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Devwudfw

Prqhwdu| xqfhuwdlqw| dqg lqirupdwlrq odjv duh sxw lqwr d udqgrp pdwfklqj prgho vr wkdw wkh
uhvxowlqj vhwwlqj kdv vrph phhwlqjv lq zklfk surgxfhuv duh uhodwlyho| lqiruphg dqg rwkhuv lq zklfk
frqvxphuv duh uhodwlyho| lqiruphg1 Iru wkdw vhwwlqj/ wkh h{ dqwh vrfldoo| rswlpdo zd| wr frqgxfw

wudgh lv fkdudfwhul}hg1 Wkh rswlpxp fdq glvsod| d ydulhw| ri uhodwlrqvklsv ehwzhhq prqh| dqg
wrwdo rxwsxw dqg wkh sulfh ohyho1 Zkloh wkh sulfh ohyho lv dozd|v vwlfn|/ hyhq wkh gluhfwlrq ri lwv
uhvsrqvh dqg wkdw ri wrwdo rxwsxw ghshqg rq wkh pdjqlwxgh ri wkh odj dqg rq vxewoh ihdwxuhv ri
wkh vhuldo fruuhodwlrq surshuwlhv ri wkh prqh| vxsso|1 MHO fodvvl�fdwlrq &*v= H63/ H73/ G;51

41 Lqwurgxfwlrq

Zh vkrz wkdw d ulfk wkhru| ri wkh uhodwlrqvklsv ehwzhhq prqh| dqg djjuhjdwh rxwsxw dqg wkh sulfh
ohyho uhvxowv iurp frpelqlqj wzr e|0qrz idploldu lghdv1 Rqh lv wkdw prqh| lv hvvhqwldo ehfdxvh
ri devhqfh0ri0grxeoh0frlqflghqfh gl!fxowlhv1 Wkh rwkhu lv wkdw fkdqjhv lq wkh prqh| vxsso| d�hfw
rxwsxw ehfdxvh ri lqirupdwlrq odjv1 Lq wklv sdshu/ wkh �uvw lghd wdnhv wkh irup ri d idluo| vwdqgdug
udqgrp0pdwfklqj prgho ri prqh| +vhh Vkl ^4<<8` dqg Wuhmrv dqg Zuljkw ^4<<8`,1 Wkh vhfrqg lghd
wdnhv wkh irup ri odjv lq vhhlqj prqhwdu| uhdol}dwlrqv wkdw duh gudzq iurp d Pdunry surfhvv= vrph
shrsoh vhh uhdol}dwlrqv zkhq wkh| rffxu zkloh rwkhuv vhh wkhp rqo| zlwk d odj1 Lq dgglwlrq wr
ehlqj idploldu/ wkhvh wzr lghdv �w zhoo wrjhwkhu1 Lq rughu iru prqh| wr eh hvvhqwldo/ lw lv qhfhvvdu|
wkdw lqglylgxdo klvwrulhv duh qrw frpprq nqrzohgjh +vhh Nrfkhuodnrwd ^4<<;` dqg Zdoodfh ^4<<;`,1
Wkhuhiruh/ prqhwdu| wudqvihuv fdq sodxvleo| eh sduw ri zkdw lv qrw frpprq nqrzohgjh1 Dovr/ ehfdxvh
wudgh rffxuv lq lqirupdwlrqdoo| vhsdudwhg phhwlqjv/ wkhuh duh qr frpprqo| revhuyhg sulfhv iurp
zklfk shrsoh fdq gudz ixoo| uhyhdolqj lqihuhqfhv derxw prqhwdu| uhdol}dwlrqv hyhq li wkrvh duh wkh
rqo| vkrfnv1 Zh xvh d prgho wkdw hperglhv wkhvh lghdv wr dqdo|}h wkh vrfldoo| rswlpdo zd| wr
frqgxfw wudgh1 Wkh uhvxowlqj wkhru| lv ulfk lq wkdw wkh rswlpxp fdq glvsod| d ydulhw| ri uhodwlrqvklsv
ehwzhhq prqh| dqg wkh hqgrjhqrxv djjuhjdwhv1 Lq sduwlfxodu/ hyhq wkh gluhfwlrq ri wkh uhvsrqvh ri
rxwsxw ghshqgv vhqvlwlyho| rq wkh vhuldo fruuhodwlrq surshuwlhv ri wkh prqh| vxsso| surfhvv1 Uduh
hqrxjk lqfuhdvhv lq wkh txdqwlw| ri prqh| fdq surgxfh rxwsxw ghfolqhv/ zkloh rwkhu lqfuhdvhv whqg
wr eh h{sdqvlrqdu|1 Vxfk d wkhru| lv ghvludeoh ehfdxvh/ dffruglqj wr Edfnxv dqg Nhkrh +4<<5, dqg
Mrqhv dqg Pdqxhool +5333,/ gdwd iru gl�huhqw frxqwulhv dqg gl�huhqw wlph shulrgv glvsod| glvsdudwh
uhvsrqvhv1

WZh wkdqn Hgzdug M1 Juhhq/ Qrexklur Nl|rwdnl/ Qdud|dqd Nrfkhuodnrwd/ Urg| Pdqxhool/ d Fr0Hglwru/ wkuhh
dqrq|prxv uhihuhhv dqg pdq| vhplqdu sduwlflsdqwv iru khosixo frpphqwv1

_Xqlyhuvlw| ri Pldpl1
hXqlyhuvlw| ri Zlvfrqvlq/ Pdglvrq dqg QEHU1 Sohdvh dgguhvv frppxqlfdwlrqv uhjduglqj wklv sdshu wr Mrkq Nhqqdq/

Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Zlvfrqvlq/ Pdglvrq/ ZL 86:39> h0pdlo=	mnhqqdqCvvf1zlvf1hgx:1
=Wkh Shqqv|oydqld Vwdwh Xqlyhuvlw| dqg wkh Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv1



Wkh h�hfwv ri prqhwdu| vkrfnv zlwk lqirupdwlrq odjv zhuh �uvw dqdo|}hg uljrurxvo| e| Oxfdv
+4<:5,14 Dowkrxjk rxu vshfl�fdwlrq ri prqhwdu| vkrfnv lv vlplodu/ rwkhu ihdwxuhv ri rxu prgho duh
txlwh gl�huhqw1 Gl�huhqwldo lqirupdwlrq lv lpsolflw lq wkh lqirupdwlrq0odj lghd/ li rqo| ehfdxvh wkrvh
zkr h{shulhqfh wkh prqhwdu| wudqvihuv whqg wr nqrz pruh derxw uhdol}dwlrqv wkdq rwkhuv1 Lq Oxfdv
+4<:5, wklv sod|hg qr uroh ehfdxvh ri wkh vshfldo vwuxfwxuh ri wkh prgho= wkh uhodwlyho| lqiruphg zhuh
wkh rog lq wkh odvw shulrg ri wkhlu olyhv zkr pdgh qr ghflvlrqv1 Lq rxu pdwfklqj prgho frqwh{w/
wklv gl�huhqwldo lqirupdwlrq frphv wr wkh iruh1 Pruhryhu/ h{fhsw lq Mrqhv dqg Pdqxhool +5333,/ doo
vxevhtxhqw zrun sxuvxlqj wkh lqirupdwlrq0odj dssurdfk kdv iroorzhg Oxfdv +4<:5, lq dvvxplqj wkdw
frqvxphuv duh uhodwlyho| lqiruphg1 Zh wuhdw frqvxphuv dqg surgxfhuv v|pphwulfdoo| zlwk uhvshfw
wr lqirupdwlrq1 Doorzlqj surgxfhuv wr eh uhodwlyho| lqiruphg jlyhv ulvh wr dgglwlrqdo srvvlelolwlhv iru
wkh uhodwlrqvklsv dprqj djjuhjdwhv1

Rq wkh vxuidfh/ rxu prgho uhvhpeohv Zdoodfh +4<<:,1 Kh vwxglhg wkh h�hfwv ri rqh0wlph xq0
fhuwdlqw| xvlqj wkh vdph edfnjurxqg hqylurqphqw1 Krzhyhu/ Zdoodfh hydghg wkh h{solflw vwxg| ri
gl�huhqwldo lqirupdwlrq e| dvvxplqj wkdw frqvxphuv duh uhodwlyho| lqiruphg dqg pdnh wdnh0lw0ru0
ohdyh0lw r�huv1 Lq dgglwlrq/ e| vwxg|lqj rqh0wlph xqfhuwdlqw|/ kh dyrlghg lqwhudfwlrq ehwzhhq fxuuhqw
wudghv dqg wkh ixwxuh ydoxh ri prqh|1 Uhodwlyh wr zkdw lv grqh lq Zdoodfh +4<<:,/ zh +l, dgrsw
dq lqirupdwlrq vwuxfwxuh zklfk doorzv hlwkhu surgxfhuv ru frqvxphuv wr eh uhodwlyho| lqiruphg/ +ll,
dvvxph wkdw wudghv lq phhwlqjv rffxu lq d zd| wkdw lv ehvw iurp dq h{ dqwh srlqw ri ylhz +d phfkd0
qlvp ghvljq dssurdfk,/ dqg +lll, doorz iru lqwhudfwlrq ehwzhhq fxuuhqw wudghv dqg wkh ixwxuh ydoxh ri
prqh| e| ghgxflqj surshuwlhv ri wkh rswlpxp Pdunry surfhvv iru rxwsxw dqg wkh sulfh ohyho jlyhq
dq dvvxphg Pdunry surfhvv iru wkh prqh| vxsso|1 Zkloh Mrqhv dqg Pdqxhool +5333, dovr doorz iru
hlwkhu surgxfhuv ru frqvxphuv wr eh uhodwlyho| lqiruphg/ wkh| dvvxph rqh0wlph xqfhuwdlqw| dqg d
sduwlfxodu zd| ri frqgxfwlqj wudgh1

Prvw suhylrxv zrun rq pdwfklqj prghov kdv dvvxphg d edujdlqlqj uxoh wkdw jlyhv hdfk vlgh vrph
�{hg vkduh ri wkh �edujdlqlqj srzhu1� Zlwk gl�huhqwldo lqirupdwlrq/ wkhuh duh dq| qxpehu ri zd|v
wkdw wudgh frxog eh frqgxfwhg lq phhwlqjv1 Udwkhu wkdq dgrsw dq duelwudu| rqh/ zh dqdo|}h wkh
ehvw dydlodeoh phfkdqlvp�ehvw iru d vrflhw| wkdw wdnhv dv jlyhq lwv prqh| vxsso| surfhvv dqg wkh
gl�huhqwldo lqirupdwlrq derxw uhdol}dwlrqv dqg wkdw fkrrvhv wkh rswlpdo zd| wr frqgxfw wudgh lq
phhwlqjv vxemhfw wr +vhtxhqwldo, lqglylgxdo udwlrqdolw| dqg wuxwk0whoolqj frqvwudlqwv1 Rqh lqwhusuh0
wdwlrq lv wkdw zh duh vwxg|lqj wkh phfkdqlvp wkdw zrxog dfwxdoo| eh fkrvhq xqghu lghdo frqglwlrqv>
dqrwkhu lv wkdw zh duh vwxg|lqj d uhihuhqfh srlqw djdlqvw zklfk dq| phfkdqlvp pljkw eh mxgjhg1
Rxu dssurdfk hqvxuhv wkdw wkh uhodwlrqvklsv ehwzhhq prqh| dqg rwkhu djjuhjdwhv wkdw zh �qg duh
qrw gxh wr kdylqj lpsrvhg dq lqh!flhqw zd| wr frqgxfw wudgh1

Zh dqdo|}h rqjrlqj vwrfkdvwlf  xfwxdwlrqv lq wkh prqh| vxsso| udwkhu wkdq rqh0wlph xqfhuwdlqw|
ehfdxvh wkdw shuplwv xv wr ghgxfh wkh wlphv vhulhv lpsolfdwlrqv ri rxu prgho1 Sxw gl�huhqwo|/ wkh
dqdo|vlv ri rqh0wlph uhdol}dwlrqv/ dv lv grqh lq Zdoodfh +4<<:, dqg Mrqhv dqg Pdqxhool +5333,/ lv dw
ehvw d vwhs wrzdug wkh nlqg ri dqdo|vlv zh gr1 Iurp d phwkrgrorjlfdo srlqw ri ylhz/ wkh glvwlqfwlrq
lv olnh wkdw ehwzhhq sduwldo dqg jhqhudo htxloleulxp dqdo|vlv1 Li wkh prqh| vxsso| fkdqjhv mxvw rqfh/
wkhq wkh ydoxh ri prqh| lq wkh ixwxuh pd| qrw eh d�hfwhg e| wkh wudglqj uxoh xvhg ehiruh wkdw fkdqjh
rffxuv/ d vlpsol�fdwlrq xvhg lq Zdoodfh +4<<:, dqg Mrqhv dqg Pdqxhool +5333,1 Li/ lqvwhdg/ wkhuh lv
rqjrlqj xqfhuwdlqw|/ zklfk lv wkh jhqhudo vlwxdwlrq/ wkhq dowhuqdwlyh wudglqj uxohv qhfhvvdulo| lqwhudfw
zlwk wkh ixwxuh ydoxh ri prqh|15

4Prghov edvhg rq lqirupdwlrq odjv duh riwhq ylhzhg dv lqdssolfdeoh wr wkh prghuq zruog hfrqrp| lq zklfk wkhuh lv
udslg sxeolf glvvhplqdwlrq ri wkh dfwlrqv ri vrph fhqwudo edqnv dqg jryhuqphqwv1 Krzhyhu/ wkh dydlodelolw| ri xs0wr0
gdwh lqirupdwlrq derxw vxfk dfwlrqv grhv qrw lpso| wkdw wkhuh lv frpsohwh lqirupdwlrq derxw doo vljql�fdqw djjuhjdwh
ghpdqg uhdol}dwlrqv1

5Wkh phfkdqlvp ghvljq sureohp lq vwdqgdug vwdwlf prghov ri elodwhudo h{fkdqjh zlwk sulydwh lqirupdwlrq derxw
ydoxdwlrqv zklfk duh wdnhq dv �{hg lv frqfhuqhg zlwk wkh h{whqw wr zklfk wudgh fdq eh dfklhyhg zkhq lw lv pxwxdoo|
ehqh�fldo +vhh h1j1 Nhqqdq dqg Zlovrq ^4<<6`,1 Lq rxu prgho/ rq wkh rwkhu kdqg/ wkh ydoxdwlrqv ghshqg rq wkh
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Wkh pdlq olplwdwlrq ri rxu prgho lv wkdw dq lqglylgxdo*v prqh| kroglqj lv olplwhg wr eh hlwkhu
}hur ru rqh xqlw1 Dv d fuxgh zd| wr frqwuro iru wkh h�hfwv ri wkdw uhvwulfwlrq/ zh lqwhusuhw wkh h�hfwv
ri lqirupdwlrq odjv uhodwlyh wr d ehqfkpdun prgho lq zklfk hyhu|rqh lv lqiruphg derxw wkh fxuuhqw
uhdol}dwlrq zkhq lw rffxuv1 Zkhq hyhu|rqh lv lqiruphg/ wkh sulfh ohyho dqg wrwdo rxwsxw dw d gdwh
ghshqg rqo| rq wkh prqhwdu| uhdol}dwlrq iru wkdw gdwh1 Wkh sulfh ohyho lv lqfuhdvlqj lq wkh dprxqw
ri prqh|/ exw wrwdo rxwsxw fdq eh lqfuhdvlqj ru ghfuhdvlqj lq wkh dprxqw ri prqh|1 Zh dvvxph wkdw
wkh dprxqw ri prqh| lv qhyhu vr odujh dv wr uhgxfh wkh iudfwlrq ri phhwlqjv lq zklfk wudgh fdq rffxu
+ehfdxvh vxfk furzglqj rxw ri srwhqwldo wudgh zrxog qrw rffxu zhuh lw qrw iru wkh xsshu erxqg rq
lqglylgxdo kroglqjv,1 Lq rwkhu zrugv/ zh dvvxph wkdw rxwsxw lv lqfuhdvlqj lq wkh dprxqw ri prqh| dw
wkh h{whqvlyh pdujlq1 Krzhyhu/ ehfdxvh wkh dprxqw surgxfhg lq hdfk phhwlqj/ wkh lqwhqvlyh pdujlq/
lv jryhuqhg sduwo| e| wkh suredelolw| ri vxevhtxhqwo| phhwlqj shrsoh zlwkrxw prqh|/ lw lv ghfuhdvlqj
lq wkh dprxqw ri prqh|1 Hlwkhu h�hfw fdq grplqdwh16

Wkh lqwurgxfwlrq ri dq lqirupdwlrq odj pdnhv wrwdo rxwsxw dqg wkh sulfh ohyho dw d gdwh ghshqghqw
rq erwk wkh fxuuhqw dqg odvw shulrg*v uhdol}dwlrq ri wkh prqh| vxsso|1 Wrwdo rxwsxw uhodwlyh wr wkh
ehqfkpdun ehkdyhv lq d zd| wkdw ghshqgv rq zkdw kdsshqv lq phhwlqjv ehwzhhq wkh lqiruphg dqg wkh
xqlqiruphg1 Wkh odujhu wkh dprxqw ri prqh|/ wkh odujhu wkh iudfwlrq ri phhwlqjv ehwzhhq lqiruphg
frqvxphuv dqg xqlqiruphg surgxfhuv lq zklfk wudgh fdq rffxu1 Pruhryhu/ ehfdxvh/ dv zh vkrz/ wkhuh
lv wudgh lq doo wkrvh phhwlqjv dqg d ohyho ri surgxfwlrq lq hdfk phhwlqj zklfk iru kljkhu wkdq dyhudjh
uhdol}dwlrqv lv kljkhu wkdq zkdw zrxog eh surgxfhg li wkh surgxfhu zhuh lqiruphg/ vxfk phhwlqjv duh
d vrxufh ri srvlwlyh lpsdfw h�hfwv uhodwlyh wr wkh ehqfkpdun1 Krzhyhu/ phhwlqjv ehwzhhq lqiruphg
surgxfhuv dqg xqlqiruphg frqvxphuv surylgh d srwhqwldo r�vhw1 Li d kljk prqhwdu| uhdol}dwlrq lv
vx!flhqwo| xqolnho|/ wkhq wkh rswlpxp kdv qr0wudgh lq phhwlqjv ehwzhhq lqiruphg surgxfhuv dqg
xqlqiruphg frqvxphuv zkhq vxfk d uhdol}dwlrq rffxuv1 Zkhq wkdw kdsshqv dqg li wkhuh duh hqrxjk
vxfk phhwlqjv/ wkhq wkhuh fdq eh qhjdwlyh lpsdfw h�hfwv rq rxwsxw1 Wkh rswlpxp qhhg qrw kdyh
qr0wudgh zkhq d orz suredelolw| prqhwdu| ghfuhdvh rffxuv1 Khqfh/ lpsdfw h�hfwv fdq eh dv|pphwulf
iru lqfuhdvhv dqg ghfuhdvhv1

