for transitions in the buyer’s valuation between periods. The starting point is Fudenberg and
Tirole (1983). An uninformed seller makes an offer in the first period, the informed buyer says yes or no,
the seller makes another offer in the last period, the buyer says yes or no, and the game ends. The buyer’s
valuation is drawn from a two-point distribution at the beginning of the game. What is new in this paper is
that the buyer draws a new valuation in the second period, and these two draws are correlated.

Introducing transitions in the buyer’s valuation leads to some surprising results. The most interesting
of theseis the existence of pooling equilibriain which both types collect informational rents.

The paper characterizes the full set of sequential equilibria for the case in which the sdler’s prior belief
is moderatdly optimistic: not optimistic enough to make a tough offer in the last period if it was revealed in
thefirst period that the buyer’s valuation was high, but optimistic enough to make a tough offer in the last
period if nothing was revealed in thefirst period. Given a prior belief in this range, the set of equilibria can
be roughly described as follows. (1) At the most optimistic end of the range, there is a unique equilibrium
path which screens the buyer in thefirst period: ether the price is the high valuation in both periods, with
the high buyer randomizing in the first period and accepting in the last period, or dse the priceis such that
the high buyer accepts for surein the first period, and the low buyer reects, and the pricein the last period
is the high valuation following acceptance, and the low valuation following rgection. (2) At the most
pessimistic end of the range, thereis a continuum of (first-period) pooling equilibria in which the pricein
the first period can be anywhere in an interval, where the upper end of the interval is the low valuation, and
thelength of the interval is the discount factor multiplied by the probability of making a transition from the
low to the high valuation. (3) In the middle of the range, the screening and pooling equilibria coexist, and
there are equilibria in which the sdler randomizes in the first period.

Forward induction is then applied to the set of equilibria, to good effect. The multiplicity of equilibria
arises because the sdler is free to believe anything if a pooling offer is rgected in the first period. But
rejection of a pooling offer generally yields a strictly lower expected payoff for the high buyer, regardless
of what happensin thelast period, while the low buyer gains if rgection convinces the sdler that the
valuation in thefirst period was indeed low. In this situation forward induction implies that the sdller
should indeed be convinced, and the beliefs in nearly all of the pooling equilibria do not have this property.
In fact, only one pooling equilibrium survives this test, and it is the one where the pooling priceis at the

bottom end of the interval of equilibrium pooling prices. In effect, the low buyer has the option of rejecting



a pooling offer in thefirst period, and if this induces the seler to switch to a soft offer in the last period,
then the buyer gainsiif thereis atransition to the high valuation in the last period. Theinformational rent
that must be conceded to the low buyer is the value of this option to rgect the pooling price.

The paper also provides some discussion of the casein which the sdller’s prior belief is moderately
pessimistic: not pessimistic enough to make a soft offer in the last period if it was revealed in the first
period that the buyer’s valuation was high, but pessimistic enough to make a soft offer in the last period if
nothing was revealed in thefirst period. Thereis again a continuum of pooling equilibriain this case, but
now the application of forward induction does not shrink the set of equilibria, because regection of a pooling
offer would reduce the expected payoff for both buyer types. A surprising feature of these equilibriais that
even though both buyer types strictly prefer to accept the sdler’s offer in the first period, there is no way

for the sdler to extract more surplus by raising the price.

2. The Bargaining Game

Consider a two-period bargaining game between a buyer and a sdler where the surplus to be divided in
each period is drawn from a two-point distribution. Denote thefirst period ast = 1, and the last period as
t =0, and let v, bethe surplusin period t. The conditional distribution of v, is specified by the with
continuation probabilities p, and p,: if v, = v, then v, = v, with probability p,, and if v, = v, thenv, = v,
with probability py. It is convenient to use the sdler’s opportunity cost as the origin and the difference
between the high and low surplus as the unit, so let 6 > 0 be the low surplus, and let 1+6 be the high
surplus.? The realizations of the surplus are seen only by the buyer, and thisis represented by introducing
nature as afictional player whose actions are seen only by the buyer. In each period, the sdller makes an
offer, and the buyer accepts or rgects. Both players maximize the present value of expected income, with a

common discount factor 6. Thus the mode is summarized by the four parameters (0,p,,pn,0)-

Actions
Theactions a = (n,p,,q,) takenin period t are as follows:
first, nature chooses a number n,, and the surplusis n,+ 6, wheren, is either O or 1;

then the seller chooses a price, p,, from thereal ling;

“For example, if v isafirm’s revenue during the term of alabor contract, net of all nonlabor costs, and if w , is
the highest wage available to workers during a strike, the surplusisv-w ,. Then in the new units the low surplusis
0 = (v -wp)/(v-v,), and the high surplusis 1+ 0 = (v,-wp)/(V,-V,).
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then the buyer chooses a quantity, g, whichis either O or 1.

Payoffs

The sdler’s payoff in period t is g, p..

The buyer’s payoff in period t is g, (n,+6 - p,). That is, the buyer's valuation is high (v = 1+6) when
n=1, andlow (v =0) whenn=0.

Both the sdler and the buyer maximize the expected present value of future payoffs, using the common

discount factor 6. The sdller’s and the buyer’s payoffs are

U(a) = p,0,+5Py0,
V(a) = [, +6-pyfa, +8[ng+6 -py 0y

History
The history known to the sdller when choosing p; is =0
The history known to the buyer when choosingsq h = {n.,p}
The history known to the seller when choosiggsp K = {p..a}
The history known to the buyer when choosiggsq hy = {N4,P1, G, Nos Po}

Srategies

Nature's strategy", selects p= 0 with probabilityl;, n, = 1 with probability 1%, n, = 0 with
probability p, -en,, and g = 1 with probability 1p, +on,, wherep =p_+p,-1. Itis assumed thatis
nonnegative.

A behavioral strategy for the seller is a paif,§3), whereo? is a probability distribution on R, ang
is a mapping from X{0,1} to the set of probability distributions on B3(p,,q,) is the probability
distribution of g, given the actions,@nd q in the first period. The seller's strategyseis the set of
such pairs.

A behavioral strategy for the buyer is a paf,¢5), where

(0 o} is a mapping from {0,1X R to the unit interval, and

(i) o3 is a mapping from {0,1X R X {0,1} X {0,1} X R to the unit interval.



The buyer’s strategy set X2 is the set of such pairs. Theinterpretation isthat ¢, = 1 with probability
o5(ny,p,) when the buyer’s valuation is n,+0, and the price p, is offered in the first period, and similarly for
65(N1,Py1,01,o:Po) -

The notation o5(p,) will be used as an abbreviation for the buyer's first-period strategy when the
valuationislow (i.e. 5(p,) isc5(n,,p,) evaluated at n, = 0), and similarly 6% is the buyer’s first-period
strategy when the valuation is high.

Each strategy profile s = (6",6%,6%) determines a joint distribution A(s) for the random vector (a,,3,),
taking values in [{ 0,1} XRX{0,1}]% The path of o, denoted by o, is the support of this distribution — the
set of sample paths having positive probability. A histopnithe path of ¢ if the set of all sample paths
beginning with this history has positive probability. Following any historydetermines a joint

distribution A |h) for the remaining components of,&).

