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Equation numbers with parentheses refer to equations in this appendix; equation numbers

without parentheses refer to equations in the main paper.

Asymptotic theory results for the policy experiments in Section 4.2

This appendix supplements the results presented in Appendix A.4 in order to fully characterize the
econometric theory behind the empirical results described in Section 4.2. Take a given reserve price
policy r(+), where (X, N) denotes the reserve price prescribed for (X, N). Let S denote a compact
subset of Supp(X, N) and consider the functional

E, y[ry(r(X,N)|X)|X,N eS| =T,.

X,N

Under the conditions of Theorem 1, if we allow for correlation in bidders’ values, 7, is bounded

between 7, and 7,*, where
T =E, y[znr(X,N)X)|X,NeS] and T'=E,,[fn(r(X,N)X)|X,NeS|,

where 7 and 7 are the lower and upper bounds described in Theorem 1. We will begin by exploring
the asymptotic properties of nonparametric estimators for 7Y and 7,*. As before, denote U; =
(B;, N;, X;) and define I(U;) = 1{X;, N; € S}; we will abbreviate r; = r(X;, N;) whenever it is

notationally convenient. Our estimators for 7, and 7,* are of the form

L ~ ~
~ | X ~ TN, (T3] X4
L= Pr(X,Ne9) L= Pr(X,Ne9)

where ?’\r(X ,NeS8)= % Zle I(U;) and 7, 7 are as described in equation 6 in the paper. However,

we replace Assumption 4 in Appendix A.4 with the following (stronger) restrictions:*

Assumption 4 1. The set S is such that the conditions in Assumption A.4 parts 1(i)-(1i) are
satisfied for each (x,n,r) such that (z,n) € S and r = r(x,n). We strengthen part (iv) to

1As in Appendix A.4, our results assume that the relevant range of reserve prices studied is a compact subset of
the interior of the support of valuations. Menzel and Morganti (2011) describe the econometric irregularity issues
that arise in ascending price auctions when the reserve price is allowed to be arbitrarily close to the boundary of the

support of valuations.



assume now that f (), fy y(x|n), Foo1n(r|z), and T, 1., (r|z) are M —times differentiable
with respect to x° (the continuous elements in x) with bounded derivatives, where M satisfies

the restrictions to be described below.

. Let M be the constant mentioned above. The kernel K satisfies [ K(£)d¢ = 1, has compact
support, and is Lipschitz-continuous, bounded, and symmetric around zero. If is also a
bias-reducing kernel of order M. That is, if we denote & = (&1,...,&,), then we have
S ) K(©)déy - de. =0 VO<qu+-+q. <M, and [||¢]|™ |K(€)] dE < oo.

. The bandwidth sequence h, — 0 is such that 36 > 0 for which Llfghiz — 00, and

L1+6hiw+z 0

Compared with Assumption 4 in Appendix A.4, we are now imposing a higher degree of smoothness

(as indicated by M) on the relevant functionals, and we employ a bias-reducing kernel K which, may

take on negative values. To be precise, the bandwidth convergence rates described above will be

satisfied only if M > z+ 1. Thus, if z > 2 (i.e, if X includes at least two elements), we have M > 3

and our kernel K must take on negative values in order to satisfy the restrictions in Assumption 4’.

Let 7, (r|z) and 7, (r|z) be the estimators described in equation 6 of the paper, using the kernel K

and bandwidth b, as described in Assumption 4'. Let ¢ (r, Uz, n) and ¢(r, U;|z, n) be as described

in equation 9 of the paper. Under the conditions in Assumption 4’, we have

_ 1 & X¢
B (@ mle) = mo(r(am)le) + e 3o 0r(an), Ule ) X! = o} (h

1=1 L

L c_ pC
Fulr(e,m)[e) = 7ulr(a, ) + > d(r(a,n),Uslz,n)1{X{ = 2} K <X1) +E, (,n)

where

L 2= "
(2)
o) = 0y (o
omes H(QL(m,n) , 8, (z,n)) H =0, (Lléhi) V&> 0,
= op(L7?),



where the last equality follows from the properties of the constant § described in Assumption 4’.