D qrwdeoh ihdwxuh ri wkh uhvxowv lv wkdw sulfh vwlfnlqhvv hphujhv dv dq rswlpdo uhvsrqvh wr wkh
lqfhqwlyh frqvwudlqwv= wkhuh lv qr qhhg wr lqwurgxfh frqvwudlqwv rq wkh iuhtxhqf| ri sulfh dgmxvwphqwv
wr h{sodlq zk| sulfhv duh vorz wr uhvsrqg wr fkdqjhv lq wkh prqh| vxsso|1 Zkhq wzr xqlqiruphg
shrsoh phhw/ wkhlu dfwlrqv/ ri frxuvh/ fdqqrw ghshqg rq wkh fxuuhqw uhdol}dwlrq1 Lq dgglwlrq/ zkhq
rqh wudghu lv uhodwlyho| lqiruphg/ wkdw lqirupdwlrq fdqqrw d�hfw wkh sulfh zlwkrxw ylrodwlqj wkh
wuxwk0whoolqj frqvwudlqwv1

Zh dovr �qg wkdw d srvlwlyh uhodwlrqvkls ehwzhhq prqh| dqg rxwsxw fdq frh{lvw zlwk d qhjdwlyh
uhodwlrqvkls ehwzhhq prqh| dqg wkh djjuhjdwh sulfh ohyho/ hyhq wkrxjk wkh  xfwxdwlrqv lq rxwsxw
dqg sulfhv duh gulyhq hqwluho| e| vkrfnv wr wkh prqh| vxsso|/ zlwk qr rwkhu glvwxuedqfhv1 Wklv
pd| khos vkhg vrph oljkw rq hpslulfdo �qglqjv wkdw prqhwdu| h{sdqvlrqv duh riwhq dffrpsdqlhg e|
uhgxfwlrqv lq lq dwlrq/ dqg wkdw wkh uhdo h�hfwv ri prqhwdu| vxusulvhv gr qrw vhhp wr eh wudqvplwwhg
wkurxjk sulfhv17 Rxu uhvxow lv uhodwhg wr rxu �qglqjv rq sulfh vwlfnlqhvv1 Dq lqfuhdvh lq wkh prqh|
vxsso| whqgv wr pdnh prqh| ohvv ydoxdeoh lq wkh ixwxuh/ vr wkdw surgxfhuv vxsso| ohvv lq h{fkdqjh
iru prqh|1 Exw wklv rxwsxw ghfuhdvh/ zklfk lv d sulfh lqfuhdvh/ rffxuv rqo| lq phhwlqjv ehwzhhq
lqiruphg shrsoh1 Phdqzkloh/ wkhuh duh dovr phhwlqjv ehwzhhq lqiruphg dqg xqlqiruphg shrsoh/ dqg

phfkdqlvp/ dqg pxfk ri wkh dqdo|wlfdo h�ruw lq wkh sdshu lv ghyrwhg wr wkh lpsolfdwlrqv ri wkdw ghshqghqfh1
6Qrqqhxwudolw| zkhq hyhu|rqh lv lqiruphg vkrxog qrw eh glvwxuelqj1 Li prqh| lv glylvleoh dqg li lqglylgxdo prqhwdu|

wudqvihuv duh qrw wr ixoo| uhyhdo wkh djjuhjdwh vwdwh/ wkhq hdfk shuvrq*v wudqvihu fdqqrw eh wkh vdph iudfwlrq ri wkh
djjuhjdwh fkdqjh lq wkh prqh| vxsso| h{fhsw lq yhu| vshfldo vhwwlqjv1 Exw/ wkhq/ hyhq li wkh djjuhjdwh vwdwh lv nqrzq/
wkhuh duh glvwulexwlrqdo h�hfwv1

7Vhh Oxfdv +4<<9, dqg Ohhshu/ Vlpv dqg ]kd +4<<9,1 Zdoodfh +4<<5, vkrzv wkdw wkh lqwurgxfwlrq ri dq dgglwlrqdo
djjuhjdwh glvwxuedqfh fdq jhqhudwh d qhjdwlyh uhodwlrqvkls ehwzhhq wkh sulfh ohyho dqg rxwsxw/ zlwk d srvlwlyh prqh|0
rxwsxw fruuhodwlrq1
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dq lqfuhdvh lq prqh| pdnhv lw pruh olnho| wkdw wkh lqiruphg shuvrq lq vxfk d phhwlqj lv wkh frqvxphu>
rxwsxw lv wkhq uhodwlyho| kljk/ dqg sulfhv duh vwlfn| lq wkh vhqvh mxvw ghvfulehg1 Wkh xsvkrw lv wkdw
wkh sulfh lqgh{ pd| idoo hyhq wkrxjk djjuhjdwh rxwsxw ulvhv1

Wkh sdshu surfhhgv dv iroorzv1 Lq vhfwlrq 5/ zh ghvfuleh wkh hqylurqphqw zh vwxg|1 Lq vhfwlrq 6/
zh suhvhqw d suhylhz ri wkh dqdo|vlv dqg uhvxowv1 Vhfwlrq 7 ghvfulehv wkh phfkdqlvpv zh frqvlghu dqg
wkh rswlpxp sureohp1 Lq vhfwlrq 8/ zh suhvhqw d fkdudfwhul}dwlrq ri wkh rswlpxp lq dq lqwhuhvwlqj
uhjlrq ri wkh sdudphwhu vsdfh= wkh uhjlrq lq zklfk surgxfhu sduwlflsdwlrq frqvwudlqwv duh elqglqj/
exw frqvxphu sduwlflsdwlrq frqvwudlqwv duh qrw1 Lq vhfwlrq 9/ zh suhvhqw h{dpsohv zklfk glvsod| wkh
h�hfwv ghvfulehg deryh1 Surriv ri wkh pdlq uhvxowv dsshdu lq wkh Dsshqgl{> iru rwkhu surriv/ wkh
uhdghu lv uhihuuhg wr Ndw}pdq/ Nhqqdq dqg Zdoodfh +4<<<,1

51 Wkh hqylurqphqw

Dvlgh iurp wkh xqfhuwdlqw| derxw wkh vwrfn ri prqh|/ wkh hqylurqphqw lv wkdw lq Zdoodfh +4<<:,/
zklfk/ lq wxuq/ lv hvvhqwldoo| wkdw lq Vkl +4<<8, dqg Wuhmrv dqg Zuljkw +4<<8,1 Wlph lv glvfuhwh
dqg wkh krul}rq lv lq�qlwh1 Wkhuh duh Q glvwlqfw/ glylvleoh/ dqg shulvkdeoh w|shv ri jrrgv dw hdfk
gdwh dqg wkhuh lv d ^3> 4` frqwlqxxp ri hdfk ri Q vshfldol}dwlrq w|shv ri shrsoh/ zkhuh Q � 61 D
vshfldol}dwlrq w|sh0q shuvrq frqvxphv rqo| jrrg q dqg surgxfhv rqo| jrrg q . 4 +prgxor Q,/ iru
q @ 4> 5> ===> Q 1 Hdfk shuvrq pd{lpl}hv h{shfwhg glvfrxqwhg xwlolw| zlwk glvfrxqw idfwru � 5 +3> 4,1
Xwlolw| lq d shulrg lv jlyhq e| x+{, � |/ zkhuh { lv wkh dprxqw frqvxphg dqg | lv wkh dprxqw
surgxfhg1 Wkh ixqfwlrq x lv gh�qhg rq ^3>4,> lv lqfuhdvlqj/ vwulfwo| frqfdyh/ dqg vdwlv�hv x+3, @ 3/
x�+3, @ 4/ dqg x�+4, ? 4 1 Lq hdfk shulrg/ shrsoh duh udqgrpo| pdwfkhg lq sdluv1 Phhwlqjv duh
ri wzr vruwv= vlqjoh0frlqflghqfh phhwlqjv/ wkrvh ehwzhhq d w|sh q shuvrq +wkh surgxfhu, dqg d w|sh
q.4 shuvrq +wkh frqvxphu, iru vrph q> dqg qr0frlqflghqfh phhwlqjv/ wkrvh lq zklfk qhlwkhu shuvrq
surgxfhv zkdw wkh rwkhu frqvxphv1 +Ehfdxvh wkh qxpehu ri w|shv/ Q / h{fhhgv wzr/ wkhuh duh qr
grxeoh0frlqflghqfh phhwlqjv1, Zh dvvxph wkdw shrsoh fdqqrw frpplw wr zkdw wkh| zloo gr lq ixwxuh
phhwlqjv1 Prqh| frqvlvwv ri shuihfwo| gxudeoh dqg lqglylvleoh remhfwv zklfk fdqqrw eh surgxfhg dqg
zklfk gr qrw |lhog xwlolw| gluhfwo|1 Zh dvvxph wkdw hdfk shuvrq fdq fduu| iurp rqh gdwh wr wkh qh{w
dw prvw rqh xqlw ri prqh|1 Zh dovr dvvxph wkdw hdfk wudghu lq d phhwlqj lv deoh wr vhh wkh wudglqj
sduwqhu*v vshfldol}dwlrq w|sh/ prqh| kroglqjv/ dqg zkhwkhu wkh shuvrq lv lqiruphg ru qrw/ exw lv
rwkhuzlvh ljqrudqw derxw wkh wudglqj sduwqhu*v klvwru|1

Wkh txdqwlw| ri prqh| iroorzv dq V0vwdwh Pdunry surfhvv1 Wkdw lv/ wkhuh duh V srwhqwldo ohyhov
iru wkh vwrfn ri prqh|= p�>p2> ===>p7 zkhuh p� 5 +3> 4, dqg p� ? p�n�= Khuh p� lv wkh vwdwh l
dprxqw ri prqh| shu vshfldol}dwlrq w|sh1 Zh ohw ��� ghqrwh wkh suredelolw| wkdw wkh fxuuhqw vwdwh lv
m jlyhq wkdw wkh suhylrxv vwdwh lv l dqg ohw � ghqrwh wkh dvvrfldwhg wudqvlwlrq pdwul{1 Zh dvvxph wkdw
��� A 3 zklfk lpsolhv wkdw � kdv d xqltxh lqyduldqw glvwulexwlrq zklfk dvvljqv srvlwlyh suredelolw| wr
hdfk vwdwh1 Zh zdqw fkdqjhv lq wkh prqh| vxsso| wr frph derxw lq d zd| wkdw jlyhv qr lpphgldwh
lqirupdwlrq wr wkh xqlqiruphg1 Wkdw lv dffrpsolvkhg e| kdylqj rqo| lqiruphg shrsoh h{shulhqfh
wudqvihuv ri prqh| lq wkh iroorzlqj zd|1 Dw wkh hqg ri hdfk gdwh diwhu phhwlqjv kdyh glvvroyhg/ wkh
fxuuhqw dprxqw ri prqh| lv sxeolfo| dqqrxqfhg1 +Frqvhtxhqwo|/ dw wkdw wlph/ shrsoh gl�hu rqo| lq
prqh| kroglqjv/ qrw lq lqirupdwlrq1, Wkhq/ d udqgrpo| fkrvhq vxevhw ri hdfk vshfldol}dwlrq w|sh/
ri phdvxuh �> lv vhohfwhg dqg lv lqiruphg derxw wkh qhz vwdwh1 Li wkh suhylrxv vwdwh lv l> wkhq wkh
phdvxuh ri qhzo| lqiruphg zlwk prqh| lv p�� dqg wkh phdvxuh zlwkrxw prqh| lv +4 � p�,�1 Li
wkh qhz vwdwh lv m A l> wkhq d udqgrpo| fkrvhq vxevhw ri wkh lqiruphg zlwkrxw prqh|/ d vxevhw ri
phdvxuh p� �p�> lv jlyhq d xqlw ri prqh|1 Li wkh qhz vwdwh lv m ? l> wkhq d udqgrpo| fkrvhq vxevhw
ri wkh lqiruphg zlwk prqh|/ d vxevhw ri phdvxuh p� � p�> orvhv d xqlw ri prqh|1 Wkhq phhwlqjv
rffxu dqg wkh vhtxhqfh lv uhshdwhg1

Wkh iroorzlqj wdeoh vkrzv wkh iudfwlrq ri hdfk vshfldol}dwlrq w|sh dffruglqj wr zkhwkhu wkh| duh
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lqiruphg dqg zkhwkhu wkh| kdyh prqh| jlyhq wkh suhylrxv dqg fxuuhqw vwdwhv1

Wdeoh 41 Glvwulexwlrq zkhq wkh suhylrxv vwdwh lv l dqg wkh fxuuhqw vwdwh lv m=
3 xqlwv ri prqh| 4 xqlw ri prqh| vxpv

lqiruphg �+4�p�,� +p� �p�, � ��� �p� .p� �p� � �� ��� �

xqlqiruphg +4� �,+4�p�, +4� �,p� 4� �

vxpv 4�p� p� 4

Lq rughu wr eh deoh wr kdyh doo fkdqjhv lq wkh dprxqw ri prqh| eh h{shulhqfhg e| wkrvh zkr duh
lqiruphg/ zh qhhg wr dvvxph wkdw � lv odujh hqrxjk uhodwlyh wr wkh prqhwdu| fkdqjhv1 Wkh iroorzlqj
dvvxpswlrqv dffrpsolvk wkdw= p7 � �

2 dqg � 5 ^6736�
67

> 4`= Lw lv wkhq hdvlo| vhhq wkdw ��� dqg �� ���
duh qrq0qhjdwlyh +vhh Ndw}pdq/ Nhqqdq dqg Zdoodfh ^4<<<` iru d surri,1

Wkh prqhwdu| xqfhuwdlqw| kdv reylrxv lqfhqwlyh h�hfwv lq rxu prgho1 Lw pdnhv wkrvh zlwkrxw
prqh|/ wkh srwhqwldo surgxfhuv/ ohvv zloolqj wr surgxfh lq rughu dftxluh wr prqh| ehfdxvh +l, wkh|
pd| orvh wkh prqh| dftxluhg ehiruh wkh| jhw wr vshqg lw> dqg +ll, li wkh| gr qrw surgxfh/ wkhq wkh|
pd| eh jlyhq d xqlw1 Lw dovr pdnhv wkrvh zlwk prqh|/ wkh srwhqwldo frqvxphuv/ pruh zloolqj wr vshqg
prqh| ehfdxvh +l, li wkh| gr qrw vshqg lw/ wkhq wkh| pd| orvh lw> dqg +ll, li wkh| gr vshqg lw/ wkhq
wkh| pd| eh jlyhq d xqlw1

61 Suhylhz ri wkh dqdo|vlv dqg uhvxowv

Zh vwxg| d fodvv ri ghwhuplqlvwlf phfkdqlvpv zklfk fdq eh ghvfulehg dv iroorzv1 Dw hdfk phhwlqj/
wkhuh lv d frpsxwhu wkdw lv surjudpphg dw gdwh 3 ehiruh shrsoh jr r� wr wkhlu phhwlqjv/ exw lv deoh
wr uhfhlyh phvvdjhv1 Dw wkh ehjlqqlqj ri d gdwh/ zkhq wkh suhylrxv vwdwh lv sxeolfo| dqqrxqfhg/
wkdw lqirupdwlrq lv uhfhlyhg e| hdfk frpsxwhu1 Lq dgglwlrq/ wkh frpsxwhu dw d phhwlqj lv deoh wr
vhh zkr lv lqiruphg dqg zkr lv d surgxfhu dqg zkr lv d frqvxphu1 Li erwk duh lqiruphg/ wkhq erwk
vlpxowdqhrxvo| dqqrxqfh wr wkh frpsxwhu d srvvleoh fxuuhqw vwdwh1 Li rqh shuvrq lv lqiruphg/ wkhq
wkdw shuvrq dqqrxqfhv wr wkh frpsxwhu d srvvleoh vwdwh1 Wkh xqlqiruphg shuvrq lq wkh phhwlqj grhv
qrw vhh wkh dqqrxqfhphqw1 Lq doo fdvhv/ wkh frpsxwhu wkhq sursrvhv d wudgh/ zklfk pd| eh qr wudgh1
Wkhq hdfk shuvrq*v fkrlfh lv hlwkhu wr dffhsw ru uhmhfw/ zkhuh uhmhfwlrq e| hlwkhu shuvrq lpsolhv qr
wudgh1 Dffhswdqfh e| erwk lpsolhv wkdw wkh sursrvhg wudgh lv fduulhg rxw1 Zkhwkhu wudgh rffxuv
ru qrw/ wkh phhwlqj hqgv1 D phfkdqlvp lv lqfhqwlyh ihdvleoh li lw lqgxfhv wuxwk0whoolqj dqg li wkh
sursrvhg wudgh vdwlv�hv lqglylgxdo udwlrqdolw|/ dqg/ wkhuhiruh/ lqgxfhv dffhswdqfh18

Ehfdxvh wkh phfkdqlvpv duh ghwhuplqlvwlf/ rxwsxw lq d phhwlqj lv srvlwlyh li dqg rqo| li prqh| lv
wudqvihuuhg1 Lw iroorzv wkdw wkh rqo| phhwlqjv lq zklfk wudgh fdq rffxu duh vlqjoh0frlqflghqfh phhwlqjv
lq zklfk wkh frqvxphu kdv prqh| dqg wkh surgxfhu grhv qrw1 Zh fdoo wkhvh wudgh phhwlqjv1 Zh
ehjlq e| srlqwlqj rxw wkh glvwlqfw srwhqwldo urohv ri wkh fxuuhqw prqh| vxsso|1 Wkh dprxqw ri prqh|
kdv d gluhfw h�hfw rq wkh qxpehu ri wudgh phhwlqjv> lq sduwlfxodu/ ehfdxvh wkh dprxqw ri prqh| lv qr
juhdwhu wkdq �

2 > wkh qxpehu ri wudgh phhwlqjv/ zklfk lv sursruwlrqdo wr +4�pr,pr> lv lqfuhdvlqj lq
pr1 Wklv lv wkh h{whqvlyh0pdujlq h�hfw ri wkh fxuuhqw prqh| vxsso|1 Lq frqwudvw/ wkh fxuuhqw prqh|
vxsso| kdv rqo| dq lqgluhfw h�hfw rq zkdw kdsshqv lq wudgh phhwlqjv/ wkh lqwhqvlyh pdujlqv1 Ehfdxvh/
e| dvvxpswlrq/ wkhuh lv rqh xqlw ri prqh| lq hdfk wudgh phhwlqj/ dq| h�hfw rq zkdw kdsshqv lq wudgh
phhwlqjv lv gxh wr wkh h�hfw ri wkh fxuuhqw prqh| vxsso| rq h{shfwdwlrqv= srwhqwldo surgxfhuv wklqn
derxw krz ydoxdeoh dq| dftxluhg prqh| zloo eh lq wkh ixwxuh/ zkloh srwhqwldo frqvxphuv frpsduh

8Qrwh wkdw wkh h{ srvw vwdjh khuh lv wdnhq wr eh wkh vlwxdwlrq dw wkh hqg ri d phhwlqj/ udwkhu wkdq wkh vxevhtxhqw vwdjh
dw zklfk wkh fxuuhqw prqh| vxsso| lv sxeolfo| dqqrxqfhg +zklfk lv wkh srlqw dw zklfk h{ srvw zhoiduh frpsdulvrqv zrxog
frqyhqwlrqdoo| eh pdgh,1 Li lw lv dvvxphg wkdw doo lqirupdwlrq dydlodeoh wr wkh sduwlflsdqwv lq hdfk phhwlqj lv uhyhdohg
lq wkdw phhwlqj/ wkhq wkhuh duh dgglwlrqdo uhvwulfwlrqv rq wkh vhw ri phfkdqlvpv1 Zh duh lqghewhg wr Qrexklur Nl|rwdnl
dqg Qdud|dqd Nrfkhuodnrwd iru frqyhuvdwlrqv wkdw khoshg vwhhu xv dzd| iurp vxfk d pruh uhvwulfwlyh vshfl�fdwlrq1
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wkh fxuuhqw vwdwh dqg ixwxuh vwdwhv dv dowhuqdwlyh wlphv wr vshqg prqh|1 Lw iroorzv wkdw wkh vhuldo
fruuhodwlrq surshuwlhv ri � duh fulwlfdo> lq sduwlfxodu/ wkhuh zrxog eh qr lqwhqvlyh pdujlq h�hfwv li
wkh prqh| vxsso| surfhvv zdv l1l1g1 Krzhyhu/ vhuldo fruuhodwlrq lv qrw vx!flhqw iru lqwhqvlyh0pdujlq
h�hfwv1 Wr vhh zk|/ lw lv khosixo wr h{dplqh wkh rswlpxp sureohp iru wkh fdvh ri dowhuqdwlyh frqvwdqw
prqh| vxssolhv1

Vxssrvh wkh prqh| vxsso| pr lv nqrzq dqg frqvwdqw1 Wkhq rxu fodvv ri phfkdqlvpv uhgxfhv wr
rqhv zlwk d frqvwdqw dprxqw | surgxfhg lq hyhu| wudgh phhwlqj1 Zlwk qr gl�huhqwldo lqirupdwlrq/
wkh rqo| frqvwudlqwv duh lqglylgxdo udwlrqdolw| +lu, frqvwudlqwv/ rqh iru wkh surgxfhu dqg rqh iru wkh
frqvxphu1 Ohw Y& eh wkh glvfrxqwhg h{shfwhg xwlolw| dw wkh vwduw ri d shulrg dvvrfldwhg zlwk kroglqj
n xqlwv ri prqh|/ zkhuh n @ 3> 4= Wkhq Yf @ �Yf.