Beliefs

A belief-systentl is a pair [1,,I1,), wherell, is a point inA({0,1}?), specifying a probability
distribution over the four possible realizations qfr§g), andIl, is a mapping from {0,1} to A({0,1}?),
specifying a probability distributiol,(n,,n,|p;,0;) over (n,ny), for each possible realization of (g ).
Since any belief system that might be part of an equilibrium must be consistest,véthelief system can
be represented by the tripig,[Ci(py), &(p.)], defined as follows:
G the prior probability (according 1d,) that n is zero
{i(p) the posterior probability (accordingliy) that n was zero, given that pvas rejected
¥ p,) the posterior probability (accordinglihy) that n was zero, given that pvas accepted

Equilibrium
There is no general definition of sequential or perfect Bayesian equilibrium for games with infinite
strategy sets, but a straightforward adaptation of the definitions in Kreps and Wilson (1982) and

Fudenberg and Tirole (1991) yields a suitable definition ofibgum for the game analyzed here.

Definition (Consistency)

The strategy-belief pais(I) is consistent if, for all prices p,
[1-¢,05(py) - (1-0))05(p) | C(p) = ¢,[1-0i(py)]
[€,05(p) +(1-C,)03(p) [ €3(pY = ¢10%(py)
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That is, the sdler’s posterior belief regarding the buyer’s valuation in the first period, after seeing the
buyer’s response to any first-period price, satisfies Bayes' Rule.®
Sequential Optimality

For a given strategy profile ¢, the buyer’s expected payoff, conditional on the history h, is

V(slh) = EA(c|h,)V(a)
where the expectation over future actions is computed according to the distribution A(c |h). For agiven

strategy-belief pair (c,I1), the sdler's expected payoff, conditional on Y, is

UIilh’) = 32, T (h|h) Eyyp U@

Definition (Sequential Optimality)
() Thestrategy profile ¢ is sequentially optimal for the buyer if, for all t, and for all histories h,, and
for all strategies s® € X®
V(oN,05068|h) > V(o,05¢B|h)
(b) The strategy-bdief pair (o,I1) is sequentially optimal for the seller if, for all t, and for all public
histories h?, and for all strategies s® € X°.

U(aN,0S6I0|h’) > U(eN,sS68II|h0)
Thepair (c,IT) is sequentially optimal if both (a) and (b) are true.

Definition AO: The strategy-bdlief pair (o,I1) is a sequential equilibrium if it is consistent and sequentially
optimal.

In a sequential equilibrium, after any first-period history, the sdller usesT1, to determine the probability
¢, that the buyer’s valuation is low in the last period, and the strategy components o5 and o5 are optimal.

*The Kreps-Wilson (1982) definition of consistency (for finite games) also requires that beliefs following
probability-zero events can be rationalized as the limit of a sequence of strategy-belief pairs such that each
strategy in the sequenceis fully mixed, and so each belief system in the sequenceis fully determined by Bayes
rule. It iseasy to check that this additional requirement is satisfied for al of the strategies considered below.
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Thus the set of possible equilibria in the two-period game can be reduced by characterizing the set of
equilibriain the one-period game parameterized by {,. Thisis donein the next section. In fact, although
the one-period game has a continuum of equilibria, the expected payoffs for the sdller and the buyer are
uniquely determined by {,. Next, in the subgame initiated by any choice of p,, the strategy component %
must be optimal, allowing for the relationship between , and the buyer’s first-period action. Finally, once
the set of equilibria in the subgame is characterized, the sdller’s optimal choice of p, can be analyzed, and

this completes the analysis of the two-period game.

3. TheEnd Game
After any history, thelast period is an ultimatum game parameterized by the sdler’s belief, £,
(representing the probability that ny, = 1, according to I'y). Thereis a continuum of equilibriain this game,
for any value of {,, but the multiplicity of equilibria is not important — in particular (for any given value of
{,) the equilibrium path is unigufe.
Define{, = 1/(149): this is the threshold belief that determines whether screening or pooling is optimal

for the seller..

Proposition O:

l. If { <&, then the strategy profitg = (c5,05,04) is an equilibrium if and only if
a o5 = {1+6}
b o5(p)=1if p <0, os(p) = 0 if p >0, 65(0) = 0, wherea € [0,1]
c of(p)=1lifp< 1+, of(p)=0ifp>16

Thus there is a continuum of equilibrium strategy profiles, indexed by

1. If { >y, then the strategy profite = (c5,05,05) is an equilibrium if and only if
a op=1{0}

b og(p)=1ifp<0, os(p) =0if p >0

“According to Proposition 1 in Fudenberg and Tirole (1983), there exists a unique perfect Bayesian
equilibrium for the two-period durable-good monopoly version of this game (i.e. the game in which the buyer’s
valuation does not change between periods, and the game ends when the buyer accepts an offer). Similarly
Hart (1987, Proposition 1) asserts that there is a (generically) unique perfect Bayesian equilibrium for the T-period
durable-good monopoly game. These results are not exactly right, since the buyer with valuationv | isfreeto
randomize at p = v if the seller’ s equilibrium strategy does not offer p = v, with positive probability, and similarly
for the buyer with valuation v, if p = v, is not offered with positive probability.
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c op(p)=1ifp<1+0, oh(p) =0if p>1+0, c5(1+0) = B, where B € [0,1]
Thus thereis a continuum of equilibrium strategy profiles, indexed by p.

1. 1f § = & , then the strategy profile o, = (c5,05,05) is an equilibrium if and only if

a oS({0}) =2, oS({1+0}) = 1%, where . € [0,1]

b ot(p)=1ifp<o, o5(p) =0if p>0, o50)=a, wherea € [0,1], withi(1-a) =0

c oHp)=1lifp<1+0, ok(p)=0if p>1+0, oti(1+0) =B, wherep € [0,1], with (1-1)(1-B) = 0
Thus thereis a continuum of equilibrium strategy profiles, indexed by . (or by a, if . = 0, or by B, if
A= 1).

Proof:

Optimality of the buyer’s strategy requires that p < 6 must be accepted and p > 1+6 must be regjected;
also p € (08,1+6) must be accepted if the buyer’s valuation is high, and regected if the valuation is low. Thus
the only prices that can be optimal for the seller are 6 and 1+6. Randomization is optimal for the buyer
when the price matches the valuation. But in any equilibrium in which the sdler’s strategy specifies p = 0,
the low-valuation buyer must accept p = 6 for sure, or esethe sdller could do better by shading the price.
Similarly, in any equilibrium in which the sdler is setting p = 1+6, the high-valuation buyer’s strategy must
accept p = 1+ for sure.

For p € (8,1+6), the seller’s expected payoff is (1-{;)p, and for p < 8, the expected payoff isp. If
¢ < &, then the expected payoff when p = 1+0-¢ exceeds 0, so p = 0 is not optimal for the sdller. This
means that o5 = {1+0} and §(1+0) = 1 in any equilibrium, but the low-valuation buyer is freeto
randomize at p = 0. Similarly, if {, > ¢, then o5 = {0} and 65(0) = 1, but the high-valuation buyer is free
to randomize at p = 1+0.

