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Equations in this appendix are numbered in a format (A.xx). Equation numbers without

this format refer to those in the main paper.

1 Proof of Propositions B1 and B3

we begin by proving the results that involve testing conditional moment equalities in the

paper. These are the results described in Propositions B1 and B3.

1.1 Proposition B1

Lemma A1. Under Assumptions B.1, B.3 and B.2,

Pr
[
1

{
f̂−iX,N (Xi, Ni) ≥ f

}
6= 1

{
fX,N (Xi, Ni) ≥ f

}
for at least one

i = 1, . . . , L over our testing range
]
−→ 0

Proof: First, note that the probability in Lemma A1 is bounded above by

L∑
i=1

Pr
[
1

{
f̂−iX,N (Xi, Ni) ≥ f

}
6= 1

{
fX,N (Xi, Ni) ≥ f

}]
.

By Assumption B.2(i), we have Pr
[
fX,N (Xi, Ni) = f

]
= 0. Therefore,

Pr
[
1

{
f̂−iX,N (Xi, Ni) ≥ f

}
6= 1

{
fX,N (Xi, Ni) ≥ f

}]
=

E
[
Pr
[
f̂−iX,N (Xi, Ni) ≥ f

∣∣∣Xi, Ni] · 1{fX,N (Xi, Ni) < f
}]

+ E
[
Pr
[
f̂−iX,N (Xi, Ni) < f

∣∣∣Xi, Ni] · 1{fX,N (Xi, Ni) > f
}]

Next note that our smoothness assumptions imply that

sup
(x,n)∈X×N

∣∣∣∣∣E
[
1

hqL
K

(
Xc
j − xc

h
L

)
· 1
{
Xd
j = xd

}
· 1 {Nj = n}

]
− fX,N (x, n)

∣∣∣∣∣ = O
(
hM

L

)
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for any compact sets X and N with the features of our testing range. Let

s̃
L
(Xi, Ni) = f − E

[
1

hqL
K

(
Xc
j −Xc

i

hqL

)
1{Xd

j = Xd
i }1{Nj = Ni}

∣∣∣Xi, Ni

]
.

Then by Bernstein’s inequality (see Section 2.2.2 in van der Vaart and Wellner (1996)), for

sufficiently large L, there exist positive constants C1 and C2 such that

Pr
[
f̂−iX,N (Xi, Ni) ≥ f

∣∣∣Xi, Ni

]
· 1
{
fX,N (Xi, Ni) < f

}
≤ exp

{
−
(L− 1)hq

L
s̃
L
(Xi, Ni)

2

C1 + C2s̃L(Xi, Ni)

}
1
{
fX,N (Xi, Ni) < f

}
∀ i.

and

Pr
[
f̂−iX,N (Xi, Ni) < f

∣∣∣Xi, Ni

]
· 1
{
fX,N (Xi, n) > f

}
≤ exp

{
−
(L− 1)hq

L
s̃
L
(Xi, Ni)

2

C1 − C2s̃L(Xi, Ni)

}
1
{
fX,N (Xi, Ni) > f

}
∀ i.

From here, invoking the Lebesgue dominating convergence theorem yields

L∑
i=1

Pr
[
1

{
f̂−iX,N (Xi, Ni) ≥ f

}
6= 1

{
fX,N (Xi, Ni) ≥ f

}]
−→ 0,

proving the claim.

As we defined in the statement of Proposition B1, let

Ii = 1
{
Ni ∈ N and fX,N (Xi, Ni) ≥ f

}
,

Îi = 1

{
Ni ∈ N and f̂−iX,N (Xi, Ni) ≥ f

}
.

From Lemma A1 we have

Pr
[
Ii 6= Îi for at least one i = 1, . . . , L over our testing range

]
−→ 0 (A.1)

A linear representation for ν̃I
−i

ν̃I
−i

ν̃I
−i

, ν̃II
−i

ν̃II
−i

ν̃II
−i

, ĉov−iĉov
−i

ĉov
−i

Let

H1L(Uj |x, n) ={
1

fX,N (x, n)
×
[(
BIjB

II
j − E

[
BIBII |x, n

])
− νII(x, n) ·

(
BIj − νI(x, n)

)
− νI(x, n) ·

(
BIIj − νII(x, n)

)]}

× 1 {Nj = n} · 1
{
Xd
j = xd

}
·K
(
Xc
j − xc

hL

)
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Under the assumptions of Proposition B1, we can show (see, e.g, the Appendix to Aradillas-

Lopez (2010)) that

ĉov
−i (

BI , BII
∣∣x, n) =cov (BI , BII ∣∣x, n)+ 1

(L− 1)

∑
j 6=i

1

hqL
H1L(Uj |x, n) + ε−i

L
(x, n),

where sup
(x,n)∈T1

∣∣∣ε−i
L
(x, n)

∣∣∣ = Op

(
1

L1−δhqL

)
∀ δ > 0

(A.2)

and

ν̃I
−i

(x, n) =

νI(x, n) +
1

(L− 1)

∑
j 6=i

[
BIj − νI(x, n)

]
fX,N (x, n)

· 1 {Nj = n} · 1
{
Xd
j = xd

}
· 1

h̃qL
K

(
Xc
j − xc

h̃L

)
+ ε̃I

−i

L (x, n),

ν̃II
−i

(x, n) =

νII(x, n) +
1

(L− 1)

∑
j 6=i

[
BIIj − νII(x, n)

]
fX,N (x, n)

· 1 {Nj = n} · 1
{
Xd
j = xd

}
· 1

h̃qL
K

(
Xc
j − xc

h̃L

)
+ ε̃II

−i

L (x, n),

where sup
(x,n)∈T1

∣∣∣ε̃I−i

L
(x, n)

∣∣∣ = Op

(
1

L1−δh̃qL

)
, sup

(x,n)∈T1

∣∣∣ε̃II−i

L
(x, n)

∣∣∣ = Op

(
1

L1−δh̃qL

)
∀ δ > 0.

(A.3)

Note, in particular, that (A.2) and (A.3) imply that∣∣∣∣∣ 1

L

L∑
i=1

{(
ν̃I
−i

(Xi, Ni) · ν̃II
−i

(Xi, Ni)− νI(Xi, Ni) · ν̃II(Xi, Ni)
)

×
(
ĉov−i

(
BI , BII

∣∣Xi, Ni)− cov (BI , BII ∣∣Xi, Ni)) · Ii}∣∣∣∣∣
≤ sup

(x,n)∈T1

∣∣∣(ν̃I−i

(x, n) · ν̃II
−i

(x, n)− νI(x, n) · ν̃II(x, n)
)∣∣∣

× sup
(x,n)∈T1

∣∣∣ĉov−i (BI , BII ∣∣x, n)− cov (BI , BII ∣∣x, n)∣∣∣
= Op

(
1

L1−δ · h
q
2
L · h̃

q
2
L

)
∀ δ > 0

= op

(
1

L · h
q
2
L

)
,

(A.4)

where the last line follows if we use the δ described in Assumption B.3.

