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pendent?”
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Equations in this appendix are numbered in a format (A.xx). Equation numbers without

this format refer to those in the main paper.

1 Proof of Propositions B1 and B3

we begin by proving the results that involve testing conditional moment equalities in the

paper. These are the results described in Propositions B1 and B3.

1.1 Proposition B1
Lemma A1l. Under Assumptions B.1, B.3 and B.2,
Pr{ﬂ {f)}fN(X,-,NZ-) > i} #1 {fX,N(Xi,NZ-) > i} for at least one
i=1,...,L over our testing range| — 0

Proof: First, note that the probability in Lemma Al is bounded above by

ZPr[ {fXN XZ,N)>f}7é]l{fXN XZ,N)Zi}}.

By Assumption B.2(i), we have Pr [fx,n(X;, N;) = f] = 0. Therefore,
Pr[u{fn (X N) 2 [} # 1 {Fxn(Xi ) 2 £}] =
B [P [0 > ] 1 {0 < 1]
+E[Pr [fXN( D) <f‘XZ,N] 1{fx.n(Xi, Ni) >f}]

Next note that our smoothness assumptions imply that
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for any compact sets X and N with the features of our testing range. Let

~ 1 X7 — X7 d
5. (Xe, Ng)=f—-FE 5 — K —a X} =
L

Then by Bernstein’s inequality (see Section 2.2.2 in van der Vaart and Wellner (1996)), for

sufficiently large L, there exist positive constants C; and C5 such that

Pr [f)}fN(Xi7Ni) > 1‘Xi7zvi} L fxeon(Xi, Vi) < f)

[ DR, (X N
=P Cy + Cos, (X5, N;)

}]1 {fxn(Xi,Ni) < [} Vi
and

r [f)}fN(Xi,Ni) <i‘Xi,Nz} 1 {fxn(Xin) > f)

< (L — l)h‘igL (XZ‘,NZ-)2
=PV - 0, (X0, )

}l{fX,N(Xini) >i} Y i.
From here, invoking the Lebesgue dominating convergence theorem yields
ZPr[ {Fen (XN = £ # 1 {fxn(X, No) > £} —0

proving the claim. [J

As we defined in the statement of Proposition B1, let

L=1{N;eN and fxn(Xi;,N;)> [},
I,=1 {Ni e N and f)}fN(Xi,Ni) 2 i}

From Lemma Al we have

r|1; # T; for at least one i = 1, ..., L over our testing range} —0 (A1)
A linear representation for o1, 717", éop ™"
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Under the assumptions of Proposition B1, we can show (see, e.g, the Appendix to Aradillas-

Lopez (2010)) that

éov™" (BI,BH|1',71) =cov (BI,BII|I,TL) + 1 Z iHlL(Uj|ac,n) + s;i(x,n),

L-1 a
) 1
where sup e (x,n ‘ =0 () Vé>0
(ac,n)]E)Tl - ( ) P Lliéhz
(A.2)

and
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Note, in particular, that (A.2) and (A.3) imply that
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Eif (I7n)’:Op <Ml> Vé>0.
L
(A.3)
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where the last line follows if we use the § described in Assumption B.3.

(A.4)

The result in Equation (A.1) allows us to study M, as

L

M 1 ~]* 77— g
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From here, it will be convenient to decompose M 1 in the following way,

o~

My =M+ 0 +8*+ 8,

(
(
(I/I(XZ',Ni) DX N =B (X, N -a”"'(Xi,Ni)) - cov (BI,B”|XZ~,NZ~) I,

(’/I(Xi,Ni) (X N = (X ) ﬁll_i(XiaNi))
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L-h2
where the last result follows directly from (A.4). Thus,

— _ ~ ~ 1
M1 = Ml + Ql +8f + Op <Lq> . (A5)

L

Let

61, (U, Uy) = | (BIBI" = v! (Xi, Now"! (X0, N) ) - T - Hu, (U X, o)

+ (BJI'Bfl - ’/I(XJ>NJ)VII(Xj7Nj)) <L HlL(Ui|Xj7Nj)]

By (A.2) we have

. L\t 11 1 1
Q1 = <2> ;E i) “¢1, (Ui, Uj) + op <th> =Vi,+op (th> : (A.6)