Finally, if {, = {, then randomization over {0,1+0} is optimal for the sdller, and unless the sdler’s
equilibrium strategy chooses one of these prices for sure, the buyer’s equilibrium strategy must accept for

sure when the price matches the valuation.

Corallary:

In the one-period game with belief &, the sdler’s expected payoff is

U, = max[6, (1-(,) (1+6)]



Proof:
Under case | of Proposition 0, the sdler chooses p, = 1+0 and the probability of acceptanceis 1-(,, and

the product of theseis at least 6 because ¢, < {,, and conversdly in case |1, with equality in caselll.

I nformational Rents

From the buyer’s point of view, the value of the one-period game depends on how pessimistic the seller
is. If {, <, thevalueis zero for both buyer types. But if {, > ¢, the high-valuation buyer gets an
informational rent (V = 1) — a gain relative to the payoff in the full-information version of the game. This
is a very well-known result, and it extends to the T-period game with permanent valuations. A natural
conjecture in the two-period game with serially correlated valuations is that the value of the game is zero
for the buyer who draws the low valuation in both periods, while the other three types of the buyer get
informational rents if the seller is sufficiently pessimistic. Although this might seem obvious, it will be

analyzed in detail in Section 5 below.

4. Equilibriain the Subgame Determined by p,
Any price p that might be offered by the seller in the first period starts a subgame: the buyer chooses
o, the seller chooses,nd the buyer chooses drhe set of equilibria in the subgame depends on where

{o(p,) andig(p,) lie in relation to the thresholf. There are four cases to consider, but two are trivial:

Condition OO: p, <,
This means the seller is optimistic enough to screen in the last period, even if the buyer's action in
the first period revealed that the first-period valuation was low.

Condition PP: 1py, >,
This means the seller is pessimistic enough to pool in the last period, even if the buyer's actipn
revealed that the first-period valuation was high.




In each of these two cases, where the sdler is either very optimistic or very pessimistic in the last period,
regardless of what happened in thefirst period, the sdler’s action in the last period is predetermined, so the
first period can be analyzed as a static game. The interesting cases arise when 1-py, < {, < p.: thiswill be
assumed from now on. Then the analysis depends on whether the seller is relatively optimistic or relatively
pessimistic in the last period:

Condition O: ¢, + 19, <{ <p.
This means the seller is optimistic enough to screen in the last period, if the buyer's action in|the
first period was uninformative, but not optimistic enough to screen if the buyer's action revealed the low
valuation.

Condition P: ¢{; + 1-p, > (> 1-py

This means the seller is pessimistic enough to pool in the last period, if the buyer's action in the first
period was uninformative, but not pessimistic enough to pool if the buyer's action revealed the high
valuation.

Condition O is analogous to the “tough seller” condition in Fudenberg and TiB&88), and endition P is

analogous to their “soft seller” condition.

Given that it is never optimal for the seller to charge prices otheftbah+0 in the last period, let
1"(py) = o5(p1,0)(0) be the probability thatyp= 0 if the price p is rejected in the first period, and &p,) =
o5(p1,1)(0) be the corresponding probability if the prigégpaccepted. Then any strategy for the seller that
is part of an equilibrium can be represented by the trg(@.), 2'(p.), (p.)], specifying a probability
distribution for R, together with the probability of pooling in the last period, iispaccepted, and the
probability of pooling in the last period if 5 rejected.

Proposition 0 immediately implies that in any sequential equilibrium, for any price p



®(p) =0 if Lpy) <&
(p)=1 if Glpy) > G
U(p) =0 if Go(py) <&
U(p) =1 if Go(py) > Gy

Thefollowing result provides the basic optimality condition governing the buyer’s decision in the first

period.
Lemma 1: In any equilibrium, the buyer’s strategy has the following property:

If < N+ 0 - 8(1-pton,) [(p) - 1(p)]  thenof(n,py) = 1
If > ny+0 - 8(1-pton,) [(p) - 1(p)]  theno3(ny,py) = 0

Proof:
Suppose the sdler offers a price p in the first period. Using the probabilities ¢'(p) and 13(p), the buyer

compares the expected payoffsfrom g, = 1 and from ¢, = 0. These are as follows:

G =1 6(1-pton)tqp) +m+0-p
¢ =0: 8(1-p.+on,)'(p)

Thisimplies that any optimal strategy for the buyer must have the above property.
Corollary: in any equilibrium,
Ifpy< 0-8(1-p) thenoi(p)=1

If p,< 1+0-3p, thenci(p)=1
If p,> 0 +3(1-p) thenoi(p) =0
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Pr oof:

Since-1 < 0"(py) - 13(p,) < 1, theseresults follow immediately from Lemma 1.

Given '(py) - 4 p,), Lemma 1 completely determines the buyer’s strategy except for the choice of a
(random) quantity when p, is equal to the reservation price. The analysis proceeds by studying the
relationships between 1'(p,), #3(p.), o5(p.) and o(p,) that must hold in equilibrium.

Lemma 2: In any equilibrium, if p, > 1+0, then o5(p,) = o7(p,) = 0.

Proof:

Since 1+0 > 0 + §(1-p,) the Corollary to Lemma 1 implies 65(p,) = 0. If 6(p,) > O, then
£3(py) = L-pu< &, S0 1A (p,) = 0. But in this case, from Lemma 1, the high buyer rejects any price above
1+0 - 3p"(p,), which includes all prices above 1+6, since('(p,) > 0. Thus both buyer types surely rgect
all prices above 1+6.

Lemma 3: In any equilibrium, if p, > 1+6, then 13(p,) < 25(p,), where

p1 - (1+e)

E|6-1|(p1) = 6p
H

Proof:
By Lemma 2c%(p,) = 0. By Lemma 1, the condition needed to ensure that this is optimal for the

buyer is p > 1+0+8p,¢Yp,), which can be rearranged @&®,) < 13(p,).

The next result says that any price that might be accepted by the low-valuation buyer in the first period

is accepted for sure by the high-valuation buyer.

Lemma4: In any equilibrium, i5(p,) > 0, thens(p,) = 1.
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Proof:
If o%(py) > O, then
P1 < 0 - 8(1-p ) [£'(py) - 1X(po)]
by Lemmal. Thisimplies
P+ 1-8¢[0'(p) - £3(p)] < 140 - 3(L-p. + @) ['(py) - 1X(po)]
But 1 - 3o [2'(py) - 2%(p,)] is strictly positive (for 6¢ strictly less than 1), because (4(p,) is nonnegative, and
(p) < 1. So
Pr<p;+1-80[l'(p) - 1X(py)] < 146 - 8(1-p. + 0) [£'(Py) - £(Py)]
which implies 6*/(p,) = 1 by Lemma 1.

Lemma5:
In any equilibrium, if 0 < o5(p,) < 1, then'(p,) = 1. Also, if o5(p,) = 0 and if o7(p,) = 1, then

"(py) = 1.