The result in Equation (A.1) allows us to study M̂1 as

M̂1 =
1

L

L∑
i=1

(
BIiB

II
i − ν̃I

−i

(Xi, Ni) · ν̃II
−i

(Xi, Ni)
)
· ĉov−i

(
BI , BII |Xi, Ni

)
· Ii.
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From here, it will be convenient to decompose M̂1 in the following way,

M̂1 =M1 + Q̂1 + S̃a1 + Ŝb1,

where

M1 =
1

L

L∑
i=1

(
BIiB

II
i − νI(Xi, Ni) · νII(Xi, Ni)

)
· cov

(
BI , BII |Xi, Ni

)
· Ii,

Q̂1 =
1

L

L∑
i=1

(
BIiB

II
i − νI(Xi, Ni) · νII(Xi, Ni)

)
·
(
ĉov−i

(
BI , BII |Xi, Ni

)
− cov

(
BI , BII |Xi, Ni

))
· Ii,

S̃a1 =
1

L

L∑
i=1

(
νI(Xi, Ni) · νII(Xi, Ni)− ν̃I

−i

(Xi, Ni) · ν̃II
−i

(Xi, Ni)
)
· cov

(
BI , BII |Xi, Ni

)
· Ii,

Ŝb1 =
1

L

L∑
i=1

{(
νI(Xi, Ni) · νII(Xi, Ni)− ν̃I

−i

(Xi, Ni) · ν̃II
−i

(Xi, Ni)
)

×
(
ĉov−i

(
BI , BII |Xi, Ni

)
− cov

(
BI , BII |Xi, Ni

))
· Ii

}
= op

(
1

L · h
q
2
L

)

where the last result follows directly from (A.4). Thus,

M̂1 =M1 + Q̂1 + S̃a1 + op

(
1

L · h
q
2
L

)
. (A.5)

Let

φ1L(Ui, Uj) =

[(
BIiB

II
i − νI(Xi, Ni)νII(Xi, Ni)

)
· Ii ·H1L(Uj |Xi, Ni)

+
(
BIjB

II
j − νI(Xj , Nj)νII(Xj , Nj)

)
· ·Ij ·H1L(Ui|Xj , Nj)

]

By (A.2) we have

Q̂1 =

(
L

2

)−1∑
i<j

1

hqL
· 1
2
· φ1L(Ui, Uj) + op

(
1

L · h
q
2
L

)
≡ V1L + op

(
1

L · h
q
2
L

)
. (A.6)

Next note that E
[
BIjB

II
j − νI(Xj , Nj)ν

II(Xj , Nj)
∣∣Ui, Xj , Nj

]
= 0. In addition, under the

smoothness conditions described in Assumption B.1 we have

E

[
1

hqL
·H1L(Uj |Xi, Ni)

∣∣Ui, Xj , Nj

]
= O(hM

L
).

This, along with iterated expectations and a dominated convergence argument yield

E

[
1

hqL
· φ1L(Ui, Uj)

∣∣Ui] = O(hM
L
) = op

(
1

L · h
q
2
L

)
,
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where the last equality follows from the bandwidth convergence restrictions described in

Assumptions B.1 and B.3. That is, up to a term of order op
(

1

L·h
q
2
L

)
, the term Q̂1 is a

degenerate U-statistic of order two. Applying Theorem 1 of Hall (1984) we can obtain its

asymptotic distribution.

Lemma A2. Consider a second order U-statistic of the form

V
L
=

(
L

2

)−1∑
i<j

H
L
(Ui, Uj),

where {Ui}Li=1 is an iid random sample and H
L
is a symmetric function, i.e., H

L
(Ui, Uj) =

H
L
(Uj , Ui). Assume E

[
H

L
(Ui, Uj)

∣∣Ui] = 0 almost surely and E
[
H2

L
(Ui, Uj)

]
<∞. Define

G
L
(Ui, Uj) = E

[
H

L
(Uk, Ui) ·HL

(Uk, Uj)
∣∣Ui, Uj] .

If
E
[
G2

L
(Ui, Uj)

]
+ L−1E

[
H4

L
(Ui, Uj)

]{
E
[
H2

L
(Ui, Uj)

]}2 −→ 0 as L→∞, (A.7)

then
L · V

L√
2 · E

[
H2

L
(Ui, Uj)

] d−→ N (0, 1).

Proof: This is Theorem 1 in Hall (1984).

Lemma A3. Under the assumptions of Proposition B1, we have

L · h
q
2
L
· V1L

d−→ N
(
0, σ2

1

)
where σ2

1 = 1
2 · limL→∞E

[
1
hq
L
φ21L(Ui, Uj)

]
. Therefore, by (A.6) we also have

L · h
q
2
L
· Q̂1

d−→ N
(
0, σ2

1

)
Proof: Under the existence-of-moment condition in Assumption B.2, it is not hard to show

that

E

[{
E

[
1

h2qL
· φ1L(Uk, Ui) · φ1L(Uk, Uj)

∣∣Ui, Uj]}2
]
= O

(
1

hqL

)
,

E

[
1

h2qL
· φ21L(Ui, Uj)

]
= O

(
1

hqL

)
, E

[
1

h4qL
· φ41L(Ui, Uj)

]
= O

(
1

h3qL

)
.

And therefore the criterion in (A.7) in the case of the U-statistic V1L in (A.6) is of the form

O
(

1
hq
L

)
+O

(
1

L·h3q
L

)
O
(

1
L·h2q

L

) =
O(hq

L
) +O

(
1

L·hq
L

)
O(1)

−→ 0,
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where the last result follows from the bandwidth convergence restriction L ·hq
L
→ 0. There-

fore, the conditions of Lemma A2 are satisfied for the U-statistic V1L in (A.6) and we obtain

L · h
q
2
L
· V1L

d−→ N
(
0, σ2

1

)
where σ2

1 = 1
2 · limL→∞E

[
1
hq
L
φ21L(Ui, Uj)

]
.

Lemma A4. Under the conditions of Proposition B1, we have

S̃a1 = op

(
1

L · h
q
2
L

)
.

