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Abstract

In this paper, we introduce and apply an approach to testing independence of
values in standard auction settings. We show that the widely-used assumption that
private values are independent (IPV) has testable implications in both first-price and
English auction settings, which will be violated under the natural alternative of positve
dependence. We provide a computationally straightforward and asymptotically valid
closed-form approach to testing these implications on auction data. We apply our tests
to data from much-studied United States Forest Service timber auctions, and find clear

evidence to reject the IPV model in favor of a model of correlated private values.

1 Introduction

The independent private values (IPV) model is a workhorse in auction theory, and has been
used as the basis for a vast array of empirical studies. If private values are independently
distributed, a classic result in auction theory is that the optimal selling mechanism takes
the form of a standard auction in which the only relevant design parameter is the reserve
price. Independent private values also implies revenue-equivalence of the two most prevalent
auction formats, first-price and English auctions; optimality of a reserve price strictly higher
than the seller’s valuation; and invariance of that optimal reserve price to the number of
bidders present. However, the policy prescriptions of auction theory can differ substantially
when there is intra-auction correlation among bidders’ values. When values are correlated,

the optimal auction no longer takes the form of a standard auction; and even in a standard



auction format, the benefits of using a strategic reserve price can be substantially lowered
or eliminated altogether.

The literature on non-parametric identification in first-price and English auctions (see,
e.g., Athey and Haile (2007)), which is the basis for many empirical applications of auction
theory, is also closely tied to the assumption that private values are independent. When
private values may instead be correlated, new problems arise for identification which have
only recently begun to be explored. An important message emerging from this literature
is that policy inferences drawn from auction data under the assumption of IPV can be
substantially misleading in environments where valuations are actually correlated.’

The assumption that bidders have private (as opposed to common) values can often
be institutionally motivated; but there is typically little economic basis for assuming that
these values are independent. While there is a large empirical literature that assumes
independence, we are not aware of any papers that test this assumption despite its economic

significance. Our paper aims to fill this void. Methodologically, we make two contributions:

e First, we establish testable implications of the IPV model for both first-price and

English auctions.

In first-price auctions, the implications of IPV are straightforward: conditional on ob-
served covariates, bids must be independent. In open-outcry English auctions, however,
this transparency breaks down: actual bidding behavior can depend on the bids made by
others, so correlation of observed bids need not imply correlation in values. However, we
show it is still possible to derive meaningful and testable implications of independence of
values in English auctions. The key, as in Athey and Haile (2002) and Haile and Tamer
(2003), it to consider the distributions of order statistics of bids, rather than the individual
bids themselves. We show that correlation among values will bring order statistics closer

together relative to the IPV benchmark; based on this insight, we derive testable implica-

1Li, Perrigne, and Vuong (2002), working with simulated data which is affiliated, find that estimation
using IPV would overstate bidder rents by 17% to 24%. Krasnokutskaya (2009), working with procurement
data, finds that the reserve prices suggested by an IPV model would result in actual procurement costs 10-
35% higher on average than the reserve prices calculated in a model accounting for unobserved heterogeneity.
In Aradillas-Lopez, Gandhi, and Quint (2011), we find that IPV analysis would cause the optimal reserve
price to be overestimated on average by between 15% and 47%, and the increase in expected profit from
setting the reserve price optimally (relative to simply setting reserve equal to the seller’s valuation) to be

overestimated by between 86% and 202%!



tions of the IPV model, and show that they will be violated when valuations are instead

positively dependent (in a general sense which we define below).
e Second, we develop a unified nonparametric approach to testing these restrictions.

While the testable implication of independence in first-price auctions is a conditional
independence restriction (a problem previously studied in the literature), our key testable
implications for ascending auctions take the form of inequalities comparing non-linear trans-
formations of conditional moments of the data, a problem not yet addressed in the con-
ditional moment inequalities literature (see, e.g, Andrews and Shi (2011)). We provide a
computationally simple and asymptotically closed-form appraoch to testing such inequalities
given a sample of auction observations. We transform each conditional moment inequality
into an equality restriction on an unconditional expectation, in a way that preserves all
the information in the original inequalities. Test statistics are then constructed as sample
analogs of the corresponding expectations; under standard regularity conditions, they are
therefore asymptotically normal, allowing for the use of normal critical values. The same
testing strategy would also be applicable to testing conditional moment inequalities that

arise in other economic applications.?

We apply our tests to data from USFS timber auctions. The USFS timber data has
several features that argue in favor of the plausibility of an IPV model. First, as we dis-
cuss later, there are specific institutional features that make private values (as opposed to
common values) a natural assumption. Second, there is a rich vector of covariate infor-
mation about each auction that precisely captures the public information available to the
bidders; conditioning on such detailed covariates is often used to justify the assumption that
any remaining private-value differences are independent. As a result, the USFS data has
been extensively studied under the assumption of IPV. We nonetheless find clear evidence
to reject independence of values in favor of correlation, in both the first-price and English
auction data.

It is worthwhile to consider the consequences of testing for identification and estimation

of auction models. As noted above, when values are correlated, policy implications drawn

2Such moment inequalities arise, for example, in testing heterogeneous treatment effects (Imbens and
Wooldridge (2009), Lee and Whang (2009)), strategic complementarities in games (de Paula and Tang
(2011), Aradillas-Lopez and Gandhi (2011)), and asymmetric information in insurance settings (Chiappori,
Jullien, Salanié, and Salanié (2006)).



from an IPV-based empirical approach can be misleading; thus, if the tests presented in this
paper lead to rejection of the IPV model, an empirical strategy that allows for correlation
is necessary. In first-price auctions, there are multiple existing approaches to identification
with correlated values if more than one bid from each auction is observed.®> In English
auctions, however, observation of multiple bids is not enough, as only one bid per auction
is tightly linked to a bidder’s valuation. In Aradillas-Lopez, Gandhi, and Quint (2011), we
show instead how to exploit variation in the number of bidders N to partially identify a
general model of correlated values. If there is positive dependence between bidder values
and N (consistent with equilibrium play in standard models of endogenous entry), an upper
bound on the seller’s expected profit function is identified; if values satisfy the stronger
assumption of being independent of N, both upper and lower bounds are identified, leading
to bounds on the optimal reserve price as well. In the present paper, as part of our strategy
for testing IPV, we provide a testable implication of independence between values and N
that has power against endogenous entry. Applying the resulting test to the timber data,
we fail to reject independence between values and N; thus, despite our rejection of IPV,
there is evidence to support an empirical strategy that can still draw strong inferences from
the English auction data.

The rest of the paper proceeds as follows. In Section 2, we derive testable implications
of each of the standard auction models. In Section 3, we translate these implications into
test statistics, based on sample analogs of related moment conditions; we then discuss the
asymptotic properties of the tests, and conduct a Monte Carlo simulation to show their
performance on finite samples. In Section 4, we apply our tests to the USFS timber data
and present our results. Section 5 concludes. Appendix A contains proofs of the theoretical
results (the testable implications of each model); the details of the formal tests and their

implementation are given in Appendix B.

3Li, Perrigne, and Vuong (2002) show how to estimate a model of affiliated private values. Krasnokutskaya
(2009) shows how to estimate a model of IPV with scalar, additively-separable unobserved heterogeneity;
Hu, McAdams, and Shum (2009) extend this technique to IPV with non-separable unobserved heterogeneity,
as well as to conditionally independent private values. This covers the three “standard” models of correlated

values used empirically; as we point out below, our formulation of correlated values nests all three of these.



2 Testable Implications of Auction Models

Each auction in the data is characterized by a set of covariates describing that particular
auction, X; a number of bidders, N; and a vector of bids, B = (Bj,...,By). The joint
distribution of the observables (X, N, B) is thus nonparametrically identified by the data.
In this section, we will seek restrictions on the conditional distribution of B given (X, N)
which are implied by equilibrium play in different auction models. The subsequent section
will then address the question of developing econometric tests of whether these restrictions
are satisfied given a sample of auctions from the population distribution of (X, N, B).

We will maintain the following assumption throughout:

Assumption 1. Bidders have private values, and the joint distribution of these private

values is symmetric.

Thus, we will assume that bidders have private values V. = (V1,...,Vn); let F(-|z,n) de-
note the joint distribution of these valuations, conditional on X = z and N = n.* Symmetry
imposes the additional restriction that F'(vy,va,...,vn|%,n) = F(Vg(1); Vo(2)s - - - » Vo (n) |2, 1)
foro:{1,2,...,n} = {1,2,...,n} any permutation. An independent private values (IPV)
model would impose the additional restriction that F(vq,...,v,|2,n) = [/, Fv(vilz,n)
for some univariate distribution Fy (which may or may not depend on n). Our primary
focus is to understand and test the implications of the IPV assumption in the two most
common and most-studied auction environments, first-price and ascending auctions for a

single good.

2.1 First-Price Auctions

In a symmetric, IPV setting, first-price auctions have a unique Bayesian Nash equilibrium,
which is symmetric and has strictly increasing strategies.> For a given realization (z,n) of
(X, N), then, we can write B(V;|x,n) as bidder 4’s equilibrium bid. As recognized by Athey
and Haile (2007) (section 5.5), conditional on a realization (x,n) of (X, N), independence
of valuations (V1,...,V,) would imply independence of bids (B(Vi|z,n),..., B(V,|z,n)) as

4This is a slight abuse of notation, as the domain of F : RY — [0,1] depends on n, but the meaning

should be clear.
5See Athey and Haile (2007), footnote 11. Such an equilibrium also exists, and is also unique, if private

values are symmetric and affiliated.



well. Despite the transparency of this restriction on the joint distribution of bids, we are
unaware of any implementations of this idea as a formal test. We capture this testable

restriction in a way we will later show can be naturally implemented as an econometric test:

Proposition 1. Let (B!, B!) denote two randomly selected bids from a given auction.
Under IPYV,
cov (B',B" | (X,N) = (z,n)) =0 (1)

for all (z,n).

Any violation of the IPV model in the form of positive dependence among values would
also lead to positive dependence among bids; under very general conditions, then, the above

test will have power to reject independence when values are instead positively dependent.

2.2 English Auctions

English auctions create unique empirical challenges relative to first-price auctions. Since
the winner will stop raising his bid as soon as the other bidders stop bidding, information
about the highest bidder’s willingness to pay is effectively censored: the top two bids will
mechanically be close together, and the winner’s valuation cannot be easily inferred. And
similarly, losing bidders may not bid up to their valuations. A bidder with an intermediate
valuation might make a low bid early (or not bid at all), then sit back and watch while
multiple opponents bid against each other, knowing he could bid again later if the price was
still favorable; once the price passed his valuation, he would not bid again, never having bid
even close to his actual willingness-to-pay. For both these reasons, a bidder’s actual bid may
be a function of both his own and his opponents’ valuations, and so bids will be correlated
even if valuations are not. Thus, we cannot test the IPV model in ascending auctions
simply by testing for conditional covariance among bids. However, in this section we show
it is still possible to derive non-parametric testable implications of ascending auctions using
the properties of order statistics.

Fixing N = n, let V3., < Vo, < ... < V,,., denote the order statistics of the random
vector of valuations V', and Fg., (- | ) the distribution of Vj., conditional on the realization
(X,N) = (x,n). Similarly, let By., < ... < B,., denote the order statistics of the random
vector of bids B, and Gp., (- | ) the distribution of By., given (X, N) = (z,n). As noted
above, Gp.n (- | ) is identified from the data.



For k < n, define a function ¢y., : [0,1] — [0, 1] by

n!
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For t € (0,1), the integrand is positive, and so ., is strictly increasing everywhere and

'(/Jk:n(s) -

therefore invertible. Athey and Haile (2002) observe that if n independent random variables
are drawn from a distribution H(-), the distribution of the k*"-lowest is ., (H(-)). Under
an IPV model, then, for any k and n, Fy (v|z,n) = ¢;.} (Fin(v]2)).

2.2.1 Testing IPV with Fixed N

As noted above, a bidder’s valuation does not uniquely determine his bid in an English
auction, so inferring valuations from bids is not a straightforward exercise. To address this,
Haile and Tamer (2003) introduced an “incomplete model” of bidding in ascending auctions.
Rather than impose a unique mapping from primitives to equilibrium outcomes, Haile and
Tamer (2003) impose only weak assumptions about bidder behavior, and aim to partially
identify an IPV model. They assume bidders never bid higher than their valuations, which
implies By., < Vi.,; and they assume that bidders never allow the auction to end at a
price they could profitably beat, which implies that for k < n, Vi, < Bu.n + A, where A
is the minimum bid increment at the end of the auction. While Haile and Tamer (2003)
assume [PV, these bidding assumptions are equivalent to bidders playing weakly undomi-
nated strategies; they therefore do not depend on bidders’ beliefs or the joint distribution of
valuations, and are therefore equally valid in any private-values setting. We will use “Haile-
and-Tamer bidding” to describe bidding strategies which satisfy these two assumptions, but
are otherwise unrestricted.

In order to create a test that will still have power even in such an unstructured model of
bidding, we must place some structure on how we might expect independence to be violated,
that is, what we see as the alternative hypothesis to IPV. We do this in a theoretically general

and non-parametric way:

Assumption 2. If valuations are not independent, then the joint distribution F(- | x,n)
is such that for any realization (X,N) = (x,n) and any v and i, Pr(V; < v) is weakly

increasing in the number of bidders j # i such that V; < v.

This is the same “general correlated” model that we use for identification and estimation

in Aradillas-Lopez, Gandhi, and Quint (2011). In that paper, we show that Assumption



2 holds under all the standard models of symmetric, correlated private values: specifically,
affiliated private values, conditionally-independent private values, and IPV with unobserved
heterogeneity.