From Assumption 4’ and (2), we have
1 & 1<
I D (ri] X)) - T(U) = I > m, (ri] X) - T(U7)
i=1 i=1

+ (L) o v L <w(Ti,Uj|Xi,N¢) L) + ¢(ry, Uil X5, N) -H(Uﬂ) XY = XK (X_Xﬂ>

2 : h,

i<j 'L

+ Op(L_l/z)a

i=1
L\ ' 1 (00,U1Xe, Ni) - I(U3) + 3 (ry, Uil X5, N;) - (U Xe - xe
H(5) 3 (PR MO BNyt (Y
i<j L L
+0p(L_1/2)
3)
Let

¢, (Uil) = E[$(r(X;, Nj), Uil X, Ny) - 1{X;, Ny € S} | Ui, X; = 2] - [ (a),

%, (Uile) = B[$(r(X;, Ny), Uil X5, Ny) - 1{X;, N € S} | Ui, Xj = a] - f (@)
The smoothness conditions in Assumption 4’ imply that, w.p.1 in U;, both fT(Ui\JJ) and 7, (U;|z)
are M times differentiable with respect to ¢ with bounded derivatives everywhere on our trimming
set S. This, together with the Hoeffding decomposition (see Serfling (1980)) of the U-statistics in
(3) yield
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Note that
B, (UX0)|X:) = BB [$(r(X;, Nj), Uil X, Ny) - 1{X;, Ny € S| U, X5 = X | Xi] - £ (X)
= Bl(r(Xs, N;), Uil Xs, ;) - 1{ X5, N € S} | X - (X))
— B[B[p(r(X:, N;), Uil X, Ny)| X, Niy N ] - 1{X3, N € S} | Xi] - £ (X0).
But, by construction, if S satisfies the restrictions in Assumption 4’, having X;, N; € S ensures that
E@(T(Xi,Nj), U;| X, Nj)‘Xi, Ni,Nj} is well-defined and equal to zero. Therefore, E[fT(Ui|Xi)] =

0. Similar arguments show that E[@,.(U;|X;)] = 0. Define
[T, (r(Xi, No) | Xo) = TF] - L(U) + ¢ (Uil X)

Up(U) = Pr(X,N €S) , 5
W U;) = [fNi(T(X%Ni”Xi *7}“] Iy + 2, (Ui X5)
Y Pr(X,N €38)



Using (4), it is easy to show that our estimators in (1) have the following asymptotic linear
representations,

L L
SO o (L), T =T D L))
=1 i=1

In the policy experiments in Section 4.2, the status-quo was the reserve price policy ro(X, N) = vy
(i.e, reserve price equals appraisal value).

h \

In this case?, 7 (ro(X, N)|X) = 7% (ro(X,N)|X) =

7'“ = 7,. In this case, the influence functions in equation
i), and we have

7, (ro(X, N)|X) and consequently 7,¢ =
9 satisfy v, (Us) = 2, (Us) = g (U

~

L
Tt 7A' =17, Z L71/2),

h \

(7)

Now we turn to the average measures we used to evaluate our policy exercises in Section 4.2
Two of the measures we estimate are

E y[ry(m(X,N)|X)|X,N eS|, E .|

Ty (r (X, N)|X) — 7, (ro(X, N)|X)| X, N € §].
=Tr

=Tr1=Trg

Under the conditions of Theorem 1, we have T, € [T , 7] and T, = Tr, € [T\ = Tro » T — Tro] -
Combining the results in (6) — (7), we have that under Assumption 4/

d 0 LAGY P(Tl)de 1) (1)
~ — N )
VL(TY = TY) 0 p(ri)oe(ri)owu(r:) (8A)
B[yt (Us) - (Us)]
h 2 — B 4 Ui 2 2 — B[y U’L 2 d 1
where o0y (7"1) [ 7‘1( ) }7 Uu(Tl) [wrl( ) ] an p 7"1 UZ(rl)au(rl)
VI(TY - ? <T )
VI(TY - ~Tr0)
03(7“1,7‘0) p(r1,m0)oe(r1,70)ou(r1,70)
p(ri,r0)oe(ri,r0)ow(r1, 7o) o (r1,70)
where o (r1,70) = —¥rg (U))?],  ou(ri,ro) = B[ (Us) — g (Ui))?]
[( 7«1( Us) = by (U3)) - (97, (Us) — ¥ (Us))]
and p(ri,ro) =
oe(r1,70)0u(r1,70)
(8B)
2By inspection, if 7 = vg, the influence functions in equation 9 simply reduce to
(max{vo . Bi} ~ Tncinole)) 3 1y — (e, Uil m).
ax n (®,m)
The resulting expression for ¥¢ (U;) = Yy (Ui) = tr (U;) follow immediately from here through the definitions
leading to (5).