6r
� +�|.�^Y��Yf`, dqg Y� @ �Y�.

�36r
� +x+|,�

�^Y� � Yf`,= Wkhvh wzr htxdwlrqv duh olqhdu lq wkh Y& dqg fdq eh vroyhg xqltxho| iru wkhp lq whupv
ri |= Ohw �+|, ghqrwh wkh lpsolhg vroxwlrq iru Y� � Yf= Wkh surgxfhu*v lu frqvwudlqw lv | � ��+|,>
zkloh wkh frqvxphu*v lv ��+|, � x+|,= Wzr idfwv duh hdvlo| ghulyhg1 Iluvw/ vdwlvidfwlrq ri wkh wkh
surgxfhu*v lu frqvwudlqw lpsolhv vdwlvidfwlrq ri wkh frqvxphu*v1 +Diwhu doo/ wkh surgxfhu h{shulhqfhv
fxuuhqw glvxwlolw| iru d suredelolw| ri frqvxplqj wkh vdph dprxqw lq wkh ixwxuh1 Khqfh/ x+|, pxvw
h{fhhg | e| d vx!flhqw pdujlq1 Wkh frqvxphu/ wkrxjk/ lv lq wkh rssrvlwh vlwxdwlrq/ vr wkdw x+|, � |
lv vx!flhqw iru wkh frqvxphu*v lu frqvwudlqw1, Vhfrqg/ wkh surgxfhu*v lu frqvwudlqw lv vdwlv�hg iru doo
| wkdw vdwlvi| | � |r4@ / zkhuh |

r
4@ lv wkh xqltxh srvlwlyh vroxwlrq wr | @ ��+|,> qdpho|/ wkh xqltxh

srvlwlyh vroxwlrq wr
Urx+|, @ |= +614,

zkhuh Ur> wkh glvfrxqw idfwru iru d fodlp wkdw zloo eh uhghhphg dw wkh qh{w frqvxpswlrq rssruwxqlw|/
lv jlyhq e| �

-r
@ 4 . E�3q��

qE�36r�
1

u(y)

R1 u(y)

RS u(y)

y*ymaxymax
S 1

Iljxuh 614= Wkh Surgxfhu*v LU Frqvwudlqw
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Wklv vlwxdwlrq lv looxvwudwhg lq Iljxuh 6141 Hylghqwo|/ |r4@ lv ghfuhdvlqj lqpr/ Q> dqg �
q > dqg |r4@ 

dssurdfkhv 3 dv hlwkhu Q ru �
q jrhv wr lq�qlw|1 H{ dqwh xwlolw|/ rxu remhfwlyh/ lv +4�pr,Yf .prY�>

zklfk lv htxdo wr 6rE�36r�
E�3q�� }+|,> zkhuh }+|, � x+|,� |= Wkhuhiruh/ wkh rswlpxp sureohp lq wklv fdvh

lv wr fkrrvh | wr pd{lpl}h }+|, vxemhfw wr | � |r4@ 1 Ohw |
W ghqrwh wkh xqfrqvwudlqhg pd{lpxp ri }>

qdpho|/ wkh xqltxh vroxwlrq wr x�+|W, @ 4= Wkhq wkh vroxwlrq wr wkh rswlpxp sureohp lvplq+|r4@ /|
W,1

Qrwlfh wkdw li |r4@ A |W> wkhq wkh vroxwlrq lv |W dqg grhv qrw ghshqg rq pr1 Li/ lqvwhdg/ |r4@ ? |W>
wkhq wkh vroxwlrq lv |r4@ = Wr dyrlg wkh xqlqwhuhvwlqj vroxwlrq lq zklfk rxwsxw lq hyhu| wudgh phhwlqj
lv |W lq wkh frpsohwh prgho/ zh dvvxph wkurxjkrxw wkdw |�4@ � |W +d frqglwlrq wkdw fdq dozd|v eh
phw e| pdnlqj � vpdoo ru e| pdnlqj Q odujh,19 Dv zh vkrz ehorz/ wklv lv vx!flhqw wr hqvxuh wkdw
rxwsxw lq dq| phhwlqj lv ohvv wkdq |W1

Dv zh dovr vkrz ehorz/ wkdw xsshu erxqg rq rxwsxw lpsolhv wkdw wkh remhfwlyh iru wkh frpsohwh
prgho lv lqfuhdvlqj lq rxwsxwv1 Wkhuhiruh/ wkh erxqg whqgv wr surgxfh dq rswlpxp zlwk elqglqj
surgxfhu lu frqvwudlqwv1 Iru wkh fdvh ri d frqvwdqw prqh| vxsso|/ zkhq wkdw frqvwudlqw lv elqglqj/
lw iroorzv wkdw wkh frqvxphu lu frqvwudlqw lv vodfn1 Zh lpsrvh sdudphwhu uhvwulfwlrqv vr wkdw wkdw
vodfnqhvv fduulhv ryhu wr wkh frpsohwh prgho1 Wkdw lv dfklhyhg/ dv zh vkrz/ e| dvvxplqj wkdw wkh
udqjh ri wkh vxssruw iru wkh prqh| vxsso| lv qrw wrr odujh1 :

Lw lv xqghu wkh deryh wzr dvvxpswlrqv +|�4@ � |W dqg vodfn frqvxphu lu frqvwudlqwv, wkdw zh
fkdudfwhul}h wkh rswlpxp1 Wkh frqmhfwxuhv derxw wkh rswlpxp lq wkh jhqhudo fdvh frph iurp wklqnlqj
derxw wkh sduwldo htxloleulxp sureohp lq zklfk fxuuhqw wudghv gr qrw d�hfw wkh ixwxuh ydoxh ri prqh|1
Ehfdxvh h{0dqwh zhoiduh lv lqfuhdvlqj lq rxwsxw lq hyhu| nlqg ri phhwlqj/ li frqvxphu lu frqvwudlqwv
qhyhu elqg dqg li wkhuh zhuh qr wuxwk0whoolqj frqvwudlqwv/ wkhq dq rswlpxp zrxog vdwlvi| surgxfhu lu
frqvwudlqwv zlwk htxdolw| +wkdw lv/ doo ri wkh jdlqv iurp wudgh zrxog dffuxh wr wkh frqvxphu,1 Krzhyhu/
wkhuh duh wuxwk0whoolqj frqvwudlqwv iru phhwlqjv lq zklfk rqh shuvrq lv uhodwlyho| lqiruphg1 Ehfdxvh
wkh dprxqw ri prqh| wkdw fkdqjhv kdqgv lv dozd|v rqh xqlw/ wkh dprxqw surgxfhg lq h{fkdqjh
iru prqh| lq vxfk phhwlqjv fdqqrw ghshqg rq wkh fxuuhqw vwdwh1 +Li lw glg/ wkhq lw zrxog qrw eh
frqvlvwhqw zlwk wuxwk0whoolqj e| wkh lqiruphg shuvrq1, Wkhuhiruh/ iru vxfk phhwlqjv/ wkh phfkdqlvp
kdv rqo| wr ghvfuleh wkh dprxqw surgxfhg dqg d sduwlwlrq ri wkh vhw ri fxuuhqw vwdwhv lqwr wudgh dqg
qr0wudgh vhwv1 Pruhryhu/ wkrvh vhwv kdyh wr eh rughuhg= li wkh surgxfhu lv lqiruphg/ wkhq wkh vhw ri
vwdwhv lq zklfk wudgh rffxuv kdv wr eh frpsrvhg ri wkrvh lq zklfk dftxlulqj d xqlw ri prqh| lv prvw
ydoxdeoh> li wkh frqvxphu lv lqiruphg/ wkhq lw kdv wr eh frpsrvhg ri wkrvh lq zklfk dftxlulqj d xqlw
ri prqh| lv ohdvw ydoxdeoh1

Li wkh frqvxphu lv uhodwlyho| lqiruphg dqg wkhuh lv wudgh lq doo vwdwhv/ wkhq wkh odujhvw srvvleoh
rxwsxw lv wkdw frqvlvwhqw zlwk wkh surgxfhu*v sduwlflsdwlrq frqvwudlqw/ jlyhq wkh lqirupdwlrq dydlodeoh
wr wkh surgxfhu +zklfk lqfoxghv wkh suhylrxv vwdwh dqg wkh revhuydwlrq wkdw wkh frqvxphu kdv prqh|,1
Frxog lw/ lqvwhdg/ eh zruwkzkloh wr kdyh }hur rxwsxw lq vrph vwdwhv vr dv wr kdyh kljkhu rxwsxw lq
rwkhu vwdwhvB Vlqfh wkh frqvxphu lv lqiruphg/ wuxwk0whoolqj lpsolhv wkdw wkh ydoxh ri prqh| zrxog
kdyh wr eh kljkhu zkhuh rxwsxw lv }hur1 Exw h{foxglqj vxfk kljk0ydoxh vwdwhv uhgxfhv wkh h{shfwhg
ydoxh ri wkh prqh| uhfhlyhg e| wkh surgxfhu/ ohdglqj wr orzhu rxwsxw1 Wkxv/ lw lv xqghvludeoh wr
h{foxgh vwdwhv lq wklv zd|1

Li wkh surgxfhu lv uhodwlyho| lqiruphg dqg wkhuh lv wudgh lq doo vwdwhv/ wkhq wkh odujhvw srvvleoh rxw0
sxw lv wkdw frqvlvwhqw zlwk wkh surgxfhu*v sduwlflsdwlrq frqvwudlqw iru wkh plqlpdo ydoxh ri dftxlulqj

9Wkh srvvlelolw| wkdw rxwsxw lv frqvwdqw dw +W zkhqhyhu wudgh rffxuv lv dq duwlidfw ri wkh xqlw xsshu erxqg rq
kroglqjv1 Li prqh| lv glylvleoh ru hyhq li lqglylgxdov fdq krog pdq| xqlwv ri lqglylvleoh prqh| dqg li h{shfwhg glvfrxqwhg
xwlolw| lv vwulfwo| lqfuhdvlqj lq prqh| kroglqjv/ wkhq rxwsxw htxdo wr +W zrxog idlo wr vdwlvi| surgxfhu lu frqvwudlqwv lq
phhwlqjv ehwzhhq surgxfhuv zlwk vx!flhqwo| kljk prqh| kroglqjv dqg frqvxphuv zlwk vx!flhqwo| orz prqh| kroglqjv1

:Wklv dvvxpswlrq uxohv rxw dq lqwhuhvwlqj srvvlelolw|> qdpho|/ wkdw d vx!flhqwo| odujh dqg uduh ghfuhdvh lq wkh
dprxqw ri prqh| surgxfhv d odujh ghfolqh lq rxwsxw ehfdxvh lq vxfk vwdwhv lw lv rswlpdo iru wkhuh wr eh qr wudgh zkhq
lqiruphg frqvxphuv phhw xqlqiruphg surgxfhuv1

:



prqh|1 Li/ lqvwhdg/ rxwsxw lv }hur lq vwdwhv zkhuh wkh ydoxh ri prqh| lv orz/ wkhq lw lv srvvleoh wr
lqfuhdvh rxwsxw lq wkh rwkhu vwdwhv zlwkrxw ylrodwlqj wkh surgxfhu*v sduwlflsdwlrq frqvwudlqw1 Khqfh/
lw lv ghvludeoh wr vhw rxwsxw wr }hur lq wkh orz0ydoxh vwdwhv li wkh| duh xqolnho| hqrxjk jlyhq wkh
suhylrxv vwdwh1

Wkh deryh frqvlghudwlrqv ohg xv wr wkh iroorzlqj frqmhfwxuh derxw wkh rswlpxp iru wkh frpsohwh
prgho1 Lw lv rswlpdo wr kdyh wudgh rffxu lq hyhu| wudgh phhwlqj h{fhsw srvvleo| lq vrph ri wkh
phhwlqjv ehwzhhq lqiruphg surgxfhuv dqg xqlqiruphg frqvxphuv1 Pruhryhu/ lq doo phhwlqjv/ wkhuh
duh elqglqj surgxfhu lqglylgxdo0udwlrqdolw| frqvwudlqwv1 Zh vxevwdqwldwh wklv fodlp lq wkh qh{w wzr
vhfwlrqv1

71 Phfkdqlvpv dqg wkh rswlpxp sureohp

Wkh phfkdqlvp ghvljq sureohp lv suhvhqwhg lq wkuhh vwhsv1 Iluvw/ zh ghvfuleh d vhw ri ghwhuplqlvwlf
Pdunry phfkdqlvpv1 Vhfrqg/ zh ghvfuleh wkh vxevhw ri phfkdqlvpv wkdw zh fdoo lqfhqwlyh0ihdvleoh1
Odvwo|/ zh ghvfuleh rxu vhohfwlrq iurp wkh vhw ri lqfhqwlyh0ihdvleoh phfkdqlvpv1

Ohw V � i3> 4> 5> ===> Vj eh wkh vhw ri lqglylgxdo lqirupdwlrq vwdwhv1 Iru d jhqhulf hohphqw v 5 V>
v @ 3 phdqv xqlqiruphg derxw wkh fxuuhqw vwdwh dqg v A 3 phdqv lqiruphg dqg wkdw wkh fxuuhqw
dprxqw ri prqh| lv pr= Zh dovr ohw Vn � i4> 5> ===> Vj= D Pdunry phfkdqlvp lv d sdlu ri ixqfwlrqv
wkdw ghvfulehv rxwsxw dqg wkh wudqvihu ri prqh| lq wudgh phhwlqjv1 Wkdw lv/ zh ohw |+vS> vR> l,=
V�V�Vn $ Un ghqrwh rxwsxw lq d wudgh phhwlqj zkhq wkh frqvxphu dqqrxqfhv lqirupdwlrq vwdwh
vS> wkh surgxfhu dqqrxqfhv vR> dqg wkh suhylrxv prqh|0vxsso| uhdol}dwlrq lv l= Zh dovr ohw d+vS> vR> l,=
V � V � Vn $ i3> 4j ghqrwh wkh prqh| wudqvihu +3 phdqv qr wudqvihu/ 4 phdqv wudqvihu, lq vxfk d
phhwlqj1 Zh uhfrug wklv qrwlrq ri d phfkdqlvp dv d gh�qlwlrq1

Gh�qlwlrq 41 D phfkdqlvp lv d sdlu +|> d, zkhuh | = V� V� Vn $ Un dqg d = V� V� Vn $ i3> 4j=

Lq rughu wr h{suhvv wkh frqvwudlqwv rq phfkdqlvpv lpsolhg e| rxu vshfl�fdwlrq ri lqfhqwlyh0
ihdvlelolw|/ lw lv khosixo wr kdyh d qrwdwlrq iru h{shfwhg glvfrxqwhg xwlolwlhv1 Zh ohw Y&+l, ghqrwh wkh
h{shfwhg xwlolw| ri vrphrqh zkr kdv n xqlwv prqh| mxvw diwhu wkh suhylrxv vwdwh l lv dqqrxqfhg +dqg
ehiruh wkh ghwhuplqdwlrq ri wkh qhz vwdwh dqg wkh qhz vhw ri lqiruphg shrsoh,1 Zh ohw Y& ghqrwh
wkh V0hohphqw yhfwru zlwk jhqhulf frpsrqhqw Y&+l,= Zh dovr ohw �� � Y�+l,�Yf+l, dqg � � Y��Yf1
Zh vkrz lq wkh Dsshqgl{ wkdw hdfk phfkdqlvp +|> d, lpsolhv xqltxh h{shfwhg xwlolwlhv iYf> Y�j dqg/
khqfh/ d xqltxh �1 Wkhuhiruh/ zkhq frqyhqlhqw/ zh zulwh �+|> d, wr h{suhvv wkh ghshqghqfh ri � rq
+|> d,=

Lw lv dovr khosixo wr ohw J&+�
S> �R> v> l, eh wkh jdlq/ uhodwlyh wr qrw wudglqj/ lq d wudgh phhwlqj ri

vrphrqh zlwk n xqlwv ri prqh| zkhq wkh fxuuhqw uhdol}dwlrq lv v dqg wkh suhylrxv uhdol}dwlrq lv l/ dqg
zkhq erwk sduwlhv dqqrxqfh wuxwkixoo|1 Khuh/ �S 5 i3> 4j lqglfdwhv zkhwkhu wkh frqvxphu lv lqiruphg
+�S @ 4, ru xqlqiruphg +�S @ 3,/ dqg �R 5 i3> 4j lqglfdwhv/ lq wkh vdph zd|/ zkhwkhu wkh surgxfhu lv
lqiruphg1 Wkhq/

Jf+�
S> �R> v> l, @ �|+�Sv> �Rv> l, . d+�Sv> �Rv> l,��r

J�+�
S> �R> v> l, @ x+|+�Sv> �Rv> l,,� d+�Sv> �Rv> l,��r= +714,

Qrwlfh wkdw
Jf+�

S> �R> v> l, .J�+�
S> �R> v> l, @ }+|+�Sv> �Rv> l,, +715,

zkhuh }+|, � x+|,� |=;

;Wkh h{suhvvlrq iru Cf iroorzv iurp Cf ' 3+ n @qT� n E�3 @�qTf 3 qTf dqg vlploduo| iru C��

;



Zh fdq xvh wkhvh jdlq gh�qlwlrqv wr h{suhvv wkh wuxwk0whoolqj dqg lu frqvwudlqwv1 Iru wudgh
phhwlqjv zlwk v|pphwulf lqirupdwlrq/ wkh lu frqvwudlqwv duh

Jf+4> 4> v> l, � 3 dqg
7[

�'�

���Jf+3> 3> m> l, � 3= +716,

J�+4> 4> v> l, � 3 dqg
7[

�'�

���J�+3> 3> m> l, � 3= +717,

zkhuh +716, uhihuv wr surgxfhuv/ dqg +717, uhihuv wr frqvxphuv1 Lq hdfk fdvh/ wkh �uvw lqhtxdolw|
shuwdlqv wr dq lqiruphg shuvrq zkr phhwv dq lqiruphg shuvrq/ zkloh wkh vhfrqg shuwdlqv wr dq xq0
lqiruphg shuvrq zkr phhwv dq xqlqiruphg shuvrq1 +Ri frxuvh/ iru xqlqiruphg shrsoh/ wkh frqglwlrq
lv wkdw wkhuh eh h{shfwhg jdlqv iurp wudgh ehfdxvh wkh wudgh rffxuv ehiruh wkh sduwlflsdqwv nqrz
wkh fxuuhqw vwdwh1, Zkhq erwk duh lqiruphg/ wuxwk0whoolqj lv dozd|v d ehvw uhvsrqvh +surylghg wkh
phfkdqlvp sursrvhv qr0wudgh zkhq lw uhfhlyhv pxwxdoo| lqfrqvlvwhqw uhsruwv,1 Khqfh/ wuxwk0whoolqj
lq phhwlqjv zlwkrxw gl�huhqwldo lqirupdwlrq grhv qrw lpso| dgglwlrqdo frqvwudlqwv1

Zh qh{w frqvlghu wuxwk0whoolqj frqvwudlqwv lq wudgh phhwlqjv ehwzhhq wkh lqiruphg dqg wkh xqlq0
iruphg1 Iru doo +v> v�, 5 Vn � Vn> zh uhtxluh

d+3> v> l,��r � |+3> v> l, � d+3> v�> l,��r � |+3> v�> l,> +718,

x+|+v> 3> l,,� d+v> 3> l,��r � x+|+v�> 3> l,,� d+v�> 3> l,��r= +719,

zkhuh +718, uhihuv wr lqiruphg surgxfhuv/ dqg +719, uhihuv wr lqiruphg frqvxphuv1 Wkxv/ dv qrwhg
deryh/ li d+3> v> l, @ d+3> v�> l,> wkhq wkh surgxfhu*v frqvwudlqw lpsolhv |+3> v> l, @ |+3> v�> l,> zkloh li
d+v> 3> l, @ d+v�> 3> l,> wkhq wkh frqvxphu*v frqvwudlqw lpsolhv |+v> 3> l, @ |+v�> 3> l,= Wkhuhiruh/ zh ohw

VR+l, @ im 5 Vn = d+3> m> l, @ 4j dqg VS+l, @ im 5 Vn = d+m> 3> l, @ 4j> +71:,

dqg ohw |+3> m> l, @ \ R+l, iru m 5 VR+l, dqg |+m> 3> l, @ \ S+l, iru m 5 VS+l,1 Wkhq wkh wuxwk0whoolqj
frqvwudlqwv duh htxlydohqw wr

pd{
�MVn37RE��

i���j � \ R+l, � plq
�M7RE��

i���j +71;,

pd{
�M7SE��

i���j � x+\ S+l,, � plq
�MVn37SE��

i���j> +71<,

zkhuh zh lqwhusuhw +71;, wr eh ydfxrxv li VR+l, ru Vn � VR+l, lv hpsw| dqg +71<, wr eh ydfxrxv li
VS+l, ru Vn � VS+l, lv hpsw|1 Wkhvh duh wkh wuxwk0whoolqj frqvwudlqwv zlwk uhjdug wr wkh sduwlwlrq ri
fxuuhqw vwdwhv ehwzhhq wkh qr0wudgh vwdwhv dqg wkh wudgh vwdwhv1 Wkh| ghvfuleh wkh vhqvh lq zklfk
wkh jdlq iurp dftxlulqj prqh| kdv wr eh rughuhg dfurvv wudgh dqg qr0wudgh vwdwhv1

Ilqdoo|/ zh kdyh lu frqvwudlqwv iru sduwlflsdqwv lq wkhvh phhwlqjv1 Iru dq lqiruphg surgxfhu/ wkh
lu frqvwudlqw lv wkh vhfrqg lqhtxdolw| lq +71;,/ zkloh iru dq xqlqiruphg surgxfhu/ lw lv

\ S+l, �
S

�M7SE�� ���+�� ���,���S
&M7SE�� ��&+�� �&�,

+7143,

Iru dq lqiruphg frqvxphu/ wkh lu frqvwudlqw lv wkh �uvw lqhtxdolw| lq +71<,/ zkloh iru dq xqlqiruphg
frqvxphu/ lw lv

<



S
�M7RE�� ���������S

&M7RE�� ��&�&�
� x+\ R+l,, +7144,

Wkh suredelolw| zhljkwv lq wkhvh h{suhvvlrqv uhsuhvhqw wkh eholhiv ri dq xqlqiruphg shuvrq/ jlyhq wkh
lqirupdwlrq lpsolhg e| wuxwk0whoolqj/ zklfk uhyhdov wkh vhw ri wudgh vwdwhv/ dqg wkh nqrzohgjh derxw
wkh fxuuhqw vwdwh lpsolhg e| revhuylqj wkh prqh| kroglqj ri vrphrqh zkr frxog kdyh jdlqhg ru orvw
prqh|1

Zh fdq qrz uhfrug wkh gh�qlwlrq ri dq lqfhqwlyh0ihdvleoh phfkdqlvp1

Gh�qlwlrq 51 D phfkdqlvp +|> d, lv lqfhqwlyh ihdvleoh li wkhuh h{lvwv +Yf> Y�, wkdw vdwlv�hv +714,0
+7144,1

Dq lpphgldwh lpsolfdwlrq lv wkdw li +|> d, lv lqfhqwlyh0ihdvleoh +lq sduwlfxodu/ vdwlv�hv wkh lu frq0
vwudlqwv,/ wkhq Yf dqg Y duh qrq0qhjdwlyh1

Zh qrz ghvfuleh rxu vhohfwlrq iurp wkh deryh vhw ri lqfhqwlyh0ihdvleoh phfkdqlvpv1 Rxu vhohfwlrq
pd{lpl}hv h{ dqwh xwlolw|/ ghqrwhg ]> zklfk lv gh�qhg dv

] @
7[

r'�

sr^prY�+v, . +4�pr,Yf+v,`= +7145,

Khuh s� ghqrwhv wkh lqyduldqw suredelolw|/ lpsolhg e| �> wkdw wkh dprxqw ri prqh| lv p�= Wklv
remhfwlyh fruuhvsrqgv wr vwduwlqj xs wkh hfrqrp| e| gudzlqj wkh suhylrxv vwdwh iurp wkdw lqyduldqw
glvwulexwlrq dqg frqvlghulqj h{shfwhg xwlolw| sulru wr vxfk d gudz dqg wr lqlwldo dvvljqphqwv ri prqh|
kroglqjv1 Wkh iroorzlqj ohppd h{suhvvhv ] lq whupv ri wkh sdudphwhuv ri wkh hqylurqphqw dqg wkh
rxwsxw ohyhov lq dq duelwudu| phfkdqlvp +vhh Ndw}pdq/ Nhqqdq dqg Zdoodfh ^4<<<` iru d surri,1

Ohppd 41 Iru dq| phfkdqlvp/

]+4� �,Q @ +4� �,2
7[

�'�

s�p�+4�p�,}^|+3> 3> l,` .
7[

�'�

s�

7[
r'�

��r�r�+�� �r�,}^|+v> v> l,`

+7146,

.+4� �,i
7[

�'�

s�p�

7[
r'�

��r�r�}^|+3> v> l,` .
7[
�'�

s�+4�p�,
7[

r'�

��r+�� �r�,}^|+v> 3> l,`j=

Qrwlfh wkdw rxwsxw ohyhov/ wkh frpsrqhqwv ri |> dsshdu lq ] rqo| e| zd| ri wkh ixqfwlrq } dqg
wkdw d/ wkh prqh| wudqvihu yduldeoh/ grhv qrw dsshdu1 Wkxv ] lv dq dyhudjh ri wkh mrlqw jdlqv iurp
wudgh lq wkh ydulrxv nlqgv ri phhwlqjv/ zhljkwhg e| wkh uhodwlyh iuhtxhqflhv ri wkhvh phhwlqjv1

Lw lv qrw gl!fxow wr vkrz wkdw dq rswlpdo phfkdqlvp h{lvwv1 Uhfdoo wkdw d phfkdqlvp +|> d, lv d
sdlu ri ixqfwlrqv zlwk �qlwh grpdlq= lq sduwlfxodu/ | fdq eh uhjdughg dv d �qlwh glphqvlrqdo yhfwru1
Ehfdxvh }+|W,> zkhuh x�+|W, @ 4> lv dq xsshu erxqg rq }++|+v> v�> l,, dqg ehfdxvh wkh zhljkwv lq
+7146, duh qrq0qhjdwlyh/ dq xsshu erxqg rq ] lv rewdlqhg e| kdylqj |W surgxfhg dqg frqvxphg
lq doo wudgh phhwlqjv1 Ehfdxvh rqh0txduwhu ri doo vlqjoh0frlqflghqfh phhwlqjv/ wkh pd{lpxp ri wkh
ixqfwlrq p+4�p, iru p 5 ^3> �2 `> lv dq xsshu erxqg rq wkh qxpehu ri wudgh phhwlqjv/ lw iroorzv wkdw

dq xsshu erxqg rq ] lv 5E+W�
e�E�3q� � ]W=Wklv lpsolhv d erxqg rq wkh vhw ri lqfhqwlyh0ihdvleoh rxwsxwv1

Ohw t @ plqr+srpr,= E| +7145,/ li +|> d, lv lqfhqwlyh0ihdvleoh/ wkhq Y�+v, � ]W@t dqg �r � ]W@t>
e| wkh qrq0qhjdwlylw| ri wkh Y&+v,= E| wkh lu frqvwudlqwv/ lw iroorzv wkdw hdfk frpsrqhqw ri dq
lqfhqwlyh0ihdvleoh | lv erxqghg deryh e| �]W@t= Pruhryhu/ ehfdxvh wkh Y&+v, dqg/ wkhuhiruh/ �r duh
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frqwlqxrxv lq |> dqg ehfdxvh wkh frqvwudlqwv duh h{suhvvhg dv zhdn lqhtxdolwlhv/ lw iroorzv wkdw wkh
rswlpxp sureohp dprxqwv wr pd{lpl}lqj d frqwlqxrxv ixqfwlrq ryhu d qrq hpsw| frpsdfw vhw1<

Wkhuhiruh/ d pd{lpxp h{lvwv1

81 D Sduwldo Fkdudfwhul}dwlrq ri wkh Rswlpxp

Dv qrwhg deryh/ zh frqfhqwudwh rxu vwxg| ri rswlpd lq d uhjlrq ri wkh sdudphwhu vsdfh wkdw lv
erwk lqwhuhvwlqj dqg wudfwdeoh> qdpho|/ wkdw iru zklfk |W � |�4@ dqg x+�plqr�r, � |�4@ 1

43 Wkh
iroorzlqj ohppd/ zklfk xvhv wkh �uvw dvvxpswlrq/ vkrzv wkdw vdwlvidfwlrq ri surgxfhu lu frqvwudlqwv
lpsolhv wkdw |�4@ lv dq xsshu erxqg rq ���+|> d, dqg rq rxwsxw1

Ohppd 51 Li +|> d, vdwlv�hv surgxfhu lu frqvwudlqwv/ wkhq |+v> v�> l, � �pd{���+|> d, � |�4@ =

Rqh frqvhtxhqfh lv wkdw wkh remhfwlyh ] lv lqfuhdvlqj lq hdfk frpsrqhqw ri dq lqfhqwlyh0ihdvleoh |1
Dqrwkhu lv wkdw rxu vhfrqg dvvxpswlrq/ wkdw x+�plqr�r, � |�4@ > lpsolhv x+�plqr�r, � �pd{r�r/
zklfk/ lq wxuq/ lpsolhv wkdw frqvxphu lu frqvwudlqwv duh qrw elqglqj dw dq rswlpxp1

Rxu pdlq uhvxow lv Sursrvlwlrq 4/ zklfk jlyhv qhfhvvdu| frqglwlrqv iru dq rswlpxp1

Sursrvlwlrq 41 Li +|> d, lv rswlpdo dqg vdwlv�hv x+�plqr�r+|> d,, � |�4@ > wkhq +l, VS+l, � Vn>

\ S+l, @

S
�MVn

���+�� ���,���+|> d,

S
�MVn

���+�� ���,
iru doo l 5 Vn> +814,

d+3> 3> l, @ 4 dqg |+3> 3> l, @
7[

�'�

������+|> d, iru doo l 5 Vn> +815,

d+m> m> l, @ 4 dqg |+m> m> l, @ ���+|> d, iru doo +l> m, 5 Vn � Vn> +816,

dqg
\ R+l, @ plq

�M7RE��
i���+|> d,j iru doo l 5 Vn> +817,

+ll, iru hdfk l> VR+l, lv qrw hpsw|> dqg +lll, li ��+|> d, @ �&+|> d,> wkhq iru hdfk l hlwkhu m> n 5 VR+l,
ru m> n 5 Vn � VR+l,=

Wkh udwkhu ohqjwk| surri surfhhgv e| frqwudglfwlrq1 Zh �uvw vxssrvh wkdw +|> d, lv rswlpdo/ exw
grhv qrw vdwlvi| +l,1 Wkhq zh frqvlghu +|�> d�, jlyhq e| +l,/ exw zlwk �+|> d, lqvhuwhg rq wkh uljkw0kdqg
vlghv ri +814,0+817,1 Wkhq lqfhqwlyh ihdvlelolw| ri | lpsolhv wkdw |� � |= Wkh pdlq sduw ri wkh surri
lqyroyhv vkrzlqj wkdw �+|�> d�, � �+|> d,= Jlyhq wkdw lqhtxdolw| dqg ohppd 5/ lw iroorzv wkdw +|�> d�,
vdwlv�hv doo wkh frqvwudlqwv h{fhsw srvvleo| wuxwk0whoolqj iru surgxfhuv1 Li lw grhv/ wkhq zh kdyh d
frqwudglfwlrq ehfdxvh |�4@ � |� � | dqg zh kdyh hlwkhu lqfuhdvhg rxwsxw ru uhsodfhg qr0wudgh e|
wudgh/ erwk ri zklfk lqfuhdvh ]= Li qrw/ wkhq wkhuh lv vrph suhylrxv vwdwh l dqg vrph fxuuhqw vwdwh
u vxfk wkdw wkh surgxfhu zrxog olnh wr surgxfh dqg dftxluh prqh|> qdpho|/ ��o+|

�> d�, A \ R+l,�
� ��o+|> d,= Zh wkhq frqvlghu +|�> d��,> zkhuh d�� gl�huv iurp d� rqo| lq dgglqj vwdwh u wr VR+l,> wkh
vhw ri wudgh vwdwhv1 Zh fdq vkrz wkdw �+|�> d��, � �+|> d,= Uhshwlwlrq ri wklv dujxphqw dw prvw V

<Qrq0hpswlqhvv lv lpsolhg e| wkh idfw wkdw qr wudgh vdwlv�hv doo wkh frqvwudlqwv1 Qrwh wkdw wkh Wkhruhp ri wkh
Pd{lpxp grhv qrw dsso| ehfdxvh wkh frqvwudlqw vhw lv qrw orzhu khplfrqwlqxrxv1

43Odwhu/ zh suhvhqw d vx!flhqw frqglwlrq lq whupv ri sdudphwhuv�hvvhqwldoo|/ d olplwdwlrq rq wkh udqjh ri wkh vxssruw
iru wkh prqh| vxsso|�iru vdwlvidfwlrq ri �Eq4�?r {r� D +�4@ / wkh dvvxpswlrq wkdw lpsolhv wkdw frqvxphu �o frqvwudlqwv
duh vodfn1
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wlphv ohdgv wr wudgh lq hyhu| vwdwh/ zklfk uhqghuv wuxwk0whoolqj ydfxrxv1 Sduwv +ll, dqg +lll, duh suryhg
xvlqj vlpsoh yhuvlrqv ri wkh vdph dujxphqw1

Wkh qh{w ohppd vkrzv wkdw iru d jlyhq vshfl�fdwlrq ri wkh VR+l, vhwv wkhuh lv d xqltxh prqhwdu|
phfkdqlvp +l1h1/ d phfkdqlvp zlwk srvlwlyh wudgh, wkdw vdwlv�hv frqglwlrq +l, ri sursrvlwlrq 41

Ohppd 61 Jlyhq VR+l, iru hdfk l 5 Vn> wkhuh h{lvwv d xqltxh prqhwdu| phfkdqlvp wkdw vdwlv�hv
+814,0+817,1

Wkh surri vkrzv wkdw d prqrwrqh dqg frqfdyh pdsslqj zkrvh �{hg srlqwv frlqflgh zlwk vroxwlrqv
wr +814,0+817, kdv d xqltxh srvlwlyh �{hg srlqw1

Sursrvlwlrq 4 dqg ohppd 6 jlyh xv d vlpsoh surfhgxuh iru �qglqj wkh rswlpxp iru d jlyhq
hqylurqphqw +wkdw vdwlv�hv wkh k|srwkhvhv ri sursrvlwlrq 4,1 Iru hdfk vshfl�fdwlrq ri wkh VR+l, vhwv/
rewdlq wkh xqltxh prqhwdu| phfkdqlvp wkdw vdwlv�hv +814,0+817,1 Glvfdug wkrvh wkdw duh lqfrqvlvwhqw
zlwk wuxwk0whoolqj iru wkh lqiruphg surgxfhu1 Dprqj wkrvh wkdw uhpdlq/ wkh rswlpxp lv wkh rqh wkdw
jlyhv wkh kljkhvw ]= Ehfdxvh VR+l, � Vn vdwlv�hv wuxwk0whoolqj/ wkhuh lv dw ohdvw rqh vxfk prqhwdu|
phfkdqlvp zklfk lv lqfhqwlyh0ihdvleoh1

Zh qrz vkrz wkdw wkh pd{lpl}hg remhfwlyh lv frqwlqxrxv lq � surylghg wkdw ��� lv erxqghg dzd|
iurp 3 iru hdfk l1 Zh hvwdeolvk vxfk frqwlqxlw| lq wzr vwhsv1 Iluvw/ zh vkrz wkdw iru jlyhq VR+l, vhwv/
wkh xqltxh prqhwdu| phfkdqlvp wkdw vdwlv�hv +814,0+817, lv frqwlqxrxv lq � +vhh Ndw}pdq/ Nhqqdq
dqg Zdoodfh ^4<<<` iru d surri,1