Haile-and-Tamer bidding implies that Gj.,, (v|z) > Fj.n (v|z) and F,_ 1., (v|z) > G2, (v|z),
where G2, (+|x) is the distribution of B,,., + A (given X = z). Even though valuations are

not uniquely pinned down, the model is still testable:

Proposition 2. Under IPV and Haile-and-Tamer bidding, for any (x,n,v) and any k <
n—2,

Un (Grn(v]2) = 011, (GR(0]2)) 2)
On the other hand, if values are not independent, then at any (z,n,v) where Assumption 2
holds strictly — that is, where Pr(V; <v | X =a, N =n, |[{j #1:V; <v}|| =m) is not the

same for all m — then for k <mn —2,

Vi Frn(]2)) < 932y, (Faotin(v]2))

and equation 2 will therefore be violated if there is sufficiently little slack in the “Haile and

Tamer bounds”.

The first part of Proposition 2 was noted by Haile and Tamer (2003) (Remark 2), who
point out that it could be used as a test of the IPV model. The second part of the proposition,

however, is new, and shows that this test can have power against positively-correlated values.
A

nmn

As the proposition indicates, the power of the test depends on how close G2, is to Fj,_1.,
and Gj.p, t0 Fi.,,. If the top two bids are close together in most auctions (implying also that
A is small), then the first inequality will not have much slack: since G,Am < Fo 10 <Gp_1.m,
if Gy—1.n and G,Am are close together, F,, 1., must be close to Gﬁn. Thus, the real concern
is whether Gy., is close to Fy., for k < n — 2 — that is, whether losing bidders other than
the second-highest bid close to their valuations. Song (2004) considers the possibility that
the “top two losers” bid close to their values, even if the others do not; this would be enough
for our test to have power. Unfortunately, there is no easy way to check this in the data.
And if only the highest losing bidder approaches his value, this test may have little power.

As a result, we consider another approach to testing the IPV model, which relies only
on transaction prices (or the winning and highest losing bids) but requires variation in the

number of bidders.



2.2.2 Testing IPV using Variation in N

Since this test relies on variation in the number of bidders, it requires an assumption about
the nature of this variation. In particular, we will assume that variation in the number of
bidders is independent of the realization of their valuations. To formalize this condition, let
F" (- | ) denote the joint distribution of m bidders drawn at random from an auction with

n bidders, conditional on X = .5

Definition. Values are independent of N if F"( - | z) = F" (- | z) for all (z,n,n’,m).

Under the IPV model, this simply means that the marginal distribution Fy (- | 2,n) does
not depend on n. This assumption has also been used in Haile, Hong, and Shum (2003),
Guerre, Perrigne, and Vuong (2009), and Gillen (2009), and has been termed an “exclusion
restriction” since N is excluded from the distribution Fy (- | ).

This test will rely only on the distribution of the second-highest valuation, F},_1.,, for
various n. It is common practice to assume that this one distribution is learned exactly
from transaction prices, rather than bounded by the observed bid distributions according
to the Haile-and-Tamer assumptions. For ease of exposition, we will present the tests under
the assumption that B,., = V;,_1.n; in Appendix A.2, we show how the same tests would

be applied under the Haile and Tamer assumptions.

Proposition 3. Assume By,., = V,_1., and values are independent of N.
(a) Under IPV, for any (z,n,n',v),
Unt i (Gun(v]2)) = Wil (G (v]2)) 3)
(b) Under Assumption 2 (nonnegatively correlated private values), for any (x,n,n’,v),
n>n' — Yl (Gua(vle)) 2 Ypli, (Goiw (v]2)) (4)

Further, equation 4 holds strictly wherever Assumption 2 holds strictly, that is, at all
(z,n,n',v) where n > n' and Pr(V; < v|X =2, N =n,|{j#i:V; <v}| = m) is

not the same for all m.

Remark 1. Equation 3 was proposed by Athey and Haile (2002) as a possible basis for a
test of the IPV model. (See also the discussion in Athey and Haile (2007).) The drawback

6Since F(- | x,n) is symmetric, FI(v1,...,vm | ) = F (v1,...,Vm,00,00,...,00 | z,n).



of equation 3 as a standalone test of IPV, however, is that it is really a joint test of two
assumptions: IPV and the exclusion restriction. That is, a rejection of equation 3 could
follow from a violation either of IPV or of the exclusion restriction; next, we discuss how to

disentangle the two.

Remark 2. Equation 4, on the other hand, is a new result, and contributes to our testing
strategy in two ways. First, it ensures that equation 3 has power against all the standard
models of positively-correlated values when the exclusion restriction holds. More impor-
tantly, it provides a testable implication of the exclusion restriction itself which does not
depend on independence of values. In Appendix A.5, we show that equation 4 has power
as a test of the exclusion restriction. Specifically, we show fairly general conditions under
which a correlated private values model, combined with either of the two standard models
of endogenous entry in auctions (those of Levin and Smith (1994) and Samuelson (1985)),

would lead to a violation of equation 4.

Remark 3. Thus, if data violates equation 3 but satisfies equation 4, this supports the
hypothesis that the failure of equation 3 is caused by a violation of IPV rather than a
violation of the exclusion restriction. If this is indeed the case — values are correlated, but
independent of the number of bidders — then both upper and lower bounds are identified
for the seller’s expected profit and optimal reserve price, using the approach laid out in

Aradillas-Lopez, Gandhi, and Quint (2011).7

To gain intuition for Proposition 3, consider what happens to the distribution of trans-
action prices as NV increases. As IV increases, transaction prices get stochastically higher
(the distribution shifts to the right), since the price is set by the second-highest of a bigger
group. (Pinkse and Tan (2005) refer to this as the sampling effect.) If values are IPV and
Fy does not vary with n, Proposition 3 says that this must happen at a particular “speed”
~ that is, for each v, Fy,_1.,(v) must fall exactly fast enough so that ¥ ', (Fn_1..(v))
remains constant.

Relative to that benchmark, correlation of values slows down the sampling effect — if

values are correlated, then each incremental bidder has less impact on transaction price, as

bidder values are more prone to be close together. So if values are correlated but independent

7In that paper, we also show that the same upper bound on profit, and a weaker upper bound on the

optimal reserve price, still hold if the exclusion restriction is violated.

10



of N, Fy,_1.,(v) falls more slowly than under TPV, and ¢, ', (Fy,_1.,(v)) therefore increases
with n.

On the other hand, violations of the exclusion restriction would likely be due to a positive
relationship between valuations and N — that is, endogenous participation favoring auctions
for more-valuable prizes. This would augment the sampling effect, causing F,_1.,(v) to fall
more quickly than under IPV; provided this effect was stronger than the slowing-down due

to correlation, it would result in ¢, ', (Fj,_1.,(v)) decreasing with n. As noted in Remark
2, we have shown that even in the presence of correlation, the test of equation 4 has power

against a fairly wide class of “typical” violations of the exclusion restriction.

2.2.3 Testing IPV when the Exclusion Restriction Fails

When the exclusion restriction is rejected, of course, equation 3 no longer offers a test of IPV.
Without any restriction on how Fy (- |z, n) can vary with n, the IPV model is just-identified
from transaction price data, and therefore not testable. However, a natural restriction would
be a general positive reslationship between the number of bidders and their valuations. This

can be formalized as the following condition:®

Assumption 3. If valuations are IPV but the distribution Fy (- | xz,n) depends on n, then

it does so in such a way that (for any x) n > n' implies Fy (- | x,n) Zrosp Fv (-] z,n).

Proposition 4. Assume By., = V,_1.n,. Under IPV and Assumption 3,

/

— Y (G (l2) < Wt (G (v]2)) (5)

n>n
for all (x,n,n,v).

Observe that Proposition 4 gives the opposite conclusion as part (b) of Proposition 3;
that is, relative to the benchmark of equation 3, violations of the exclusion restriction work
in the opposite direction as correlation among values. When both the exclusion restriction
and independence fail, equation 5 need not always have power as a test of IPV. Nevertheless,

a rejection would serve as evidence against IPV.

8In Aradillas-Lopez, Gandhi, and Quint (2011), we generalize this notion of valuations being “stochasti-
cally increasing in N” to settings with correlated values, and show conditions under which it follows from

three different models of endogenous entry.

11



2.2.4 Example of Propositions 3 and 4

—1
n—1ln

Equations 3, 4, and 5 are claims that (Gpun(v]2)) is constant, increasing, or decreasing
in n, respectively. To illustrate how 1. (Gp.n(v|z)) behaves for various types of data-
generating processes, we graph its value (as a function of v) for different values of N under
four versions of a parametric example. For the example, there are no observable covariates
X; bidder values are i.i.d. draws from a log-normal distribution, log(V;) ~ N(u,0?), with

02 = 0.5 throughout but i potentially variable. The four cases, shown in Figure 1, are:
1. Values are IPV and Fy does not depend on N: specifically, u = 2.25 for every N

2. Values are independent of N, but correlated with each other via conditional indepen-
dence: regardless of N, with probability %, w = 2.0, and with probability %7 uw = 2.5.

(Variation in p induces correlation among values.)
3. Values are IPV, but the distribution varies with N: specifically, p = 2 4+ 0.05V

4. Values are correlated with each other, and with N. pu = 2.5 or 1.5 with probabilities

% and % respectively, and N is determined endogenously via equilibrium play of the
entry game described in Samuelson (1985). There are 12 potential bidders, each of
whom learns p and his own valuation before deciding whether to pay a cost of $10
to participate in the auction. Bidders play a symmetric, cutoff-strategy equilibrium,
with the cutoff value varying with ;% this induces a positive relationship between N

and p, and therefore between N and valuations.

Consider what would happen if we ran our tests, in order, on each of these four data-
generating processes. For DGP1, we would fail to reject equation 3, and conclude (correctly)
that the data was consistent with both IPV and the exclusion restriction. For DGP2, we
would reject equation 3 but fail to reject equation 4, (correctly in this case) rejecting IPV
but not the exclusion restriction. For DGP3, we would reject equations 3 and 4, but fail to
reject equation 5, concluding (correctly in this case) that the data was consistent with an
IPV model violating the exclusion restriction. Finally, for DGP4, we would reject all three

tests, concluding (correctly) that both IPV and the exclusion restriction failed.'®

9When p = 2.5, the entry cutoff is 30.57, which is exceeded by 9.7% of bidders; when p = 1.5, the cutoff

is 15.54, which is exceeded by 3.9% of bidders. By Bayes’ Law, then, Pr(ux = 2.5|N = n) is increasing in n.
10When neither IPV nor the exclusion restriction hold, it is not necessarily the case that equations 4 and

5 will both be violated: a similar example based on a different entry model (that of Levin and Smith (1994))

12



Figure 1: ¢, ', (Gp.n(v)) against v under four scenarios

DGP1: IPV, V L N DGP2: CPV,V L N

13



2.3 Summarizing the Tests

Table 1 below summarizes the five tests we are proposing: which environment each one
applies to, what model it tests, and what assumptions it relies on about equilibrium bidding.
For English auction data where the top two bids were not consistently close together, we
would replace equations 3, 4, and 5 with their analogs given in Appendix A.2 — relaxing
the assumption that V,,_1., was revealed by transaction price, and instead assuming it was

bounded by the Haile-and-Tamer restrictions.

Table 1: Overview of Our Proposed Tests

Eq. Test of Auctions N Bidding assumptions
1 PV First-Price Fixed Equilibrium
2 PV English Fixed Haile-and-Tamer bidding
3 IPVAV LN English Variable Transaction price =V, _1.,
4 V1IN English Variable Transaction price = V,,_1.,
5 PV English Variable Transaction price = V,,_1.,,

We assume symmetric private values throughout. Tests 4 and 5 also rely on Assumptions 2 and 3.

3 Testing These Restrictions on Auction Data

We assume the researcher observes a random sample (Xi,Ni,Bi)iLzl of auction outcomes
from either first-price or English auctions. We are interested in testing whether the data is
consistent with a data-generating process satisfying the implications of each model derived
above (equations 1-5). A quick inspection shows that the testable implications of the various

models are of two types:
(A) equality restrictions (equations 1 and 3), and

(B) inequality restrictions (equations 2, 4 and 5)

leads to distributions satisfying equation 5 everywhere.

14



The equality restrictions are similar to restrictions seen in nonparametric specification
tests (see, e.g., Fan and Li (1996) and Lavergne (2001)), with the exception (in equation 3)
that the equality in question involves nonlinear transformations of nonparametric function-
als. This problem is generally not considered in specification tests, which typically involve
direct comparisons between functionals (nonparametric regressions), not between nonlin-
ear transformations of them. However, the fact that the implications to be tested involve
equalities will allow us to design econometric tests in a relatively straightforward way.

The inequality restrictions are more challenging, as they involve inequalities comparing
nonlinear transformations of nonparametric functionals, a problem that has not been con-
sidered in existing work on nonparametric tests of monotonicity and dominance. So far, the
literature has focused on direct inequality comparisons between functionals (distributions
or expectations)!!, but not between nonlinear transformations of them.