L

Next note that E [B]I-B]U — Z/I(Xj,Nj)I/II(Xj,Nj)’UZ‘,Xj,Nj] = 0. In addition, under the
smoothness conditions described in Assumption B.1 we have

1
E |:hq . HlL(Uj|Xi7Ni)|Ui,Xj7Nj:| — O(hILV[)
L

This, along with iterated expectations and a dominated convergence argument yield

1 1
E l:hq'(blL(Ui’Uj”Ui] = O(hﬁ/[) = 0p ( Q> )
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where the last equality follows from the bandwidth convergence restrictions described in

q), the term @1 is a
L-h?
degenerate U-statistic of order two. Applying Theorem 1 of Hall (1584) we can obtain its

Assumptions B.1 and B.3. That is, up to a term of order o, <

asymptotic distribution.

Lemma A2. Consider a second order U-statistic of the form
L
vV, = (2> > H, (U, Uy,
1<J
where {U;}L | is an iid random sample and H, is a symmetric function, i.e., H, (U;,U;) =

H,(U;,U;). Assume E [H, (U;,U;)|U;] = 0 almost surely and E [H?(U;,U;)] < oc. Define

G, (U, U;) = E [H, (Uy,U;) - H, (U, U;)|U;, U;] -

If
E[G} (U, U)| + L E [H; (U, Uj)] —0 asL — o0 (A7)
(B 12U, U]}
then
LV, -4 N(0,1).

\/2 E[H2(U;, U;)]
Proof: This is Theorem 1 in Hall (1984). O

Lemma A3. Under the assumptions of Proposition B1, we have

L-h

[SINTEY

Vi, -5 N (0,02)

where 0 = 1 - lim/ o E %QS%L(U“ Uj)}. Therefore, by (A.6) we also have
L-h% -0 -5 N (0,09)

Proof: Under the existence-of-moment condition in Assumption B.2, it is not hard to show

1
—O(hz)’
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o ten] <o (). #[5m eu] =0 (5).

And therefore the criterion in (A.7) in the case of the U-statistic V3, in (A.6) is of the form

o (7 )+O(Lh3q) O1) +0 (47 )
O<#> - o(1) 0
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where the last result follows from the bandwidth convergence restriction L-h? — 0. There-

fore, the conditions of Lemma A2 are satisfied for the U-statistic V4, in (A.6) and we obtain

L-h

ok

Vi, i>./\f(0,af)

where 07 = % dimp oo B % %L(Ui, Uj)}. O
Lemma A4. Under the conditions of Proposition B1, we have

~ 1
Si=o0, — |-
L-h?

Proof: Note that one of the implications of Lemma A3 is that @1 =0, ( L T ) Following
L2

the same steps, we can show the analogous result for gf Namely,

~ 1 1
SI=0p——=|=0|—=];
L-h} L-h}

where the last equality follows from the bandwidth convergence conditions in Assumption

B3 O
Lemma A5. Under Assumptions B.1, B.3 and B.2,
(i) If (1) is satisfied w.p.1 over our testing range, then
Lh% ./T/l\l i>./\/'(0,0'§)
where 0f = £ - limp o0 F [#%L(Ui, Uj)Q]

(ii) If (1) is violated with nonzero probability over our testing range, then
L - h? . M\l N +0oo
Proof: If (1) is satisfied w.p.1 over our testing range, we have cov(B!, BI|X; N;)-1; =0
almost surely. Therefore, M; = 0 almost surely and part (i) of Lemma A5 follows from
Eq. (A.5) and Lemmas A3-A4. For part (ii), notice that the uniform convergence results in
(A.2)-(A.3) along with Lemma A1 imply that My 25 My, If (1) is violated with positive
probability over our testing range, we have M; > 0. Since L - h% — 00, the result in part

(ii) of Lemma A5 follows. O

Lemma A5 proves Proposition B1. O



1.2 Proposition B3

Following parallel steps to the proof of Lemma Al, we can show that under Assumptions

B.1, B.3 and B.7, we have

Pr [I[;LJ"/ + /]ff]"/ for at least one 4,5 € 1,..., L over our testing range] —0 VYn,n eN.

From here on we will abbreviate
(L)o=L-(L-1).