Ohppd 71 Ohw VR+l, iru l 5 Vn eh jlyhq1 Ohw S @ i� = ��� � � A 3 iru doo lj= Wkhq wkh xqltxh
prqhwdu| phfkdqlvp wkdw vdwlv�hv +814,0+817, lv frqwlqxrxv lq � iru � 5 S1

Qrz zh jlyh wkh pdlq frqwlqxlw| uhvxow +vhh Ndw}pdq/ Nhqqdq dqg Zdoodfh ^4<<<` iru d surri,1

Sursrvlwlrq 51 Li wkh rswlpxp vdwlv�hv x+�plqr�r, � |�4@ > wkhq wkh pd{lpl}hg remhfwlyh lv
frqwlqxrxv lq � iru � vxfk wkdw ��� lv srvlwlyh dqg ��� lv erxqghg dzd| iurp 31

Zkloh wkh surri xvhv ohppd 7/ lw pxvw gr pruh wkdq dsshdo wr wkh idfw wkdw wkh pd{lpxp ri
frqwlqxrxv ixqfwlrqv lv frqwlqxrxv1 Wkh xqltxh prqhwdu| phfkdqlvp wkdw vdwlv�hv +814,0+817, iru
jlyhq VR+l, vhwv pd| vdwlvi| wuxwk0whoolqj iru lqiruphg surgxfhuv iru vrph ��v dqg qrw rwkhuv1 Zh
fdq vkrz wkdw li wuxwk0whoolqj krogv dw �f exw qrw lq wkh qhljkerukrrg ri �f/ wkhq frqglwlrq +lll, lq
sursrvlwlrq 4 idlov dw �f1 Wkdw/ lq wxuq/ lpsolhv wkdw wkh pd{lpxp fdqqrw eh dw vxfk d srlqw1 Wkdw
dqg ohppd 7 lpso| wkdw wkh pd{lpl}hg remhfwlyh lv frqwlqxrxv1

Wkhuh lv d vhqvh lq zklfk rswlpd duh xqlqwhuhvwlqj li wkh| dozd|v vdwlvi| VR+l, � Vn= Dv rxu
suhylhz glvfxvvlrq vxjjhvwv/ wkdw grhv qrw dozd|v kdsshq1 Wkh iroorzlqj sursrvlwlrq vd|v wkdw li
wkhuh lv vx!flhqw shuvlvwhqfh/ wkhq wkh rswlpxp kdv qr wudgh zkhqhyhu wkh prqh| vxsso| lqfuhdvhv1

Sursrvlwlrq 61 Ohw i�&j $ L +wkh lghqwlw| pdwul{, dqg eh vxfk wkdw wkh fruuhvsrqglqj vhtxhqfh ri
lqyduldqw suredelolw| yhfwruv is&j frqyhujhv wr d vwulfwo| srvlwlyh yhfwru1 Dvvxph wkdw wkh rswlpxp
iru dq| � lq wkh qhljkerukrrg ri � @ L vdwlv�hv x+�plqr�r, � |�4@ = Wkhuh h{lvwv N vxfk wkdw li
n A N> wkhq wkh rswlpxp iru�& kdv qr0wudgh ehwzhhq lqiruphg surgxfhuv dqg xqlqiruphg frqvxphuv
zkhqhyhu wkh fxuuhqw vwdwh/ m> h{fhhgv wkh suhylrxv vwdwh/ l1

Qrz wkdw zh kdyh fkdudfwhul}hg wkh rswlpxp/ wzr frpphqwv duh lq rughu1 Wkh �uvw lv derxw
lpsohphqwlqj wkh rswlpxp1 Wkh rswlpxp zh kdyh ghvfulehg lv hdv| wr lpsohphqw/ dqg zlwkrxw xvlqj
wkh �fwlrq ri d frpsxwhu dw hdfk phhwlqj wkdw uhfhlyhv uhsruwv dqg lv xsgdwhg zkhq wkh suhylrxv
vwdwh lv sxeolfo| dqqrxqfhg1 Dw hdfk wudgh phhwlqj dqg frqglwlrqdo rq wkh nqrzohgjh wkdw lv frpprq
wr wkh wzr shrsoh lq wkh phhwlqj/ wkh rswlpxp kdv d vlqjoh srvlwlyh wudgh sursrvdo1 Lqghhg/ wklv lv d
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ihdwxuh ri dq| lqfhqwlyh0ihdvleoh phfkdqlvp1 Wkhuhiruh/ zh fdq ohw wkh wzr shrsoh sod| d vlpxowdqhrxv
pryh jdph lq zklfk wkh vwudwhjlhv duh vlpso| ~wudgh/ qr0wudgh�1 Li erwk vd| wudgh/ wkhq wkh srvlwlyh
wudgh sursrvdo lv fduulhg rxw1 Li hlwkhu vd|v qr0wudgh/ wkhq wkhuh lv qr wudgh dqg hdfk jrhv rq wr
wkh qh{w gdwh1 Lq sduw ehfdxvh wkh rswlpxp kdv srvlwlyh wudgh lq hyhu| vwdwh zkhq wkh frqvxphu lv
lqiruphg dqg wkh surgxfhu lv qrw/ lw lv d grplqdqw vwudwhj| iru wkh frqvxphu lq hyhu| wudgh phhwlqj
wr sod| wudgh1 Jlyhq wkdw sod| e| wkh frqvxphu/ lw lv d ehvw uhvsrqvh iru wkh surgxfhu wr sod| wkh
vwudwhj| wkdw lpsohphqwv wkh rswlpxp1

Wkh rwkhu frpphqw lv derxw wkh uhodwlrqvkls ehwzhhq wkh rswlpxp dqg d phfkdqlvp zklfk
kdv frqvxphuv pdnlqj wdnh0lw0ru0ohdyh0lw r�huv1 Lw wxuqv rxw wkdw wkh wzr pd| gl�hu ehfdxvh dq
xqlqiruphg frqvxphu idflqj dq lqiruphg surgxfhu dqg pdnlqj d wdnh0lw0ru0ohdyh0lw r�hu whqgv wr
vkxw grzq wudgh lq pruh vwdwhv wkdq wkh rswlpxp glfwdwhv144 Wklv lv hdv| wr vhh li/ iru wkh prphqw/
zh ljqruh wkh ghshqghqfh ri � rq wkh VR+l, vhwv1 Wkhq/ li �� A ��n�/ wkh h{ dqwh zhoiduh jdlq iurp
kdylqj srvlwlyh rxwsxw lq rqh dgglwlrqdo vwdwh/ u/ zkhq wkh suhylrxv vwdwh lv l lv sursruwlrqdo wr

}+��o,
o[

�'�

������ � }+��o3�,
o3�[
�'�

������ � ER+u> l,= +818,

Wkh gl�huhqfh khuh uhsuhvhqwv d wudgh0r� ehwzhhq wkh rxwsxw ��o3� zlwk vrph suredelolw| dqg
wkh orzhu rxwsxw ��o zlwk d kljkhu suredelolw|1 Lq frqwudvw/ wkh qhw jdlq wr wkh frqvxphu iurp
ghpdqglqj wkh vpdoohu rxwsxw ��o udwkhu wkdq wkh rxwsxw ��o3� lv sursruwlrqdo wr

o[
�'�

������^x+��o,� ���`�
o3�[
�'�

������^x+��o3�,� ���` @ ER+u> l,� �+�o3� ��o,
o3�[
�'�

������

Wkxv/ wkh frqvxphu vhhv dq dgglwlrqdo ehqh�w wr vkxwwlqj grzq wudgh> e| pdnlqj wkh pruh ghpdqglqj
r�hu/ wkh frqvxphu dyrlgv frqfhglqj dq lqirupdwlrqdo uhqw wr wkh surgxfhu/ d uhqw wkdw lv frxqwhg dv
sduw ri h{ dqwh zhoiduh1 Dowkrxjk wklv frpsdulvrq lv qrw fruuhfw ehfdxvh lw ljqruhv wkh ghshqghqfh
ri � rq wkh VR+l, vhwv/ wkh frpsdulvrq fruuhfwo| vxjjhvwv wkdw li wkh rswlpxp kdv dozd|v0wudgh e|
d vpdoo hqrxjk pdujlq/ wkhq wkh rswlpxp lv qrw dq htxloleulxp xqghu wdnh0lw0ru0ohdyh0lw r�huv e|
frqvxphuv +vhh Ndw}pdq/ Nhqqdq dqg Zdoodfh ^4<<<` iru d surri,1

Ilqdoo|/ zh surylgh d vx!flhqw frqglwlrq iru dvvxulqj wkdw dq| rswlpxp vdwlv�hv x+�plqr�r, �
|�4@ > wkh k|srwkhvlv ri sursrvlwlrqv 4061 Wkh vx!flhqw frqglwlrq xvhv d orzhu erxqg rq wkh rswlpdo
pdjqlwxgh ri ]> d erxqg zh fdoo ]4�?= Dv sduw ri wkh surri wkdw vkrzv wkdw d vpdoo hqrxjk udqjh
iru wkh vxssruw ri wkh prqh| vxsso| lv vx!flhqw wr hqvxuh x+�plqr�r, � |�4@ +ohppd 9 ehorz,> zh
surylgh rqh vxfk ]4�?= Pruh jhqhudoo|/ ]4�? frxog eh rewdlqhg iurp dq| ohppd 6 phfkdqlvp wkdw
lv lqfhqwlyh ihdvleoh1

Zh ehjlq e| frqvwuxfwlqj dq xsshu erxqg rq h{ dqwh xwlolw| lpsolhg e| dq| doorfdwlrq wkdw ylrodwhv
x+�plqr�r, � |�4@ = Wkh lghd lv wkdw ylrodwlqj wklv lqhtxdolw| lpsolhv wkdw dw ohdvw rqh frpsrqhqw
ri �� lv ohvv wkdq x3�+|�4@ , dqg wkdw wklv lpsolhv xsshu erxqgv rq rxwsxwv dqg/ khqfh/ rq h{ dqwh
xwlolw|1 Iru hdfk n 5 Vn> ohw �& 5 U7 eh gh�qhg e| �&

� @ |�4@ @� iru m 9@ n dqg ��&
& @ x3�+|�4@ ,=

Wkhq ohw |& eh gh�qhg e|

|&+m> 3> l, @

S7
r'� ��r+�� �r�,��

&
rS7

r'� ��r+�� �r�,
>

|&+m> m> l, @ |&+3> m> l, @ ��&
� > |&+3> 3> l, @ �

7[
r'�

��r�
&
r > +819,

44Wkh rqo| uhdvrq wkh wzr pd| frlqflgh lv ehfdxvh zh kdyh lpsrvhg uhvwulfwlrqv wr nhhs rxwsxw ohvv wkdq +W� Vrphrqh
zkr vlpso| dvvxphv vxfk edujdlqlqj zrxog qrw lpsrvh wkrvh uhvwulfwlrqv1
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iru doo l> m 5 Vn= Wkh iroorzlqj ohppd vd|v wkdw li wkh h{ dqwh xwlolw| lpsolhg e| |& lv ohvv wkdq wkdw
lpsolhg e| vrph lqfhqwlyh0ihdvleoh phfkdqlvp/ wkhq wkh rswlpxp vdwlv�hv x+�plqr�r, � |�4@ +vhh
Ndw}pdq/ Nhqqdq dqg Zdoodfh ^4<<<` iru d surri,1

Ohppd 81 Ohw ]+|&, eh h{ dqwh zhoiduh lpsolhg e| |& dv jlyhq e| +819,1 Li wkhuh h{lvwv ]4�? vxfk
]4�? lv wkh h{ dqwh zhoiduh lpsolhg e| vrph lqfhqwlyh0ihdvleoh phfkdqlvp/ zlwk ]+|&, � ]4�? iru
hdfk n 5 Vn> wkhq dq| rswlpxp vdwlv�hv x+�plqr�r, � |�4@ =

Dowkrxjk ohppd 8 lv d fuxgh uhvxow ehfdxvh wkh vshfl�fdwlrq lq +819, lv d fuxgh xsshu erxqg
rq dq lqfhqwlyh ihdvleoh | jlyhq wkdw ��& ? x3�+|�4@ , iru vrph n> wkh qh{w uhvxow vd|v wkdw lwv
k|srwkhvlv fdq dozd|v eh phw li wkh udqjh ri wkh vxssruw iru wkh prqh| vxsso| lv vx!flhqwo| vpdoo1

Ohppd 91 Wkhuh h{lvwv % A 3 vxfk wkdw li p7 �p� ? %> wkhq wkh k|srwkhvlv ri ohppd 8 krogv=

Wr vxppdul}h/ zh fdq ghwhuplqh lq wzr vwhsv zkhwkhu d jlyhq hqylurqphqw vdwlv�hv frqglwlrqv
vx!flhqw wr hqvxuh wkdw dq| rswlpxp vdwlv�hv |�4@ � |W dqg x+�plq��, � |�4@ = Iluvw/ frpsxwh
|�4@ dqg |W dqg fkhfn zkhwkhu |�4@ � |W= +Wkhq ohppd 5 lpsolhv wkdw dq| rswlpxp vdwlv�hv |�4@ �
�pd{��=, Vhfrqg/ dwwhpsw wr �qg vrph ]4�? +wkh rswlpxp iurp ohppd 6 dqg wkh frqvwuxfwlrq lq
wkh surri ri ohppd 9 duh srvvlelolwlhv, iru zklfk wkh k|srwkhvlv ri ohppd 8 krogv1

91 H{dpsohv

Zh suhvhqw wzr h{dpsohv ghvljqhg pdlqo| wr hpskdvl}h wkh frqvhtxhqfhv iru djjuhjdwhv ri zkhwkhu
wudgh lv vkxw grzq lq vrph phhwlqjv ehwzhhq lqiruphg surgxfhuv dqg xqlqiruphg frqvxphuv1 Dv
glvfxvvhg lq wkh lqwurgxfwlrq/ zh h{shfw dq| vxfk vkxwwlqj grzq wr d�hfw wkh pdjqlwxgh ri wkh wrwdo
rxwsxw uhvsrqvh wr fkdqjhv lq wkh dprxqw ri prqh| uhodwlyh wr zkdw kdsshqv lq wkh ehqfkpdun fdvh
ri hyhu|rqh lqiruphg +� @ 4,=

Wkh djjuhjdwhv zh vwxg| duh wrwdo rxwsxw dqg wkh sulfh ohyho1 Iru hdfk h{dpsoh/ zh suhvhqw wkh
rswlpdo Pdunry surfhvv iru hdfk djjuhjdwh1 Ohw \�� dqg S�� ghqrwh wrwdo rxwsxw dqg wkh sulfh ohyho/
uhvshfwlyho|/ zkhq wkh suhylrxv vwdwh lv l dqg wkh fxuuhqw vwdwh lv m= Iru d jlyhq phfkdqlvp/ wrwdo
rxwsxw lv wkh dssursuldwh vxp ri rxwsxwv ryhu phhwlqjv=

Q\�� @ p�+4�p�,+4� �,2|+3> 3> l, . +�� ���,���|+m> m> l, .

+�� ���,+4�p�,+4� �,|+m> 3> l, .p����+4� �,|+3> m> l,= +914,

Zh wdnh S�� wr eh wkh wrwdo rxwsxw gh dwru> qdpho|/ wrwdo qrplqdo rxwsxw/ ghqrwhg [��> glylghg
e| \��=

45 Ehfdxvh rqh xqlw ri prqh| lv wudghg lq hdfk phhwlqj lq zklfk wudgh rffxuv/ iru d jlyhq
phfkdqlvp wrwdo qrplqdo rxwsxw lv d zhljkwhg vxp ri wkh qxpehu ri wudghv1 Wkdw lv/ Q[�� lv wkh
uljkw0kdqg vlgh ri +914, zlwk |+v> v�> l, uhsodfhg e| d+v> v�> l,= Wkh sdlu +\��> S��, rffxuv zlwk suredelolw|
s����> zkhuh/ dv deryh/ s� ghqrwhv wkh lqyduldqw suredelolw| wkdw wkh vwdwh lv l= Wkhuhiruh/ wkh sdlu
+\��> S��, dqg wkh h{rjhqrxv suredelolw| s���� iru hdfk +l> m, frpsohwho| ghvfuleh wkh Pdunry surfhvv
iru wrwdo rxwsxw dqg wkh sulfh ohyho1

Wkh wzr h{dpsohv vkduh doo exw rqh ihdwxuh1 Erwk kdyh V @ 5 dqg d v|pphwulf � zlwk ��� @ 4�%1
Zh ohw x eh wkh vtxduh0urrw ixqfwlrq�d vlpsoh ixqfwlrq wkdw vdwlv�hv rxu jhqhudo dvvxpswlrqv1 Iru
wkdw fkrlfh ri x> |W @ �

e = Zh dovr ohw Q @ 6> wkh plqlpxp frqvlvwhqw zlwk qr grxeoh0frlqflghqfh
45Zh pxvw xvh d sulfh lqgh{ ehfdxvh/ lq jhqhudo/ wkh sulfh ri rxwsxw ghshqgv rq wkh nlqg ri phhwlqj1 Wkh sulfh lq d

phhwlqj lv �*+Erc r�c �� iru v dqg r� M V1 Wkhuhiruh/ iru jlyhq sdvw dqg fxuuhqw vwdwhv/ wkh sulfh ydulhv zlwk zkr lq wkh
phhwlqj lv lqiruphg1 Dq rxwvlgh revhuyhu froohfwlqj vxfk sulfhv pxvw xvh dq lqgh{ wr frpsxwh d sulfh ohyho1
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phhwlqjv1 Iru erwk h{dpsohv/ wkh vxssruw iru wkh prqh| vxsso| lv +p�>p2, @ +eb >
�
2,1 Zh fkrrvh � vr

wkdw |�4@ @ |W> zklfk jlyhv � @ 2.
�2 = Wkh wzr h{dpsohv gl�hu uhjduglqj %= Lq dffrug zlwk sursrvlwlrq

6/ zh h{shfw wr kdyh wudgh rffxu doo wkh wlph li % lv qrw wrr forvh wr }hur dqg zh h{shfw wr kdyh
qr0wudgh rffxu zkhq +l> m, @ +4> 5, li % lv vpdoo hqrxjk1 H{dpsoh 4 kdv % @ 3=4/ zklfk lpsolhv wkdw
wudgh dozd|v rffxuv1 H{dpsoh 5 kdv % @ =3358> zklfk wxuqv rxw wr eh vpdoo hqrxjk wr jhw qr0wudgh
lq phhwlqjv ehwzhhq lqiruphg surgxfhuv dqg xqlqiruphg frqvxphuv zkhq +l> m, @ +4> 5,=46 Iru hdfk
%> zh uhsruw uhvxowv iru wkuhh ydoxhv ri � = � @ �

b > wkh plqlpxp frqvlvwhqw zlwk rxu dvvxpswlrqv>
� @ ��

2f > wkh pdjqlwxgh zklfk pd{lpl}hv wkh suredelolw| ri phhwlqjv ehwzhhq lqiruphg surgxfhuv
dqg xqlqiruphg frqvxphuv> dqg � @ 4> wkh ehqfkpdun1