Our approach to covariates also differs somewhat from the existing literature. To il-
lustrate this, consider the restriction that m(z) < 0 for some nonparametrically identified
function m. To address this question, the existing econometric literature typically takes a
Cramér-von Mises (CVM) type of approach,'? focusing on L,-based test-statistics of the
form [, max{m(z),0}? - w(x)dz, where the set X and the weighting function w(-) are pre-
specified by the researcher. In contrast, our test statistics will effectively use the data itself
as the weighting function, focusing instead on [ max{m(z),0}dF(z) = E [max{m(X),0}],

which can be estimated using sample averages.'®> This eliminates the need for numerical

1See Ghosal, Sen, and Vaart (2000), Barrett and Donald (2003), Hall and Yatchew (2005), Lee, Linton,
and Whang (2009), Lee and Whang (2009), Delgado and Escanciano (2010), Bennett (2011), and Lee, Song,

and Whang (2011).
121 ee, Linton, and Whang (2009) use a Kolmogorov-Smirnov (KS) approach to test for first-order stochas-

tic dominance between distribution functions. To our knowledge a KS-based procedure has not been used to
test monotonicity restrictions nonparametrically when the functional of interest m(z) is not a distribution

function, due to the computational and theoretical complexities of this type of approach.

I3While we believe that using Supp(X) as the target testing range is a sensible approach in our setting,
there are other scenarios where an Lj,—based criterion is uniquely appropriate. For instance, consider an
i.i.d. sample (Y;)% | ~ I, where we want to test if F' = F'*, where F'* is a given (parametric) distribution.
In this setting, the CVM criterion [ |F(x)—F*(x)|dF*(z) is more appropriate than [ |F(z)—F*(z)|dF(z) =
E[|F(z) — F*(z)|], since the relevant resting range should be the support of the candidate distribution F*,
not that of F'. This is not the nature of our problem, since our only goal is to find out if the distribution

that produced our data (whatever it may be) satisfies the testable implications of auction models described

previously.
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integration, which can be computationally costly, especially when x includes multiple covari-
ates (as in many auction data sets). In addition, basing our testing procedures on expected
values will produce pivotal statistics and allow us to use critical values from the standard
normal distribution, avoiding the need to obtain them via resampling.!* Of course, this
means that we will actually be testing whether m(x) < 0 almost everywhere, i.e., with
probability 1 with respect to the distribution of x induced by the data-generating process,
as violations of the inequality outside the support of the data or on a measure-zero subset
would not be detected.

Within the context of auctions, the closest related work is Jun, Pinkse, and Wan (2010),

who develop a nonparametric test for affiliation.!®

To our knowledge, their procedure is
the first such nonparametric test capable of handling continuously-distributed bids without
the need for discretization. The test-statistic they propose is also of the CVM type, but
it is not designed to condition on observable continuous covariates. Our tests require a
procedure capable of conditioning on a potentially rich collection of covariates X with some

continuously-distributed elements. For all the reasons described above, we will develop

econometric tests specifically tailored to our needs.

3.1 Reframing Testable Implications as Mean-Zero Restrictions

Our goal is to present a unified approach to the five tests proposed above. We begin by
showing that we can re-frame all of them as mean-zero restrictions on appropriately-defined
functions. By construction, if a particular restriction is violated, the expectation in question
will be strictly positive. In particular, there is no loss of information (power) by re-expressing
the observable implications in terms of these mean-zero restrictions. As we mentioned
above, basing our econometric tests on expected values will make them computationally
easy to implement relative to alternative (e.g., L,-based) procedures, particularly if the set
of covariates X is rich.

Below, “almost all” and “almost everywhere” will consistently mean with probability

1 with respect to the probability distribution of (X, N) or (X, N, By.n) induced by the

M The asymptotically pivotal nature of our test-statistics (under the null hypothesis) would potentially
allow for asymptotic refinements using bootstrap instead of normal critical values; but these improvements

might come at a substantial computational cost.
15The applicability of the affiliation test in Jun, Pinkse, and Wan (2010) goes beyond auctions, but the

latter is perhaps the most natural economic application.
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data-generating process.

3.1.1 Equation 1

We are testing whether cov(B!, B/|X, N) = 0 holds for all realizations (x,n) of (X, N).
Let B! and B! be two bids chosen at random from the vector B; of bids in auction i, and
let v!(z,n) = E(B!|(X,N) = (x,n)) and v (z,n) = E(B"|(X,N) = (z,n)).15 Consider

the expected value
E[(B'B" —V(X,N)W'"(X,N)) (E(B'B"|X,N) - v"(X, N}/ (X,N))] (1)
By iterated expectations, this is equal to
Ex N [(E(BIB”|X, N) —vI(x, N (X, N))z} = Ex,y [cov?(B', B |X,N)]

Thus, the expected value 1’ is nonnegative, and is zero if and only if equation 1 holds at
almost all (z,n) € Supp(X, N). Our test statistic for equation 1 will be based on a sample
analog estimator for 1’: complete details are in the appendix, but roughly, our test statistic
will be calculated as
L
1 . N ~ ~ ~

> 7 (BIBI =91 (X, N9 (X, Ny) (E(BIBH|XZ-,N¢) ~ (X, NP (X, Ni))

i=1
where 7 and E (BIB| X, N) are nonparametric kernel-based estimates. In the appendix,
we will show conditions under which this test statistic will be asymptotically normal, and so,
after a normalization, we can compare its value to critical values from the standard normal

distribution.

3.1.2 Equation 3

The other equality test works similarly. We are interested in whether, for every (z,n,n’,v),

Y1 (Grin (V]2) = Yty (G (v])).
We abuse notation slightly by letting By.n, denote the k'*-lowest bid from auction i.

Let Z; denote the transaction price of auction i, By;,. Nr” Let

Mo (2]2) = potin (U1 (G (2]2)))

II(

16Since B! and B!! were chosen at random, Z/I(:E,n) = v/ (z,n); they are defined separately because

they will be estimated on different samples.
17Ideally, we would test each restriction over all v in the support of all bidders’ valuations. Under the

models being tested here, this support matches the support of transaction prices By. -
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so that equation 3 is equivalent to Gy, (2|z) = A n/(2|x). Take two observations ¢ # j, and

consider the expected value

E| > (1{Bnin, < Zi} = Avow (Z51X0) - (Gvien (Z51X3) = A, (Z51X3)) (3"
n'#N;

By iterated expectations, this is equal to E [Zn,#\h (Gn,:n (Z5]1X5) — ANi,n’(Zj|Xi))2 :

thus, 3’ is nonnegative, and is 0 if and only if equation 3 holds almost everywhere. We will

therefore test equation 3 using the sample analog estimator of 3'.

3.1.3 Equations 2, 4, and 5

The three inequality tests will be handled slightly differently: in particular, we do not replace
distribution functions with indicator functions, but directly estimate the degree to which
each inequality appears to be violated at each point. This is done purely for computational
convenience, as it will enable us to use simple averages instead of higher order sums (U-

statistics) in their implementation.'® Define the three expected values

E| Y max {5y, (GRon (ZilX0) — vk, (Gron, (Zi|X))) . 0} 2)
E<N;—2

E| Y max {¢,t 0 (Gun (Zi]X0)) — U3 _1n, (G, (Zi] X0)) ’0}] (4)
n’<N;

E| Y max {oy n (Gnean, (Zil X)) = Ut 1 (G (23] X)) ,o}] (5))

n'<N;
By construction, all three are nonnegative, and each is equal to 0 if and only if the corre-

sponding restriction holds almost everywhere.

3.2 Asymptotic Properties and Inference

We implement our tests as sample analogs of the expected values described above, condi-
tional on the covariates (X, N) (in the case of equation 1) or (X, N, Z) (equations 2, 3, 4,
and 5) being within a prespecified subset of their support. (This is necessary to get the

desired asymptotic properties, as the transformations zb];gl are not differentiable at 0 and 1,

18 As Appendix B illustrates, the equality test described above does indeed require the type of expression

shown in (3’) if the aim is to have a pivotal, asymptotically normal test-statistic.
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and we therefore limit the testing range to the space where the estimated CDFs are bounded
away from 0 and 1.) The details of the testing range 7 we selected, and how we actually
implement the tests, are given in the appendix. For each equation s € {1,2,3,4,5}, we
will calculate a test statistic £, which will have, under conditions given in the appendix, the

following asymptotic properties:

e For the equality tests (s € {1,3}), as L — oo,

() LN (0,1) if equation s holds almost everywhere in 7
(i) 1, = +oo otherwise
e For the inequality tests (s € {2,4,5}), as L — oo,
(1) ty 250 if equation s holds strictly almost everywhere in T
(i) s LN (0,1) if equation s holds almost everywhere in 7, and holds with
equality on a positive measure of T
(iif)  t, == 400 otherwise
Based on these asymptotic features, for any target significance level «, we reject the
auction model in question if t, > z, = ® (1 — a), where ®(-) is the standard normal
CDF. Under this rejection rule, the asymptotic probability of rejecting a valid model will be
exactly a for the equality tests, and at most « for the inequality tests; and the asymptotic
probability of rejecting a model when the corresponding equation does not hold almost

everywhere will be 1.

3.3 Monte Carlo Experiments

In order to investigate the finite-sample power and size properties of the test-statistics
proposed, we applied the tests of equations 4 and 5 on simulated data generated according
to the four data-generating processes described in Section 2 and illustrated in Figure 1.
The results are summarized in Tables 2 and 3 below. (The last two columns give the true
(theoretical) asymptotic rejection rates for each test.)

Examining Table 2, both tests perform well on the second and third data-generating
processes, where one of the two inequalities holds strictly everywhere: even on sample sizes
as low as 200, the tests have reasonable size and power. On DGP 1, where both inequalities

being tested hold everywhere with equality, both tests give a large number of false rejections
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Table 2: Empirical Rejection Rates for Monte Carlo Exercise, DGP1-3
L =200 L =600 L =1000 L — o0

Data | Eq. 4 | Eq. 5 | Eq. 4 | Eq. 5| Eq. 4 | Eq. 5 | Eq. 4 | Eq. 5
DGP1 | 38.1% | 54.1% | 9.9% | 15.4% 4.7% | 5.5% 5% 5%
DGP2 | 9.3% | 83.9% | 0.5% | 78.0% 0.0% | 81.2% 0% | 100%
DGP3 | 91.4% | 7.6% | 99.7% | 0.1% | 100.0% | 0.0% | 100% 0%

Based on 5% target significance level, 1000 simulated samples of size L for each L

and each DGP, and tuning parameter value b, = 0.005.

when L = 200, but behave much better at L = 600, and are close to their asymptotic target
rejection levels at L = 1000.

Table 3: Empirical Rejection Rates for Monte Carlo Exercise, DGP4
L =200 L =600 L =1000 L = 2000 L —

Eq.4 | Eq. 5 | Eqc4 | Eq-5 | Eq. 4 | Eq. 5 | Eq. 4 | Eq. 5 | Eq. 4 | Eq. 5
10.7% | 19.8% | 30.2% | 16.7% | 42.7% | 21.2% | 70.3% | 23.2% | 100% | 100%

Based on 5% target significance level, 1000 simulated samples of size L for each L and

each DGP, and tuning parameter value b, = 0.005.

On DGP 4, each inequality being tested is violated on a range of v, which means that
each inequality also holds on a portion of the range. As Table 3 shows, the tests therefore
have little power on small samples. At L = 2000, however, the test has reasonable power
to reject equation 4, though less to reject equation 5. (This is in line with Figure 1, which
shows that equation 4 is violated for a wider range of v.)?

Along with kernel and bandwidth choices, the inequality tests all depend on the value of a

“tuning parameter” b, defined and discussed in Appendix B. While the effect of b, vanishes

asymptotically, on small samples, the choice represents a tradeoff between the power and

9That the test of equation 4 has more power than the test of equation 5 on DGP 4 — that is, that in
the event both assumptions are violated, we seem better able to detect a violation of independence between
valuations and N than a violation of IPV — is not a general result. For different values of the parameters
in the example, the test of equation 5 might have more power. For a different example based on the entry

game of Levin and Smith (1994), the test has more power against equation 4 but none against equation 5.
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size of the test. In Tables B.1-B.4 in Appendix B.7, we show Monte Carlo results for various

choices of b, ; here, we show results for one such choice.

4 Application to USFS Timber Data

4.1 Timber Auctions

We apply our tests to data from timber auctions run by the Unites States Forest Service.
These are auctions for the right to harvest timber on a tract of public land. Auctions are
heterogeneous due to both differences in the tracts themselves (for example, in the type and
density of timber present) and differences in the lease contracts (such as the length of the
lease).

Prior to each auction, the Forest Service conducts a “cruise” of the tract and publishes
detailed information on the tract for potential bidders. The timber data therefore includes
a rich set of auction covariates, corresponding to the information the bidders had about
the tract. It has often been argued that these covariates therefore capture all systematic
demand shifters for a tract of timber, and that any remaining variation in valuations is
likely bidder-specific (such as differences in costs and capacity) and hence independent.
We can now explicitly test this claim and evaluate whether independence or correlation
better models valuations in the timber data after we control for these covariates. Another
appealing feature of the data is that since the USF'S conducts both ascending and first-price
auctions, we are able to conduct our analysis across both auction formats, which allows us
to study whether conclusions concerning the statistical nature of valuations is consistent
across formats.

A number of other papers have studied Forest Service auctions empirically. Nearly all
have done so within the framework of independent private values.?® Two recent papers,
however, have found indirect evidence of correlation among valuations. Athey, Levin, and
Seira (2011) estimate a model allowing for unobserved heterogeneity on data from first-
price auctions, noting that “an extension along these lines appears crucial as... we estimate

implausibly high bid margins when we fail to account for within-auction bid correlation.”2!