(A.8) will allow us to study Ms as
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Under the assumptions of Proposition B3 we can show (see, e.g, the Appendix to Aradillas-

Lopez (2010)) that

S ~ 1 1 iy
Gl (z|lz) = A7 (z|z) = Grin(2lx) — M(2|2) + —— Z e Hs, (Uglz,z,n,n') + s, " (z,2,n,n"),
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and

X (2l) = Azla) + — Z{l (BN, < 2} = G () Gy

(L-2) 2= hi fxn(z,n)

x1{Ne=n'} - 1{X{ ="} - K (Xéc_xc>}+€;"’j(x,z,n,n’),
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(A.10)

Parallel to Equation (A.4), from (A.9) and (A.10) we have in particular,

ﬁ Z{ > uNo=n}- (AH(Z1X) - AZ1X)
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where the last equality follows if we use the § described in Assumption B.3. Using (A.8)-

(A.11), we can decompose Ms as

~ L 1
Mz =Msz+Q3+83+0p <q> , (A.12)
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Define

T3, (U, U, Ur) = Y 1{N; = ”}'(]1 {Bn,v, < Zj}—/\n,n'(Zj|Xz‘))'H3L(U6\Zj>Xz'an,n')'HZ’jn
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where ¢3(i, j,¢) denotes the 3! permutations (s1, $2,s3) of (i,4,¢). By construction, ¢s,
is symmetric in its three arguments. From (A.9)-(A.10), and the bandwidth convergence
conditions in Assumptions B.1 and B.3 we can express
-1
QO3 = (g) Z % ~u3, (Ui, Uy, Ug) + 0y <L1hg> =Vs, +o0p <L1hg> (A.13)
<j<l v s p
Under the smoothness conditions in Assumption B.7, it is easy to show that
1

E |:th3L (Uu U]a Ue)
L

Ui,U]} = O(hM).
In addition, if Equation (3) is satisfied w.p.1 over our testing range, we have
E[1{N; = n} - ({Bn;:~, < Z;} — Ao (Z51X3)) | Niy X, Uy, Ug, I j = 1] = 0
= E|[T3,(U;,U;,U,)|U;,Ug] = 0.
Thus, if Equation (3) is satisfied w.p.1 over our testing range and Assumptions B.1, B.3 and

B.7 are satisfied, iterated expectations and a dominated convergence argument show that

1
E |:th3L (UZa Uja Uf)
L

0| = o),
(A.14)

1
E |:th3L (Ui) Uj7 Ué)
L

1
U]} =F |:th3L(Ui,Uj,Ug)
L

| =o.

From (A.14), if Equation (3) is satisfied w.p.1 over our testing range and Assumptions B.1,
B.3 and B.7 are satisfied, we have

1
E [ugL(Ui,Uj,Uz)|Ui] = O(hJLM) =0 (L h%) y

where the last equality follows from the bandwidth convergence restrictions in our assump-

tions. Thus, up to a term of order o, <L23>, the term Qs (as shown in (A.13)) is a
L

degenerate U-statistic of order three. We can analyze its asymptotic distribution by using

the results in Fan and Li (1996), who extended the theory developed in Hall (1984) to

degenerate U-statistics of order higher than two.



Lemma A6. Consider a third order U-statistic of the form
N\
vV, = (3) Z Hi(U;, U, Uy),
i<j<t

where {U;}%_ | is an iid random sample and H}, is a symmetric function, i.e, Hy,(U;, U;,U;) =
HL(U’L7 UZ7 Uj) = HL(Uju Ui7 Uf) = HL(U]7 Uf, U’L) = HL(UZ7 Uia Uj) = HL(U[, Uj? Ul) Sup_
pose E [HL(Ui7 Uj, Ug)’UZ'] = 0 almost surely and F [H%(Ui, Uj, Ug)] < 00. Denote

H(U;,U;) = E [H(U;, U, Up)|U;, U]

GL(U;,U;) = E [Hp(Uy, Us) - Ho(Ux, Uy) | U, U]

' B[ W.0y] + 1B [ 00
5 — 0 as L — oo, (A.15)
CILACRI
then
LV L5 N(0, 1).