The elements in these variance-covariance matrices can be estimated nonparametrically. First, let

[E, (1 (X3, N)|X3) = T - I(U;) + B, (UilX3)

ot (Us) = ’
Pr (X, N eS)
") = [Fov (m (X3 N)IX) = T3] - T(U) + B, (Uil X0)
T1 7 P (X N E S) k)
(0 = 1ol NOVXS) = 7] -0 + vy (UilXs)
Pr (X,Ne€S)
where
X¢ — X¢
8, Uil Xi) = (L —1)h? Z¢ (X5, Ny), Uil X5, Ny) - I(U;) - 1{ XS = X[} K<hﬂ>
Loj#i L
~ e xe
@, (Uil Xi) = hz Zw (X Uil X, N;) - I(U;) - ]l{Xd Xd} K (lh]> 7
Lo L
X¢ - X¢
@m(Ui|Xz’) hZ Z¢ 7"0 | ) ]I(Uj) . ]l{Xj(-i _ Xid} K (zhj) :
Loj#i L

where (r, U;|z,n) and ¢ (r,U;|z,n) are as described in equation 9 and ¢(r,U;|z,n) is given in
footnote 2 (recall that ro(X;, N;) = Xo; —appraisal value- throughout our policy experiments). The
variance-covariance elements in (8A) can be consistently estimated by

o T O () - O (U)
Ue 1) ZQ/} i U 1) LZ"/’ i and p(r1) = L ?;g(rl)ifu(m) :

Similarly, those in (8B) can be estimated consistently by

wro( z)) ) 7“1,7“0 T/Jro( 1)) )

TlarO

IIMH
IIMh

LS (@ (U3) =y (U))) - (A:fl ;) — zZm(Ui,))

8€<T17 To)au(rly TO)

ﬁ(rl, TO) =

From the results in (8A)-(8B) and Theorem 1, we can construct confidence intervals for 7, and
Tr, — Tr, which achieve a prespecified asymptotic coverage probability (1 — )% while allowing for
T4 —7;51 to be arbitrarily close to zero. Before proceeding, note that our use of bias-reducing kernels
implies that we may have 'YA;ZI > 7\;’; with positive probability in finite samples. For this reason we
will the type of shrinkage estimator for 7, — 7,° advocated in Stoye (2009). Let

A — Th-T i T T >0,

0 otherwise,



where b, is a nonnegative sequence b, — 0 such that b, /L — co. The shrinkage estimator ﬁ(rl)
will satisfy the type of “superefficiency” conditions required for the uniform validity of our confidence

interval. Let c} and ¢} minimize ¢, - 54(r1) + ¢y - 74 (1) subject to the constraint

L-A(
PT(—0£<Z175(7”1)'21<C1L+U + /1= p2(r1) Zz>>1—0£7

Oy (Tl

L-A(
Pr(—cz—“ —V1=p%(r1) - Z2 < p(r1) Zl,Z1<cu>>1—a,

Uz(ﬁ

where Z; and Zs are iid Standard Normal random variables. Our (1 — «)% CI for 7, is given by

CL(T.) = |T¢ - 1 o) &y 1_?7\u(7“1)] .
(T1) |:7;‘1 Cyp \/Z 77;‘1 +Cu \/Z ( )

Given our previous asymptotic results, if the conditions of Theorem 1 are satisfied, the validity of

(9) follows from Proposition 3 in Stoye (2009). Conversely, a (1 — a)% CI for 7,, — Ty, is given by

=~ 5 1,0 0e(r1,m0) = - 1 o 0u(r1,70)
CLa(Tr, = T) = [T = oy = b P G 7y o 20 g
where c; 0 and ct9 minimize ¢ - 54(r1,70) + ¢y - 0u(r1,70) sSubject to the constraint

L A
Pr <—Ce<Zl, p(ri,ro) - Z1SCU+( (r1)

— 2 | 21—
Gu(r1,70) pAri;mo) 2) a “

Uf (rlv 710

L-A(
P7”<—Cz u V1 —=p2(r1,m0) - Zo < p(r1,70) - 217Z1§Cu>21_04-

The last object we studied in our counterfactual experiments was the average probability of no

sale under the counterfactual policy 71, that is,

E F

N:N

(r(X,N)|X)|X,N eS| =P,.

X, N [

Under the conditions of Theorem 1, F,  (r1(X, N)|X) is bounded between

n

N

m—1)m

F (X, N)|X) = (
=N+1

Fop1:m (1 (X, N) X)) + % (¢n(Fra-1a(ri(X, N)|X))",  and

3 3

FN:N(Tl(X7N)|X) Z ( al Fm—lim(rl(X7N)‘X)+%Fﬁ—1ZW(T1(X7N)‘X)

m—1)m
m=N+1

and therefore P,., € [Pe

T 7

P ], where
PL=E.,[E, mnX.NX)X,NeS| and P =E, [F,,r(X,N)X)|X,NeS].