208ee, e.g., Baldwin, Marshall, and Richard (1997); Haile (2001); Haile, Hong, and Shum (2003); Lu and

Perrigne (2008); Athey and Levin (2001); and Haile and Tamer (2003).
21 Another key insight of Athey, Levin, and Seira (2011) is that there are ex-ante asymmetries between two
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In Aradillas-Lopez, Gandhi, and Quint (2011), we estimate a model allowing for correlated
values on English auction data; we find the estimates (of expected profit as a function of
reserve price) differ significantly from estimates made under the assumption of independence.

Thus, while independence is a standard assumption in empirical work, both in general
and applied to these particular auctions, there does exist some recent evidence to suggest
this assumption might be worrisome. Here, we directly examine the testable implications of

independence on this data.

4.2 Data

Data on all USFS timber auctions held between 1978 and 1996 was made available to us by
Phil Haile. We focus on the auctions held between 1982 and 1990, as the reserve price policy
in place was stable during that period, and the reserve prices used were generally recognized
not to be binding, allowing us to infer the number of potential bidders from the number
who submitted bids.?? We use auctions from Region 6 (mostly Oregon), which relative to
other regions provides a large sample of English auctions.

We use the same conventions as Haile and Tamer (2003) (which were motivated by the
previous literature) to select auctions most likely to satisfy the assumption of private values.
In particular, we focus on sales whose contracts expire within a year, to minimize the effect
of resale possibilities on valuations. And we focus on scaled sales, where bids are in dollars
per unit of timber actually harvested, and therefore common-value uncertainty about the
total amount of timber should not affect valuations. Within this selection of auctions, there
are both first-price and ascending auctions, allowing us to apply both tests to the same
environment.

For each auction in the sample, in addition to the number of bidders and their bids,

types of bidders: mills and loggers. As we discuss in Aradillas-Lopez, Gandhi, and Quint (2011), our model
can accommodate this type of asymmetry, if we imagine each bidder being independently and randomly
either a miller or a logger, so that the marginal distribution of each bidder’s valuations is the appropriate
mixture between a “mill distribution” and a “logger distribution”. In first-price auctions, bids depend on
beliefs about one’s opponents, so the identities of the other bidders would affect bidding; but in ascending

auctions, bidding is in dominant strategies and this information has no effect.
22Campo, Guerre, Perrigne, and Vuong (2002) write, “It is well known that this reserve price does not

act as a screening device to participating,” and perform analysis that confirms that “the possible screening
effect of the reserve price is negligible” (p. 33). See also Haile (2001), Froeb and McAfee (1988), and Haile
and Tamer (2003).
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our data contains detailed covariate information about the auction from the government’s
cruise report. We control for four auction covariates which have been emphasized in the
previous literature as being relevant demand shifters: the density of timber (timber volume
over acres in the tract, which we label X!); the government’s appraisal value of the timber
(which we label X?2); the estimated profit from manufacturing the timber (sales value minus
manufacturing cost, X?); and the species concentration (HHI computed as a function of the
volume of various species present, X*). Bids and monetary covariates (X2 and X?) are all
measured in 1983 dollars. We let X = (X!, X2 X3 X1%) refer to the vector of covariates,

and X; = (X}, X2, X3, X}') the data corresponding to the i'" auction.

4.3 First-Price Auctions

We drop auctions with one bidder, as there is no covariance relationship to test; and auctions
with 12 bidders, as this appears to be top-coding for “more than 11”. This provides us with
192 auctions with N between 2 and 11. A simple regression of B! (the first randomly chosen
bid) on B! and the other covariates (X, N) reveals that B!/ still has significant explana-
tory power. Our non-parametric test will essentially be checking whether that relationship
persists when the other covariates are controlled for nonparametrically.

The results of the test of equation 1 on the first-price data are given in Table 4.
Table 4: Test Results on First-Price Auction Timber Data

Eq. Test of Auctions N Bid assump t Outcome
1 1PV First-Price Fixed Equilibrium  8.19 Reject

Critical values to reject a model are 1.64 for o = 5% and 2.33 for a = 1%.

As shown in Appendix B.8, rejection of equation 1 is consistent across a wide range of
bandwidth values. One might be concerned that with a small sample size, the nonparametric
estimates of F(B|X,N) could be unreliable, which could introduce spurious correlation
among bids. However, at the median value of (X, N), where E(B|X, N) should be most
accurately estimated, we estimate the conditional correlation between two bids to be 0.62.
Thus, while the sample size is quite small, the evidence nonetheless appears to suggest the

presence of correlation.
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4.4 English Auctions

We once again drop auctions with N = 1 (this time because there is no second-highest
bidder to whose value we can link the transaction price) and N = 12, leaving us with 2,036
ascending auctions.

Before performing the formal tests, we can get a sense of what to expect by calculating
nonparametric estimates of ¢, ', (Gp.n(v|x)) and checking visually how this varies with n.
Equations 3, 4 and 5 are claims that this should be constant, increasing, and decreasing in
n, respectively. Figure 2 shows these estimates, for x equal to the sample average and n

varying from 2 to 8, with v on the z-axis.??

Figure 2: ¢, (@nn(vkv)) at z = X for various values of N
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These curves seem very clearly to increase with n; the results are similar if other values of
x are used. Thus, it seems likely that formal testing will reject 3 and 5 (IPV with or without
valuations varying with N) but fail to reject 4 (correlated values which are independent of
N).

The results of the four tests on ascending auctions are summarized in Table 5 below.
Appendix B.8 shows results of each test for a range of values of the bandwidths and tuning
parameters involved; the results presented here are based on one choice of values. (Although

the exact calculated value of each test statistic is sensitive to the choice, the qualitative

23én;n is estimated using the same kernels and bandwidths as are used for testing, which are described

in the appendix.
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findings — in particular, whether each test rejects the model in question — are consistent

across different values.)

Table 5: Test Results on Ascending Auction Timber Data

Eq. Test of Auctions N Bid assump t  Outcome
2 IPV English Fixed H&T bidding 28.67 Reject
3 IPVAV LN English Variable B,., = V,_1., 61.29 Reject
4 V1IN English Variable B,., = Va_1n 0.05 Fail to Reject
5 PV English Variable B,., = Vp—1., 19.59 Reject

Critical values to reject a model are 1.64 for a = 5% and 2.33 for a = 1%.

These results paint a very consistent picture of the timber data. Both testing methods
— comparing winning to losing bids in auctions of the same size, and comparing transaction
prices across auctions of different sizes — allow us to reject independence of valuations, and
instead give strong evidence of positive correlation among valuations. On the other hand,
we fail to reject a model of correlated values which are independent of IV; thus, the exclusion

restriction appears plausible in the ascending auction data.

5 Conclusion

In this paper, we have presented a new strategy for testing implications of standard assump-
tions in auction theory, in particular, the assumption of independent private values which is
the basis for much empirical work. Using widely-studied data from USFS timber auctions,
we are able to reject independence in both first-price and ascending auctions. Due to the
rich set of available covariates, the timber data might be considered nearly a “best-case sce-
nario” for the plausibility of an IPV model; our results, however, suggest that conditioning
on a seemingly large set of covariates is not always enough to ensure independence.

Of course, when the independence assumption is rejected, this does not automatically

invalidate policy conclusions derived from IPV-based analysis; for a given environment, it
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remains an empirical question whether the correlation among values is economically impor-
tant. In Aradillas-Lopez, Gandhi, and Quint (2011), we find that for the English auctions
in the timber data, ignoring correlation would lead to reserve prices between 15% and 47%
higher than the optimal ones. At those reserve prices, expected profits would be overesti-
mated by between 6% and 18%; the gains from setting the reserve price optimally, relative
to simply setting it equal to the seller’s valuation, would be overstated by between 86% and
202%.

This suggests that even in settings with rich observable covariates, independence of values
may not be an innocuous assumption. The testable implications, and the nonparametric
testing strategy, introduced in this paper provide researchers a starting point for assessing
what empirical model is most appropriate for a particular setting. Our testing strategy
could similarly be used to validate key modeling assumptions in other settings, such as
strategic complementarities in simultaneous-move games; or to test economic hypotheses,

such as heterogeneity of treatment effects or the presence of information asymmetries.24

24See de Paula and Tang (2011), Aradillas-Lépez and Gandhi (2011), Imbens and Wooldridge (2009), Lee
and Whang (2009), and Chiappori, Jullien, Salanié, and Salanié (2006), as cited earlier.
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A Appendix — Extensions and Omitted Proofs

A.1 Proof of Proposition 2

Under the Haile-and-Tamer bidding assumptions, By., < V.., which implies Gy.,,(v|x) >

Fim(v|z); and , Vi _1.y < By + A, which implies F, 1., (v]z) > G4, (v|z). So under IPV,

Vi (Crn(vlz)) = Uy (Fran(v]2)) Fy (v]z)
r:il:n (Fn—lin(v|x)) Z ;ilzn (Gﬁn(’ﬂl‘))

For the second part, fix n, x, and v, and let Pr(v|m) denote the probability that V; <

v, conditional on exactly m of the other n — 1 valuations being less than v. Suppress
the dependence of value distributions on x. Let P; denote the probability that exactly 4
valuations are greater than or equal to v, so Py = Fy.n(v), P, = 1 — F1.,(v), and P; =
Fr_in(v) — Fh_iy1.n(v) for 1 < i < n. Let Pr(m) be the probability that Vi,...,V,, > v
and Vy41,...,Vao1 < v. By symmetry, Piy; = ,Ciy1 Pr(i)(1 — Pr(vjn — 1 — 4)) and
P, =,C;Pr(i) Pr(vjn — 1 —4); so

Pt Pr(i)(1—Prwln—1—4)  1-Pr(vjn—1—1)
%PZ ~ Pr())Pr(vjn—1—4) Pr(vjn—1-1)

By assumption, this is weakly increasing in ¢, and strictly increasing for some i.

Let p = ¢! (F—1:n(v)), and let PiI = ,C;p" (1 — p)?, and Fk{n(v) = Ygn(p) =

n—1mn

Z?;Ok Pil , SO PiI and F; k{n are what P; and Fj., would be if valuations were independent

-1

draws from the distribution Fy (-) =, ~,.,

(Fru—1.n(+)). By construction,
1 pl
nCit1 ‘Pi""l 1-p

T pr
nci P’L p

and therefore does not vary with i. Note that Py + Py = Fj,_1.,(v) = F!

n—1:mn

(v) = Pl +P/.
Claim 1. Py > P/[.

Proof is by contradiction. Since Py + P, = P{ + P{, if Py < P{, then P, > P{. Then

P PPl 1-p 5P

nCa2 nC1 nCa
1 Z 1 Z "1 pl =1 pI
nC1 Py »Co Fo nCo PO p nC1 P1
: Pl . . =24 pl
and so since P; > Plf and % > P—TI, then Py > PQI. Similarly, since % > % > P—?, = P—Z},

P3 > PI; and likewise, P; > P! for every i > 3, with at least one strict inequality due to
the requirement that Assumption 2 holds strictly. This leads to Y, , P; > > i, P!, which

is a contradiction since both must be equal to 1.
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Claim 2. P, < le
I I
Since P, < P{, if P, > P{, then % > %, and so % > % giving P3 > P{ and so on;
this would give Py+ Py = P{+ P!, P, > P, and P, > P} for i > 3, yielding a contradiction.
(Note that if Pr(v|m) is only weakly increasing in m, everything up to here applies as
weak inequalities and P, < PJ, which will be used below in the proof of Proposition 3.)

Claim 3. If P, > P/, then Py > PJ, for all k' > k.

We know that P; < Pll . Let j denote the smallest 4 > 0 such that P; > PiI . This means
P; > le but Pj_; < PjI_17 and therefore

1 p 1 pl
< b ok _1-p
1 _ T
ncj—lpjil an_le—l p
Which means that
1 p 1 I
nCit1 PJ+1 nCj Pj > 1-p nCjr1” J+1
T p = 1 = 1 pl
an P] ncj—IP]_l p nCJ ]

P Pl . . .
and so P; > Pj] and }—:1 > 12}1, meaning Pj1 > le +1- Likewise,

1 p 1 p 1 pI
o it N o i Jl-p_ o lite
1 p 2 1 p =1 pI
nCHlPJ‘H Ner P p an+1PJ+1

and so P > PJ,,, and so on, proving the claim.

Claim 4. For k > 1, if F,_g.n(v) > Flik:n(v) then Py > P,c[.

By construction, F,_.,(v) = Zi‘c:o P, and F! , (v) = Zf:o P!. We know that Py +
P, =Pl + P, and P, < P{; so if Zf:o P, > Zf:o P[, there must be some j (2 < j < k)

such that P; > PjI . But then by the previous claim, Py > PkI .
Claim 5. For 1 <k <n, F,_n(v) < FL_, (v).

If Fy_jon(v) > FI_,  (v), then by the last claim, P, > Pf. But then by the previous
claim, Py, > PL for all k' > k. So
1=Fogn(@)+ Y P>Fh )+ > Pl=1
k' >k k' >k

a contradiction. So it must be that Fy,_.,(v) < FL , . (v). But

Fr{—k:n(v) = Yn—k:n(P) = Yn—kin (¢£51;n(Fn—1:n(U)))

-1
n—1ln

so the last claim is that F,,_., (v) < ¥p—gm ( (Fn_lm(v))), proving the proposition.
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A.2 Generalizing Prop. 3 and 4 to Haile-and-Tamer Bidding

Propositions 3 and 4 have direct analogs which rely on the bidding assumptions of Haile

and Tamer rather than the requirement that G,., = Fj,_1.n:

Proposition Al. Assume bidding behavior satisfies the Haile-and-Tamer assumptions and

valuations are independent of N.