\/18 E [Fﬁ(Ui, Uj)}

Proof: This is a special case of Lemma B.4 in Fan and Li (1996). O

Lemma A7. Let ¢35, and ¢1§L as we did in the statement of Proposition B3. If Equation
(3) is satisfied w.p.1 over our testing range and Assumptions B.1, B.3 and B.7 are satisfied,

then

~ 1 1
L-h} Qs LN (0,02), where of = 5 jim B [hqqs%(Ui,Uj)?} : (A.16)
—00 L

Proof: Let p® and p® be as defined in Assumption B.7(ii). Then we have

1
E |:h7 : T3L (UZ7 Uj7 UZ)
L

Ui,UZ] =
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fx,n(Xi,n')
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And so if we define ¢3, and ¢gL as we did in the statement of Proposition B3, namely

3 Pt (BNgiNgs BNjings Xi) P (BNjing s Bnging s X5)
fX,N(Xivn) szN(Xj7n)

¢5, (U, U;) =
n,n’eN

X¢ _ X¢
x 1{N; = n, N; :n}ll{X{i:X‘f}-K(%)
L

Z { pz,n’(BNi:Nm BNj:Nj , Xi)

¢5, (Ui, U;) = -1{N; =n,N; =n'}

ey Ix,n(Xs,n)
b
Pn n/(BNj:Nj,BNi:NivXj) / d d ch _XJC
’ LN, = n, Ni = 1dxd = xdl g (22
* Fren(X.n) (N5 = N =n') g { i} h,

3., (U, Uj) = 65, (Ui, Uy) — 5, (U, Uy)
Then our previous results imply that, if Equation (3) is satisfied w.p.1 over our testing
range and Assumptions B.1, B.3 and B.7 are satisfied, we have

11

1
E [hq 'MSL(UianaUé)’UhUj] =3 - 93, (Us, Uj).
L . L

In order to verify if (A.15) is satisfied in the case of the U-statistic V3, , note that under our

1
:O<hz>’

1 1 1 1
E [ : ¢2L<Ui,04>} =0 () , B [ : i(Ui,Uv)} ~0 () .
h%q 3 J h% hiq 3 J h:zq

And therefore the criterion in (A.15) in the case of V3, is of the form

0 () +0 (k) o 1)+0 (i)
o(ziz) ow

where the last result follows from our bandwidth convergence conditions. Therefore, using

assumptions we have

2
E {E [hlzq 3, (Ui, Uy) - 6, (Ui U |U“UH

— 0,

(A.13) and Lemma A6 we have that, if Equation (3) is satisfied w.p.1 over our testing range
and Assumptions B.1, B.3 and B.7 are satisfied, then

g =~ 1
L-h2-0Q Y (0,03), where o3=<- hm E [hq ¢3, (Ui, U;) } (A.17)

2
O

Lemma AS8. If Equation (3) is satisfied w.p.1 over our testing range and Assumptions B.1,

. 1
S3:0P(L.h )

11

B.3 and B.7 are satisfied, then




Proof: One of the implications of Lemma A7 was that @3 =0, < L ) . Following parallel
L-h

ol

steps, we can show the analogous result for 53. Namely,

§3 =0p 1~g
L-h?

Using the bandwidth convergence rate restrictions in Assumption B.3, this immediately
~ 1
83 = 0p 7 5
L-h?

Using (A.12) and our previous lemmas, we have that if Equation (3) is satisfied w.p.1 over

yields

as claimed. [

our testing range and Assumptions B.1, B.3 and B.7 are satisfied, then

e = d T 1
L-h2-Mz—N(0,03), where o3 = 3 ngr;oE LL%%L(UmUj)Q} .

This proves part (i) of Proposition B3. To prove part (ii), note that the type of uniform
convergence results described in (A.9)-(A.10) along with the result in (A.8) imply that
M\g 2y Mg, If (3) is violated with positive probability over our testing range, we have
M3 > 0. Since L - h% — 00, the result in part (ii) of Proposition B3 follows, and its proof

is complete. [

2 Proof of Propositions B2 and B4

We now move on to the results that involve testing conditional moment inequalities in the
paper. These are the results described in Propositions B2 and B4. Since the steps and
arguments for proving both propositions are entirely analogous, we focus solely on the proof

of Proposition B2.
Lemma A9. Under Assumptions B.1 and B.4 and B.5,
Pr{]l {f;’N(X“n) > i} #1 {fXJv(Xi,n) > i} for at least one
1=1,..., L over our testing range} —0

for each n € .