Proof:
If 0 < 6i(p,) < 1, thenc'(p,) =1 by Lemma4. If 65(p,) <1 and c7(p,) = 1 consistency requires
£o(p.) = pL, and then (under the maintained assumption that p, > ;) optimality for the sdler requires

"(py) = 1.

Further analysis of equilibria in the subgame depends on whether the sdller’s prior belief satisfies

Condition O or Condition P. In theremainder of this section, Condition O is assumed.

Lemma O6:
In any equilibrium, if Condition O holds, ¢! (p,) = 0if p, > 0.

Proof:

Suppose p; > 0 and g; = o5 (p,) € (0,1). Then (by Lemma 4) the price p, is accepted for sure by the
high buyer, so rgection must be interpreted as coming from the low buyer, by Bayes rule, which implies
that ¢'(p,) = 1. Moreover, acceptance must make the seller more optimistic, so {, > ¢, + 1-p,, and then
Condition O implies that (¥p,) = 0. Thus acceptance of p, yidds a negative payoff for the low buyer in the
first period, and a zero payoff in the last period, while rgection yields zero now, and at least zero later.

12



Lemma O7: In any equilibrium, if Condition O holds, then ¢(p,) > O for all p, < 1+0.

Proof:

If 6*(p,) =0, then o7 (p,) = 0 (by Lemma 4). So rejection carries no information, and the seller’s belief
in the last period must be in the screening region by Condition O. Thisimplies that the high buyer’s payoff
iszeroin each period. But if p; < 1+6, acceptance gives the high buyer a positive payoff in the first period,

and the payoff is no worse than zero in the last period. So rgjection can't be optimal for the high buyer.

L emma O8: In any equilibrium, if Condition O holds, and if *(p,) > 0, then 13(p,) = 0.

Proof:

Any pricethat is accepted by the low buyer is accepted by the high buyer, so acceptance can't make the
sdler more pessimistic unless the probability of acceptance was zero. Since the probability is positive, it
follows that the sdler is at least as optimistic as if no information had been revealed in the first period, and
thisimplies screening in the last period, by Condition O.

Lemma O9:

In any equilibrium, if Condition O holds, and if p, > py, then ¢%/(p,) < 1.

Proof:
Suppose c(p,) = 1. Sincep,> 0, it follows that 65(p;) = 0 by Lemma O6. Thisimplies {i(p,) = p.,
s0 '(py) = 1, and £&(p,) = 1- py, SO 14(p,) = 0. But then Lemma 1 implies 6*(p,) =0 for p, > py, a

contradiction.

Lemma O10:
In any equilibrium, if Condition O holds, and if p, = 1+0, then 67(p,) € [0,Q4] and 3(p,) = ¢'(p,) = 0.

Proof:

Since 1+0 > p,;, Lemma O5 implies 67(p,) < 1, so t(p,) < ('(p,) by Lemma 1. If ¢*(p,) = 0, then
consistency implies {(p,) = ¢;+1-py, and then Condition O implies ¢'(p,) = 0, so (Ap,) = 0. If &*/(p,) > O,
then (3(p,) = '(p,) by Lemma 1, while consistency implies {3(p,) = 1-py and then Condition O implies
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1%(p,) = 0. Finally, 0"(p,) = O requires {{(p,) < &. That is, the seller must be sufficiently optimistic to
screen in the last period following reection, and this requires the probability of rejection by the high-
valuation buyer is not too small: specifically, o(p,) < Q.

Lemma O11:
In any equilibrium, if Condition O holds, and if p, = 0 - 5(1-p,), then max [c%(p,), ¢'(p,)] = 1.

Pr oof:

Suppose '(p,) < 1. Then since $3(p,) = 0 by Lemma 08, c5(p,) = 1 by Lemma 1.

These preiminary results can now be used to characterize the set of equilibria in the subgame starting
from any price p,. In each of thefollowing resultsit is understood that §(p,) = 1 for al p, <0, o5(po) =0
for all p,> 0, of(py) = 1 for al p, < 1+0, and of(p,) = O for all p, > 1+0. Thefirst result isimmediate but

not important.

Proposition 1: If Condition O holds, then the subgame starting from any price p, > 1+6 has a unique
equilibrium path. Moreover, the buyer’s first-period strategy is uniquely determined. The set of

equilibria can be characterized as follows

* oi(p) =0i(p) =0

* {'(p) = 0,0%p,) can be any number between 0 and 1

» o5(0) can be any number between 0 and 1, and this number can depend in an arbitrary,way on n
and qg.

e oj(py) =1forallp=14

o Li(p) =08 + 1py, andii(p,) can be any number between 0 and 1
 with the restriction that if¥(p,) = 0 then’j(p,) < &

« and iftAp,) = 1 then{(p,) > &.

The seller's expected payoff is

U(p,) = 8(1+6) [py - 94|
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This means that there is a multi-dimensional continuum of equilibria, but the equilibrium path is the same

for each point inthisset: g, = 0, py = 146, g, = n,.

The next result again deals with equilibria of the subgame for prices that are not on the equilibrium

path of the two-period game.

Proposition 2: If Condition O holds, then the subgame starting from any price p, in the open interval
(6,1+6-3py) has a unique equilibrium path. Moreover, the seller’s strategy, the buyer’s first-period
strategy and the beliefs are all uniquely determined. The set of equilibria can be characterized as

follows

or(p) = 0and o¥f(py) = 1

Co=(1-0a)p.+aqu(l-pn)

o3(Py,0h) = { o +0}

og(hy) =1 for any history h, such that p, = ny+6 =g, +6

og(hy) € [0,1] for any history hy such that py =ng+0 # g, +0
The sdller’s expected payoff is

U(pl) =060 +[1_C1][p1+6pH_6(1_pH)e]

Proof:

If thereis an equilibrium then o} (p;) = 0 by Lemma O6, and o%}(p,) = 1 by the Corollary to Lemma 1.
Consistency then implies {{(p,) = p., and {3(p,) = 1-p,, and Condition O requires 1-p, < {, < p., SO
"(p) = 1and t3(p,) = 0. The strategies and bdliefs in the subgame are thus fully determined, except for the
high buyer’s response to an unexpected screening offer after ¢, =0, and the low buyer’s response to an
unexpected pooling offer after g, = 1; these responses are arbitrary, and they do not affect the equilibrium

path. Also 5 and o5 are clearly optimal, and 6§ is optimal because it satisfies the inequalities of Lemma 1.

Corallary:

In any equilibrium of the two-period game, 63(p,) = O for p, € (0,1+0-3py,).
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Pr oof:

The sdller’s expected payoff isincreasing in p,, So no choice of p, in the open interval can be optimal
for the sdler.