(a) Under IPV, for any (z,n,n’,v),
it (Gt (v|2)) > Wpt L (G (v]2) (6)

(b) Under Assumption 2, for any (z,n,n’,v),

/

— Ut G (v2) >yt (G (v]2) (7)

n>n

Proposition A2. Assume bidding behavior satisfies the Haile-and-Tamer assumptions and

Assumption 8 holds. Under IPV, for any (z,n,n’,v),

li

— w';ilzn (Gﬁn(mx)) S ’l/}'r:’lflzn’ (Gn’fl:n’ (’U|.’E)) (8)

n>n

These are proved side-by-side with Propositions 3 and 4 below.

A.3 Proof of Propositions 3 and Al

Part a. Under IPV and the exclusion restriction,

w1 (Facin(v]2)) = Fy(vla,n)

n—1mn
= Fy@lz,n) = ¢ul 0 Fvorw(vlz)
If Bpy = n—1m, then Gnn(v|$) = n—l:n(le) and Gn’:n’(v|$) = Fn’—l:n’(v|x)a giV—
ing (3). Under Haile-and-Tamer bidding, G —1.,(v|z) > Fr—1.n(v|x) and F 1.0 (v]z) >

G5,/ (v|r), giving (6).

Part b. Fix n, 2, and v. As above, let p =1, ", (F,_1.,(v|z)), and let P; be the probability
that exactly ¢ (of n) valuations are at least v. Under Assumption 2, as noted above in the

proof of Proposition 2, P, < ,,Cap™ 2(1 —p)?. If valuations are independent of N, plugging
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r =n — 2 into equation 9 of Athey and Haile (2002) and rearranging gives

Fn—2:n—1(v|x) Fn—lrn(U|x) + % [Fn—Z:n(U|x) - Fn—lrn(v‘x)]
np"~t — (n—1)p" + 2P,

"t = (n = Dp" o+ 22 (1 - p)?
(0~ )52 (n = 2!

Yn—2:0—1(p)

= 1/)nfszl (w;i1n (anlrn(vm)))

oty (Fn_om_1(v]2)) <4t (Fuo1.(v]2)); if Assumption 2 holds strictly at (v, z,n),

1 VAN | I

then (from the proof of Proposition 2 above) Py < ,Cap™ 2(1 — p)? and this holds strictly.
From there, G,.p, = Fri—1.n and Gproy = Fyy 1. establish (4), and G—1., > F—1., and
Fo_1.p0 > G5, establish (7) under Haile-and-Tamer bidding.

n’:n

A.4 Proof of Propositions 4 and A2
Let n > n'; under Assumption 3, Fy (- |x,n) =05 Fv(-|z,n'), so

Vnlin (Fain(v]2)) = Fy(v]a,n)
< Fe(len) = gl (Fooiw(vlz)
Again, if By, = Vi_1m, then Gy, = Fro1.y and Gy = Fu—1.y, and (5) follows,
with strict inequality whenever Fy (v|z,n) < Fy(v|z,n’) ; under Haile-and-Tamer bidding,

G2, < Bt and Gor 1.y > Fpyr_1.07, and (8) follows.

A.5 Violations of Equation 4 Under Two Entry Models

Here, we show how dependence of valuations on N generated by two standard models of
endogenous participation in auctions would lead to rejection of the exclusion restriction due
to a violation of Equation 4.

Consider a model of independent private values with unobserved heterogeneity. There
is a one-dimensional variable 8 € R which is observed by bidders but not the analyst.
Valuations are i.i.d. ~ Fy (- | 6), and 0 > ¢’ implies F(-|0) Zrosp F(-|0"). For each 6,
assume Fy/(+0) is twice differentiable and has bounded support [v,7]. Let fy (- | 8) denote
the density function.

Now, we apply two standard models of endogeous entry to this environment. In the first

model, that of Levin and Smith (1994), there are T potential bidders, who each observe 6
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but not their own valuations before deciding whether to enter (in which case they incur a
cost ¢ and participate in the auction) or not (earning a payoff of 0). Bidders play a different
symmetric mixed strategy for each realization of 8, leading to a stochastic N with a different
distribution for each 6.

In the second model, that of Samuelson (1985), bidders observe both 6 and their own
valuation before making their entry decision, and play a different pure-strategy symmetric

equilibrium in cutoff strategies for each 6.

Proposition A3. In the Levin-Smith entry game, if fv (0|0) and the equilibrium entry prob-
ability are both strictly increasing in 6, then the valuations generated would violate Equation
(4) over some range of v.

In the Sameulson entry game, if valuations and 6 are related via the Strict Monotone

Likelihood Ratio Property, then the valuations generated would violate (4) over some range

of v.

Proof. The Taylor expansion of 9, ', (F,_1.,(v)) around v = T, after a lot of algebra,
gives
Ut (Foo1n(v)) = 1= (0= 0)y/ Egp (v (916))” + O (@ = v)?) (9)

Letn > n'. If0|N = n =posp §|N = n’ and fy (9]) is increasing in 0, then Ep,, (fv(70))* >
Egjp (fv(®@]0))?, in which case U (Facin(v)) < b 1 (Fo— 100 (v)) for v sufficiently
close to U, violating (4).

For the Levin-Smith result, this is all we need. We showed in Aradillas-Lopez, Gandhi,
and Quint (2011) that if the entry probability is increasing in 6, then n > n’ implies
0|N =n Zrosp O|N = n'; the same argument shows this is strict when the entry probability
is strictly increasing.

In the Samuelson game, the entry cutoff v*(6) is the solution to vF{}*(v|#) = c. Under
the strict MLRP, Fy (v|0) is strictly decreasing in 6 on (v,7), so v*(#) and 1 — Fy (v*(6)|0)
are both strictly increasing in 6; so 0|N = n =rosp 0|N = n’ when n > n’, as above. But
now we require the density of valuations at v conditional on entry to be strictly increasing

in 6. This density can be written as
fe@le) _ fe@e) / fr(ele) , \
=R OB [T fr(elo)d @) Fv(@10)
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Since v*(0) is increasing in 6, an increase in 6 shrinks the interval [v*(#), 7] over which the

integral is taken; and if v and 6 are related by the strict MLRP, since v < 7, ;Zg}z; is

strictly decreasing in 6. So fj*(e) %dv is strictly decreasing in 6, meaning %

is strictly increasing in 6; so (9) gives ¥, 1., (Fn_1.2(v)) < ¥ 1. (Frr—1.(v)) for v close

to v.

B Econometric Tests and Their Asymptotic Properties

Here we describe the statistical tests we propose, along with their asymptotic properties.

The proofs to all results can be found in the Supplementary Appendix.

B.1 Preliminary Nonparametric Estimators

A maintained assumption throughout is that we observe an i.i.d. sample (X, Ni,Bi)iL:I of
auction covariates, number of bidders, and bids from either a series of first-price, button, or
ascending auctions. Let U; = (X;, N;, B;). As in the text, let By.y, denote the kth-lowest
element of B;, and Z; = By,.n,. If the data comes from first-price auctions, then for each
observation, we will also choose one bid at random and label it B}, and a second bid at
random out of the remaining bids and label it Bf!. Let X¢ and X¢ denote the continuous

and discrete elements of X;, respectively, and let ¢ = dim X°¢.

Kernels

Let K : R? — R be a kernel function and let i, be a nonnegative bandwidth sequence

converging to zero.

Assumption B.1. The kernel K : R? — R (where ¢ is the number of continuous co-
variates) is Lipschitz-continuous, bounded, and symmetric around zero. It is also bias-
reducing of order M (That is, letting ¢ = (¢4, ... ,wq)/, then K satisfies [ K(¢)dy = 1,
J (5t ahg?) K(@)dapy -+ - dipg = 0 forall 1 < e+ -+cg < M—1and [ [[¢|M-|K(v)|dy <

00.) There exists a sufficiently small § > 0 such that L1+‘5-hJLV[+q —0and L'~? -h21 — 0.
q
For our empirical application, we use a multiplicative kernel of the form K (1) = ] k(w¢),
=1

where k(z) = ZJA/i1 b - (s* — z2)2j - 1I{|z| < s} with the coefficients b; chosen to satisfy the
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bias-reducing restrictions given the chosen support [—s,s]. We will impose additional as-

sumptions on the rate of convergence of i, as needed below.

“Leave-one-out” and ‘“Leave-two-out” Estimators

The following “leave-one-out” estimators are estimates of a density, conditional expectation,
or distribution function calculated separately for each observation using the other L — 1
observations. The first set will be used in our test of Equation 1. For each i € {1,...,L}

and any = = (2¢,2%), n, and b, define

Feiw(an) = 1ZK(M)-1{Xf:xd}-1{Nj:n}

(L_l)'ﬁﬁﬁi h‘L
~170 1 1 1 I Xj—a° d d
= — L Bl . K C1IXE = 1IN =

e e ) a2 (Fr) 2= xts =y
N 1 1 1 II (X]C — x0> 4 4
v T,N) = =— C— B K|—— | - l{X; =2} -1{N; =n
i 1 1 1 X¢ —a°
E|B'B"|z,n| = — N BI-BU-K<”7>-1X‘?=# C1{N; = n},

8B |2,n] e T h; ) > {X] = 2" 1{N; = n}

—i —i

éov™" (BI,BH|1’,n) =E7 [BIBII|$,TL:| o' (&,n)0" (z,n).
(10)

The rest will be used in our tests of Equations 2, 4 and 5. For each ¢ € {1,..., L} and

any x = (z¢,2%), n, and k < n, define

~ i 1 1 ng:Ec
Feiw(@m) = g5 2K (h—) X = 2%} 1{N; = n}
J#i L

e 1 1 1 X —a°
Gl (z]r) = =— =Y 1{Bn, <z} K 37)-]1)(‘?‘:9[;”‘ “1{N; =n
hele) = ey S B <) () -1 =o' 14 =)

AN —i 1 1 1
Gf.n zlx) = =— .
» ) Fxin(@m) (L=1) B

S 1B, <2 - A} K () a0 =t 14 =)
" (11)

Similarly, the following “leave-two-out” estimators are calculated separately for each pair
of observations (7, ), and will be used in our test of Equation 3. For each i # j and each

r = (2¢,2%), n, and k < n, define

f)}f;&(x,n) = (Ll—z) hiq Z K (@) C{X{ =2 1{N, = n}

L p£i,j
~N—i.d 1 1 1 X7 — ¢ d d
G (2]7) = = C 1{Bi:n, <z} K (27> C{Xy =z} 1{N, = n}
Ix'%(x,m) (L—-2) hi Z;j ‘ hy,

(12)
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B.2 A Test for Equation 1

Let fx n denote the joint density function of (X, N). We begin by prespecifying a range
N C Supp(N) which we will consider for n. Given N, we will test equation 1 on a subset

of Supp(X, N) on which fx n is bounded away from 0. Specifically, fix f > 0, and define
T = {(ac,n) € Supp(X,N): neN and fxn(z,n)> i}

Assumption B.2.

(i) Prlfx n(X,N)> f] >0and Pr[fx n(X,N)= f]=0.

(ii) Let M be as described in Assumption B.1. Then the following functionals are assumed
to be M times differentiable with respect to ¢ (the continuous elements in x) with bounded
derivatives a.e in our testing range: fx n(z,n), v/ (z,n), v/ (z,n) and E[B! - B!|z,n].

(iii) E [(B)*] < 00, E[(B')*] < 00 and E [(B! - B'')*] < oc.
Define I; = 1 {(X;, N;) € T1} and let

M, = E (BBl —v!(X;, N;)v" (X;,N;)) - cov (B', B | X;, N;) - 1] 13)
13
= E [cov(B', B"|X;, N;)? - 1]
Note that M is the simply the expected value 1/, but restricted to the testing range 77.

By design, it is nonnegative, and equals zero only if equation 1 is satisfied w.p.1 on 77. Let

In addition to the bandwidth h, described above, in the construction of our test we will
employ an additional bandwidth sequence h .. satisfying the bandwidth convergence restric-
tion described in Assumption B.1; namely, L EiM —+ 0. We will let 7/ and 727" denote

the nonparametric estimators described in (10) after we replace h, with EL.

Assumption B.3. Let § > 0 be as defined in Assumption B.1. The bandwidth sequences
h, — 0 and EL — 0 converge at different rates, but fNLL also satisfied L'~? -E%q — oo. If
g > 1 (i.e, if there is at least one continuous covariate in X), the relative rates of convergence

are such that

n\?
Je>0 such that L€-<~L) — 0.

L
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In addition, we strengthen the condition L'*° - h2M — 0 (from Assumption B.1) to L'*+?.

hE M 0.

The conditions described in Assumption B.3 are sufficient to ensure that

—i

(af’i (z,n) -

:Op 73 .
L-h?