Proof: Note that one of the implications of Lemma A3 is that Q̂1 = Op

(
1

L·h
q
2
L

)
. Following

the same steps, we can show the analogous result for S̃a1 . Namely,

S̃a1 = Op

(
1

L · h̃
q
2
L

)
= op

(
1

L · h
q
2
L

)
,

where the last equality follows from the bandwidth convergence conditions in Assumption

B.3.

Lemma A5. Under Assumptions B.1, B.3 and B.2,

(i) If (1) is satisfied w.p.1 over our testing range, then

L · h
q
2
L
· M̂1

d−→ N
(
0, σ2

1

)
where σ2

1 = 1
2 · limL→∞E

[
1

hq+1
L

φ1L(Ui, Uj)
2
]
.

(ii) If (1) is violated with nonzero probability over our testing range, then

L · h
q
2
L
· M̂1

p−→ +∞

Proof: If (1) is satisfied w.p.1 over our testing range, we have cov(BI , BII |Xi, Ni) · Ii = 0

almost surely. Therefore, M1 = 0 almost surely and part (i) of Lemma A5 follows from

Eq. (A.5) and Lemmas A3-A4. For part (ii), notice that the uniform convergence results in

(A.2)-(A.3) along with Lemma A1 imply that M̂1
p−→M1. If (1) is violated with positive

probability over our testing range, we haveM1 > 0. Since L · h
q
2
L → ∞, the result in part

(ii) of Lemma A5 follows.

Lemma A5 proves Proposition B1.
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1.2 Proposition B3

Following parallel steps to the proof of Lemma A1, we can show that under Assumptions

B.1, B.3 and B.7, we have

Pr
[
I
n,n′

i,j 6= Î
n,n′

i,j for at least one i, j ∈ 1, . . . , L over our testing range
]
−→ 0 ∀ n, n′ ∈ N .

(A.8)

From here on we will abbreviate

(L)2 ≡ L · (L− 1).

(A.8) will allow us to study M̂3 as

M̂3 =

1

(L)2

∑
i6=j

 ∑
n,n′∈N

1{Ni = n} ·
(
1{BNi:Ni ≤ Zj} − λ̃

−i,j
n,n′(Zj |Xi)

)
·
(
Ĝ−i,jn:n (Zj |Xi)− λ̂−i,jn,n′(Zj |Xi)

)
· In,n

′

i,j



A linear representation for λ̃−i,jn,n′λ̃−i,jn,n′λ̃−i,jn,n′ and Ĝ−i,jn:n − λ̂
−i,j
n,n′Ĝ−i,jn:n − λ̂
−i,j
n,n′Ĝ−i,jn:n − λ̂
−i,j
n,n′

Let

H3L(U`|z, x, n, n′) =

{
(1 {BN`:N`

≤ z} −Gn:n(z|x))
fX,N (x, n)

· 1 {N` = n}

− (1 {BN`:N`
≤ z} −Gn′:n′(z|x))

fX,N (x, n′)
· ∇λn,n′(z|x) · 1 {N` = n′}

}
· 1
{
Xd
` = xd

}
·K

(
Xc
` − xc

h
L

)
Under the assumptions of Proposition B3 we can show (see, e.g, the Appendix to Aradillas-

Lopez (2010)) that

Ĝ−i,jn:n (z|x)− λ̂−i,j(z|x) = Gn:n(z|x)− λ(z|x) +
1

(L− 2)

∑
` 6=i,j

1

hqL
·H3L(U`|z, x, n, n′) + ς−i,j

L
(x, z, n, n′),

where sup
(x,z)∈T n,n′

3

(n,n′)∈N

∣∣∣ς−i,jL
(x, z, n, n′)

∣∣∣ = Op

(
1

L1−δhqL

)
∀ δ > 0.

(A.9)
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and

λ̃−i,j(z|x) = λ(z|x) +
1

(L− 2)

∑
` 6=i,j

{
1

hqL
· (1 {BN`:N` ≤ z} −Gn′:n′(z|x))

fX,N (x, n′)
· ∇λn,n′(z|x)

× 1
{
N` = n′

}
· 1
{
Xd
` = xd

}
·K
(
Xc
` − xc

hL

)}
+ ς̃−i,j

L
(x, z, n, n′),

where sup
(x,z)∈T n,n′

3

(n,n′)∈N

∣∣∣ς̃−i,jL
(x, z, n, n′)

∣∣∣ = Op

(
1

L1−δhqL

)
∀ δ > 0.

(A.10)

Parallel to Equation (A.4), from (A.9) and (A.10) we have in particular,∣∣∣∣∣ 1

(L)2

∑
i 6=j

{ ∑
n,n′∈N

1{Ni = n} ·
(
λ̃−i,j(Zj |Xi)− λ(Zj |Xi)

)

×
([
Ĝ−i,jn:n (Zj |Xi)− λ̂−i,j(Zj |Xi)

]
−
[
Gn:n(Zj |Xi)− λ(Zj |Xi)

])
· In,n

′

i,j

}∣∣∣∣∣
≤ sup

(x,z)∈T n,n′
3

(n,n′)∈N

∣∣∣λ̃−i,j(z|x)− λ(z|x)
∣∣∣× sup

(x,z)∈T n,n′
3

(n,n′)∈N

∣∣∣[Ĝ−i,jn:n (z|x)− λ̂−i,j(z|x)
]
−
[
Gn:n(z|x)− λ(z|x)

]∣∣∣
= Op

(
1

L1−δ · h
q
2
L · h̃

q
2
L

)
∀ δ > 0

= op

(
1

L · h
q
2
L

)
,

(A.11)

where the last equality follows if we use the δ described in Assumption B.3. Using (A.8)-

(A.11), we can decompose M̂3 as

M̂3 =M3 + Q̂3 + S̃3 + op

(
1

L · h
q
2
L

)
, (A.12)

where

M3 =

1

(L)2

∑
i6=j

 ∑
n,n′∈N

1{Ni = n} · (1{BNi:Ni ≤ Zj} − λn,n′(Zj |Xi)) · (Gn:n(Zj |Xi)− λn,n′(Zj |Xi)) · In,n
′

i,j

 ,

Q̂3 =
1

(L)2

∑
i6=j

{ ∑
n,n′∈N

1{Ni = n} ·
(
1{BNi:Ni ≤ Zj} − λn,n′(Zj |Xi)

)

×
([
Ĝ−i,jn:n (Zj |Xi)− λ̂−i,jn,n′(Zj |Xi)

]
− [Gn:n(Zj |Xi)− λn,n′(Zj |Xi)]

)
· In,n

′

i,j

}
,

S̃3 =

1

(L)2

∑
i6=j

 ∑
n,n′∈N

1{Ni = n} ·
(
λn,n′(Zj |Xi)− λ̃−i,jn,n′(Zj |Xi)

)
· (Gn:n(Zj |Xi)− λn,n′(Zj |Xi)) · In,n

′

i,j

 .
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Define

T3L(Ui, Uj , U`) =
∑

n,n′∈N
1{Ni = n}·

(
1 {BNi:Ni ≤ Zj}−λn,n′(Zj |Xi)

)
·H3L(U`|Zj , Xi, n, n

′)·In,n
′

i,j

and

µ3L(Ui, Uj , U`) =
1

3!