Proposition 1 identifies a continuum of equilibria. If the seller unexpectedly chooses the high pricein
the last period, even though the buyer rejected p,, and if the buyer’s valuation is high in the last period, then
the buyer’s probability of acceptanceis arbitrary; moreover, this probability can depend on whether the
valuation was high or low in the first period, and it can depend on p,. Similarly, if the seller unexpectedly
chooses the low pricein the last period, even though the buyer accepted p;, the buyer’s probability of
acceptanceis again arbitrary, and it can depend on n, and on p,. Thus, for fixed p,, the set of equilibriain
the subgame can be represented by a unit cube in four dimensions. This might seem like alot of equilibria,
but of courseall of these equilibria are virtually the same.

The main implication of Proposition 1 is that any pricein theinterval (6,1+0-6p,) is a screening price:
the low buyer rgectsit, and the high buyer accepts. Define p, = 1+0-3p,,;, the supremum of these prices.
Thisis thefirst-period price in any equilibrium in which two buyer types separate in the first period, as will
be shown below.

Proposition 3: If Condition O holds, then the subgame starting from p, = p, has a continuum of equilibria

parameterized by o = ¢'(p,), where

QlH:% 1‘*(P7(:1 <qg'<1
S G-(p)
o1(py) = 0 and o3(py) = 1

¢C(1-a,)

, = 1 1 . 1-p,,

1_(1_C1)q1
or(py,a) = {00}
oo(hy) =1 for any history h, such that g, = ny and p, = ny+0
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og(hy) =a(n;) € [0,1] for any history h, suchthat ;=1 andp, =0 andn,=0
oa(hy) =B(n,) € [0,1] for any history h, such that g, = 0 and p, = 1+0 and n,= 1

The sdler’s expected payoff is

U(py) = 86+ " [1-,[1+0-5(1-p,,)0)

Proof:
Since p, > 0, Lemma O6 implies 6%(p,;) = 0. Suppose c(py) = 0. Then reection conveys no
information, and Condition O implies 1'(p,) = 0. But Lemma 1 then implies 6(py) = 1, a contradiction.

Thus 67(py) > 0, and

_ (PC1(1_q1) +l—p

1- (1‘C1)0T( pH)

H

The smallest value of 67(p,;) consistent with {{(p,y) > {yis QY, soif o7(py) < QY, Condition O implies
1"(py) = 0 and again Lemma 1 implies 6%(p,y) = 1, a contradiction. So o7(p,) > QY.

Proposition 4:
In any equilibrium, if Condition O holds, and if p, € (py,1+86), then
o1(py) =0 and

0G
CS - (l_pH)

1
1-¢,

oy (py) = -1l <1

Co=(1- o)l + ou(1-pn)
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1+0-p
"(p) = :::g::::i

Pu

<1, Qa(pl) =0

oo(hy) =1 for any history h, such that g,= 0 and p, = n,+90

oo(hy) =1 for any history h, suchthat ;= 1andp,=1+0 andn,=1

og(hy) € [0,1] for any history h, suchthat g,= 1 and p, =0 and n,=0
The sdler’s expected payoff is

u(py = p, 1L +8(1+6) [Py - 0,
Co—(1-py)

Pr oof:

[routing]

Corallary:
If Condition O holds, then in any equilibrium of the two-period game, 63(p,) = O for
pl € (1+e'8pH ,1+9).

Pr oof:

For pricesinthisinterval, the sdler’s expected payoff is

¢y
CS -(1-py)

L](pl) =P 1-

} £ 8(1+0) [py - 4]

Condition O holdsif and only if the coefficient of p, in this expression is positive, so for any price
p, € (1+6-6p,,1+0), asmall increasein p, increases the sdller’s expected payoff, and thus p, cannot be
optimal for the sdller.
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Proposition 5: In any equilibrium, if Condition O holds, and if p, € (0 - 6(1-p,), 0), then thereisa

continuum of equilibriawith c%(p,) = 0 and a continuum of equilibria with o%(p,) = 1.

Proof:

First, by the Corollary to Lemma 1, o(p,) = 1 for all pricesin thisinterval, and then acceptance
cannot make the sdler more pessimistic, so Condition O implies ¢3(p,) = 0. Thusthe sdler’s strategy is
summarized by ('(p,).

If 65(p,) < 1then('(p,) =1 by Lemma5, and if #"(p,) = 1, then Lemma 1 implies 65(p,) = 0. So there
aretwo cases: (A) 65(p) =0, 1'(py) = 1, and (B) o5(py) = 1, #'(py) < 1.

In case A:

* oi(p) =0,04(p) = 1

* (p)=10%p) =0

« obhy)=1 for any history fisuch that g= 0 and p= 6 and =0

e obhy)=1 for any history fisuch that g=1 and p= 1+6 and g=1
» ob(hy) € [0,1] for any history hisuch that g= 0 and p=1+6 andg= 1
» ob(hy) € [0,1] for any history hisuch that g= 1 and p=0 and g=0

* (P = pe andGg(py) = 1py

All of the equilibria in case A share the same path: the buyer acgeptsgd only if n = 1, and the
seller sets p= 1+ following acceptance of,pand g = 0 following rejection, and the buyer accepgsfp

and only if g=n,+86. Thus the seller's expected payoff in case A is

0(p1) = [1_(:1”p1+69H(1+e)] +C166

In case B{'(p,) must be such that the low-valuation buyer weakly prefers to accept in the first period,

SO

0-p,

- <1
6(1_pL)

0 < I'(p,) <
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If 2'(p,) > 0, then p, = 6 and p, = 1+6 must yidd equal expected payoffs for the sdller in the last period,
with no possibility of increasing the expected payoff by charging p, = 6-¢, which would surely be accepted,
or p, = 1+0-¢, which would surdly be accepted if n, = 1. Thisimplies that the buyer must accept p, = 0 for
sureif g, = 0, and that p, = 1+6 must be accepted for sureif g, =0 and n, = 1. Moreover, the sdler’s belief
must satisfy §(py) = Go.

On the other hand, if ¢'(p,) = O, then p, = 1+6 must be accepted for sureif g, = 0 and ny = 1, but the
probability of acceptanceis arbitrary for p, = 6, g, = 0 and n, = 0; moreover the sdller’s belief {{(p,) is
arbitrary, subject to the condition {{(p,) < .

Thus for equilibriain case B:

* oi(p) =1,0%(p) =1
e (¥p)=0,and

0-p,
0<0(p) < ——<1
! 8(:I-_pL)

« obhy=1 for any history fisuch that g= 0 and p=6 and =0, if ¢(p,) > 0
» ob(hy) € [0,1] for any history fisuch that g= 0 and p=60 and g= 0, if ¢'(p,) = 0
» ob(hy) € [0,1] for any history hisuch that g= 1 and p=0 and g=0

« obhy)=1 for any history fisuch that p=1+6 and g=1

* &Py =L+ 1py and

o < Go(py) < 1-p, if 2(p) = O
Gp) =&  if (p) >0

The set of equilibria in case B leaves the low buyer's response to an unexpected pooling offer in the last
period undetermined; also eith&p,) or {i(p,) is undetermined. But all of these equilibria share the same

path: the buyer's equilibrium strategy always acceptarul the seller's equilibrium strategy sets g+
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following acceptance of p,, and the buyer accepts thisif and only if n, = 1. Thus the sdler’s expected

payoff in case B is

0(p1) =Pt 6[pH_(PC1](l+e)

Summary of Equilibriain the Subgame under Condition O

The above results are summarized in Table 1, which characterizes the full set of sequential equilibria
under Condition O. The table makesit clear that there are many tedious details that preclude a simple
description of the set of equilibria. But there are also some interesting results. The most important of these
isthat there are two distinct equilibrium paths starting from prices between 6 - 5(1-p,) and 8. For prices p,
inthisinterval, there are continuation equilibria in which p, separates the high and low buyers, and there
are also equilibriain which p, acts as a pooling price. In particular, the natural intuition that both buyer

types must surely accept any price below the low valuation is wrong.