This, in turn, will allow our proposed test-statistic (described below) to converge to a non-

sup

Lo (z,n) — v (z,n) v (x, n)) . (c/&}_i(BI,BHm,n) - cov(BI,BH|Jc,n))‘
z,n)eT1

q
degenerate distribution at the rate of L-h?. The details can be found in the Supplementary

Appendix. Our estimator for M; will be given by
S L ~ . ~
Mi=7>" (BIBIT =" (X, Ny) - 0T (X3, ) ) - cov (BT, BMXG, V) - T
i=1

Proposition B1. Suppose ¢ > 1 (at least one continuously distributed covariate in X).
Let

HlL(Uj|x7n) =
{fXNl(W x {(B;’BJU _E [31311|x,n]) v (g,m). (B;’ _ uI(x,n)) o (am) - (B;” N I/H(m,n)):|}

X6 — g
xﬂ{Nj:n}~1{X;l:xd}-K( " x)
L

and

¢1L (Ulv UJ) =

(BIB! = ! (X0, N (X0, N) ) - T - Ha, (U 1X0, )
+ (BfB]U — V(X Nj)V”(XjaNj)) -l - Hip (Uil X, Nj)
Under Assumptions B.1, B.3 and B.2,
(i) If (1) is satisfied w.p.1 over our testing range, then
L-h% - M, -5 N (0,02)
where 02 = 1 - limy_o0 E [ﬁ%(m, Uj)ﬂ.
(if) If (1) is violated with nonzero probability over our testing range, then

—~

L-h? - M; - 400
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Proof: See Supplemental Appendix?°.

A Rejection Rule for Equation 1

Consider the null hypothesis Hy : Fquation 1 holds w.p.1 over our testing range against the
alternative H| : Fquation 1 is violated with positive probability over our testing range, and

let « € (0,1) denote a target significance level. Let

L-hi.-M,

ty = —
01

where 77 is a consistent estimator of o;. Suppose we reject Hy if > 20 = o1 - a),
where ®(:) is the standard normal CDF. By Proposition B1, this rejection rule has the

following asymptotic properties:
Llim Pr(Rejecting Hy when it is true) = «
—00
Llim Pr(Rejecting H; when it is false) =1
—00
B.3 A Test for Equation 2
For a given n and k < n — 2, let ’T;k C Supp(X, Z) be defined as
75””“ = {(z,2) C Supp(X,Z) : fxn(z,n)>f>0 and 2V <2 §E"’k}
where f, 2™k and Z™* are chosen such that
c<Gh(zlr) < and ¢ < Gra(zlz) <T Y (2,2): 2™F < 2 <7V fxn(z,n) > f

for some 0 < ¢ < ¢ < 1. Define I = 1 {(Xi, Z;) € 7;'”“} Again let N denote the range

of values considered for n. Let

Mo =B | 3 max {n(Z, Xitk,n), 0} -1{N; = n} - I} (1)

neN
k<n-—2

25Proposition B1 maintains ¢ > 1. If there are no continuously distributed elements in X, then if (1) is
satisfied w.p.1 over our testing range, L - M\l will converge in distribution to a random variable ) whose
distribution is that of a transformation of x% random variables (see Section 5.5.2 in Serfling (1980)). The
reason why this asymptotic distribution differs from the case ¢ > 1 stems from the contrast in asymptotic
behavior between degenerate U-statistics whose summands are functions of the sample size L (our case
through the presence of the bandwidth h; if ¢ > 1) and those which do not have this property (which would
be the case if ¢ = 0). See Hall (1984), Fan and Li (1996) and the references cited therein.
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Note that M is the expectation 2, restricted to our testing range. By design, it is nonneg-
ative and it equals zero only if 2 is satisfied w.p.1 there. For a given z, z, n and k < n — 2,
let
7z, k,n) =t @Afi(zkz:) — L (G (2]2)
n s Ly vy n—1n n:n k:n k:n
and define
ﬁ?k =1 {]?)?N(Xu”) >f and z"F<Z < 5n’k}

Our estimator of My is given by

L
— 1 ) . ~
M, = ZZ > 5 Zi Xisk,n) - 1{77(Zi, Xisk,n) > =b, } - 1{N; = n} - T}
=1 neN
k<n—2
The sequence b, — 0 plays a role analogous to the sequence f3,, used in Jun, Pinkse, and

Wan (2010). The following condition describes the convergence rate restrictions for b, and

h

-

Assumption B.4. Let § > 0 be as described in Assumption B.1. We will strengthen the
a

conditions there to impose the additional restrictions, L2=0.p? -b, — o0, La+9. bi — 0,

and L% b, -h;? — 0.

Assumption B.5.
(i) Pr [fXJV(X,n) Zﬁ > 0 and Pr [fX7N(X,n) :ﬁ =0 VneN
(ii) For a given k,n,x and z let
—2)! -n -
2 i (GRG0 [ (G2 Cel))])

=B [0 Gnelo)] ™ (1= [0, Gronele)

n!

Vi (z,z5m) =

n

Vi (z,a;kyn) =
and a given b let
03 (b, x5 k,n) =

Ezx [(]l{b <Z-A} =GR (Zlz)) - Vn*(Z,z;n) - 1{n(Z,z;k,n) > 0} - 1{N =n} - 1{(z,Z) € TQ"k}‘X = x]

Pr(N =n|X =z)
05(b, z; k,n) =

Pr(N=n|X =1)

Let M be as described in Assumption B.1. Then the following functionals are assumed to

be M times differentiable with respect to ¢ (the continuous elements in z) with bounded
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derivatives a.e in our testing range and for all z,b € R:  fx n(x,n), Gnn(2]2), Gin(2|2),
04 (b, z; k,n) and 65(b, z; k,n).

Assumption B.6. Define

H] (Ujlz,z; k,n) =

{Vna(z7w;n) . (]L{BN].;NJ. <z—-A}— Gﬁn(zbv)) — an(z7x; k,n) - (]L{Bk:Nj <z}-— Gkn(z|x))}

1 d d 1 Xj—a°
- L 1{N.=pn).1{Xx% = K
e T = 1 =) (R
and denote

§;l(z,x,k,n) = ’I,'TZ(Z,.T, kvn) - n(z7x1 k,’ﬂ) -

1
(L—1) ZHE (Ujlz, 3 k,n)
J#i

f;i(z,x;k,n) is the remainder of the asymptotic linear representation of 7~%(z,x;k,n).

There exists a bounded sequence {a, } such that,
(i) For i # j,
E [HZ (Ujlz, z; k,n) | §L_i(z,x; km)] — E[H] (Ujlz,x;:k,n)]| < |§L_i(2,x; k'7n)| ca,,
for all z,z,n in our testing range and any k < n — 2.
(ii) There exists a t > 0 such that, for all n € N and k <n — 2,
Pr|—t <n(Z;, X;;k,n) < 0| §;i(Zi,Xi; k,n)| <t-a, VO<t<?
Note that Assumption B.6(ii) allows for n(Z;, X;; k,n) to have a point mass at zero, a feature

that must be allowed for.

Proposition B2. Let

2(U) = > {05 (B, Xiskym) = 05 (Bew,, Xisk,m) | - 1{N; = n}
neN
k<n—2
Under Assumptions B.1, B.4, B.5 and B.6,

(i) If (2) is satisfied as a strict inequality w.p.1 over our testing range, then

VL - M\g =0p (L_E) for some € > 0
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(i) If (2) is satisfied w.p.1 over our testing range and it holds as an equality over a subset

of it with strictly positive probability measure, then
\/E'./\//\lz i>./\/'(O,U§)
where 03 = E [¢2(U;)?]
(iii) If (2) is violated with positive probability over our testing range, then
VL - My 2 400

Proof: See Supplemental Appendix.

A Rejection Rule for Equation 2

Consider the null hypothesis Hy : Equation 2 holds w.p.1 over our testing range against the
alternative H) : Equation 2 is violated with positive probability over our testing range, and
let « € (0,1) denote a target significance level. Let

~ VLM,

>~ max{oa,c, }’

<
crL

where 75 is a consistent estimator of o2 and ¢, is a nonnegative sequence such that —0
for any € > 0. Suppose we reject Ho if 5 > zq = ®~1(1 — ). By Proposition B2, this

rejection rule has the following asymptotic properties:
lim Pr(Rejecting Hy when it is true) < «
L—oo

lim Pr(Rejecting Hy when it is false) = 1

L—oo

B.4 A Test for Equation 3

We will assume that Supp(Z, X, N) = Supp(Z) x Supp(X) x Supp(N). (This is not a crucial
assumption, but it will help simplify the expression and computation of our test-statistic.)

For a given n and n’/, define ’7'3“’"/ C Supp(X,Z) as

! ’
where f, 2" and zZ™" are chosen such that
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for some 0 < ¢ < ¢ < 1. Define ]IZ’j"/ =1 {(Xi, Z;) € 73”’"/ } Again let A denote the range
of values considered for n. Let

Mz =E [ > U{Ni=n}- ({Brn; < Zi} = A (Z3]1X0) - (Grin(Z51Xi) = Ao (Z51X0)) - T7
n,n’eN

2 n,n’

=E| > L{Ni=n} (Grn(Z|Xi) = Mo (Z51X3))° - T}
n,n’eN

(15)

M3 is the expectation 3’ restricted to our testing range. Again, by design it is nonnegative,

and is zero only if equation 3 holds w.p.1 there. Let
/):T_Lal’)l]’(dx) = ’(/}nflzn (@[]’;,171:”/ (ér_ﬂl;}ﬂ(dx)))

and

7 = 1 {min (ARG, R (X)) > £ and 2 <z, <300
As we did in the tests of Equation (1), we make use of the additional bandwidth h .., Which

satisfies Assumption B.3. Correspondingly, we denote

Ao (2l2) = i (Ve (G G1a)) )

Our estimator for Ms is

—

Mz =

ﬁ Z { Z I{N; =n}- (1{BNi;Ni < Zj} - X;Z,LJ/(ZAXZ)) : (@;fr’zj(zﬂxi) - /)\\:nj,(ZﬂXl)) f?;"/

i#£j n,n'eN

Assumption B.7.
(i) Pr[fx,n(X,n) > f] >0and Pr[fxn(X,n)=f] =0 VneN.

(ii) Let

-1) ,
n' - (n —1)

Ve (2]e) = [ —tins (G (2]2))]" "

and for a given by, by and x let

P (b1, b2, ) =

By [(1{by < Z} = Ao (Z10)) - (1402 < 7} = Goen(Z1)) - 1{(2,2) € T3 }]

P (b1, b2, ) =

Bz [(1{b1 < 2} = A (Z12)) - (102 < 2} = G (2]a)) - Voo (Z10) - 1 (2, 2) € T}

40

}



Let M be as described in Assumption B.1. Then the following functionals are assumed to
be M times differentiable with respect to ¢ (the continuous elements in ) with bounded
derivatives a.e in our testing range and for all z,b1,b2 € R:  fx n(x,n), Gpn(2]2), P (b1, b2, )

and p? (b1, by, ).

Proposition B3. Suppose ¢ > 1 (at least one continuously distributed covariate in X).

For any pair of observations i # j, let

¢gL(Ui7Uj) = Z

n,n’eN

pan,n’(BNi:Niv BNj:Nj , Xi) pz,n’(BNjiNj  Brging s Xj)
fx.n(Xi,n) fx.n(Xj5,n)

X© _ X¢
x]l{Ni:n,Nj:n}~]l{X§i:Xf}~K(¥)

h

L

¢Z§L(U17Uj) = Z

b
{pn’"/(BN“Nw B v Xo) S1{N;, =n,N; =n'}

n,n'eN fX’N(Xi,n)
b
pnn’(BNj:NjuBNiiNian) ’ d d X7 — X5
: C1{N; =n. N, = 1d{xd = } N d ]
T s o (N, =n,N; =0’} b x {X XK (S

3, (Ui, Uj) = 65, (Ui, Uj) — ¢35, (Ui, Uj)
Under Assumptions B.1, B.3 and B.7,
(i) If (3) is satisfied w.p.1 over our testing range, then
L-h%-Ms -5 N (0,02)
where 03 = % Climy oo B [ﬁQSgL (Ui, Uj)Q]
(ii) If (3) is violated with nonzero probability over our testing range, then
L-h?- Mz 2 400

Proof: See Supplemental Appendix.

If ¢ = 0 (X contains no continuously distributed covariate), the discussion in Footnote 25

applies here, too.

A Rejection Rule for Equation 3

Consider the null hypothesis Hs : Fquation 8 holds w.p.1 over our testing range against the

alternative Hj : Equation 3 is violated with positive probability over our testing range, and
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let « € (0,1) denote a target significance level. Let

L-hi. M,

03

%\3:

where 03 is a consistent estimator of o3. Suppose we reject Hs if ty > 2o = ®~1(1—a). By

Proposition B3, this rejection rule has the following asymptotic properties:
lim Pr(Rejecting H3 when it is true) = «
L—oo
lim Pr(Rejecting Hs when it is false) = 1
L—oo

B.5 A Test for Equations 4 and 5

Let ’73”’"/ be defined as above. Define ]I?’"I =1 {(X,;, Z;) € 7'3“’"/ } Again let N denote the
range of values considered for n. Let

T(Z,J?; n,n’) - ;ihn (Gnn(z‘x)) - ;11_1an (Gn’n’(z|x))
and
My=-F Z min{T(Zi,Xi;n,n’) , 0}.]1{Ni =n,n'} .]I;L’"’]
n>n’'eN (16)
Ms=FE Z max{7(Z;, Xi;n,n') , 0}-1{N; =n,n'} - ]I?”"I]
n>n'eN

My and M5 are the expectations 4’ and 5’ restricted to our testing range. Once again, they

are both nonnegative and they equal zero only if 4 and 5 are satisfied w.p.1, respectively,
over our testing range. Let

Pz ) = vt (Crmln) = vty (Gt (2l)
and
™ =1 {min {f)}fN(Xi,n),f)}fN(Xi,n’)} > f and < 7 < E"’",}

Our estimators for M, and M3 are

=33

> FUZ, Xinyn!) 1725, Xiznon') < b, }1{N; = n,n'} .ﬁ;“”’}
i=1 \n>n'eN
1 & . . .
Ms = L ; { >Z:EN7A'7Z(Z1:7X1;"JLI) -1{77(Zi, Xi3n,n') = —b, }-I{N; =n,n'} - T"" }
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Assumption B.8.
(i) Prfxn(X,n) > f] >0and Pr[fxn(X,n)=f] =0 VneN
(ii) Let
Vi) = {n-(n = 1) [ur L, ()] (1= [wgilzn@)])}*l
and for a given b let
05 (b, z;n,n") =

Ezix [(]l{b < ZY = G (Z12) -V (G (Z]2)) - 1{r(Z,@3n,0") < 0} -1{N = n,n'} - 1{(=, Z) € 7;”’"/}‘X = x]
Pr(N =n/|X =x)

05(b,z;n,n’) =

Ezix [(1{b € Z} = Guan (Z12)) - VU711 (Grin (Z10)) - 1{r(Z, wim,n') < 0} N = n,n'} - 1{ (2, 2) € T3 }| X = o]
Pr(N =n|X =x)

and
02 (b,z;n,n’) =

Ezix [(1{b € Z} = Guan (Z212)) - VL1, (Grin (Z10)) - 1{r(Z, i) > 0} N = n,n'} - 1{ (2, 2) € Ty }| X = o]
Pr(N =n|X =x)

Qg(bv Zim, ’I'L/) =

Ezix [(1{b € 2} = G (Z12)) - VU1 1 (G (Z12)) - L{r(Z,@i ') 2 0} - 1{N = '} - 1{(w, 2) € TS }| X =2
Pr(N =n/|X =x)

Let M be as described in Assumption B.1. Then the following functionals are assumed to
be M times differentiable with respect to ¢ (the continuous elements in z) with bounded
derivatives a.e in our testing range and for all z,b € R: fx n(x,n), Gn.n(z|2), 05(b, x;n,n'),

04(b, z;m,n'), 0¢(b,z;n,n’) and 6%(b, x;n,n').