Ehiruh zh suhvhqw wkh uhvxowv iru djjuhjdwhv/ zh suhvhqw iru rqh fdvh wkh phhwlqj0vshfl�f rxwsxwv
iurp zklfk wkh djjuhjdwhv duh ghgxfhg1 Zkhq hyhu|rqh lv lqiruphg/ wkhuh lv rqo| rqh nlqg ri phhwlqj
shu gdwh dqg wkh rxwsxw lq wkdw phhwlqj ghshqgv rqo| rq wkh fxuuhqw vwdwh1 Lq h{dpsoh 4 zkhq � @ 4>
|+4> 4> l, @ =55:3 dqg |+5> 5> l, @ =5493= Ehfdxvh wkhuh lv rqo| rqh nlqg ri phhwlqj/ wkh sulfh ohyho lv
vlpso| wkh lqyhuvh ri phhwlqj0vshfl�f rxwsxw1 Qrwlfh wkdw hyhq lq wkh orz prqh| vxsso| vwdwh/ rxwsxw
lv ohvv wkdq |�4@ @ �

e = Wklv kdsshqv iru wzr uhdvrqv= wkh prqh| vxsso| pd| lqfuhdvh/ zklfk zrxog
uhgxfh wkh suredelolw| ri phhwlqj vrphrqh zlwkrxw prqh|/ dqg wkh surgxfhu pd| eh jlyhq prqh|
zlwkrxw surgxflqj1 Lq doo rxu h{dpsohv/ wkh shuvlvwhqfh lq wkh prqh| vxsso| surfhvv lv vx!flhqw wr
lpso| wkdw �� A �2> pruhryhu/ zkhq � @ 4 wkh rughulqj iru djjuhjdwh rxwsxw lv wkh vdph dv wkdw
iru phhwlqj0vshfl�f rxwsxw1 Wklv kdsshqv lq sduw ehfdxvh rxu prqh| vxssolhv duh qhdu �

2 > zkhuh wkh
ixqfwlrq p+4�p, lv  dw1

Wdeoh 51 Phhwlqj vshfl�f rxwsxwv iru h{dpsoh 4 zlwk � @ �
b =

|+m> m> l, |+3> 3> l, |+m> 3> l,> m A 3 |+3> m> l,> m A 3

m @ 4 m @ 5 l @ 4 l @ 5 l @ 4 l @ 5

15588< 154874 15578; 154975 155698 154874 154874

Wdeoh 5 frqwdlqv phhwlqj0vshfl�f rxwsxwv iru h{dpsoh 4 iru � @ �
b = Wkh �uvw wzr froxpqv frqwdlq

rxwsxw lq phhwlqjv ehwzhhq lqiruphg shrsoh1 Wkhvh gl�hu iurp wkrvh lq wkh ehqfkpdun ehfdxvh
� d�hfwv �= Wkh qh{w wzr froxpqv frqwdlq rxwsxw lq phhwlqjv ehwzhhq xqlqiruphg shrsoh1 Khuh/
wkhuh lv qr ghshqghqfh rq wkh fxuuhqw vwdwh dqg wkh ghshqghqfh rq wkh suhylrxv vwdwh lv zhdnhu
wkdq wkh ghshqghqfh rq wkh fxuuhqw vwdwh iru phhwlqjv ehwzhhq lqiruphg shrsoh ehfdxvh wkh Pdunry
surfhvv jlyhv ulvh wr ohvv wzr0shulrg shuvlvwhqfh wkdq rqh0shulrg shuvlvwhqfh1 Wkh qh{w wzr froxpqv
frqwdlq rxwsxw lq phhwlqjv ehwzhhq lqiruphg frqvxphuv dqg xqlqiruphg surgxfhuv1 Khuh/ rxwsxw
grhv qrw ghshqg rq wkh fxuuhqw vwdwh ehfdxvh ri wkh wuxwk0whoolqj uhtxluhphqw1 Qrwlfh dovr wkdw iru
hdfk l rxwsxw lv orzhu wkdq zkhq wzr xqlqiruphg shrsoh phhw1 Wklv kdsshqv ehfdxvh xqlqiruphg
surgxfhuv zkr phhw lqiruphg shrsoh zlwk prqh| sodfh pruh zhljkw wkdq ��2 rq wkh srvvlelolw| wkdw
wkh prqh| vxsso| kdv lqfuhdvhg1 +Lq idfw/ lq wklv h{dpsoh/ zkhq wkh prqh| vxsso| ghfuhdvhv/ qr
lqiruphg shuvrq kdv prqh|/ vr zkhq dq xqlqiruphg surgxfhu phhwv dq lqiruphg frqvxphu zlwk
prqh|/ wkh surgxfhu lv deoh wr ghgxfh wkdw wkh fxuuhqw vwdwh lv vwdwh 5 zklfk lpsolhv wkh vdph
rxwsxw ohyho dv iru dq lqiruphg surgxfhu1, Wkh odvw froxpq frqwdlqv rxwsxw lq phhwlqjv ehwzhhq
xqlqiruphg frqvxphuv dqg lqiruphg surgxfhuv1 Khuh rxwsxw ghshqgv rq qhlwkhu wkh fxuuhqw vwdwh
qru wkh suhylrxv vwdwh dqg lv wkh vdph dv lq d phhwlqj ehwzhhq lqiruphg shrsoh zkhq wkh fxuuhqw
vwdwh lv wkh kljk prqh| vxsso| vwdwh1

Frpsohwh uhvxowv iru h{dpsohv 4 dqg 5 duh jlyhq lq Dsshqgl{ E1 Khuh zh suhvhqw lq Iljxuhv 5
wkh h�hfwv ri d �shuvlvwhqw� lqfuhdvh lq wkh dprxqw ri prqh| rq rxwsxw dqg wkh sulfh ohyho1 Wkdw
lv/ zh suhvhqw djjuhjdwhv fruuhvsrqglqj wr d vhtxhqfh ri vwdwhv +4> 4> 5> 5, vwduwlqj zlwk wkh vhfrqg

46Wkh vx!flhqw frqglwlrq jlyhq lq ohppd 8 lv vdwlv�hg iru h{dpsohv 4 dqg 51 Wkh ydoxh ri ~E+&�c zklfk lv wkh vdph
iru hdfk & e| wkh v|pphwu| ri wkh h{dpsoh/ qhyhu ulvhv deryh ��21 Wklv lv ehorz wkh ydoxhv ri ~ vkrzq lq wdeohv 6 dqg
7 ehorz/ wkh ydoxhv iru wkh rswlpd/ zklfk/ dv qrwhg deryh/ fdq sod| wkh uroh ri ~4�? lq ohppd 81
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whup vr wkdw wkh odeho w @ 4 lq wkh �jxuhv lv d gdwh dw zklfk erwk wkh fxuuhqw dqg suhylrxv vwdwhv duh
vwdwh 4= +Zkloh zh frxog kdyh suhvhqwhg wkh h�hfwv ri dq lqfuhdvh iroorzhg e| d ghfuhdvh/ jlyhq wkh
kljk ghjuhh ri shuvlvwhqfh lq erwk h{dpsohv/ vxfk dq hyhqw lv h{wuhpho| uduh1, Dv vxjjhvwhg deryh/
lpsdfw h�hfwv rq djjuhjdwh rxwsxw ghshqg rq zkhwkhu wudgh lv hyhu vkxw grzq dqg rq wkh suredelolw|
ri phhwlqjv ehwzhhq lqiruphg surgxfhuv dqg xqlqiruphg frqvxphuv1 Iru % @ 3=4> iru zklfk wkhuh
lv dozd|v0wudgh/ wkhuh duh srvlwlyh lpsdfw h�hfwv rq rxwsxw uhodwlyh wr wkh ehqfkpdun1 +Zkhq wkh
prqh| vxsso| lqfuhdvhv/ phhwlqj0vshfl�f rxwsxw lv kljkhu lq phhwlqjv ehwzhhq lqiruphg frqvxphuv
dqg xqlqiruphg surgxfhuv wkdq lw lv ehwzhhq lqiruphg shrsoh zkhq � @ 4=, Iru % @ 3=3358> iru
zklfk wkhuh lv qr0wudgh zkhq lqiruphg surgxfhuv phhw xqlqiruphg frqvxphuv dqg wkh prqh| vxsso|
kdv lqfuhdvhg/ wkh gluhfwlrq ri h�hfw ghshqgv rq �1 Zkhq � @ ��

2f > zklfk pd{lpl}hv wkh suredelolw|
ri phhwlqjv ehwzhhq lqiruphg surgxfhuv dqg xqlqiruphg frqvxphuv/ wkh lqfuhdvh surgxfhv d odujh
ghfolqh lq rxwsxw uhodwlyh wr zkdw kdsshqv lq wkh ehqfkpdun1 Zkhq � @ �

b > wkdw grhv qrw kdsshq
ehfdxvh prvw lqiruphg shrsoh kdyh prqh| zkhq wkh dprxqw ri prqh| lqfuhdvhv1 47

8=1
8=1/9

8=11/20

Iljxuh 5d= \��>\�2>\22> % @ �
�f

8=11/20

8=1 8=1/9

Iljxuh 5e= \��>\�2>\22> % @ �
eff

8=11/20

8=1

8=1/9

Iljxuh 5f= S��>S�2>S22> % @ �
�f

8=11/20

8=1

8=1/9

Iljxuh 5g= S��>S�2>S22> % @ �
eff

Uhfdoo wkdw wkh sulfh lq hdfk nlqg ri phhwlqj lv vlpso| wkh lqyhuvh ri rxwsxw lq wkh phhwlqj
dqg wkdw wkh rqo| phhwlqj0vshfl�f sulfh wkdw fkdqjhv lq h{dpsoh 4 zkhq wkh prqh| vxsso| fkdqjhv

47 Lw lv qrw gl!fxow wr frqvwuxfw dq h{dpsoh zklfk kdv qrq0prqrwrqh lpsdfw h�hfwv ri lqfuhdvhv lq wkh dprxqw ri
prqh| rq rxwsxw= odujh dqg uduh lqfuhdvhv lq wkh dprxqw ri prqh| surgxfh d vkxwwlqj grzq ri wudgh/ exw vpdoo dqg
ohvv uduh lqfuhdvhv gr qrw1 Dq h{dpsoh ri wklv zlwk 7 ' � lv jlyhq lq Ndw}pdq/ Nhqqdq dqg Zdoodfh +4<<<, 1
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lv wkdw lq phhwlqjv ehwzhhq wkh lqiruphg1 Wkdw h�hfw whqgv wr pdnh wkh +djjuhjdwh, sulfh ohyho
fkdqjh lq wkh vdph gluhfwlrq dv wkh prqh| vxsso|1 Exw/ ehfdxvh lw lv wkh rqo| sulfh wkdw fkdqjhv/
wkh lpsdfw h�hfwv rq wkh sulfh ohyho whqg wr eh zhdnhu wkh vpdoohu lv �= Pruhryhu/ wkdw h�hfw fdq
hyhq eh r�vhw e| frpsrvlwlrqdo h�hfwv/ zklfk kdsshqv lq h{dpsoh 4 zkhq � @ �

b = Zkhq � @ �
b dqg

wkh prqh| vxsso| lqfuhdvhv/ rqo| �
�H ri wkh lqiruphg duh zlwkrxw prqh|1 Khqfh/ wkhuh duh yhu| ihz

wudgh0phhwlqjv dprqj wkh lqiruphg1 Dovr/ wkhuh duh ihzhu phhwlqjv ehwzhhq lqiruphg surgxfhuv dqg
xqlqiruphg frqvxphuv dqg pruh phhwlqjv ehwzhhq lqiruphg frqvxphuv dqg xqlqiruphg surgxfhuv1
Xqghu dozd|v0wudgh/ wkh phhwlqj0vshfl�f sulfh lv kljkhu zkhq surgxfhuv duh uhodwlyho| lqiruphg wkdq
zkhq frqvxphuv duh uhodwlyho| lqiruphg1 Khqfh/ wkh dowhuhg frpsrvlwlrq surgxfhg e| wkh prqhwdu|
lqfuhdvh whqgv wr orzhu wkh sulfh lqgh{1

Dv Wdeohv 6 dqg 7 vkrz/ lq wkhvh h{dpsohv wkh kljkhvw ohyho ri h{ dqwh zhoiduh/ ]> lv dfklhyhg zkhq
hyhu|rqh lv lqiruphg1 Krzhyhu/ h{ dqwh zhoiduh lv qrw prqrwrqh lq �= Wkh suhydohqfh ri phhwlqjv
ehwzhhq lqiruphg surgxfhuv dqg xqlqiruphg frqvxphuv/ zklfk ghshqgv rq � lq d qrq0prqrwrqh zd|/
lv rqh vrxufh ri wkh qrq0prqrwrqlflw| ri zhoiduh1 Lq h{dpsoh 4/ zkhq wkhuh lv dozd|v0wudgh/ rxwsxw
lv plqlpdo lq vxfk phhwlqjv ehfdxvh lw vdwlv�hv wkh surgxfhu*v lqglylgxdo udwlrqdolw| frqvwudlqw iru
wkh vpdoohu frpsrqhqw ri � qr pdwwhu zkdw lv wkh fxuuhqw vwdwh1 Lq h{dpsoh 5/ wklv orz rxwsxw lv
sduwo| ryhufrph/ exw rqo| dw wkh frvw ri vkxwwlqj grzq wudgh zkhq wkh prqh| vxsso| lqfuhdvhv1

:1 Frqfoxglqj Uhpdunv

Zh kdyh zrunhg zlwk d plqlpdo prgho dqg d plqlpdo fodvv ri phfkdqlvpv1 Lq dgglwlrq wr frqvlghulqj
udqgrpl}dwlrq dqg rwkhu uhjlrqv ri wkh sdudphwhu vsdfh/ lw zrxog eh ghvludeoh wr fkhfn wkh urexvwqhvv
ri rxu �qglqjv wr vrph ri rxu pruh h{wuhph dvvxpswlrqv1 Zh kdyh pdgh vxevwdqwldo xvh ri wkh
lqglylvlelolw| ri prqh| dqg wkh xqlw xsshu erxqg1 Reylrxvo|/ wuxwk0whoolqj frqvwudlqwv zrxog qrw
kdyh vxfk vlpsoh lpsolfdwlrqv li wkh prqh| wudghv frxog eh rwkhu wkdq vxuuhqghulqj 3 ru 4 xqlw1
Vhwwlqjv zlwk ulfkhu lqglylgxdo kroglqjv ri prqh| zrxog eh pxfk kdughu wr vwxg| ehfdxvh lq wkhp
wkh glvwulexwlrq ri prqh| kroglqjv ghshqgv rq wkh phfkdqlvp1 Dqrwkhu h{whqvlrq wr frqvlghu lv dq
lqirupdwlrq vwuxfwxuh lq zklfk wkh lghqwlw| ri wkh lqiruphg lv qrw frpprq nqrzohgjh1 Vxfk d fkdqjh
jlyhv ulvh wr dgglwlrqdo wuxwk0whoolqj frqvwudlqwv dqg wr wzr0vlghg gl�huhqwldo lqirupdwlrq lq phhwlqjv1
D wklug h{whqvlrq zrxog frqvlghu ohqjwkhqlqj wkh odj zlwk zklfk wkhuh lv d sxeolf dqqrxqfhphqw ri
wkh vwdwh1 Vxfk d yhuvlrq zrxog shuplw wkh vwxg| ri zkhwkhu lw lv rswlpdo iru uhodwlyho| lqiruphg
shrsoh wr whoo wkhlu wudglqj sduwqhuv zkdw wkh| nqrz dv wkh| ohdyh phhwlqjv1

Lq dq lpsruwdqw vhqvh/ wkrxjk/ wkh vlpsolflw| ri rxu prgho lv d yluwxh1 Rxu edfnjurxqg hqyl0
urqphqw zdv ghvljqhg e| rwkhuv wr ghslfw devhqfh0ri0grxeoh0frlqflghqfh sureohpv vr vhyhuh wkdw wkh
xvh ri prqh| lv wkh rqo| zd| wr ghsduw iurp dxwdun|1 Zh kdyh sxw lqwr wkdw hqylurqphqw prqhwdu|
xqfhuwdlqw| dqg gl�huhqwldo lqirupdwlrq derxw uhdol}dwlrqv lq d zd| wkdw grhv qrw wlh d shuvrq*v
lqirupdwlrq vwdwxv wr wkh shuvrq*v prqh| kroglqjv1 Wkhq/ ghvslwh dvvxplqj wkdw prqh| kroglqjv duh
hlwkhu 3 ru 4 xqlw/ wkdw sxeolf uhyhodwlrq ri uhdol}dwlrqv rffxuv diwhu rqh shulrg/ wkdw wkhuh lv frpprq
nqrzohgjh derxw zkr lv lqiruphg dqg wkdw wkh vrflhw| �qgv wkh ehvw zd| ri frqgxfwlqj wudgh lq wkh
suhvhqfh ri wkh xqfhuwdlqw| dqg wkh lpsolhg gl�huhqwldo lqirupdwlrq/ zh �qg wkdw wkh prgho gholyhuv
d ulfk wkhru| ri rxwsxw dqg sulfh ohyho uhvsrqvhv1 Uhodwlyh wr wkh ehqfkpdun ri hyhu|rqh lqiruphg/
wkhuh fdq eh srvlwlyh ru qhjdwlyh lpsdfw h�hfwv rq rxwsxw dqg wkh sulfh ohyho whqgv wr eh vwlfn|1 Lq
sduwlfxodu/ wkh prgho vxjjhvwv wkdw gdwd iurp gl�huhqw frxqwulhv dqg wlph shulrgv vkrxog eh vwudwl�hg
dffruglqj wr wkh yrodwlolw| dqg shuvlvwhqfh ri wkh prqh| vxsso| surfhvv ehiruh dwwhpswv duh pdgh wr
�qg vwdeoh uhodwlrqvklsv dprqj wkh txdqwlw| ri prqh|/ rxwsxw/ dqg wkh sulfh ohyho1
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;1 Dsshqgl{ D= Surriv

Wr ehjlq/ zh h{suhvv wkh ghshqghqfh ri wkh Y& rq wkh phfkdqlvp1 Lw lv frqyhqlhqw wr gr wklv lq wzr
vwhsv1 Zh ohw y&+�> v> l, = i3> 4j � Vn � Vn $ Un ghqrwh wkh h{shfwhg glvfrxqwhg xwlolw| ri vrphrqh
zkr +l, krogv n 5 i3> 4j xqlwv ri prqh|/ dqg +ll, lv hlwkhu lqiruphg +� @ 4, ru xqlqiruphg +� @ 3, zkhq
wkh fxuuhqw vwdwh lv v dqg wkh suhylrxv vwdwh lv l�doo ri wklv sulru wr phhwlqjv exw diwhu ghwhuplqdwlrq
ri wkh vhw ri qhzo| lqiruphg shrsoh dqg diwhu dgglwlrqv ru vxewudfwlrqv ri prqh|= Wkhvh frqwlqxdwlrq
ydoxhv vdwlvi|