12



Proof: First, note that the probability in Lemma A9 is bounded above by

ZPT L {FenXim) = £} # 1 {Fxn(Xim) 2 £}
By Assumption B.5, we have Pr [fX,N(XZ-,n) = ﬂ = 0. Therefore,
Pr(L{fein(Xun) 2 £} # L{fxn(Xin) 2 £}] =

E [Pr [f;fN(th) zi}xl} 1 {fx.n(Xi,n) <i}] T E [Pr [f;}fN(Xi,n) <i|Xl} 1 {fx.n (X n) >i}}

Next note that our smoothness assumptions imply that

sup

=0 (hM
(z,n)EXXN ( L )

X6 g°
E{hlzK( thz >~1{X§l:xd}~]l{Nj :n}] — fx.n(z,n)

for any compact sets X and N with the features of our testing range. Let

1

=~ X; - X d d
7 (Xyn)=f-F {hq K (h‘g) H{X¢ = XM {N; = n}]XZ} .

Then by Bernstein’s inequality, for sufficiently large L, there exist positive constants C; and

C5 such that

Pr |:f/;sz(Xz,n) Z i‘Xl:| -1 {fXJ\[(Xi,Tl) < i}

§ (L — 1)he7, (X;,n)?
=SPAUTTC T Gor, (Xun)

} 1{fxn(Xin) < f} Vi
and
r[Fein(Xim) < £1] 1 {fxn(Xim) > £}

< (L B 1)”{’1 (Xivn)z
=P TTe CGor, (Xun)

}1{fX,N(Xi,n) > fovi
From here, invoking the Lebesgue dominating convergence theorem yields
ZPr[ {fXN (Xi,n) >f} £1{fxn(Xin) >f}} 0,

proving the claim. [

A linear representation for 7
Letting
H] (Ujlz,z;k,n) =

{Vﬁ“(z,m; n) - (1{BN_7:N_7. <zoA)— Gﬁ‘m(z|m)) — V' (2,2 k,n) - (1{Bren, < 2} — ka(z|:1c))}

1 d d 1 X5 —a°
N, =) {XP =)~ K
* Fxon (@) Ny =nj- HXS =27 hi, ( h, ’
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then under the assumptions of Proposition B2 we have (see, e.g, the Appendix to Aradillas-

Lopez (2010))
1

’ITi(Z,:Z}; kan) = TI(ZJ, k?“) + m ZHZ (Uj|z,x;k,n) + g;i(ZVT; k,’ﬂ),
J#i
_ 1
where ( iug; ) gLZ(z,x;kz,n)‘ =0, (Ll‘sh‘i) V>0 (A.18)
x,z)€Ty"

k<neN

= 0,(L7Y/27¢) for some € > 0,

where the last line follows if we use the § > 0 described in Assumption B.4.

Lemma A10. Let ]I?’k =1 {fX,N(Xi,n) > f and 2k < Z, < E”’k}. Under the as-

sumptions of Proposition B2, we have

‘E (Z“X“k‘,n)’ < EL Vi: H?’k = 1,

—1i
L

where

1 {EL > bL} =0p (L_l/Q_e) for some € > 0.

Proof: From (A.18), having ]I?’k = 1 implies

—i — 1
€4 Zi, Xiskyn)| < sup . 3 (z,x;k,n)‘ =0, (L15hq> V6 >0.
(z,2)ET" L
k<neN

Next note that, under the assumptions of Proposition B2 and given the result in Lemma

A9, with probability approaching one, for large enough L we have

. 1
ﬁz(Zi,Xi;kj,n) — n(ZZ,X“ k,n) — m ZH}Z (Ujlzz,X“ k,n) . ]IZLJC S RL7
J#i

where LM E [Rﬂ < 00. As a result, for any § > 0 we can express EL as
hde el

- D

£, = W7 where lim E [Di] < 00.

L—oo

From this expression, we have Pr (EL > bL) = Pr (DL >b, - L'7°. h‘i) The condition

LM E [D!] < o is sufficient (but not necessary) to have
—00

(b, - L0 -17)* . Pr(D, >b, - L'° - h?) = O(1).
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Since this can be done for any § > 0, if we use the one described in Assumption B.4, we

obtain

_ 1 1
Pr(ngbL):O((bl]l—éhd)Q>:0(I/l+e> forsome€>0.