Assumption B.9. Define

(1{Bx, x, < 2} = Gun(2)

fx,n(z,n)

Hz (Uj‘Z,JZ;TL,Tll) = {V¢;i1n (G””(z|x)) ' ! ]]‘{NJ = Tl}

(:H.{BNj;NJ- < Z} - Gn’:n’('Z'x))

Ix,n(x,n')

= Vg (G (2]2)) -

-1{N,; = n'}} X IL{X;-i =z}

1 X§ —x¢
— K J
) ( h, )

and define

. L 1
e (z,xin,n) =77 (z,xin,n') — 7(z,x3n,0") — -1 > HY (Ujlz,@;n,n)
J#i
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Ezi(z,x;n,n’) is the remainder of the asymptotic linear representation of 7%(z,z;n,n’).
Analogously to Assumption B.6, we impose two Lipschitz-type conditions:

(i) For i # j, and any z,z,n in our testing range and any k < n,
E [H] (Uj|z,z;n,n) | B-e ' (z,xsn,n")] — E [H] (Uj|z,2;3n,n') ’ B e Nz, am,n)]
<[B=B10p () (z2sm, 1)) ¥ 8,8 €[0,1]
(ii) There exists a ¢ > 0 such that, for all n € N and k <n — 2,
Pr|—t < 7(Z;, X;;n,n') < 0| e (Zy, Xizn,n)] <O(t) VO<t<t

Pr(0 < 7(Z;, Xisn,n') <t e(Zi, Xisn,n)] <O(t) VO<t<%

Proposition B4. Let

Su(U) = (93 (Byonss Xisnyn') - L{N; = '} — 6% (By.n, Xgin,n') - L{N; = n})

n>n'eN
¢5(U2) = Z (9? (BNiiNi?Xi;nvn/) ’ ]l{Ni = n} - 92 (BNiiNiﬂXi§nanl) ’ I{Ni = nl})
n>n'eN
Under Assumptions B.1, B.5, B.8 and B.9,

(i) If (4) is satisfied as a strict inequality w.p.1 over our testing range, then

VL - /\//74 =o0p (L*E) for some € > 0.

(i) If (4) is satisfied w.p.1 over our testing range and it holds as an equality over a subset

of it with strictly positive probability measure, then
VL - M, -5% N (0,07), where of =E [¢4(U;)?].
(iii) If (4) is violated with positive probability over our testing range, then
\E . M\4 SN +o0.
(iv) If (5) is satisfied as a strict inequality w.p.1 over our testing range, then

VL - M\5 =0y (Ife) for some € > 0.

(v) If (5) is satisfied w.p.1 over our testing range and it holds as an equality over a subset

of it with strictly positive probability measure, then

VL -Ms -5 N (0,03), where o2 =FE [¢5(U;)?].
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(vi) If (5) is violated with positive probability over our testing range, then
\/Z . M\5 = —+o00.

Proof: See Supplemental Appendix.

A Rejection Rule for Equations 4 and 5

Consider the null hypothesis Hy : Equation 4 holds w.p.1 over our testing range against the
alternative H) : Equation 4 is violated with positive probability over our testing range, and

let o € (0,1) denote a target significance level. Let
;f\ \FL . .K./l\zl

~ max{oy,c, }

L—¢
CL

— 0

where 74 is a consistent estimator of o4 and ¢, is a nonnegative sequence such that
for any € > 0.. Suppose we reject Hy if t4 > 24 = ®~1(1 — ). By Proposition B4, this

rejection rule has the following asymptotic properties:
lim Pr(Rejecting Hy when it is true) < «
L—oo
lim Pr(Rejecting Hy when it is false) =1
L—oo

Identical results hold if we let .
VL - Ms

%\ = =
b max{0s, ¢, }

and if we reject Hy : “Equation 5 holds w.p.1 over our testing range” if 75 > za.

B.6 On the Choice of Tuning Parameters

As is customary in many nonparametric and semiparametric settings, our asymptotic results
hold for generic families of bandwidth sequences and kernel functions, without providing
a guide as to how these tuning parameters should be chosen. As with many complex
nonparametric estimation problems, characterizing data-driven, optimal ways to choose the
various bandwidths involved appears to be an unassailable problem. The intuitive arguments
provided in Section 5 of Jun, Pinkse, and Wan (2010) could be helpful for coming up with
a heuristic guidance for choosing b, . However, the computational feasibility of our various
tests allows practitioners to evaluate the robustness of the results obtained under different
values of the different tuning parameters (bandwidths) involved. We follow this route in our

Monte Carlo analysis, as well as in our empirical results using the USFS data.
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B.7 Monte Carlo Experiments

To investigate the finite-sample properties of our tests we revisit the four DGPs described in
Section 2.2.2 and shown in Figure 1. Bidder values are drawn from a log-normal distribution,

with log(V;) ~ N(u,0?) with 62 = 0.5. The four cases are as follows:
DGP1: Values are IPV and Fy does not depend on N: specifically, u = 2.25 for every N.

DGP2: Values are independent of N, but correlated with each other via conditional inde-
pendence: regardless of N, with probability %, 1 = 2.0 for all bidders, and with probability

%, w=2.5.

DGP3: Values are IPV, but the distribution varies with N: specifically, © = 2 4 0.05N.

DGP4: Values are correlated with each other, and with N. p = 2.5 or 1.5 with probabilities
1/3 and 2/3 respectively, and N is determined endogenously via equilibrium play of the
entry game described in Samuelson (1985). There are 12 potential bidders, each of whom
learns p and his own valuation before deciding whether to pay a cost of $10 to participate
in the auction. Bidders play a symmetric, cutoff-strategy equilibrium, with the cutoff value
varying with p (see Footnote 9); this induces a positive relationship between N and p, and

therefore between N and valuations.

For computational simplicity, our experimental design does not include observable co-
variates X. As a result, we do not have to choose a kernel or a bandwidth A, . The remaining
tuning parameters are the bandwidth sequence b, and c,. We set ¢, at 1078 in all cases,
and we computed our simulation results for various values of b, . For DGPs 1-3, we gener-
ated N randomly as described there, with NV > 2 in every auction simulated. In DGP4, N
is determined endogenously. For our simulations, we only considered auctions where N > 2.
Thus, in our results, when we say “sample size L = 600”7, we refer to simulated samples of
size L = 600 where N > 2 for every observation in the sample. In our testing range, we
trimmed N above at the value of 8 in all cases. Finally, the target asymptotic significance
level was set to 5%; thus the critical value used was 1.645.

Looking at Tables B.1-B.2, we see that our tests displayed remarkably good power prop-
erties for DGPs 1-3. The asymptotic size properties described in Proposition B4 are also
reasonably good approximations for the finite sample properties of the tests. Overall, for a

sample size of L = 1000, the asymptotic features of our tests appear to be already in dis-
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play. For the case of DGP4, as we could anticipate from Figure 1, it takes relatively larger
sample sizes to achieve good power, and the latter is significantly higher for (4) than for (5).
This was also something we could anticipate from Figure 1, where the evidence against (4)
appears to be stronger than that against (5). To investigate further the power properties of
our tests for the case of DGP4, we ran additional simulations with samples of size L = 2000.
As the results in Table B.4 show in this case, our test has significant power against (4) for
this sample size, while larger ones still appear to be needed in order to have power against
(5). In all cases, choosing the sequence b, such that b, < 0.005 for moderately large sample

sizes (i.e, L > 500) appeared to achieve an adequate balance between size and power.

Table B.1: Proportion of rejections for DGP1T. 1000 Samples of Size ‘L’ Simulated in Each Case.
L =200 L =600 L = 1000

b, Eq. 4 | Eq. 5| Eq. 4 | Eq. 5 | Eq. 4 | Eq. 5
0.05 | 0.086 | 0.188 | 0.012 | 0.007 | 0.001 | 0.002
0.01 | 0.300 | 0.502 | 0.081 | 0.117 | 0.027 | 0.034
0.005 | 0.381 | 0.541 | 0.099 | 0.154 | 0.047 | 0.055
0.001 | 0.346 | 0.573 | 0.119 | 0.179 | 0.062 | 0.081
0.0005 | 0.347 | 0.573 | 0.121 | 0.182 | 0.065 | 0.085
0.0001 | 0.348 | 0.575 | 0.122 | 0.183 | 0.065 | 0.086

(T) Asymptotic rejection probabilities: Eq. 4: 5%. Eq. 5: 5%.

Table B.2: Proportion of rejections for DGP2¢. 1000 Samples of Size ‘L’ Simulated in Each Case.
L =200 L =600 L = 1000

b, Eq. 4 | Eq. 5| Eq. 4 | Eq. 5 | Eq. 4 | Eq. 5
0.05 | 0.014 | 0.530 | 0.000 | 0.368 | 0.000 | 0.379
0.01 | 0.073 | 0.814 | 0.004 | 0.733 | 0.000 | 0.770
0.005 | 0.093 | 0.839 | 0.005 | 0.780 | 0.000 | 0.812
0.001 | 0.110 | 0.854 | 0.009 | 0.818 | 0.001 | 0.847
0.0005 | 0.111 | 0.855 | 0.009 | 0.819 | 0.001 | 0.852
0.0001 | 0.113 | 0.856 | 0.009 | 0.821 | 0.001 | 0.857

(&) Asymptotic rejection probabilities: Eq. 4: 0%. Eq. 5: 100%.
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Table B.3: Proportion of rejections for DGP3*. 1000 Samples of Size ‘L’ Simulated in Each Case.
L =200 L =600 L = 1000

b, |BEq 4|Eq 5|Eq 4|Eq5|Eq4]|Eq5
0.05 | 0.757 | 0.002 | 0.965 | 0.000 | 0.997 | 0.000
0.01 | 0.903 | 0.059 | 0.994 | 0.000 | 1.000 | 0.000
0.005 | 0.914 | 0.076 | 0.997 | 0.001 | 1.000 | 0.000
0.001 | 0.925 | 0.094 | 0.997 | 0.003 | 1.000 | 0.000
0.0005 | 0.925 | 0.097 | 0.997 | 0.003 | 1.000 | 0.000
0.0001 | 0.926 | 0.098 | 0.997 | 0.003 | 1.000 | 0.000

(1) Asymptotic rejection probabilities: Eq. 4: 100%. Eq. 5: 0%.

Table B.4: Proportion of rejections for DGP4%. 1000 Samples of Size ‘L’ Simulated in Each Case.
L =200 L =600 L =1000 L = 2000

b, |Bq.4|Eq5|Eq4|Eq5|Eq4|Eq5|Eq4]|Eq.5
0.05 | 0.049 | 0.109 | 0.112 | 0.099 | 0.161 | 0.088 | 0.253 | 0.050
0.01 | 0.100 | 0.188 | 0.265 | 0.156 | 0.380 | 0.202 | 0.647 | 0.203
0.005 | 0.107 | 0.198 | 0.302 | 0.167 | 0.427 | 0.212 | 0.703 | 0.232
0.001 | 0.117 | 0.212 | 0.326 | 0.176 | 0.454 | 0.218 | 0.740 | 0.257
0.0005 | 0.118 | 0.212 | 0.328 | 0.177 | 0.456 | 0.218 | 0.741 | 0.258
0.0001 | 0.120 | 0.212 | 0.330 | 0.177 | 0.458 | 0.218 | 0.743 | 0.259

(§) Asymptotic rejection probabilities: Eq. 4: 100%. Eq. 4: 100%.
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B.8 Empirical Results for USFS Timber Data

We present the results of our tests for Equations 1, 2, 3, 4 and 5 applied to the USFS
Timber Data described in Section 4, where we describe the vector of observable covariates

X = (X', X2, X3, X% included in the analysis.

