Web Appendix for “Inference with ‘Difference in
Differences’ with a Small Number of Policy Changes”

Timothy G. Conley’
Graduate School of Business
University of Chicago
and
Christopher R. Taber
Department of Economics
University of Wisconsin-Madison

March 19, 2009

'We thank Federico Bandi, Alan Bester, Phil Cross, Chris Hansen, Rosa Matzkin, Bruce Meyer,
Jeff Russell, and Elie Tamer for helpful comments and Aroop Chaterjee and Nathan Hendren for
research assistantship. All errors are our own. Conley gratefully acknowledges financial support
from the NSF (SES 9905720) and from the IBM Corporation Faculty Research Fund at the Univer-
sity of Chicago Graduate School of Business. Taber gratefully acknowledges financial support from
the NSF (SES 0217032). Stata and Matlab Code to implement the methods here can be found at
“http://faculty.chicagogsb.edu/timothy.conley /research/.”



1 Appendix

A.1 Proof of Proposition 3

First a standard application of the partitioned inverse theorem and using the fact that
D, =0 for j > Ni,
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Now consider each piece in turn.
First Assumption 1 states that
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The mixing component of Assumptlon 1 imply that:
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Consider the ¢ element of the vector Djt (),
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A generic (¢, k) off diagonal term can be written as
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since ZN1+N° Xt = 0 as shown in the proof of Proposition 1.

Similarly the ¢ column of ZN1+N° ST D jt77jt is equal to S/, (dee — di) (g — ) -
Thus since all of these terms are O,(1),
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Consistency for B follows upon plugging the pieces back into (A-1) and applying Slutsky’s
theorem.



From the normal equation for aj it is straightforward to show that
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Since [zNﬁN‘) ST JtDJt] - and ZN°+N1 ST JtX are Opy(1) (as shown above)
and /ﬁ\ is consistent, the last term of this expression converges to zero.
We derived the limits of [ZNI“LNO ST th ] and ZN°+N1 ST 531%75 above, putting
this together one sees that for each j =1, ..., Ny
ﬁ(() A0 + Zt 1 (dﬁt )(Wt 7;)
Zt 1 (dft )

where A() and A() are the (" component of A and A respectively.
This gives the result. B

A.2 Individual Data

The use of individual-level data has three complications relative to the model in Section 2.
We need to worry about a) the fact that 0 is estimated, b) the term ooy Zle M) Zi which
can change with the sample size, and c) the error term involving 5Z None of these issues
are particularly difficult to deal with, but do require verifying that the proofs still hold. We
consider each case in turn. However, we first define some notation which is analogous to our
earlier notation. Define:
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It is straight forward to verify that
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We will also use the notation
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A.2.1 Preliminary Lemma

Extending the proof of Proposition 2 to this case takes a bit more work because we can not
directly apply the Lemma from Newey and McFadden (1994). Instead to prove the result
we directly follow the proof of Lemma 1 of Tauchen (1985).

Lemma A.1 Let 0 = (wj;, g,b) be contained in a compact parameter space ©. Under As-
sumptions 1-3,
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Proof.
Define 6 = (wj, b, g). Generically we will use the notation 6 to denote (wj,b*, g*) and 0y
to denote (wjx, bi, g). We continue to use the notation
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where 1,, = (M15 - Mr)- Since the distribution of 7,,, is continuous, limu(n,,0,d) = 0
as d — 0 with 6 fixed almost surely. Applying this means we can define E(wj, €) so that
E [u(n;,0,2d(w;,€))] < € where we take € as given.

Now notice that
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Let B(6) denote an open interval of radius d (6, ¢) about . By compactness we can form
an oven covering By, = B(0,¢) for k = 1,..., K. Let dy = d (0, €) and py, = E(u(Y, O, 2dy)).
Now note that if § € By, then 1, < e by definition of d (w;y, €) . It must also be the case that

|6;(0) = ¢,(0)] < E (u (i, wy,d)) < B (u(n,w;,2d)) = py, < e.