From here, Chebyshev’s inequality yields 1 {EL > bL} = 0p (Lil/zfe) for some € > 0, as

claimed in Lemma A10. O

Let ]I?’k be as defined in Lemma A10. The result in Lemma A9 allows us to study M\g as

L
_— 1 ) .
M= 23>0 > 72 Xiskon) - 1{i"(Zi, Xisk,n) > =b, } 1{N; =n} - T}"*
=1 neN
k<n—2

Let £ be as described in (A.18) and define
e (kyn) =2 (|&,"(Zi, Xisk,n)| +b,), with g, =2-(£, +b,),

where EL is as defined in Lemma A10. We will decompose M\g as

—

My =My + Qg+ 8% + 8 + 85 + 8¢,

where
1 L
Mo — . L. . . L. . L= . nk
M2 - Z Z Z W(Zz,X17k7”) ]l {U(thukvn) Z 0} ]]'{Nl - n} ]Iz )
i=1 neN
k<n—2

L
Q=753 5 (A2 Xiskom) — n(Zi, Xisk,m)) - L{n(Zi, Xizk,m) > 0} -1{N: = n} -T* 1
=1

L
neN
k<n-—-2

L
S i Xaskon) 1 {57 (2 X ko) 2 <0, } 1 {020 X hon) <~ (b m) b LN =} TR G

i=1 neN
k<n-—2

$2
[

>° 0z Xikom) - {7 (20 Xckom) 2 b, b1 {=ep (ko) < n(Zi, Xiskon) < 0} A{N; =n} - 0

i=1 neN
k<n-—2

|
M-

15



L
=1 neN
k<n—2
and
SY =

XL{N; —n}~ﬂ?’k},

Lemma A11l. If the assumptions of Proposition B2 are satisfied, then §g = 0,(L™1/27)

for some € > 0.

Proof: Note first that, by (A.18), we can have 1~ 4(Z;, X;; k,n) > —b, and n(Z;, X;;k,n) <

—e, " (k,n) only if

b —i
(L _ 1) ZHZ(UJ|Zi7Xi;k7n) >b, + ‘§L (Z;, Xi; ]{),n)’ .
J#i
Letting 7=  sup  |n(z,x;k,n)|, we have
(z,2)€T""
k<neN

L
Su 1 1 i n,k
Sy < ”Xz; N Zﬁ: H(Uj|Zi, Xiskon) > b, + |€°(Zi, Xiskyn)| o 1{N; = n}-T;

By Assumption B.6(i), we have
’E [H] (U;|Zi, Xisk,n) | € 4(Zi, Xiskyn), U] — E [H] (Uj| Zi, X1 k,n) | Us]| = Op (£, (Zi, X3k, m))
But under our smoothness assumptions, we have
E[H} (Uj|Zi, Xi3k,n) | U] = O (RM)
where M is as described in Assumption B.1. Therefore,

E [H] (U;j|Zi, Xisk,n) | € 1(Zi, Xi3k,n), U] = Oy (€, (Zi, Xisk,n)) + 0 (M) . (A.19)
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From here, by Bernstein’s inequality there exist positive constants C; and C5 such that

Pr (L ;H”U|Z“Xz,kn)>b + &4 Zi, Xis kyn)

< exp {_(L —Dhi {b, + 0y (éfi(Zi,Xi;k,n))}z }

" Zi, Xisk,n), Zi, X,

Ci+Co-{b, + 0, (§1(Zi, Xis k) }

From here, using iterated expectations and dominated convergence arguments together with

our bandwidth convergence rate restrictions we obtain, in particular,

LZ { ZH"U|ZZ,XZ,I<:n)>b +

J?ﬁz

0 Xk, n))}-ﬂ{m = n}I* = 0, (L7127,

for some € > 0, and therefore §§ = op(L*I/Q*E) for some € > 0, as claimed. [J

Lemma A12. If the assumptions of Proposition B2 are satisfied, then 3\5 = 0, (L™1/?7¢)

for some € > 0.