Forward Induction

Given that the subgame has multiple equilibria, for p, € [6 - 8(1-p,), 6], an obvious question is whether
some of these equilibria can be diminated by standard refinement arguments. In particular, thelogic of the
Intuitive Criterion for signaling games (Cho and Kreps [1987]) suggests that some bdliefs following
rejection of a pooling offer can beruled out. Cho (1987) extended the Intuitive Criterion from signaling
games to genera (finite) games, and although the game considered in this paper is not finite, the relevant
parts of Cho's analysis are easily extended.

Consider a pooling equilibrium of the subgame starting from p, € [0 - 8(1-p,),8]. Since
o5(p;) = o%(p;) = 1, the buyer's equilibrium payoffs are

VE=6- P+ 6(1—pL)()_a(pl)

VH

1+0 - p1 + SpHQa(pl)

Let V(p,) bethe buyer’s expected payoff if n, = 1 and g, = 0 (contrary to o% (p,)), and let V-(p,) be the
buyer’s expected payoff if n, =0and g, = 0. Then
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<a
|

= 3(1-p)'(py)

= 8p,l'(p) < 1+6-p, +8p,13(p,)

<a

If VH(p,) < VM(p,) for all values of 7, and if V'(p,) > V*(p,) for some values of 7, then Cho's “introspective
consistency” condition requirés = 1. That is, if rejection of,gs strictly worse than acceptance for the

high buyer, given that the seller responds optimally with respect to some belief about the buyer's type, and
if this is not true for the low buyer, then the seller should put zero probability on the high buyer fype if p
rejected. A forward induction equilibrium is then defined as a sequential equilibrium that satisfies

introspective consistency.

Proposition 6: In any forward induction equilibrium, if Condition O holds, ang ik 1 and
P € (0 -3(1-p), 6], thenog(py) = 0 ands'(p,) = 1.

Pr oof:

By Proposition 5, it need only be shown that the pooling equilibrium for any price in this interval fails
to satisfy introspective consistency. Sif¢p,) < 1, and 73(p,) > 0, it follows that V"(p,) < V"(p,) for
p, < 6, so introspective consistency requires {{ = 1 and {{ = p,. But (according to Proposition 5) the

pooling equilibrium specifies {{ < {; < p,.

Thisis one of the main results of the paper: forward induction implies that the sdler cannot achieve

pooling by offering to sdl at the low valuation in the first period, unless the low valuation is permanent
(b= D).
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Table 1: Summary of equilibriain the subgame from p,, under Condition O

P | (-o,p0) P (P.,9) 0 ©,p4) | Pu (P, 1+0) | 146 (1+0,)

ci(py) 1 [0,1] 1 0 1 0 0 0 0 0 0
c'i(py) 1 1 1 1 1 af € [Q11] Q [0,Q1] 0
Gi(py) puif oi(p)<1 pL pL pL 1-p+ol(py) | G [1-pu, &l O +1-py

[1-pw, G if €(P)=0 | [1-pu & if (D=0 | [1-p & if €(p)=0 [1-p, ]

L ifl(pYe(0l) [ & if(p)e(0) | & if 0<t'(py)

[Gopd  ifC(p)=1 | [Gopd  if0(py)=1
Py G+ 1-py 1-p+oZ(py) G+ 1-py 1-py Co 1-py | 1-py 1-py 1-py [1-pu pu] if [1-py, Pl

o'i(p)=0
1-py if 6'i(py)>0
1'(py) [0.1] [0.1] [0.7{(py] 1 0 1 1 1 Tii(py) 0 0
"(p)=1or
c1(p)=1

*(p.) 0 0 0 0 0 0 0 0 [075i(po]
o5(0],=0) 1ifi"(p)>0 1if 0'(p)>0 1if 0'(p)>0 1 1 1 1 1 a(n,) a(ny,py)

a(n,) else a(n,) else a(n,) else a(n,)
o5(0]k=1) a(n,) a(n,) a(n,) a(n,) a(n) | a(n,) a(n,) a(n,) 1 if 1%(py)>0

a(n,p,) else

of(1+0]q=0) | 1ife"(p)<1 1if"(p)<l 1 B(n) |1 B(n) | B(ny B(n,) 1 1 1

B(n,) else B(n,) else
oi(1+[g=1) | 1 1 1 1 1 1 1 1 1it3(p)<1

B(n,py) else
Prop 5 Prop 2| Prop 3 Prop 4 Prop 1
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5. Equilibriain the Two-Period Game with an Optimistic Seller

For any price p, that the seller might choose in thefirst period, the analysis of the subgame yidds a set
of expected payoffs generated by the continuation equilibria of the subgame starting from p,. The set of
equilibriain the two-period game is then found by choosing prices that yidld maximal expected payoffs for
thesdler.

This section assumes that Condition O holds; the alternative (Condition P) is considered in the next
section. Thefirst result says that thereis no equilibrium in which the low-valuation buyer randomizes

between acceptance and rejection of any first-period offer that is on the equilibrium path.

Lemma O12:
In any equilibrium, if Condition O holds, o} (p;) € {0,1} for al p, € o3.

Proof:

First, if p, > 0, then Condition O implies 6} (p,) = 0 by Lemma O6. Supposep; < 0 and
o; = o5 (py) € (0,1). Then (by Lemma 4) the price p, is accepted for sure by the high buyer, so rejection
must be interpreted as coming from the low buyer, by Bayes rule, which implies that ('(p,) = 1. Moreover,
acceptance must make the sdller more optimistic, so {5 > {,, and then Condition O implies that (%p,) = 0.
The low buyer’s indifference then implies that p, = 6 - 8(1-p,). Any price below thisis accepted for sure by
the buyer (by the Corollary to Lemma 1). Thus by reducing p, slightly, the seller gets a sure acceptance,
with a screening offer in the last period. The sdller’s expected payoff is a linear function of g;. At one
extreme (g; = 1), the expected payoff is the value of a pure pooling offer, and at the other extreme it is the
value of a screening offer with an inferior screening price (p; < 6 < py). Thusthe sdler can do better by

choosing ether p; = py-¢, or p, = 6-6(1-p,)-¢, for some small value of «.

The next lemma proves the (obvious) result that thereis no equilibrium price that would surdly be
rejected.