B.8.1 Kernels employed

The functionals we estimate in our counterfactual analysis are highly demanding of the
data since they entail the estimation of nonparametric functionals for each observation in
our sample. Furthermore, these functionals are all functions of N, which in turn means that
for the estimation of the relevant functionals evaluated at the i** observation we only utilize
the subsample of observations with auction size N;. Not surprisingly this, along with the
fact that we are utilizing four continuously distributed covariates in X implies that, even
though our asymptotic results are invariant to the choice of kernel and bandwidth (as long as
Assumption B.1 is satisfied), our choice of these tuning parameters matters for the estimates
obtained in the sample at hand. Assumption B.1 requires the use of a bias-reducing kernel
with compact support. We used a multiplicative kernel of the form K(X) = H;}Zl k(xe),

where k is a bias-reducing kernel of the form
i
k@) =) b (s* =)™ - {|y] < s}

By construction, k(¢) is symmetric around zero and therefore [ js Yk(y)dip = 0 for all odd

(. Given s, the coefficients (b;)?_, are chosen such that

/ k()dyp =1, and P k()dyp =0 for £ = 2,4,6,8,10.
This gives rise to a bias-reducing kernel of order 12 which is compatible with Assumptions
B.5, B.8 and B.9. In an effort to be able to extract as much information as possible from our
data -see the discussion above- we used a kernel with compact, but relatively large support;

specifically, we used s = 60.
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B.8.2 Test of Equation 1
Bandwidths and testing range
What follows pertains to the first-price auction data described in Section 4.2. We chose

N ={2,...,11} as our testing range for N. Let

K2

P L o~
fl — {5th smallest value of {f)}fN(Xi,Ni)} =1: N; € N and f)},’N(X,»,Ni) > 0}.
For our testing range we used
L=1{NeN and fy(XN)>f'}.

Prior to testing, we took the natural log of B/ and B!/, de-meaned each, and divided each
by its standard deviation. Finally, in order to investigate the sensitivity of our findings to

the choice of the bandwidth h,, we computed the test-statistic for three different values

L

of h, (given our fixed sample size). These were, h, = 0.1-0(X), h, = 0.4-7(X) and
h, =0.7-5(X). The bandwidth h, was set to h, = 1.25-h, in all cases.

Results

Not surprisingly given our relatively small sample size (L = 192) for first-price auction
data, our numerical results are sensitive to the choice of bandwidths. However, as Table B.5
shows, rejection of Equation 1 (and therefore of IPV) is a robust finding for the relatively

wide range of bandwidth values examined.

Table B.5: Results for our test of Equation 1.
h,=01-0(X) | h,=04-0(X) | h, =0.7-5(X)
2 8.1906 42.3939 49.3395

TLL =1.25-h, in all cases.

In all cases, the p-value of our test (given by 1 — ®(¢;), where ® is the N(0,1) cdf.) was
effectively zero, leading us to reject Equation 1 (and therefore of IPV) at any significance

value.
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B.8.3 Test of Equation 2
Bandwidths and testing range

What follows pertains to the English auction data described in Section 4.2. We chose
N =3,...,11 as our testing range for N. Given the nature of our data, for each n we used

only k = n — 2 in our test. For each given n € N, let
2% =min{Z; : N;=n} and z"* =max{Z;: N; =n},

o L
2= {5th smallest value of {f;fN(Xi,n)}_

—n

: N;=n and f)}fN(Xi,n) > 0}.

For our testing range we used
F =1 {fy(Xin) = 2 and 2" <7 <70

The bandwidth h, was set so that h, = 0.4-5(X) for the sample size L of our data?®, and
we chose ¢, such that ¢, = 10712 at our sample size. Given these tuning parameters, we

computed our test statistics for different values of the sequence b, .

Results

As Table B.6 illustrates, our results reject Equation 2 (and therefore IPV under the “incom-
plete model” assumptions in Haile and Tamer (2003)) for all the different values of tuning

parameters employed.

Table B.6: Results for our test of Equation 2.
b, =0.05 b, =001 | b, =0.005]| b, =0.001 | b, =0.0005 | b, = 0.0001

t, 22.4685 28.5372 28.6733 28.8303 28.8554 28.8678

h, =0.4-5(X) and ¢, = 107'2 in all cases.

The p-value (given by 1—®(5)) was effectively zero in all cases, leading us to reject Equation

2 for any significance level.

26The bandwidth employed in the empirical analysis in Haile and Tamer (2003) for the USFS Timber
data was equal to 0.4 - 5(X).
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B.8.4 Test of Equation 3
Bandwidths and testing range

This test involves our English auction data. We chose N/ = 2,...,11 as our testing range

for N. For each pair n,n’ in NV let

! ’
2" =min{Z; : N;=n,n'} and z"™" =max{Z;: N; =n,n'},

L

ii = {5th smallest value of {A;(ZAJ,(X“TL)} : N, =n and fglj\j,(Xz,n) > 0},

L

-n i=1

3= {5th smallest value of {f;lj\],(Xl,n’)} : N;=n' and f;lj\J,(XZ,n') > O}

and ifl L, = max {LL , in, } For our testing range we used
B =1 {wmin { T (Xn)  FRR(Gn)} > 12, and 2t <z <m0,

As we did in our test of Equation 1, we computed our test for three alternative values of
the bandwidth h,. Namely, h, = 0.1-0(X), h, =0.4-5(X) and h, = 0.7-5(X). The
bandwidth EL was set to EL =1.25- h, in all cases.

Results

As we discussed in Section 4.2, the sample size of our English auction data (L = 2036) is
considerably larger than the one for first-price auctions (L = 192). Given the asymptotic
properties of the tests for equations 1 and 3 (both of which explode to +o0o at a rate
faster than /L if the corresponding equations are violated), we would expect to observe
considerably large, positive values of t3 if Equation 3 is violated. This is in fact what we
observe in Table B.7 for the range of bandwidths studied. Our results provide very strong
evidence against Equation 3 and consequently against IPV in a setting where the distribution
of valuations is independent of N and transaction price corresponds to the second highest

valuation among bidders. The p-value of our test-statistic is zero in all cases presented.

B.8.5 Test of Equations 4 and 5
Bandwidths and testing ranges

We employed the same testing range definition as in our test for Equation 3 (replacing

leave-two-out nonparametric estimators with leave-one-out ones). As we did in the test of
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Table B.7: Results for our test of Equation 3.
h,=01-¢(X) | h,=04-5(X) | h, =0.7-5(X)
ts 61.2945 414.3434 406.2894

h, =1.25-h, in all cases.

(2), the bandwidth h, was set so that h, = 0.4 - 5(X) for the sample size L of our data,
and we chose ¢, such that ¢, = 10712 at our sample size. Given these tuning parameters,

we computed our test statistics for different values of the sequence b, .

Results

The results in Table B.8 support the visual evidence in Figure 2. As our p-values show,
Equation 5 can be rejected at any significance level, while we would fail to reject Equation
4, e.g., at a significance level of 5% or 1%. Thus, even allowing for the distribution of
valuations to depend on N, our results still reject IPV. However, allowing for correlation in
values, the assertion that their distribution is independent of N cannot be rejected in the

data. Going over all our results, Equation 4 was the only one we failed to reject.

Table B.8: Test Results for Equations 4 and 5

Equation 4 Equation 5
b, ta p-value ts p-value

0.05 | —1.0924 | 0.8627 | 19.4442 | 0.0000
0.01 0.0198 | 0.4921 | 19.5307 | 0.0000
0.005 0.0482 | 0.4808 | 19.5871 | 0.0000
0.001 0.0561 | 0.4776 | 19.6387 | 0.0000
0.0005 | 0.0563 | 0.4775 | 19.6452 | 0.0000
0.0001 | 0.0564 | 0.4775 | 19.6490 | 0.0000

h, =0.4-5(X) and ¢, = 10712 in all cases.

53



References

Andrews, D. and X. Shi (2011). Inference based on conditional moment inequality models.

Cowles Foundation Discussion Paper No.1761R. Yale University.

Aradillas-Lopez, A. and A. Gandhi (2011). Robust inference in ordered response games

with incomplete information: Are firms strategic substitutes? Working Paper.

Aradillas-Lopez, A., A. Gandhi, and D. Quint (2011). Identification and inference in
ascending auctions with correlated private values. Working Paper. University of Wis-

consin, Madison.

Athey, S. and P. Haile (2002). Identification of standard auction models. Economet-
rica 70(6), 2107-2140.

Athey, S. and P. Haile (2007). Nonparametric approaches to auctions. In J. Heckman and
E. Leamer (Eds.), Handbook of Econometrics, vol. 6A, Chapter 60, pp. 3847-3965.

Elsevier.

Athey, S. and J. Levin (2001). Information and competition in U.S. forest service timber

auctions. Journal of Political Economy 109(2), 375-417.

Athey, S., J. Levin, and E. Seira (2011). Comparing open and sealed bid auctions: Evi-

dence from timber auctions. Quarterly Journal of Economics 126(1).

Baldwin, L. H., R. C. Marshall, and J.-F. Richard (1997). Bidder collusion at forest service
timber sales. Journal of Political Economy 105(4), 657-699.

Barrett, G. and S. Donald (2003). Consistent tests for stochastic dominance. Economet-

rica 71, 71-104.

Bennett, C. (2011). Counsistent integral-type tests for stochastic dominance. Working Pa-

per. Vanderbilt University.

Campo, S., E. Guerre, 1. Perrigne, and Q. Vuong (2002). Semiparametric estimation of

first-price auctions with risk averse bidders. Working Paper.

Chiappori, P.-A., B. Jullien, B. Salanié, and F. Salanié (2006). Asymmetric information in
insurance: General testable implications. RAND Journal of Economics 37, 783-798.

de Paula, A. and X. Tang (2011). Inference of signs of interaction effects in simultaneous

games with incomplete information. PIER Working Paper 11-003.

54



Delgado, M. and J. Escanciano (2010). Distribution-free tests of stochastic monotonicity.

Working Paper. Indiana University.

Fan, Y. and Q. Li (1996). Consistent model specification tests: Omitted variables and
semi-parametric functional forms. Fconometrica 6/, 865-890.

Froeb, L. and P. McAfee (1988). Deterring bid rigging in forest service timber auctions.
US Department of Justice, mimeo.

Ghosal, S., A. Sen, and A. V. D. Vaart (2000). Testing monotonicity of regression. Annals
of Statistics 28, 1054-1082.

Gillen, B. (2009). Identification and estimation of level-k auctions. Working Paper.

Guerre, E., I. Perrigne, and Q. Vuong (2009). Nonparametric identification of risk aversion
in first-price auctions under exclusion restrictions. Econometrica 77(4), 1193-1227.

Haile, P. (2001). Auctions with resale markets: An application to U.S. forest service
timber sales. American Economic Review 91(3), 399-427.

Haile, P., H. Hong, and M. Shum (2003). Nonparametric tests for common values at
first-price sealed-bid auctions. Working Paper.

Haile, P. and E. Tamer (2003). Inference with an incomplete model of English auctions.

Journal of Political Economy 111(1), 1-51.

Hall, P. (1984). Central limit theorem for integrated square error of multivariate nonpara-

metric density estimators. Journal of Multivariate Analysis 14, 1-16.

Hall, P. and A. Yatchew (2005). Unified approach to testing functional hypotheses in
semiparametric contexts. Journal of Econometrics 127(2), 225-252.

Hu, Y., D. McAdams, and M. Shum (2009). Nonparametric identification of auction
models with non-separable unobserved heterogeneity. Working Paper.

Imbens, G. and J. Wooldridge (2009). Recent developments in the econometrics of pro-
gram evaluation. Journal of Economic Literature 47, 5—86.

Jun, S., J. Pinkse, and Y. Wan (2010). A consistent nonparametric test of affiliation in
auction models. Journal of Econometrics 159, 46-54.

Krasnokutskaya, E. (2009). Identification and estimation in highway procurement auc-
tions under unobserved auction heterogeneity. Forthcoming, Review of Economic Stud-

1€e8.

55



Lavergne, P. (2001). An equality test across nonparametric regressions. Journal of Econo-

metrics 103, 307-344.

Lee, S., O. Linton, and Y. Whang (2009). Testing for stochastic monotonicity. Economet-
rica 77(2), 585-602.

Lee, S., K. Song, and Y.-J. Whang (2011). Testing functional inequalities. Cemmap Work-
ing Papers, CWP12/11. Institute for Fiscal Studies and Department of Economics,
UCL.

Lee, S. and Y.-J. Whang (2009). Nonparametric tests of conditional treatment effects.
Cemmap Working Papers, CWP36/09. Institute for Fiscal Studies and Department
of Economics, UCL.

Levin, D. and J. Smith (1994). Equilibrium in auctions with entry. The American Eco-
nomic Review 84(3), 585-599.

Li, T., I. Perrigne, and Q. Vuong (2002). Structural estimation of the affiliated private
value auction model. RAND Journal of Economics 33(2), 171-193.

Lu, J. and I. Perrigne (2008). Estimating risk aversion from ascending and sealed-bid
auctions: The case of timber auction data. Journal of Applied Econometrics 23, 871—

896.

Pinkse, J. and G. Tan (2005). The affiliation effect in first-price auctions. Economet-
rica 73(1), 263-277.

Samuelson, W. (1985). Competitive bidding with entry costs. Economics Letters 17(1-2),
53-07.

Serfling, R. (1980). Approzimation Theorems of Mathematical Statistics. Wiley. New York,
NY.

Song, U. (2004). Nonparametric estimation of an eBay auction model with an unknown

number of bidders. Working Paper.

56