∑
c3(i,j,`)∈
(s1,s2,s3)

T3L(Us1 , Us2 , Us3)

where c3(i, j, `) denotes the 3! permutations (s1, s2, s3) of (i, j, `). By construction, φ3L
is symmetric in its three arguments. From (A.9)-(A.10), and the bandwidth convergence

conditions in Assumptions B.1 and B.3 we can express

Q̂3 =

(
L

3

)−1 ∑
i<j<`

1

hqL
· µ3L(Ui, Uj , U`) + op

(
1

L · h
q
2
L

)
≡ V3L + op

(
1

L · h
q
2
L

)
(A.13)

Under the smoothness conditions in Assumption B.7, it is easy to show that

E

[
1

hqL
T3L(Ui, Uj , U`)

∣∣∣∣Ui, Uj] = O(hM
L
).

In addition, if Equation (3) is satisfied w.p.1 over our testing range, we have

E
[
1{Ni = n} · (1{BNi:Ni

≤ Zj} − λn,n′(Zj |Xi))
∣∣Ni, Xi, Uj , U`, Ii,j = 1

]
= 0

=⇒ E
[
T3L(Ui, Uj , U`)

∣∣Uj , U`] = 0.

Thus, if Equation (3) is satisfied w.p.1 over our testing range and Assumptions B.1, B.3 and

B.7 are satisfied, iterated expectations and a dominated convergence argument show that

E

[
1

hqL
T3L(Ui, Uj , U`)

∣∣∣∣Ui] = O(hM
L
),

E

[
1

hqL
T3L(Ui, Uj , U`)

∣∣∣∣Uj] = E

[
1

hqL
T3L(Ui, Uj , U`)

∣∣∣∣U`] = 0.

(A.14)

From (A.14), if Equation (3) is satisfied w.p.1 over our testing range and Assumptions B.1,

B.3 and B.7 are satisfied, we have

E
[
µ3L(Ui, Uj , U`)

∣∣Ui] = O(hM
L
) = o

(
1

L · h
q
2
L

)
,

where the last equality follows from the bandwidth convergence restrictions in our assump-

tions. Thus, up to a term of order op
(

1

L·h
q
2
L

)
, the term Q̂3 (as shown in (A.13)) is a

degenerate U-statistic of order three. We can analyze its asymptotic distribution by using

the results in Fan and Li (1996), who extended the theory developed in Hall (1984) to

degenerate U-statistics of order higher than two.

9



Lemma A6. Consider a third order U-statistic of the form

V
L
=

(
L

3

)−1 ∑
i<j<`

HL(Ui, Uj , U`),

where {Ui}Li=1 is an iid random sample andHL is a symmetric function, i.e, HL(Ui, Uj , U`) =

HL(Ui, U`, Uj) = HL(Uj , Ui, U`) = HL(Uj , U`, Ui) = HL(U`, Ui, Uj) = HL(U`, Uj , Ui). Sup-

pose E
[
HL(Ui, Uj , U`)

∣∣Ui] = 0 almost surely and E
[
H2
L(Ui, Uj , U`)

]
<∞. Denote

HL(Ui, Uj) = E
[
HL(Ui, Uj , U`)

∣∣Ui, Uj] ,
GL(Ui, Uj) = E

[
HL(Uk, Ui) ·HL(Uk, Uj)

∣∣Ui, Uj] .
If

E
[
G

2

L
(Ui, Uj)

]
+ L−1E

[
H

4

L
(Ui, Uj)

]
{
E
[
H

2

L
(Ui, Uj)

]}2 −→ 0 as L→∞, (A.15)

then
L · V

L√
18 · E

[
H

2

L
(Ui, Uj)

] d−→ N (0, 1).

Proof: This is a special case of Lemma B.4 in Fan and Li (1996).

Lemma A7. Let φa3L and φb3L as we did in the statement of Proposition B3. If Equation

(3) is satisfied w.p.1 over our testing range and Assumptions B.1, B.3 and B.7 are satisfied,

then

L · h
q
2
L
· Q̂3

d−→N
(
0, σ2

3

)
, where σ2

3 =
1

2
· lim
L→∞

E

[
1

hqL
φ3L(Ui, Uj)

2

]
. (A.16)

Proof: Let ρa and ρb be as defined in Assumption B.7(ii). Then we have

E

[
1

hqL
· T3L(Ui, Uj , U`)

∣∣∣∣Ui, U`] =

∑
n,n′∈N

{
ρan,n′(BNi:Ni , BN`:N` , Xi)

fX,N (Xi, n)
· 1 {Ni = n,N` = n} −

ρbn,n′(BNi:Ni , BN`:N` , Xi)

fX,N (Xi, n′)
· 1
{
Ni = n,N` = n′

}}

× 1

{
Xd
i = Xd

`

}
·K
(
Xc
` −Xc

i

hL

)

10



And so if we define φa3L and φb3L as we did in the statement of Proposition B3, namely

φa3L
(Ui, Uj) =

∑
n,n′∈N

{
ρan,n′(BNi:Ni , BNj :Nj , Xi)

fX,N (Xi, n)
+
ρan,n′(BNj :Nj , BNi:Ni , Xj)

fX,N (Xj , n)

}

× 1{Ni = n,Nj = n} · 1
{
Xd
i = Xd

j

}
·K
(
Xc
i −Xc

j

hL

)
φb3L

(Ui, Uj) =
∑

n,n′∈N

{
ρbn,n′(BNi:Ni , BNj :Nj , Xi)

fX,N (Xi, n)
· 1{Ni = n,Nj = n′}

+
ρbn,n′(BNj :Nj , BNi:Ni , Xj)

fX,N (Xj , n)
· 1{Nj = n,Ni = n′}

}
× 1

{
Xd
i = Xd

j

}
·K
(
Xc
i −Xc

j

hL

)
φ3L(Ui, Uj) = φa3L

(Ui, Uj)− φb3L
(Ui, Uj)

Then our previous results imply that, if Equation (3) is satisfied w.p.1 over our testing

range and Assumptions B.1, B.3 and B.7 are satisfied, we have

E

[
1

hqL
· µ3L(Ui, Uj , U`)

∣∣Ui, Uj] = 1

3!