Proof: Note that

L
~ 1 ) )
S < 7 SN et kon) - 1 {—e (kyn) < 0(Zi, Xisk,m) < 0} -1{N; = n} - I}""

L
— 1 —q n,k
<Eg, X I Z Z 1{—e;'(k,n) <n(Z;, Xi;k,n) <0} -1{N; =n} - I
=1 neN
k<n—2
Recall that ¢}, (k: n)=2- (‘{ (Zi, X k,n ’ ) +b, ) Let t be the constant defined in As-
sumption B.6(ii). We have

[ {—sL (kyn) < 1(Zi, Xis by <0} &4 (Z0, X3 ko), Ui] SO(&Zi(kz,n)) +1{z >}

<0 (6Zi(k,n)) +1 {EL > g - bL}
=0 (L' (hym)) + 0p (L7177,

for some € > 0, where the last equality follows from the same arguments we used in Lemma

A10. From here, iterated expectations along with dominated convergence arguments and

Chebyshev’s inequality yield

)=

L 1/2
, b
§ : § : 1{—e;'(k,n) <n(Zi, Xis;k,n) <0} -L{N; =n} - I}" 3 =0, | L= | +0O(br)
i=1 neN \FL

k<n-—2
(A.20)
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and therefore

1/2
S <z x (Op <li;f> + O(bL)> =0,(%) = 0,(L™Y%7¢)  for some € > 0,

where the last equality follows from the bandwidth convergence restriction for b, described

in Assumption B.4. [

Lemma A13. If the assumptions of Proposition B2 are satisfied, then 8§ = 0p(L=1/%7¢)

for some € > 0.
Proof: By (A.18), we can have 774(Z;, X3 k,n) < —b, and n(Z;, X;; k,n) > 0 only if

ZH“ (U;1Zi, Xis ko) < =b, — €7 Zi, Xy, ).

J?ﬁz
And therefore
~ 1 <& -
5 <M X f;l {(L;HW Uj;|Zi, Xi; k,n) < =b, —ggl(Zi,Xi;k,n)} - I{N; :n}.ﬂ?,k
1 & . )
<7 x Z;]l { T ;H” U;|Zs, Xisk,n) < —b, — & ’(Zi,Xi;k,n)} : Jl{bL + & (Zi, Xis k) >0}

L

L . .

=7 x = Z ZH”(U |Zi, Xiskyn) < —b, — &' (Zi, Xi; kyn) ~1{bL+g;’(Zi,Xi;k,n)>o}
i=1 ]#1

(A.21)
where the last equality follows from Lemma A10. Suppose b, —l—{;i(Zi, Xi;k,n) > 0. Using
(A.19) and Bernstein’s inequality, there exist constants Cy and Cy such that

Pr (L JZ#H”U|Z“X“kn)< ~b, — &4 Zi, Xisk,n)

B (L —1)h? {b, + 0, (£7%( Zl,XZ,kn)}Q
=P+ Gy b, + O, (€1(Zi Xy um)) |

“(Zi, Xisk,n),U;

In particular, this exponential inequality yields

J#l

LZ { ZH" (Uj| Zi, Xisk,n) < —b, — €&, i(Zi,Xi;k,n)} ‘]l{bL + &, (Zi, Xisk,n) > 0}

= 0,(L7Y27°)  for some € > 0,

from here and (A.21) we obtain 8§ = 0,(L™1/%27¢) for some € > 0, as claimed. [
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Lemma A14. If the assumptions of Proposition B2 are satisfied, then 8¢ = o, (L~/27¢)

for some € > 0.

Proof: We have

Sy<  sup ﬁ*i(z,x;k,n)*ﬁ(z,x;km)’

(@,2)€T;""
k<neN

IZ( {7 (Zi, Xisk,n) > b, } — 1{n(Z;, Xi:k,n) > 0})
i=1

o, <1> Z "(Zi, Xisk,n) 2 =b, } — 1{n(Z;, Xisk,n) 2 0}) V6 >0,

N=nrs

where the last equality follows from the arguments leading to (A.18) under our assump-
tions. Repeating some of the steps used in our proofs of Lemmas A11-A13 (the exponential
inequalities established in Lemmas A1l and A13, along with Equation A.20 in Lemma A12)

we can show that
L
Z WZi, Xisk,m) > —b, } — 1{n(Zi, Xi;k,n) > 0}) = O,(b,).