Qyf+�> m> l, @ Q�Yf+m, . +�� ���,Jf+4> �> m> l, . +4� �,p�Jf+3> �> m> l,

Qy�+�> m> l, @ Q�Y�+m, . ���J�+�> 4> m> l, . +4� �, +4�p�,J�+�> 3> m> l,= +;14,

Lq whupv ri wkhp/ wkh Y&+l, duh gh�qhg e|

Yf+l, @
7[

�'�

���^+4� �, yf+3> m> l, . �yf+4> m> l,` .
7[
�'�

������ +y �+4> m> l,� yf+4> m> l,,

Y�+l, @
7[

�'�

���^+4� �, y�+3> m> l, . �y�+4> m> l,`�
�3�[
�'�

������ +y�+4> m> l,� yf+4> m> l,, > +;15,

zkhuh

��� @ i
4� 6�

6�
li m ? l

4� �36�

�36�
li m � l

= +;16,

Lw iroorzv iurp wkh dvvxpswlrqv jlyhq lpphgldwho| diwhu Wdeoh 4 wkdw ��� � �= Htxdwlrqv +;15, zlwk
wkh y&+�> v> l, uhsodfhg e| wkhlu h{suhvvlrqv lq +;14, frqvlvw ri 5V htxdwlrqv lq Yf dqg Y� wkdw duh olqhdu
iru d jlyhq +|> d,=Pruhryhu/ zlwk wkdw vxevwlwxwlrq/ iru d jlyhq +|> d, wkh uljkw vlghv ri htxdwlrqv +;15,
fdq eh ylhzhg dv d pdsslqj iurp U27 wr U27= Lw lv lpphgldwh wkdw wkdw pdsslqj vdwlv�hv Eodfnzhoo*v
vx!flhqw frqglwlrqv iru frqwudfwlrq= prqrwrqlflw| dqg glvfrxqwlqj1 Wkhuhiruh/ htxdwlrqv +;15, kdyh
d xqltxh vroxwlrq iru Yf dqg Y� iru d jlyhq +|> d,= Wkh lpsolhg xqltxh � � Y��Yf lv ghqrwhg �+|> d,=

Zh qh{w hvwdeolvk vrph idfwv derxw �1 Wkh �uvw uhvxow lv derxw wkh zhljkwhg dyhudjh ri � wkdw
dsshduv lq wkh lu frqvwudlqw iru xqlqiruphg surgxfhuv lq phhwlqjv zlwk lqiruphg frqvxphuv/ + 7143,1
Gh�qh ��� +V

S+l, @
S

�M7SE��

���+�� ���,=

Ohppd :1 Li +|> d, lv lqfhqwlyh ihdvleoh/ wkhq �+|> d, vdwlv�hv/

4

��� +V
S+l,,

[
�M7SE��

���+�� ���,��� � 4

��� +Vn,

[
�MVn

���+�� ���,���= +;17,

Surri1 Zh kdyh

G � �

��� +Vn,

[
�MVn

���+�� ���,�� � �

��� +V
S+l,,

[
�M7SE��

���+�� ���,��

@
�+� � ��,

���
[

�M7SE��

���+�� ���,�� .
�

��
[

�M5n37SE��

���+�� ���,��> +;18,

zkhuh � � ��� +V
S+l,, � �� � ��� +Vn,= Qrz/ ohw { @ plq�MVn37SE����= Wkhq/ e| +71<,/

G � �+� � ��,
�� {.

�

�� +�
� � �,{ @ 3> +;19,
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dv uhtxluhg1
Wkh qh{w ohppd ghvfulehv vrph surshuwlhv ri d pdsslqj zkrvh �{hg srlqw lv �+|> d,= Ohw

k+{> |> d, � e+|, . �F+d,{ iru { 5 U7= +;1:,

zkhuh wkh V � V pdwul{ F+d, � ^f��+d,` dqg wkh V � 4 yhfwru e+|, � ^e�+|,` duh gh�qhg dv

f��+d,

���
@ +4� �,^4� 4� �

Q
d+3> 3> l,� ���

Q
d+3> m> l,� �� ���

Q
d+m> 3> l,`.

+�� ���,i4�
�

Q
d+m> m> l,� +4� �,

Q
^+4�p�,d+m> 3> l, .p�d+3> m> l,`j +;1;,

dqg

Qe�+|, @ +4� �,2 ^+4�p�,x+|+3> 3> l,, .p�|+3> 3> l,` .

+4� �,
7[

�'�

��� ^���x+|+3> m> l,, . +�� ���,|+m> 3> l,` .

7[
�'�

���+�� ���, ^���x+|+m> m> l,, . +�� ���,|+m> m> l,` .

+4� �,
7[

�'�

���+�� ���,^+4�p�,x+|+m> 3> l,, .p�|+3> m> l,`= +;1<,

Ohppd ;1 Ohw k+{> |> d, eh jlyhq e| +;1:,0+;1<,1 Wkhq +l, �+|> d, lv d �{hg srlqw ri k+�> |> d,> +ll,
k+�> |> d, vdwlv�hv Eodfnzhoo*v vx!flhqw frqglwlrqv iru frqwudfwlrq> +lll, li k+�+|> d,> |�> d�, � �+|> d,>
wkhq �+|�> d�, � �+|> d,> dqg +ly, li |� � |> wkhq �+|�> d, � �+|> d,=

Surri1 Iurp +;15,/ zh kdyh

�� @
7[

�'�

���^+4� �,��+3> m, . +�� ���,��+4> m,`> +;143,

zkhuh ��+�> m, � y�+�> m> l,� yf+�> m> l,= Dovr/ iurp +;14,/ zh kdyh

Q��+�> m, @ Q��� . ���J�+�> 4> m> l, . +4� �, +4�p�,J�+�> 3> m> l,

� +�� ���,Jf+4> �> m> l,� +4� �,p�Jf+3> �> m> l,= +;144,

Wkhq/ li zh vxevwlwxwh iurp +;144, lqwr +;143, dqg xvh wkh gh�qlwlrq ri J&+�
S> �R> m> l,> lw iroorzv wkdw

�+|> d, vdwlv�hv wkh pdwul{ htxdwlrq/

�+|> d, @ e+|, . �F+d,�+|> d,= +;145,

E| wkh gh�qlwlrq ri k+�> |> d,> lw iroorzv wkdw �+|> d, lv d �{hg srlqw ri k1 Wkhuhiruh/ +l, lv wuxh1
Dv uhjdugv +ll,/ lw iroorzv iurp +;1;, wkdw f��+d,@��� 5 +4 � ���,^4 � Q3�> 4`> zkhuh wkh orzhu

hqgsrlqw lv dwwdlqhg zkhq prqh| lv dozd|v wudqvihuuhg dqg wkh xsshu hqgsrlqw zkhq prqh| lv qhyhu
wudqvihuuhg1 Ehfdxvh ��� ? 4> lw iroorzv wkdw f��@��� 5 +3> 4`= Wkdw lpsolhv wkdw k+�> |> d, lv lqfuhdvlqj
dqg vdwlv�hv glvfrxqwlqj/ Eodfnzhoo*v vx!flhqw frqglwlrqv iru frqwudfwlrq1
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Fodlp +lll, lv dq reylrxv frqvhtxhqfh ri frqwudfwlrq1 Wkdw lv/ li kE?�+�+|> d,> |�> d�, � �+|> d,>
wkhq kE?n��+�+|> d,> |�> d�, @ k^kE?�+�+|> d,> |�> d�,> |�> d�` � k+�+|> d,> |�> d�, � �+|> d,> zkhuh kE?�

lv wkh q0wk lwhudwh ri k> zkhuh wkh �uvw lqhtxdolw| iroorzv iurp prqrwrqlflw| ri k dqg wkh vhfrqg
lqhtxdolw| lv wkh k|srwkhvlv/ zklfk vhuyhv dv wkh lqlwldo frqglwlrq iru wkh lqgxfwlrq vwhs1 Exw e| wkh
frqwudfwlrq surshuw|/ olp?<" kE?�+{> |�> d�, @ �+|�> d�,> zklfk lpsolhv �+|�> d�, � �+|> d,=

Iurp +;1<,/ e+|, lv lqfuhdvlqj lq |= Wkdw dqg fodlp +lll, lpso| fodlp +ly,1

Ohppd 51 Li +|> d, vdwlv�hv surgxfhu lu frqvwudlqwv/ wkhq |+v> v�> l, � �pd{���+|> d, � |�4@ =

Surri1 Iurp htxdwlrqv +;14, zh kdyh

Q��+3> m, @ Q��� . ���}+|+3> m> l,, . +4� �, +4�p�, }+|+3> 3> l,,

. +4� �, ^|+3> 3> l,� d+3> 3> l,���` . ��� ^|+3> m> l,� d+3> m> l,���`

. +�� ���, ^|+m> 3> l,� d+m> 3> l,���`

Q��+4> m, @ Q��� . ���}+|+m> m> l,, . +4� �, +4�p�, }+|+m> 3> l,, +;146,

.� ^|+m> m> l,� d+m> m> l,���` . +4� �,p� ^|+3> m> l,� d+3> m> l,���`

. +4� �, +4�p�, ^|+m> 3> l,� d+m> 3> l,���`

zkhuh �� @ ��+|> d,= Lq hdfk ri wkhvh htxdwlrqv/ wkh vxp ri wkh frh!flhqwv ri ��� lv qrq0qhjdwlyh1
Dovr/ hdfk frh!flhqw ri wkh ixqfwlrq } lv qrq0qhjdwlyh1 Wkhuhiruh/ li zh ohw N @ pd{���+|> d, dqg
ohw � @ pd{rcr�c� }+|+v> v

�> l,,> zh jhw wkh iroorzlqj lqhtxdolwlhv=

Q��+3> m, � Q�N . +4�p�, � . +4� �, ^|+3> 3> l,� d+3> 3> l,�N`

��� ^|+3> m> l,� d+3> m> l,�N` . +�� ���, ^|+m> 3> l,� d+m> 3> l,�N`

Q��+4> m, � Q�N . +4�p�, � . � ^|+m> m> l,� d+m> m> l,�N` .

+4� �,p� ^|+3> m> l,� d+3> m> l,�N` . +4� �, +4�p�, ^|+m> 3> l,� d+m> 3> l,�N` >

zkhuh zh xvhg wkh gh�qlwlrq ri ��� wr uhsodfh ��� . +4� �, +4�p�, e| 4 � p� = Wkh surgxfhu lu
frqvwudlqwv lpso| |+v> v�> l, � d+v> v�> l,�N> iru doo v> v�> l= Wkhuhiruh/ Q��+�> m, � Q�N . +4�p�, �
iru � @ 3> 41 Qrz iurp +;143,/ zh kdyh

�� �
7[

�'�

���+4� ���,

�
� N .

4

Q
+4�p�, �

�
+;147,

Wkhq ehfdxvh wklv krogv iru doo l> dqg
S

� ���+4� ���, � 4> dqg 4�p� � 4�p�>

N � �+4�p�,

Q+4� �,
= +;148,

E| wkh gh�qlwlrq ri |�4@ dqg wkh dvvxpswlrq |W � |�4@ > zh kdyh

�}+|W,+4�p�,

Q+4� �,
� |W= +;149,

Wkhq vlqfh � � }+|W, lw iroorzv wkdw

�N � �}+|W,+4�p�,

Q+4� �,
� |W= +;14:,
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Qrz ehfdxvh wkh ixqfwlrq } lv lqfuhdvlqj rq wkh lqwhuydo ^3> |W` dqg ehfdxvh |+v> v�> l, � �N> lw
iroorzv wkdw � � }+�N,= Wkxv +;148, lpsolhv

�N � �}+�N,+4�p�,

Q+4� �,
= +;14;,

Wklv/ lq wxuq/ lpsolhv �N � |�4@ =

Sursrvlwlrq 41 Li +|> d, lv rswlpdo dqg vdwlv�hv x+�plqr�r+|> d,, � |�4@ > wkhq +l, VS+l, � Vn dqg
+|> d, vdwlv�hv +814,0+817 ,> +ll, iru hdfk l> VR+l, lv qrw hpsw|> dqg +lll, li ��+|> d, @ �&+|> d,> wkhq iru
hdfk l hlwkhu m> n 5 VR+l, ru m> n 5 Vn � VR+l,=

Surri1 Vxssrvh wkdw +|> d, lv rswlpdo/ exw grhv qrw vdwlvi| +l,1 Wkhq frqvlghu +|�> d�, jlyhq e|
+814,0+817,/ exw zlwk �+|> d, lqvhuwhg rq wkh uljkw vlghv ri +814,0+817, dqg zlwk VS+l, uhsodfhg e| Vn1

Rxu �uvw wdvn lv wr vkrz wkdw |� � |= Iru doo exw \ S+l,�> wklv iroorzv lpphgldwho| iurp wkh idfw
wkdw hdfk frpsrqhqw ri | vdwlv�hv wkh uhohydqw surgxfhu lu frqvwudlqw1 Iru \ S+l,�/ zh kdyh/

\ S+l, � 4

��� +V
S+l,,

[
�M7SE��

���+�� ���,��� � 4

��� +Vn,

[
�MVn

���+�� ���,��� @ \ S+l,�> +;14<,

zkhuh wkh �uvw lqhtxdolw| lv e| lqfhqwlyh ihdvlelolw| ri | dqg zkhuh wkh vhfrqg lv ohppd :1
Zh qh{w vkrz wkdw �+|�> d�, � �+|> d,= E| wkh wklug sduw ri ohppd ;/ lw lv hqrxjk wr vkrz

wkdw k�+�+|> d,> |�> d�, � ��+|> d, @ k�+�+|> d,> |> d,> zkhuh k� lv wkh l0wk frpsrqhqw ri wkh pdsslqj
gh�qhg lq +;1:,1 Ehfdxvh k� lv d vxp ri whupv/ zh fdq ghdo rqh0dw0d0wlph zlwk wkh uhsodfhphqwv jlyhq
e| +814,0+817,1 Ehfdxvh |� � | dqg k+{> |> d, lv lqfuhdvlqj lq |> zh qhhg rqo| h{dplqh vlwxdwlrqv lq
zklfk wkh uhsodfhphqw ri +|> d, e| +|�> d�, lqyroyhv uhsodflqj d qr0wudgh rxwfrph e| d wudgh rxwfrph1
+814,Dq lqiruphg frqvxphu phhwv dq xqlqiruphg surgxfhu=

Frqvlghulqj rqo| wkh +814, vxevwlwxwlrq/ +;145 , dqg wkh gh�qlwlrq ri \ S+l,�= lpso| wkdw

Q

4� �
^k�+�+|> d,> |�> d�,� k�+�+|> d,> |> d,` @ +4�p�,

[
�M7SE��

���+�� ���,^x+\
S+l,�,� x+\ S+l,,`

.+4�p�,
[

�MVn37SE��

���+�� ���,^x+\
S+l,�,� ���`�

[
�M7SE��

���+�� ���,^\
S+l,� ���`=

Ehfdxvh +|> d, vdwlv�hv wkh xqlqiruphg surgxfhu*v lu frqvwudlqw/
S

�M7SE��

���+�� ���,^\
S+l,����` � 3=

Wkhuhiruh/
Q

+4� �,+4�p�,
^k�+�+|> d,> |�> d�,� k�+�+|> d,> |> d,` �

[
�M7SE��

���+�� ���,^x+\
S+l,�,� x+\ S+l,,` .

[
�MVn37SE��

���+�� ���,^x+\
S+l,�,� ���` +;153,

Wkh �uvw whup lv qrqqhjdwlyh e| +;14<,1 Wkh vhfrqg whup lv qrqqhjdwlyh ehfdxvh \ S+l,� � �plqr�r

dqg x+�plqr�r, � |�4@ � �pd{r�r e| k|srwkhvlv dqg ohppd 51
+815, Dq xqlqiruphg frqvxphu phhwv dq xqlqiruphg surgxfhu=

Khuh/ e| +;145,/ wkh uhsodfhphqw ri qr wudgh e| wudgh jlyhq e| +815, lpsolhv

Q ^k�+�+|> d,> |�> d�,� k�+�+|> d,> |> d,` @

+4� �,2+4�p�,
7[

�'�

���^x+|+3> 3> l,
�,� ���` � 3= +;154,
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Wkh htxdolw| iroorzv iurp wkh gh�qlwlrq ri |+3> 3> l,� dqg wkh lqhtxdolw| lv lpsolhg e| |+3> 3> l,� �
�plqr�r dqg x+�plqr�r, � |�4@ � �pd{r�r=
+816, Dq lqiruphg frqvxphu phhwv dq lqiruphg surgxfhu

Khuh/ e| +;145,/ wkh uhsodfhphqw ri qr wudgh e| wudgh jlyhq e| +816, lpsolhv

Q ^k�+�+|> d,> |�> d�,� k�+�+|> d,> |> d,` @
[
�

���+�� ���,���^x+���,� ���` � 3> +;155,

zkhuh wkh vxppdwlrq lv ryhu vrph vhw ri fxuuhqw vwdwhv1
Zh qrz kdyh |� � | dqg �+|�> d�, � �+|> d,= Lw iroorzv wkdw +|�> d�, vdwlv�hv doo wkh sur0

gxfhu lu frqvwudlqwv1 Pruhryhu/ e| ohppd 5/ ��+|�> d�, � |�4@ = Wkhuhiruh/ x+�plqr�r+|
�> d�,,

� x+�plqr�r+|> d,, � |�4@ � �pd{r�r+|
�> d�,= Wklv lpsolhv wkdw +|�> d�, vdwlv�hv doo wkh frqvxphu

lu frqvwudlqwv1 Lw dovr vdwlv�hv wuxwk0whoolqj iru wkh frqvxphu ehfdxvh lw kdv wudgh lq hyhu| vwdwh zkhq
wkh frqvxphu lv lqiruphg1 Exw +|�> d�, pd| ru pd| qrw vdwlvi| wuxwk0whoolqj iru surgxfhuv1 Li lw grhv/
wkhq zh kdyh d frqwudglfwlrq ehfdxvh |�4@ � |� � | dqg zh kdyh hlwkhu lqfuhdvhg rxwsxw ru uhsodfhg
qr0wudgh e| wudgh/ erwk ri zklfk lqfuhdvh ]=

Li qrw/ ehfdxvh �+|�> d�, � �+|> d,> wkhq wkhuh lv vrph suhylrxv vwdwh l dqg vrph fxuuhqw vwdwh u
vxfk wkdw d+3> u> l, @ 3 dqg

��o+|
�> d�, A \ R+l,� � ��o+|> d, +;156,

zkhuh wkh vhfrqg lqhtxdolw| krogv ehfdxvh +|> d, lv lqfhqwlyh0ihdvleoh1 Wkdw lv/ wkh lqiruphg surgxfhu
zrxog olnh wr jhw prqh| lq dgglwlrqdo vwdwhv zkhq uhvsrqglqj wr wkh lqfhqwlyhv lpsolhg e| �+|�> d�,
dv rssrvhg wr wkrvh lpsolhg e| �+|> d,= Li vr/ wkhq gh�qh d qhz phfkdqlvp +|��> d��, wkdw djuhhv zlwk
+|�> d�, h{fhsw wkdw

d+3> u> l,�� @ 4 dqg |+3> u> l,�� @ \ R+l,�= +;157,

iru doo sdluv u> l vdwlvi|lqj +;156,1 Wklv lqfuhdvhv wkh qxpehu ri vwdwhv zlwk wudgh zkhq wkh surgxfhu
kdv sulydwh lqirupdwlrq1 E| +;145,/ wkh uhsodfhphqw ri qr0wudgh e| wudgh lq vwdwh u lpsolhv