1

hqL
· φ3L(Ui, Uj).

In order to verify if (A.15) is satisfied in the case of the U-statistic V3L , note that under our

assumptions we have

E

[{
E

[
1

h2qL
· φ3L(Uk, Ui) · φ3L(Uk, Uj)

∣∣Ui, Uj]}2
]
= O

(
1

hqL

)
,

E

[
1

h2qL
· φ23L(Ui, Uj)

]
= O

(
1

hqL

)
, E

[
1

h4qL
· φ43L(Ui, Uj)

]
= O

(
1

h3qL

)
.

And therefore the criterion in (A.15) in the case of V3L is of the form

O
(

1
hq
L

)
+O

(
1

L·h3q
L

)
O
(

1
L·h2q

L

) =
O(hq

L
) +O

(
1

L·hq
L

)
O(1)

−→ 0,

where the last result follows from our bandwidth convergence conditions. Therefore, using

(A.13) and Lemma A6 we have that, if Equation (3) is satisfied w.p.1 over our testing range

and Assumptions B.1, B.3 and B.7 are satisfied, then

L · h
q
2
L
· Q̂3

d−→N
(
0, σ2

3

)
, where σ2

3 =
1

2
· lim
L→∞

E

[
1

hqL
φ3L(Ui, Uj)

2

]
. (A.17)

Lemma A8. If Equation (3) is satisfied w.p.1 over our testing range and Assumptions B.1,

B.3 and B.7 are satisfied, then

S̃3 = op

(
1

L · h
L

)
.

11



Proof: One of the implications of Lemma A7 was that Q̂3 = Op

(
1

L·h
q
2
L

)
. Following parallel

steps, we can show the analogous result for S̃3. Namely,

S̃3 = Op

(
1

L · h̃
q
2
L

)

Using the bandwidth convergence rate restrictions in Assumption B.3, this immediately

yields

S̃3 = op

(
1

L · h
q
2
L

)
,

as claimed.

Using (A.12) and our previous lemmas, we have that if Equation (3) is satisfied w.p.1 over

our testing range and Assumptions B.1, B.3 and B.7 are satisfied, then

L · h
q
2
L
· M̂3

d−→ N
(
0, σ2

3

)
, where σ2

3 =
1

2
· lim
L→∞

E

[
1

hqL
φ3L(Ui, Uj)

2

]
.

This proves part (i) of Proposition B3. To prove part (ii), note that the type of uniform

convergence results described in (A.9)-(A.10) along with the result in (A.8) imply that

M̂3
p−→ M3. If (3) is violated with positive probability over our testing range, we have

M3 > 0. Since L · h
q
2
L → ∞, the result in part (ii) of Proposition B3 follows, and its proof

is complete.

2 Proof of Propositions B2 and B4

We now move on to the results that involve testing conditional moment inequalities in the

paper. These are the results described in Propositions B2 and B4. Since the steps and

arguments for proving both propositions are entirely analogous, we focus solely on the proof

of Proposition B2.

Lemma A9. Under Assumptions B.1 and B.4 and B.5,

Pr
[
1

{
f̂−iX,N (Xi, n) ≥ f

}
6= 1

{
fX,N (Xi, n) ≥ f

}
for at least one

i = 1, . . . , L over our testing range
]
−→ 0

for each n ∈ N .

12



Proof: First, note that the probability in Lemma A9 is bounded above by
L∑
i=1

Pr
[
1

{
f̂−iX,N (Xi, n) ≥ f

}
6= 1

{
fX,N (Xi, n) ≥ f

}]
.

By Assumption B.5, we have Pr
[
fX,N (Xi, n) = f

]
= 0. Therefore,

Pr
[
1

{
f̂−iX,N (Xi, n) ≥ f

}
6= 1

{
fX,N (Xi, n) ≥ f

}]
=

E
[
Pr
[
f̂−iX,N (Xi, n) ≥ f

∣∣Xi] · 1{fX,N (Xi, n) < f
}]

+ E
[
Pr
[
f̂−iX,N (Xi, n) < f

∣∣Xi] · 1{fX,N (Xi, n) > f
}]

Next note that our smoothness assumptions imply that

sup
(x,n)∈X×N

∣∣∣∣∣E
[
1

hqL
K

(
Xc
j − xc

h
L

)
· 1
{
Xd
j = xd

}
· 1 {Nj = n}

]
− fX,N (x, n)

∣∣∣∣∣ = O
(
hM

L

)
for any compact sets X and N with the features of our testing range. Let

r̃
L
(Xi, n) = f − E

[
1

hqL
K

(
Xc
j −Xc

i

hqL

)
1{Xd

j = Xd
i }1{Nj = n}

∣∣Xi

]
.

Then by Bernstein’s inequality, for sufficiently large L, there exist positive constants C1 and

C2 such that

Pr
[
f̂−iX,N (Xi, n) ≥ f

∣∣Xi

]
· 1
{
fX,N (Xi, n) < f

}
≤ exp

{
−
(L− 1)hq

L
r̃
L
(Xi, n)

2

C1 + C2r̃L(Xi, n)

}
1
{
fX,N (Xi, n) < f

}
∀ i.

and

Pr
[
f̂−iX,N (Xi, n) < f

∣∣Xi

]
· 1
{
fX,N (Xi, n) > f

}
≤ exp

{
−
(L− 1)hq

L
r̃
L
(Xi, n)

2

C1 − C2r̃L(Xi, n)

}
1
{
fX,N (Xi, n) > f

}
∀ i.

From here, invoking the Lebesgue dominating convergence theorem yields
L∑
i=1

Pr
[
1

{
f̂−iX,N (Xi, n) ≥ f

}
6= 1

{
fX,N (Xi, n) ≥ f

}]
−→ 0,

proving the claim.

A linear representation for η̂−iη̂−iη̂−i

Letting

Hη
L (Uj |z, x; k, n) ={
∇ηa(z, x;n) ·

(
1{BNj :Nj ≤ z −∆} −G∆

n:n(z|x)
)
−∇ηb(z, x; k, n) ·

(
1{Bk:Nj ≤ z} −Gk:n(z|x)

)}
× 1

fX,N (x, n)
· 1{Nj = n} · 1{Xd

i = xd} · 1

hqL
K

(
Xc
j − xc

hL

)
,

13



then under the assumptions of Proposition B2 we have (see, e.g, the Appendix to Aradillas-

Lopez (2010))

η̂−i(z, x; k, n) = η(z, x; k, n) +
1

(L− 1)

∑
j 6=i

Hη
L (Uj |z, x; k, n) + ξ−i

L
(z, x; k, n),

where sup
(x,z)∈T n,k

2

k≤n∈N

∣∣∣ξ−i
L

(z, x; k, n)
∣∣∣ = Op

(
1

L1−δhqL

)
∀ δ > 0

= op(L
−1/2−ε) for some ε > 0,

(A.18)

where the last line follows if we use the δ > 0 described in Assumption B.4.