Lemma O13: In any equilibrium, if p, € o then o7 (p,) > 0.
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Proof:

If 6 (p,) = 0thenci(p,) =0, and {, = o, + 1-p,, and the sdler's expected payoff is the expected
payoff from the one-period game with belief {,, which is uniquely determined by the Corollary to
Proposition 0. But if 0 < p < 0-5(1-p,) thenc (p) = o5 (p) = 1, and again {, = ¢(; + 1-p,, sothe sdler’s
expected payoff isincreased by the amount p, which implies that p, is not optimal for the sdller.

The set of equilibrium screening prices can now be identified:

L emma O14: In any equilibrium, if Condition O holds, and if p, € 7 and o} (p;) = 0 then éither p, = p, or

p, = 1+6.

Proof:

Since o} (p;) = 0, and 6% (p,) > 0 by Lemma 013, the Corollary to Lemma 1 implies
0 - 6(1-p) < p;, < 1+0. Pricesintheinterval (8,p,) areruled out by the Corollary to Proposition 2, and
when o} (p;) = 0 the argument there extends immediately to p, = 0. Pricesintheinterval (p,,1+0) areruled
out by the Corollary to Proposition 4. Finally, pricesin the interval [6-6[1-p,],6) can be ruled out by
comparing the sdler's expected payoff form Propositions 4 and 5: if p, < p, and o5 (p,) = 0 then p, isa

screening price, and p,-¢ is a better screening price.
Table 2 lists the expected payoffs for each price that the sdler might choose in the first period, and the

expected payoffs resulting in each equilibrium of the subgame. The last column of the table identifies that
prices that are dominated.
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Table 2: Equilibrium Paths and Expected Payoffs for the Sdller in the Subgame, under Condition O

p. | op Po (oY Seller’s Expected Payoff (U) Dominated by

(-=.p0) 1 1+6 Mo py+d [Py - $¢, ] (1+6) Yo+ Vopy
pL 1 1+) Mo [1+8py]B +8d(1-C,[1+6]) ©

m+ (1-n)d; |+ 0 | 1-q(ln) pL-€

o) 50 +[1-¢,][0+89-3(1-p)0]+¢,0(1-3p)q

n, h+0 | 1-n(1-ny) 66+[1—C1H6+6(p—6(1—pH)6] Y + Yap,
(S¥D) 1 1+ Mo Py +8 [Py - $¢, |(1+0) ©

nl 0 Londtn) 66 +[1_C1Hp1+6pH_6(1_pH)e] 7D
0 1 1+) Mo 0+8[py - $¢, |(1+6) ©

n, g+ 0 1-n(1-ny) 66+[1—C1H6+6pH—6(1—pH)6] Y + Yap,
0, Yop,+ Yopy
©.p) 80 +[1-, [Py +3py - 8(1-p, 0] P+ 2p

n, N0 | 10 | 5e L [1-¢,)[1+0-5(1-p,,)0] ©
P

N M0 | Lm0 4 g [1-¢,][1+6-5(1-p,,) O] P

qi € [Q1,1)
(P, 140) 0g ¢ Yop, + Yo(140)

1-—= 1% 5@, -

o (o) l vy (1+0) [Py - 0G,]
n, Qf
wolt- -9 | s@opog] | ©
CO 7(17PH)

140 . (1+8) (1-C) " + 3(1+0) [py - Ly 140 -e

a1 [0,Q))
(1+0,) 0 140 o 8(1+0) [Py~ 4] PP
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Characterization of the set of Sequential Equilibria [sketch]

Fix afirst-period belief {, for the sdler. Consider the sdller’s expected utility for each equilibrium (o,IT). This definesa
mapping U = v(o,IT;{,). The set of pairs ({;,U) that are generated by some equilibrium is the outer envelope of a
paralldogram (generated by first-period pooling strategies) and two lines (generated by first-period partial screening
strategies and first-period full screening strategies). For any point (£;,U) in the envelope, thereis at least one equilibrium in
which the sdler’sinitial belief is {;, and the sdler’s expected payoff is U.

There are three sets of potential equilibria, corresponding to pooling, full screening, and partial screening in thefirst
period. Every sequential equilibrium must bein one of these three sets. Then the set of actual equilibriais found by using
the envelope condition.

Define the following threshold beliefs

— 1

Cl =
l+pL(l+9)—l 1 1
P 8|6 (1-py) |
(1+6-py)[Go - (1-py)]
1Py = v
¢ (1+6)
. - 1+6-8p,-p,
1a(P) = 1+6-8¢-6p 0
g Screening (p, = py) Vs. Partial Screening (p, = 1+6)

81 =v.(0) Partial Screening (p, = 1+6) vs. Pooling at the highest price (p, = 6)

2. =v.(p) Partia Screening (p, = 1+0) vs. Pooling at the lowest price (p,= p.=0 - 3[1-p.])
{1 =v1(0) Screening (p,= py) vs. Pooling at the highest price (p, = 0)

Z, =v:(p)) Screening (p,= py) vs. Pooling at the lowest price (p,= 0 - 5[1-p,])

Notethat 2, > ¢, and Z, > &. Also, ¢, and ; are on the same side of ¢, (either both above or both below)

and 2, and Z; are on the same side of ¢ (either both above or both below).
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Proposition 7:

In the two-period game, under Condition O, the set of equilibriais characterized as follows.
If ¢, <, then screening is dominated by partial screening;
o If {, is belowg, then there is a unique equilibrium path (partial screening).
e If {, is abovée, then there is no screening equilibrium, and there is a continuum of pooling equilibria
parameterized by,pwhere p ranges over the interval f (1-p,), 6].
o If {, is above,; and belowg,then there is one partial screening equilibrium, and there is a continuum of pooling
equilibria parameterized by,pvhere p ranges over a sub-interval 6f{3(1-p,), 6]. Also, there is a
continuum of equilibria in which the seller randomizes between pooling and partial screening in the first perioc
If {; > (3 then partial screening is dominated by screening.
« If {; is below(; then there is a unique equilibrium path (screening).
« If {, is above Zthen there is no screening equilibrium, and there is a continuum of pooling equilibria
parameterized by, pwhere p ranges over the interval f 5(1-p,), 6].
« If {, is above; and below £ then there is one screening equilibrium, and there is a continuum of pooling
equilibria parameterized by,pvhere p ranges over a sub-interval 6f{3(1-p,), 6]. Also, there is a

continuum of equilibria in which the seller randomizes between pooling and screening in the first period.

These results are sketched in Figure 1.

U

artial Screen
Sc
creen v ~ Pool (= 0)
POO' (P,=6)
EE)OI (Pi=p)
Pool (p,=p,)
tial Screen
@ ]
7 G

Figure 1b: expected payoffs for the seller
Figure la: expected payoffs for the sdler
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Char acterization of the set of Sequential Equilibria that survive Forward Induction [sketch]

As was shown in Proposition 6 above, the highest pooling price in any forward induction equilibrium of the subgameis
0 - 5(1-p.), when Condition O holds. The parallelogram representing the set of pooling equilibriais reduced to a line, which
is the lower edge of the paralldogram. Then the set of pairs ({;,U) that are generated by some sequential equilibrium that
survives forward induction is the outer envelope of threelines. For any initial bdief {;, except for nongeneric cases where

¢, issuch that two or three of these lines intersect, thereis a unique equilibrium that survives forward induction.