These bounds are estimated nonparametrically by

L 3 L &
~ Fy v (r(Xi, Ni)| X, ~ N,
Pl o— 1 ZfNi.iVi(rl( )| Xi) ‘I(U;) and P! = lz FN,./J\L

—~ Pr(X,NeS) L&~  Pr(X,NcS)



P Npm) = m n (]l{BZ S r} — mel;m(r\ac)) —m
U= 2 om0
+n- (%(Fﬁflzﬁ(r‘m)))ﬁ71 : ¢,W(Fﬁ—1:ﬁ(7"|w)) ’ (H{Bi qu}zxj(f:%l:ﬁ(rlx)) 1{N; =n}

. w n (1{Bi <1} = Fr_1:m(r|2)) _oa.n (1{B: <1} — Fr_1m(r|z)) .
CEURDE 2 e m e gaem) T e T
and

P (Uilw) = B[P (r(X, N;), Uil X5, Nj) - 1{X;, Ny € S} | Uy, X; = o] - [ (o),
Pr(Ule) = B[§" (r(X;, N;). Uil X;, ;) - {X;, N € 8} | U, X; = ] - £ (@)
Define
y [Enn, (r(Xs, No) | X3) = P T + 97 (U] X)
wr (Ul) = 2 ;
! Pr(X,N€S)
v [Fnen (m(X, Ny | Xa) = PR -T(UG) + @) (Uil X3)
vy () = Pr(X,N €S)
Under Assumption 4’ we have
VEPL =P o [ (0 GHr)  A)Gr)Fu(r)
VI(Py ~PL) 0)  \ar)aetraa(r) &) |
~2 _ PLorry2 ~2 _ P72 ~ _ ijzz(Ui)'wﬁu(Ui)]
where ¢y (r1) = E[wr1 (Us) ], o.(r1) = E[wr1 (U:) } and p(ry) = A
From here, a (1 — @)% CI for P,, is constructed as
_|pe _ 1. §13(7“1) Bu 1. §u(rl)
OI&(’PM) - |:Pr1 ) \/E ) Prl + 2% \/Z ] ’ (12)

where k}, k¥ are determined analogously to ¢}, ¢ in (9).

The IPV case

If IPV is satisfied and Assumption 2 in the paper holds, all the relevant objects in our counterfactual

analysis are point-identified. In this case, the following is a consistent estimator of , (r|x):
~ n
%iPV(T‘x) =Tn—1:n(r|z) —vo — 1, ( n—tin (7 |I)) (r — o). (13)

As a result, 7, can be consistently estimated by

L RPY(rlX))

7Y = Z XN cs 1O



Let ¢!PV(r,U;|z,n) be as defined in equation 12, and define

PV (Uila) = B[67Y (r(X, Nj) Uil X, Ny) - 1{X;, Ny € S} | Ui, X = ] - f (@),

N, (r(Xa, NI Xo) = Tp] - (U + 0PV (U] X5)
Pr(X,N ¢ 3) '

IV (U = ki

If IPV holds, we have
\/E(ﬁlva 7> ) —>N(O oipy(r1)), where oipy(r1) =E [IFV(U;)?],
VI (TP =Ty = (o = o)) =5 N (0,035 (r4,70)
where  o7py(ri,ro) = E [(7V(U;) — ¢, (U))?] -
From here, (1 — )% ClIs for 7, and 7, — T,, can be constructed as

CIgzPV(’TH) - |:7\-11PV —Ca - 6—\IPV(T1*) %IPV +cq - GIPV(Tl)

\/E ’ T1 \/Z I

1PV IPV _ 7 orpv(ri,m0)  mrpy 5 arpv(r1,mo)
CIa (7;"1_7;0) |:7:"1 ro — Ca* , v7;1 _7;“0 +Ca'7’ ’

VL VL

(14)

where ®(cy) — P(—co) =1— au
Under IPV, we also have

Pr = E, . {(bN(FN_l:N(rl(X, N)|X))N‘X,N e S},

which can be estimated nonparametrically as

N = X
BIPV 1 Z¢Ni(FNi—1iNi(r1(Xi7Ni)‘Xi))Nl

— Pr(X,N €S) T (15)

Let

(1{Bi <7} = Fu—1n(rlz))
qX,N(mvn)

@f(UiLr) = E[wPIPV(T(Xj7Nj)7Ui|Xj7Nj) -1{X;, N, € 8} ’ Ui, X; = :c] (@),

(o, (P, 1., (11 (Xo, N) [ X)) Vi = Pry | - T(Us) + 957 (U] X))
Pr(X,N€3)

T O (Faaa(rf)) -

PPV (r, Uil n) = - (¢n (Famrin(r]2))" L{N; = n},

YRV (U =
If IPV holds, Assumption 4’ yields
‘FL(ﬁﬁPV *Prl) i*N(Ov&%PV(Tl))a where  Gipy(r1) = [WDIPV( i) }
A (1-a)% CI for P,, is given by

orpv(ri) BIPV |, grpv(ri)
«

CIPY (P,) = |PIPY — ey P! .
( ) 1 \/E 1 \/Z
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