Lemma A10. Let I
n,k
i = 1

{
fX,N (Xi, n) ≥ f and zn,k ≤ Zi ≤ zn,k

}
. Under the as-

sumptions of Proposition B2, we have

∣∣ξ−i
L

(Zi, Xi; k, n)
∣∣ ≤ ξ

L
∀ i : In,ki = 1,

where

1
{
ξ
L
≥ b

L

}
= op

(
L−1/2−ε

)
for some ε > 0.

Proof: From (A.18), having I
n,k
i = 1 implies

∣∣ξ−i
L

(Zi, Xi; k, n)
∣∣ ≤ sup

(x,z)∈T n,k
2

k≤n∈N

∣∣∣ξ−i
L

(z, x; k, n)
∣∣∣ = Op

(
1

L1−δhqL

)
∀ δ > 0.

Next note that, under the assumptions of Proposition B2 and given the result in Lemma

A9, with probability approaching one, for large enough L we have∣∣∣∣∣∣
η̂−i(Zi, Xi; k, n)− η(Zi, Xi; k, n)−

1

(L− 1)

∑
j 6=i

Hη
L (Uj |Zi, Xi; k, n)

 · In,ki
∣∣∣∣∣∣ ≤ RL

,

where lim
L→∞

E
[
R4

L

]
<∞. As a result, for any δ > 0 we can express ξ

L
as

ξ
L
=

D
L

L1−δhqL
, where lim

L→∞
E
[
D4

L

]
<∞.

From this expression, we have Pr
(
ξ
L
≥ b

L

)
= Pr

(
D

L
≥ b

L
· L1−δ · hq

L

)
. The condition

lim
L→∞

E
[
D4

L

]
<∞ is sufficient (but not necessary) to have

(
b
L
· L1−δ · hq

L

)2 · Pr (D
L
≥ b

L
· L1−δ · hq

L

)
= O(1).
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Since this can be done for any δ > 0, if we use the one described in Assumption B.4, we

obtain

Pr
(
ξ
L
≥ b

L

)
= O

(
1(

b
L
· L1−δ · hd

L

)2
)

= o

(
1

L1+ε

)
for some ε > 0.

From here, Chebyshev’s inequality yields 1
{
ξ
L
≥ b

L

}
= op

(
L−1/2−ε

)
for some ε > 0, as

claimed in Lemma A10.

Let In,ki be as defined in Lemma A10. The result in Lemma A9 allows us to study M̂2 as

M̂2 =
1

L

L∑
i=1


∑
n∈N
k≤n−2

η̂−i(Zi, Xi; k, n) · 1
{
η̂−i(Zi, Xi; k, n) ≥ −bL

}
·1{Ni = n} · In,ki

 .

Let ξ−i
L

be as described in (A.18) and define

ε−iL (k, n) ≡ 2 ·
(∣∣ξ−i

L
(Zi, Xi; k, n)

∣∣+ b
L

)
, with ε

L
= 2 ·

(
ξ
L
+ b

L

)
,

where ξ
L
is as defined in Lemma A10. We will decompose M̂2 as

M̂2 =M2 + Q̂2 + Ŝa2 + Ŝb2 + Ŝc2 + Ŝd2 ,

where

M2 =
1

L

L∑
i=1


∑
n∈N
k≤n−2

η(Zi, Xi; k, n) · 1 {η(Zi, Xi; k, n) ≥ 0} ·1{Ni = n} · In,ki

 ,

Q̂2 =
1

L

L∑
i=1


∑
n∈N
k≤n−2

(
η̂−i(Zi, Xi; k, n)− η(Zi, Xi; k, n)

)
· 1 {η(Zi, Xi; k, n) ≥ 0} ·1{Ni = n} · In,ki

 ,

Ŝa2 =

1

L

L∑
i=1


∑
n∈N
k≤n−2

η(Zi, Xi; k, n) · 1
{
η̂−i(Zi, Xi; k, n) ≥ −bL

}
· 1
{
η(Zi, Xi; k, n) < −ε−iL (k, n)

}
·1{Ni = n} · In,ki

 ,

Ŝb2 =

1

L

L∑
i=1


∑
n∈N
k≤n−2

η(Zi, Xi; k, n) · 1
{
η̂−i(Zi, Xi; k, n) ≥ −bL

}
· 1
{
−ε−iL (k, n) ≤ η(Zi, Xi; k, n) < 0

}
·1{Ni = n} · In,ki

 ,
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Ŝc2 =

1

L

L∑
i=1


∑
n∈N
k≤n−2

η(Zi, Xi; k, n) · 1
{
η̂−i(Zi, Xi; k, n) < −bL

}
· 1 {η(Zi, Xi; k, n) ≥ 0} ·1{Ni = n} · In,ki

 ,

and

Ŝd2 =

1

L

L∑
i=1

{ ∑
n∈N
k≤n−2

(
η̂−i(Zi, Xi; k, n)− η(Zi, Xi; k, n)

)
·
(
1

{
η̂−i(Zi, Xi; k, n) ≥ −bL

}
− 1 {η(Zi, Xi; k, n) ≥ 0}

)

×1{Ni = n} · In,ki

}
,

Lemma A11. If the assumptions of Proposition B2 are satisfied, then Ŝa2 = op(L
−1/2−ε)

for some ε > 0.

Proof: Note first that, by (A.18), we can have η̂−i(Zi, Xi; k, n) ≥ −bL and η(Zi, Xi; k, n) <

−ε−iL (k, n) only if

1

(L− 1)

∑
j 6=i

Hη
L(Uj |Zi, Xi; k, n) ≥ bL +

∣∣ξ−i
L

(Zi, Xi; k, n)
∣∣ .