Informational Rentsin the Two-Period Game with an Optimistic Seller

Recall from Section 2 the conjecture that informational rents accrue to a high-valuation buyer who is mixed in with a
relatively large proportion of low-valuation buyers, because the sdller does not find it worthwhile to extract all of the high-
valuation buyer’s surplus, at therisk of losing all of the low-valuation buyer’s surplus, which is available as a surething. It
is now apparent that this conjectureisfalse. The only robust pooling equilibrium under Condition O concedes an
informational rent to all types of the buyer. Thereason is that the sdller is unable to commit to making a pooling offer in

the second period.

6. Equilibriain the Two-Period Game with a Pessimistic Seller

When the sdler isrelatively pessimistic at the beginning of the game, pooling in the first period implies a pooling offer
inthelast period. This makes a big difference. Thereisnow alarger interval of prices that may act as pooling pricesin the
first period, including prices that are above the low valuation. That is, there are equilibria in which the informational rent
collected by the lowest buyer typeis negative. These equilibria are deleted by forward induction. But what remainsis a set
of pooling equilibriain which both types of the buyer strictly prefer to accept the sdller’s first-period offer, and yet the sdler

cannot extract more surplus by increasing the price.
L emma 15: In any sequential equilibrium, if p, > 0 + 5(1-p,) and n, = 0, then 6§(n,,p,) = 0.
Proof:
If n, = 0, then the buyer’s current payoff if g, = 1 isless than -3(1-p,), and the discounted payoff from the last period is

no higher than 6(1-p,).

L emma PO: In any equilibrium, if Condition P holds, and if ¢5(p,) < 1, then ¢"(p,) = 1.
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Pr oof:
If 65(p,) = 0 then {i(p,) > oL +1-py, S0 L5(p1) > Lo by Condition P, which implies ¢'(p,) = 1. If If o%(p,) > O then
o(py) = 1, and o3(p,) < 1 implies {(py) = p and 2'(py) = 1.

Lemma P1: In any equilibrium, if Condition P holds, and if p; > max [1+0-8p,,, 0+3(1-p,)], then o5(p,) = o5(p,) = O.
Proof:
Since p; > 0+5(1-p,), Lemma 1 implies 65(p,) = 0, so {'(p,) = 1 by Lemma PO. Moreover ¢7(p,) > 0 implies

£3(p,) = 1-py and 1(p,) = 0, so ¢7(p,) = 0 by Lemma 1, a contradiction. Thus c(p,) = 0.

L emma P2: In any equilibrium, if Condition P holds, and if p; € (1+0-8py, 0+5(1-p,)), then dther o5(p,) = 64(p,) =0, or
ox(py) = of(p) = 1.

Pr oof:
[to be added]
Define
_ p1 -0
0 (p) = 1-
B T

Lemma P3: If Condition P holds, and if p; € (8-3[1-p.], 6), then the set of equilibria of the subgame starting from p, can be
characterized as follows:
o (py) = 1, and
either o3(py) =0, 0'(p) =1, 13 (p) =0
or oi(py) = Qr, 1'(py) = 1, 1(py) = TE(py)
or oi(py) = 1,0(py) € [0,1], %(py) = 1

Pr oof:

Since p < 140-8p,,, it follows thats'(p,) = 1. If 65(p,) = 1, then¥(p,) = 1, so acceptance is (strictly) optimal according
to Lemma 1, for any value ¢fp,). If oi(p,) < 1, thent'(p,) = 1. Ifc5(p,) = 0, theni(p,) = 1-py, SOAp,) = 0, and then
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regection is optimal for the low buyer because p, > 0-5(1-p,). If 0 < oj(p,) < 1, then the low buyer must be indifferent, and
thisrequires

0-p,
6(1_pL)

Qa(pl) =1-

Also, if thelow buyer is randomizing, the seller must be randomizing in the last period following a rgjection, and this

requires ¢ = ¢, so the probability of acceptance in thefirst period is tied down at Qf.

Notes

Suppose p; = 0-5[1-p,] and 0 < 65(p,) < 1. Then'(p,) = 1 and the low buyer’s indifference requires ¢%(p,) = 0, SO
t&(py) < Lo, whichimplies o5(p,) < Qi

Supposep; =0 and 0 < o%(p,) < 1. Then!'(p,) = 1 and the low buyer’s indifference requires 13(p,) = 1, so {i(p.) > &,
which implies 65(p,) > QF.

Lemma P4: If Condition P holds, and if p, € (8,6+6[1-p]), and if p; < 1+68-8p,,, then the set of equilibria of the subgame
starting from p, can be characterized as follows:
of(py) =1, and
either  oi(p) =0, £'(py) =1, 1%p,) =0
o oi(p) =1, 1%p) = 1, £(py) < T{(p)

Proof:

Since p < 140-8p,,, it follows thats'(p,) = 1. Ifci(p,) = 1, then®(p,) = 1, so acceptance is optimal provided that
'(p.) < 2{(Py).

If 65(py) < 1, then'(p,) = 1, and then Lemma 1 requirggp,) = 0, for any value of(p,), because p>0. That is, the
low buyer can't be randomizing at prices abyveecause rejection would necessarily lead to a pooling offer, and
acceptance would cost something now, and could not lead to anything better than a poolingag{fa).=ID, then

Z3(py) = 1y, soLi(p,) = 0, and then rejection is optimal for the low buyer becapyseds(1-p,).

31



References
Cho, In-Koo, “A Refinement of Sequential EquilibriunkEonometrica 55(6), November 1987, 1367-89.

Fudenberg, Drew, and Jean Tirole (1983), "Sequential Bargaining with Incomplete Information about PrefBesraes”,
of Economic Sudies, 50: 221-47.

Fudenberg, Drew, and Jean Tirole (1991), "Perfect Bayesialibigm and Sequential EquilibriumJournal of
Economic Theory, 53, 236-260.

Hart, Oliver (1989), "Bargaining and StrikeQUarterly Journal of Economics, 104: 25-44.

Hart, Oliver and Jean Tirole (1988), "Contract Renegotiation and Coasian Dynd®eiesy/ of Economic Sudies, 55:
509-540.

Kennan, John, "Repeated Contract Negotiations with Private Informalapa and the World Econony, 7 (1995),
447-472.

Kennan, John, "Repeated Bargaining with Persistent Private Information," University of Wisconsin, O@%&ber

Kreps, David M., and Robert Wilson, “Sequential Equilibriuitpnometrica, 1982, 50, 863-894.

Maskin, Eric and Jean Tirole, “Markov Perfect Equilibria,” working paper, Deceh@8zt.

Sobel, Joel, and I. Takahashi (1983), "A Multi-stage Model of BargairfRegi'ew of Economic Studies, 50: 411-26.

Vincent, Daniel, "Repeated Signalling Games and Dynamic Trading Relationshipsétional Economic Review,
39 (2), May 1998, 275-294.

32