And from here we obtain

§3<OP<I’L) V6>0

= 0,(L71/27¢)  for some ¢ > 0,

where the last equality follows if we use the § > 0 described in Assumption B.4. [

Combining Lemmas A11-A14, we have

—

My =My +Qy+ 0p(L™Y%7¢)  for some € > 0,

where

<
b«l\‘ -
U

@
Il
—

™ 0lZ Xshon) - 1{n(Zi, Xiskyn) > 0F (N =} - T 0,

neN
k<n—2

@)

Il
==
'M“

s
Il
i

Z (ﬁ_i(Zi,Xi; k,n) —n(Zi, Xi; k:,n)) 1 {n(Zi, Xis k,n) > 0} -L{N; = n} - I*

neN
k<n-—2
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Let
1
QZ(Ui,U]‘;k‘,n) = 5 . (Hz(UﬂUj,k,n) +HE(UJ,UZ,]€,H))

Using (A.18), we can express

~ AN
Q2 = <2> Z Z G (Ui, Ujs kyn) p 4 0,(L™1/27¢)  for some € > 0.
i<j neN
k<n—2
A Hoeffding decomposition (see,Hoeffding (1961) and Lemma 5.1.5.A in Serfling (1980)) for

the second-order U-statistic on the right hand side states that

L\ .
(2) Z Z Gl (Ui, Uj;k,n) p =

1<J neN
k<n—2

L

2 ) 1
> EGLUL Ukl + 7> 03 D) (E (G (U3, Uy ke, m)| U] — B L’(U,-,Uj;k,n)]) 0, (Tm)
neN i=1 | neN L
k<n—2 k<n-—2

Letting 6 and 6% be as defined in Assumption B.5(ii), then under the smoothness assump-

tions described there, we have
" U 1 _ L ipa k) b } o M
E[GL(U;,Ujs k,n)|U;] = 5 05 (Bn,:N:» X3 k,n) — 03 (Brn,, Xi3 k,n) ¢ - L{N; = n} + O(h'),
E[GL(Ui, Uy k,n)] = O(h)h).
From here we have

AN )
(2) >0 > GHULUss kyn)

i<j neN
k<n—2

|

L
1 Y 1
=53 (92 (Bw..n., Xisk,n) — 0% (Bron,, Xi; k,n)) JI{N; =n} b+ O(M) + 0, (W)
i=1 | nen L
k<n-—2

L

1 _1/9—

= E E (93 (BNi:Ni,Xi;k,n)—HS (Bk;Ni,Xi;k,n)) “1{N; =n} p +0p(L 1/2 ) for some € > 0,
i=1 neN
kE<n-—2

il

where the last result follows from the bandwidth convergence restrictions described in

Assumptions B.1 and B.4. Denote

$2(U;) = Z {95 (BNy:N;» Xis k) — 05 (Bren,, Xi; km)} “I{N; =n}
neN
k<n—2
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Tterated expectations show that E [¢2(U;)] = 0. As we defined in (14), let

My=E | Y max{n(Z;, X;k,n),0} - 1{N; = n} - I}"*
neN
k<n—2

Combining our previous results, we obtain

—~ 1
My=Mo+ 238 N n(Zi, Xisk,n) - 1{n(Zi, Xi;k,n) > 0} -1{N; = n} - T}"" — M
L i=1 neN
k<n-—2

L
1
T ; $2(U;) + 0p(L™1/%7¢)  for some € > 0.

As a result,

(i) If (2) is satisfied as a strict inequality w.p.1 over our testing range, then My = 0 and
we also have 1{n(Z;, X;;k,n) > 0} = 0 almost surely over our testing range. This
yields,

VL My = op (L) for some € > 0

(ii) If (2) is satisfied w.p.1 over our testing range and it holds as an equality over a
subset of it with strictly positive probability measure, we still have Ms = 0, but
1{n(Z;, X;;k,n) > 0} = 1 with strictly positive probability. Then, My = %Zle b2 (Up)+

0,(L™1/%27¢) for some ¢ > 0. From here we have
VL My -4 N (0,03), where 05 = E [¢2(U;)?].

(iii) If (2) is violated with positive probability over our testing range, then Ms > 0 and
since My = My + O,(L~1/?), we obtain

VL My 5 oo

This proves Proposition B2. [
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