Letting η = sup
(x,z)∈T n,k

2

k≤n∈N

|η(z, x; k, n)|, we have

Ŝa2 ≤ η×
1

L

L∑
i=1

1

 1

(L− 1)

∑
j 6=i

Hη
L(Uj |Zi, Xi; k, n) ≥ bL +

∣∣ξ−i
L

(Zi, Xi; k, n)
∣∣·1{Ni = n}·In,ki

By Assumption B.6(i), we have∣∣∣∣E [Hη
L (Uj |Zi, Xi; k, n)

∣∣ ξ−i
L

(Zi, Xi; k, n), Ui
]
− E

[
Hη
L (Uj |Zi, Xi; k, n)

∣∣ Ui]∣∣∣∣ = Op
(
ξ−i
L

(Zi, Xi; k, n)
)

But under our smoothness assumptions, we have

E
[
Hη
L (Uj |Zi, Xi; k, n)

∣∣ Ui] = O
(
hM

L

)
where M is as described in Assumption B.1. Therefore,

E
[
Hη
L (Uj |Zi, Xi; k, n)

∣∣ ξ−i
L

(Zi, Xi; k, n), Ui
]
= Op

(
ξ−i
L

(Zi, Xi; k, n)
)
+O

(
hM

L

)
. (A.19)
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From here, by Bernstein’s inequality there exist positive constants C1 and C2 such that

Pr

 1

(L− 1)

∑
j 6=i

Hη
L(Uj |Zi, Xi; k, n) ≥ bL +

∣∣ξ−i
L

(Zi, Xi; k, n)
∣∣ ∣∣∣∣ξ−iL

(Zi, Xi; k, n), Zi, Xi


≤ exp

{
−
(L− 1)hq

L

{
b
L
+Op

(
ξ−i
L

(Zi, Xi; k, n)
)}2

C1 + C2 ·
{
b
L
+Op

(
ξ−i
L

(Zi, Xi; k, n)
)} }

From here, using iterated expectations and dominated convergence arguments together with

our bandwidth convergence rate restrictions we obtain, in particular,

1

L

L∑
i=1

1

 1

(L− 1)

∑
j 6=i

Hη
L(Uj |Zi, Xi; k, n) ≥ bL +

∣∣∣ξ−iL
(Zi, Xi; k, n)

∣∣∣
·1{Ni = n}·In,ki = op(L

−1/2−ε),

for some ε > 0, and therefore Ŝa2 = op(L
−1/2−ε) for some ε > 0, as claimed.

Lemma A12. If the assumptions of Proposition B2 are satisfied, then Ŝb2 = op(L
−1/2−ε)

for some ε > 0.

Proof: Note that

Ŝb2 ≤
1

L

L∑
i=1


∑
n∈N
k≤n−2

ε−iL (k, n) · 1
{
−ε−iL (k, n) ≤ η(Zi, Xi; k, n) < 0

}
·1{Ni = n} · In,ki


≤ ε

L
× 1

L

L∑
i=1


∑
n∈N
k≤n−2

1
{
−ε−iL (k, n) ≤ η(Zi, Xi; k, n) < 0

}
·1{Ni = n} · In,ki

 .

Recall that ε−iL (k, n) ≡ 2 ·
(∣∣ξ−i

L
(Zi, Xi; k, n)

∣∣+ b
L

)
. Let t be the constant defined in As-

sumption B.6(ii). We have

E
[
1

{
−ε−iL (k, n) ≤ η(Zi, Xi; k, n) < 0

} ∣∣ξ−i
L

(Zi, Xi; k, n), Ui
]
≤ O

(
ε−iL (k, n)

)
+ 1

{
εL > t

}
≤ O

(
ε−iL (k, n)

)
+ 1

{
ξL >

t

2
− bL

}
= O

(
ε−iL (k, n)

)
+ op(L

−1/2−ε),

for some ε > 0, where the last equality follows from the same arguments we used in Lemma

A10. From here, iterated expectations along with dominated convergence arguments and

Chebyshev’s inequality yield

1

L

L∑
i=1


∑
n∈N
k≤n−2

1
{
−ε−iL (k, n) ≤ η(Zi, Xi; k, n) < 0

}
·1{Ni = n} · In,ki

 = Op

(
b
1/2
L√
L

)
+O(bL)

(A.20)

17



and therefore

Ŝb2 ≤ εL ×

(
Op

(
b
1/2
L√
L

)
+O(bL)

)
= Op(b

2
L
) = op(L

−1/2−ε) for some ε > 0,

where the last equality follows from the bandwidth convergence restriction for b
L
described

in Assumption B.4.

Lemma A13. If the assumptions of Proposition B2 are satisfied, then Ŝc2 = op(L
−1/2−ε)

for some ε > 0.

Proof: By (A.18), we can have η̂−i(Zi, Xi; k, n) < −bL and η(Zi, Xi; k, n) ≥ 0 only if

1

(L− 1)

∑
j 6=i

Hη
L(Uj |Zi, Xi; k, n) < −bL − ξ−iL

(Zi, Xi; k, n).

And therefore

Ŝc2 ≤ η ×
1

L

L∑
i=1

1

 1

(L− 1)

∑
j 6=i

Hη
L(Uj |Zi, Xi; k, n) < −bL − ξ

−i
L

(Zi, Xi; k, n)

 · 1{Ni = n} · In,ki

≤ η × 1

L

L∑
i=1

1

 1

(L− 1)

∑
j 6=i

Hη
L(Uj |Zi, Xi; k, n) < −bL − ξ

−i
L

(Zi, Xi; k, n)

 · 1{bL + ξ−i
L

(Zi, Xi; k, n) > 0
}

+ η · 1
{
ξ
L
≥ bL

}
= η × 1

L

L∑
i=1

1

 1

(L− 1)

∑
j 6=i

Hη
L(Uj |Zi, Xi; k, n) < −bL − ξ

−i
L

(Zi, Xi; k, n)

 · 1{bL + ξ−i
L

(Zi, Xi; k, n) > 0
}

+ op(L
−1/2),

(A.21)

where the last equality follows from Lemma A10. Suppose b
L
+ξ−i

L
(Zi, Xi; k, n) > 0. Using

(A.19) and Bernstein’s inequality, there exist constants C1 and C2 such that

Pr

 1

(L− 1)

∑
j 6=i

Hη
L(Uj |Zi, Xi; k, n) < −bL − ξ−iL

(Zi, Xi; k, n)
∣∣∣ξ−i

L
(Zi, Xi; k, n), Ui


≤ exp

{
−
(L− 1)hq

L

{
b
L
+Op

(
ξ−i
L

(Zi, Xi; k, n)
)}2

C1 + C2 ·
{
b
L
+Op

(
ξ−i
L

(Zi, Xi; k, n)
)} } .

In particular, this exponential inequality yields

1

L

L∑
i=1

1

 1

(L− 1)

∑
j 6=i

Hη
L(Uj |Zi, Xi; k, n) < −bL − ξ

−i
L

(Zi, Xi; k, n)

 · 1{bL + ξ−i
L

(Zi, Xi; k, n) > 0
}

= op(L
−1/2−ε) for some ε > 0,

from here and (A.21) we obtain Ŝc2 = op(L
−1/2−ε) for some ε > 0, as claimed.
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Lemma A14. If the assumptions of Proposition B2 are satisfied, then Ŝd2 = op(L
−1/2−ε)

for some ε > 0.