Q

4� �
^k�+�+|> d,> |��> d��,� k�+�+|> d,> |> d,` @

��o�o�^x+\
R+l,�,� ��o+|> d,` . ��o+�� ��o,p�^\

R+l,� � ��o+|> d,` � 3= +;158,

Wkhuhiruh/ e| wkh wklug sduw ri ohppd ;/�+|��> d��, � �+|> d,1 Wkxv +e| uhshdwlqj wkh dujxphqwv jlyhq
deryh iru +|�> d�,,/ wkh phfkdqlvp +|��> d��, vdwlv�hv doo wkh frqvwudlqwv h{fhsw srvvleo| wkh surgxfhu*v
wuxwk0whoolqj frqvwudlqwv> li wkhvh duh dovr vdwlv�hg wkhq +|��> d��, lv lqfhqwlyh0ihdvleoh dqg kdv kljkhu
rxwsxw dqg/ wkhuhiruh/ kljkhu zhoiduh wkdq +|> d,> frqwudglfwlqj wkh dvvxpswlrq wkdw +|> d, lv rswlpdo1
Rwkhuzlvh/ zh dphqg +|��> d��, e| dgglqj vwdwhv lq zklfk wudgh rffxuv1 Vlqfh wkh surgxfhu*v wuxwk0
whoolqj frqvwudlqwv duh vdwlv�hg li VR+l, @ Vn> dqg vlqfh wkh qxpehu ri vwdwhv lv �qlwh/ uhshwlwlrq
ri wkhvh vwhsv pxvw ohdg wr d phfkdqlvp wkdw vdwlv�hv wkh surgxfhu*v wuxwk0whoolqj frqvwudlqwv/ zlwk
kljkhu rxwsxw dqg wkhuhiruh kljkhu zhoiduh wkdq +|> d,> d frqwudglfwlrq= Wkxv/ frqglwlrq +l, lv qhfhvvdu|
iru dq rswlpxp1

Qrz vxssrvh +|> d, lv rswlpdo/ exw VR+l, lv hpsw|= Ohw n eh vxfk wkdw �&+|> d, @ pd{� ��+|> d,=
Wkhq frqvlghu +|�> d�, wkdw djuhhv zlwk +|> d, h{fhsw wkdw d+3> n> l,� @ 4 dqg |+3> n> l,� @ ��&+|> d,=
Wkhq/ dv deryh/ lw fdq eh vkrzq wkdw �+|�> d�, � �+|> d,> dqg lw iroorzv wkdw +|�> d�, jlyhv kljkhu
zhoiduh dqg vdwlv�hv doo wkh frqvwudlqwv h{fhsw shukdsv wkh wuxwk0whoolqj frqvwudlqw iru surgxfhuv1
Krzhyhu/ li lw idlov wr vdwlvi| wkdw frqvwudlqw/ wkhq wkhuh duh wzr srvvlelolwlhv1 Rqh lv wkdw +;156,
pljkw krog zlwk uhvshfw wr d suhylrxv vwdwh lf 9@ l dqg/ wkhuhiruh/ vxfk wkdw VR+lf,

� @ VR+lf,= Lq wkdw
fdvh zh fdq dsso| wkh dujxphqw deryh zklfk ohdgv wr d frqwudglfwlrq1 Wkh rwkhu lv wkdw
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��o+|
�> d�, A |+3> n> l,� @ ��&+|> d, � ��o+|> d, +;159,

zkhuh wkh odvw lqhtxdolw| krogv ehfdxvh �&+|> d, @ pd{� ��+|> d,= Exw wklv/ wrr/ lv d yhuvlrq ri
+;156,1 Khqfh/ djdlq/ zh fdq gh�qh d qhz phfkdqlvp +|��> d��, wkdw djuhhv zlwk +|�> d�, h{fhsw wkdw
d+3> u> l,�� @ 4 dqg |+3> u> l,�� @ ��&+|> d, iru doo vwdwhv u vdwlvi|lqj +;159,1 Wkxv/ lq wklv fdvh dovr/ zh
fdq dujxh wr d frqwudglfwlrq1

Ilqdoo|/ vxssrvh +|> d, lv rswlpdo exw grhv qrw vdwlvi| +lll,1 Wkhq wkh rswlpxp lv vxfk wkdw
VR+l, iru vrph l sduwlwlrqv vwdwhv lq vxfk d zd| wkdw wkhuh duh wzr fxuuhqw vwdwhv/ vd| m dqg n zlwk
�� @ �& dqg m 5 VR+l, dqg n @5 VR+l,1 E| wuxwk0whoolqj/ lw iroorzv wkdw �� @ plq,M7RE���,= Wkhuhiruh/
e| qhfhvvdu| frqglwlrq +l,/ +|> d, kdv \ R+l, @ ���= Wkhq dphqg +|> d, e| pdnlqj wkh rplwwhg vwdwh
d wudgh vwdwh zlwkrxw fkdqjlqj rxwsxw1 Wkh uhvw ri wkh dujxphqw lv h{dfwo| olnh wkh dujxphqw iru
qhfhvvdu| frqglwlrq +l,/ dqg/ wkhuhiruh/ surgxfhv d frqwudglfwlrq1

Ohppd 61 Jlyhq VR+l, iru hdfk l 5 Vn> wkhuh h{lvwv d xqltxh prqhwdu| phfkdqlvp wkdw vdwlv�hv
+814,0+817,1

Surri1 Zh zloo xvh wkh iroorzlqj uhvxow +vhh ^7`,= Vxssrvh i @ +i�> i2> = = = > i?, lv d ixqfwlrq iurp
U? wr U? vxfk wkdw +l, i lv lqfuhdvlqj> +ll, iru hdfk l> i � lv d vwulfwo| frqfdyh ixqfwlrq iurp U? wr U>
+lll, i+3, � 3> +ly, wkhuh lv d srvlwlyh yhfwru {@ vxfk wkdw i+{@, A {@> +y, wkhuh lv d yhfwru {K A {@

vxfk wkdw i+{K, ? {K= Wkhq wkhuh h{lvwv d xqltxh srvlwlyh yhfwru { vxfk wkdw i+{, @ {1 Pruhryhu/
{ 5 +{@> {K,1

Wkh surri surfhhgv e| gh�qlqj d pdsslqj wkdw vdwlv�hv frqglwlrqv +l,0+y, dqg hdfk ri zkrvh
�{hg srlqwv lv d prqhwdu| phfkdqlvp wkdw vdwlv�hv +814,0+817,1 Ohw i iurp U7 wr U7 eh gh�qhg
dv iroorzv1 Iru � 5 U7 ohw | @ j+�, eh wkh pdsslqj gh�qhg e| +814,0+817,1 Wkhq gh�qh i+�, �
e+j+�,, .�F+d,�/ zkhuh wkh yhfwru e dqg wkh pdwul{ F duh dv gh�qhg lq +;145,1 Lw iroorzv wkdw li
� lv d �{hg srlqw ri i / wkhq j+�, dqg wkh dvvrfldwhg prqh| wudqvihuv lv d phfkdqlvp wkdw vdwlv�hv
+814,0+817, dqg ylfh yhuvd1 Wkhuhiruh/ iru h{lvwhqfh dqg xqltxhqhvv/ wkh fodlpv lq wkh ohppd/ lw lv
hqrxjk wr vkrz wkdw i+�, vdwlv�hv frqglwlrqv +l,0+y,1

Wkh pdsslqj j lv lqfuhdvlqj dqg e lv dovr lqfuhdvlqj/ vr i lv lqfuhdvlqj1 Ehfdxvh wkh plq ixqfwlrq
lv frqfdyh/ lw iroorzv wkdw j lv frqfdyh1 Dqg ehfdxvh e lv frqfdyh lq |/ e+j+�,,/ wkh frpsrvlwlrq ri
wzr lqfuhdvlqj frqfdyh ixqfwlrqv/ lv frqfdyh1 Dovr/ i �+�, fdq eh zulwwhq lq wkh irup

i �+�, @
4

Q

7[
�'�

���+�� ���,���x+|+m> m> l,, . �+�,>

zkhuh � lv d qrqqhjdwlyh frqfdyh ixqfwlrq/ ���+�� ���,��� lv srvlwlyh/ dqg |+m> m> l, @
{�

q = Ehfdxvh x

lv vwulfwo| frqfdyh/ wklv lpsolhv wkdw i � lv vwulfwo| frqfdyh1
Ohw �@ eh wkh frqvwdqw yhfwru zlwk �@

� @ 0
q > m 5 Vn= Wkhq

i �+�@, � x+%,

Q

7[
�'�

���+�� ���,��� �
x+%,

Q
������� @

x+%,

Q
����

2+4�p�,= +;15:,

Ehfdxvh x�+3, @ 4> wkh udwlr �E0�
0 ehfrphv duelwudulo| odujh dv % $ 31 Fkrrvh % vr wkdw

x+%,

%
A

Q

�����
2+4�p�,

= +;15;,

Wkhq
i �+�@, A

%

�
@ �@= +;15<,
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Wkxv �@ vdwlv�hv dvvxpswlrq +ly, ri wkh �{hg srlqw wkhruhp1
Ohw �K eh wkh frqvwdqw yhfwru zlwk �K

� @
+W
q > m 5 Vn= +Uhfdoo wkdw x�+|W, @ 4=, Wkhq i �+�K, ? +W

q

e| hvvhqwldoo| wkh dujxphqw lq wkh surri ri ohppd 81 Wkhuhiruh/ �K vdwlv�hv dvvxpswlrq +y, ri wkh
�{hg srlqw wkhruhp1 Ilqdoo|/ ehfdxvh wkh pdsslqj i vdwlv�hv frqglwlrq +lll, zlwk htxdolw|/ i kdv d
xqltxh srvlwlyh �{hg srlqw a�1

Sursrvlwlrq 61 Ohw i�&j $ L +wkh lghqwlw| pdwul{, dqg eh vxfk wkdw wkh fruuhvsrqglqj vhtxhqfh ri
lqyduldqw suredelolw| yhfwruv is&j frqyhujhv wr d vwulfwo| srvlwlyh yhfwru1 Dvvxph wkdw wkh rswlpxp
iru dq| � lq wkh qhljkerukrrg ri � @ L vdwlv�hv x+�plqr�r, � |�4@ = Wkhuh h{lvwv N vxfk wkdw li
n A N> wkhq wkh rswlpxp iru �& kdv qr wudgh ehwzhhq lqiruphg surgxfhuv dqg xqlqiruphg frqvxphuv
zkhqhyhu wkh fxuuhqw vwdwh/ m> h{fhhgv wkh suhylrxv vwdwh/ l1

Surri1 Ohw i�&j $ L eh jlyhq dqg ohw is&j $ s�= Iru � @ L> gh�qh wkh ixqfwlrq/ ]+L,/ wr eh ] zlwk
s @ s�= Wkh pd{lpxp ri ]+L, ryhu lqfhqwlyh0ihdvleoh +|> d, lv |+�Sl> �Rl> > l, @ |�4@ = +Zkhq � @ L>
wkh pd{lpxp lv rewdlqhg vwdwh e| vwdwh dqg iru hdfk vwdwh/ wkh uhvxow lv dv ghvfulehg lq Vhfwlrq 61,
Ghqrwh wkdw pd{lpxp ]W+L,=

Qrz ohw VR+l,� @ i4> 5> ===> lj iru hdfk l> dqg ohw |& dqg �& ghqrwh wkh xqltxh prqhwdu| phfkdqlvp
wkdw vdwlv�hv +814,0+817, ri sursrvlwlrq 4 zkhq VR+l, @ VR+l,� dqg � @ �&> dovr/ ohw |" dqg �"

ghqrwh |& dqg �& iru � @ L= Wkhq/ |"+�Sl> �Rl> > l, @ |�4@ dqg �"
� @ |�4@ @�= +Wklv lv yhul�hg

e| lqvhuwlqj wkhvh h{suhvvlrqv lqwr +814,0+817, dqg +;145, dqg qrwlflqj wkdw wkh| krog1, Wkhq/ e|
ohppd 7/ olp&<" |&+�Sl> �Rl> > l, @ |�4@ dqg olp&<"�&

� @ |�4@ @�= Wkdw/ lq wxuq/ lpsolhv wkdw li n lv
vx!flhqwo| odujh/ wkhq |�& lv lqfhqwlyh ihdvleoh1 +Wklv iroorzv ehfdxvh wkh olplw uhvxow lpsolhv wkdw li
n lv odujh/ wkhq �&

� A �&
�n�=, Qrz ohw ]W+�, ghqrwh wkh pd{lpl}hg remhfwlyh1 Lw iroorzv wkdw iru dq|

% A 3> wkhuh h{lvwv N vxfk wkdw n A N lpsolhv ]W+�&, A ]W+L,� %= Zh qrz vkrz wkdw li �& lv forvh
hqrxjk wr L/ wkhq d phfkdqlvp zklfk kdv wudgh zkhq wkh fxuuhqw vwdwh m dqg suhylrxv vwdwh l vdwlvi|
m A l jlyhv d ydoxh ri wkh remhfwlyh wkdw lv ohvv wkdq ]W+L,� %> dqg/ wkhuhiruh/ fdqqrw eh rswlpdo1

Li +|> d, vdwlv�hv surgxfhu lu frqvwudlqwv/ wkhq

olp
�<U

��+|> d> �, � |�4@ @�= +;163,

Wklv iroorzv e| wdnlqj wkh olplw ri��+|> d, dv jlyhq e| +;145, dqg qrwlqj wzr wklqjv= rqo| whupv ri wkh
irup olp |+�Sl> �Rl> l, dqg olp^d+�Sl> �Rl> l,���` dsshdu dqg wkh lu frqvwudlqwv lpso| olp |+�Sl> �Rl> l, �
olp^d+�Sl> �Rl> l,���`= Qrz vxssrvh e| frqwudglfwlrq wkdw wkh qr0wudgh fodlp lv idovh1 Wkhq wkhuh h{lvwv
d vxevhtxhqfh ri wkh jlyhq vhtxhqfh i�&j> vd| i�?j> vxfk wkdw i�?j $ L dqg iru hdfk q wkh rswlpxp
kdv wudgh lq vrph fxuuhqw vwdwh m> zkhuh m A l> wkh suhylrxv vwdwh1 Ohw ] ��+�?, ghqrwh wkh lpsolhg
ydoxh ri ]= Wkh surgxfhu wuxwk0whoolqj frqvwudlqw dqg +;163, lpso| wkdw iru vx!flhqwo| odujh q> hlwkhu
d+3> l> l,? @ 3 ru |+3> l> l,? � |�4@ . %f> zkhuh m A l dqg zkhuh %f A 3 exw lv rwkhuzlvh duelwudu|1
+Uhfdoo wkdw |�4@ ? |�4@ li m A l dqg wkdw |�4@ ghshqgv rq p�/ exw qrw rq �=, Exw +;163, dovr
lpsolhv wkdw iru vx!flhqwo| odujh q> |+�Sl> �Rl> l,? � |�4@ . %�> zkhuh/ djdlq/ %� A 3 exw lv rwkhuzlvh
duelwudu|1 Ehfdxvh d frpsrqhqw ri | dsshduv zlwk d qrq0ydqlvklqj frh!flhqw lq olp?<" ]+�?, li
dqg rqo| li lw kdv wkh irup |+�Sl> �Rl> l,> lw iroorzv wkdw olp vxsi] ��+�&,j ? ]W+L,> d frqwudglfwlrq=

<1 Dsshqgl{ E= Qxphulfdo Uhvxowv

Wdeohv 6 dqg 7 frqwdlq ghwdlohg uhvxowv iru h{dpsohv 4 dqg 51 Lq sduwlfxodu/ wkh| frqwdlq wkh Pdunry
surfhvvhv iru wrwdo rxwsxw dqg wkh sulfh ohyho1 Wkh urzv odehohg f���3f��

f��
frqwdlq shufhqwdjh fkdqjhv

ri vzlwfklqj vwdwhv uhodwlyh wr qrw vzlwfklqj vwdwhv/ h{fhsw zkhq wkh| shuwdlq wr �1 Iru �> wkh hqwu|
lv {23{�

{�
= Dovr/ doo wkh phhwlqj0vshfl�f rxwsxwv fdq eh frpsxwhg iurp wkh uhsruwhg � xvlqj wkh

dssolfdeoh frqglwlrqdo h{shfwdwlrqv dv jlyhq lq sursrvlwlrq 41
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Wdeoh 61 H{dpsoh 4= % @ �
�f

� ] m \�� \2� S�� S2� �

4 14;9;8: 14;9;8: 71738 71738 159<4
4 1465366 5 14;3334 14;3334 71963 71963 15893

f���3f��

f��
0619:( 61;4( 8144( 071;9( 071;:(

4 14;539; 14:<5668 71854 718<5 15987
��
2f 1464<57 5 14;567< 14:<5683 718:3 7197< 15878

f���3f��

f��
3148( 031333;( 413<( 04156( 07146(

4 14;7358 14::<8< 717:58 71957< 159:7
�
b 1464<;; 5 14;9;<4 14;34:8 7178;< 719584 15886

f���3f��

f��
4189( 04156( 03163( 031337( 07185(

Wdeoh 71 H{dpsoh 5= % @ �
eff

� ] m \�� \2� S�� S2� �

4 1538469 1538469 71345 71345 15<873
4 1465658 5 14;9<76 14;9<76 7178; 7178; 1598;:

f���3f��

f��
0;1;:( <1:6( 44143( 0<1<<( 0<1<<(

4 1538336 14<395: 71348 7164; 15<857
��
2f 14655<4 5 148<;75 14;9<73 714:4 7178; 1598;7

f���3f��

f��
055136( 41<:( 61;<( 06147( 0<1<9(

4 15383:4 14;799: 71346 71789<4 15<86;
�
b 1465657 5 1538876 14;9<:8 71348 71789<6 1598;9

f���3f��

f��
3156( 04156( 3136( 0313336( 0<1<<(

Wkh urzv odehohg f���3f��

f��
frqwdlq shufhqwdjh fkdqjhv ri vzlwfklqj vwdwhv uhodwlyh wr qrw vzlwfk0

lqj vwdwhv/ h{fhsw zkhq wkh| shuwdlq wr �1 Iru �> wkh hqwu| lv {23{�
{�

= Lq dgglwlrq wr lpsdfw
h�hfwv/ wkh rxwfrphv dvvrfldwhg zlwk dq| sdwwhuq ri uhdol}dwlrqv iru wkh prqh| vxsso| fdq eh lghq0
wl�hg1 Iru h{dpsoh/ li % @ 3=4 dqg � @ ��

2f dqg li wkh vhtxhqfh ri prqh| uhdol}dwlrqv vwduwlqj
dw gdwh w � 4 lv +p�>p�>p2>p2>p�,/ wkhq wkh vhtxhqfh iru wkh sulfh ohyho vwduwlqj dw gdwh w lv
+7=854> 7=8:3> 7=97<> 7=8<5,= Dovr/ doo wkh phhwlqj0vshfl�f rxwsxwv fdq eh frpsxwhg iurp wkh uhsruwhg
� xvlqj wkh dssolfdeoh frqglwlrqdo h{shfwdwlrqv dv jlyhq lq sursrvlwlrq 41
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