Proof: We have

Ŝb2 ≤ sup
(x,z)∈T n,k

2

k≤n∈N

∣∣∣η̂−i(z, x; k, n)− η(z, x; k, n)∣∣∣
× 1

L

L∑
i=1

(
1
{
η̂−i(Zi, Xi; k, n) ≥ −bL

}
− 1 {η(Zi, Xi; k, n) ≥ 0}

)
= Op

(
1√

L1−δ · hqL

)
× 1

L

L∑
i=1

(
1
{
η̂−i(Zi, Xi; k, n) ≥ −bL

}
− 1 {η(Zi, Xi; k, n) ≥ 0}

)
∀ δ > 0,

where the last equality follows from the arguments leading to (A.18) under our assump-

tions. Repeating some of the steps used in our proofs of Lemmas A11-A13 (the exponential

inequalities established in Lemmas A11 and A13, along with Equation A.20 in Lemma A12)

we can show that

1

L

L∑
i=1

(
1
{
η̂−i(Zi, Xi; k, n) ≥ −bL

}
− 1 {η(Zi, Xi; k, n) ≥ 0}

)
= Op(bL).

And from here we obtain

Ŝb2 ≤ Op

(
b
L√

L1−δ · hqL

)
∀ δ > 0

= op(L
−1/2−ε) for some ε > 0,

where the last equality follows if we use the δ > 0 described in Assumption B.4.

Combining Lemmas A11-A14, we have

M̂2 =M2 + Q̂2 + op(L
−1/2−ε) for some ε > 0,

where

M2 =
1

L

L∑
i=1


∑
n∈N
k≤n−2

η(Zi, Xi; k, n) · 1 {η(Zi, Xi; k, n) ≥ 0} ·1{Ni = n} · In,ki

 ,

Q̂2 =
1

L

L∑
i=1


∑
n∈N
k≤n−2

(
η̂−i(Zi, Xi; k, n)− η(Zi, Xi; k, n)

)
· 1 {η(Zi, Xi; k, n) ≥ 0} ·1{Ni = n} · In,ki

 .
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Let

HηL(Ui, Uj ; k, n) = Hη
L (Uj |Zi, Xi; k, n) · 1 {η(Zi, Xi; k, n) ≥ 0} · 1{Ni = n} · In,ki ,

GηL(Ui, Uj ; k, n) =
1

2
· (HηL(Ui, Uj ; k, n) +H

η
L(Uj , Ui; k, n)) .

Using (A.18), we can express

Q̂2 =

(
L

2

)−1∑
i<j


∑
n∈N
k≤n−2

GηL(Ui, Uj ; k, n)

+ op(L
−1/2−ε) for some ε > 0.

A Hoeffding decomposition (see,Hoeffding (1961) and Lemma 5.1.5.A in Serfling (1980)) for

the second-order U-statistic on the right hand side states that(
L

2

)−1∑
i<j


∑
n∈N
k≤n−2

GηL(Ui, Uj ; k, n)

 =

∑
n∈N
k≤n−2

E [GηL(Ui, Uj ; k, n)] +
2

L

L∑
i=1


∑
n∈N
k≤n−2

(
E
[
GηL(Ui, Uj ; k, n)

∣∣Ui]− E [GηL(Ui, Uj ; k, n)]
)+Op

(
1

LhqL

)

Letting θa2 and θb2 be as defined in Assumption B.5(ii), then under the smoothness assump-

tions described there, we have

E
[
GηL(Ui, Uj ; k, n)

∣∣Ui] = 1

2

{
θa2 (BNi:Ni , Xi; k, n)− θb2 (Bk:Ni , Xi; k, n)

}
· 1{Ni = n}+O(hM

L
),

E [GηL(Ui, Uj ; k, n)] = O(hM
L
).

From here we have(
L

2

)−1∑
i<j


∑
n∈N
k≤n−2

GηL(Ui, Uj ; k, n)


=

1

L

L∑
i=1


∑
n∈N
k≤n−2

(
θa2 (BNi:Ni , Xi; k, n)− θb2 (Bk:Ni , Xi; k, n)

)
· 1{Ni = n}

+O(hM
L

) +Op

(
1

LhqL

)

=
1

L

L∑
i=1


∑
n∈N
k≤n−2

(
θa2 (BNi:Ni , Xi; k, n)− θb2 (Bk:Ni , Xi; k, n)

)
· 1{Ni = n}

+ op(L
−1/2−ε) for some ε > 0,

where the last result follows from the bandwidth convergence restrictions described in

Assumptions B.1 and B.4. Denote

φ2(Ui) =
∑
n∈N
k≤n−2

{
θa2 (BNi:Ni , Xi; k, n)− θb2 (Bk:Ni , Xi; k, n)

}
· 1{Ni = n}
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Iterated expectations show that E [φ2(Ui)] = 0. As we defined in (14), let

M2 = E

 ∑
n∈N
k≤n−2

max {η(Zi, Xi; k, n), 0} ·1{Ni = n} · In,ki


Combining our previous results, we obtain

M̂2 =M2 +
1

L

L∑
i=1


∑
n∈N
k≤n−2

η(Zi, Xi; k, n) · 1 {η(Zi, Xi; k, n) ≥ 0} ·1{Ni = n} · In,ki −M2


+

1

L

L∑
i=1

φ2(Ui) + op(L
−1/2−ε) for some ε > 0.

As a result,

(i) If (2) is satisfied as a strict inequality w.p.1 over our testing range, thenM2 = 0 and

we also have 1 {η(Zi, Xi; k, n) ≥ 0} = 0 almost surely over our testing range. This

yields,
√
L · M̂2 = op

(
L−ε

)
for some ε > 0

(ii) If (2) is satisfied w.p.1 over our testing range and it holds as an equality over a

subset of it with strictly positive probability measure, we still have M2 = 0, but

1 {η(Zi, Xi; k, n) ≥ 0} = 1 with strictly positive probability. Then, M̂2 = 1
L

∑L
i=1 φ2(Ui)+

op(L
−1/2−ε) for some ε > 0. From here we have

√
L · M̂2

d−→ N
(
0, σ2

2

)
, where σ2

2 = E
[
φ2(Ui)

2
]
.

(iii) If (2) is violated with positive probability over our testing range, then M2 > 0 and

since M̂2 =M2 +Op(L
−1/2), we obtain

√
L · M̂2

p−→ +∞

This proves Proposition B2.
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