Now let 8 € B;, and consider
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whenever Ny > Ni(¢e) almost surely, by applying twice the strong law of large numbers and

taking into account that 1 (sup‘g_gﬂgd ‘ (th — th)/ (0 —g*)+ Ejt

> d) is iid and converges
almost surely to zero so the first term converges to zero.
Thus
sup ‘F — &, (9)} < be
0o
whenever n > maxy Ni(€) almost surely which proves the result.
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A.2.2 Proof of Proposition 4

The first part of this proof is virtually identical to the proof of Proposition 1 while the second
is very similar to that of Proposition 2.

Consistency of ¢ follows immediately from the standard OLS argument.

A standard application of the partitioned inverse theorem makes it straight forward to



show that
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Thus the whole term converges to zero in mean squared error and thus in probability.
Now consider the term
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. . . . . ~ p
since this last expression involves a finite number of terms and ;; — 0.

Consistency for B follows upon plugging the pieces back into (A-2) and applying Slutsky’s
theorem.
From the normal equation for a it is straightforward to show that
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The only new term we don’t see in the proof of Proposition 1 is Z;\QT M Zle cjjtgjt but
we have already shown that this converges in probability to zero so the result for W holds.
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+

We now consider consistency of T. Since T is defined conditional on dj for j =1,...Ny,
t = 1,...,T, every probability in the rest of this proof conditions on this set. To simplify
the notation, we omit this explicit conditioning. Thus, every probability statement and
distribution function in this proof should be interpreted as conditioning on dj; for j = 1,...Ny,
t=1,..,T.

We continue to use the notation

(dje — d;)
N T = \2
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For each j =1, ..., N; define the random variable

T
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Note that we used the fact that since 7; is time invariant, Zthl (djr — d;) 7; = 0. Let F} be
the distribution of W; for j =1, .., N;.
Then note that
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where ﬁj(~,5, B) is the empirical c.d.f. one gets from the residuals using the control states
only. That is more generally

ﬁ (w g> N Zl (Zp]t <nmt (5 g) )?;nt (B_b) +§mt) < wj) :

It is easy to verify that
No Zl (Z Pit <nmt <5 5) - X;nt <5 - B) "‘%mt) < wj)
= NOZl (Z’Oﬁ< mt — ;mﬁ) <wj> .

t=1

To avoid repeating the expression we define
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where Z,,,;, = E(Z; | j(i) = j,t(i) = t).
Note that ¢,(w;,d, 3) = F}j (w;) . The proof strategy is first to demonstrate that F;(w;, 0, 3)

converges to ¢;(w;, d, ) uniformly over w. The final part of the proof that f(w) is a consis-
tent estimate of I'(w) is identical to that argument in the proof of Proposition 2.
Following the same line as the proof of Proposition 2, let

w; ZET:Pjt (ﬁmt_7; <5_8\) _YQ (5‘5) +§t)-
t=1

Let © be a compact parameter space for w;, and © a compact subset of the parameter
space for <@j,’7\, B) in which (0,0, 3) is an interior point.
We use the notation ) = rather than S MtNo in order to get the expression to fit on a

m=N1+1
page. R R
First, for each j = 1,..., N; consider the difference between Fj(w;,7, 8) and ¢,(w;,~, 5)
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o |05 (w5 +38.5) = 6, (. 5)
( us]]ueblg)@ Nozl (;agt <77mt T (6= 9) — Xy (5—b)+?mt> <wj+wj> — ¢ (wj +wj, 9,b)
wi )

(wj +35,0, 3) — ¢, (w;, 6, B)‘ :
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First consider sup,, cq (wj +w;,0 ﬁ) — ¢; (wy, 9, 6)’ . Using a standard mean-value ex-

pansion of ¢, for some (Wj, 0, 5)
s [0 (1 +91:8.5) =0, 1,5.9)
o 09, (wj;-u ;Uj,(s, ) o 06, (1w, ;@j,a,ﬁ) oy 2 (w; gﬂwm B) (5-5)|

8¢, (wj+3;,6,8) . . . -
The proof that W is bounded is analogous to that in the proof of Proposition 2.

Thus sup,, co ‘(bj (wj + @j,g, B) — ¢; (wy, 9, B)‘converges to zero since B is consistent. The
same argument holds for the other two pieces.
Since (@j,é, ﬁ) converges in probability to (0,d,3) which is an interior point of ©,

Pr ((@j,g, B) € @) converges in to zero.
Next consider the term

sup
w;j [SY]
(wj 7gvb)€e

Nozl (ZO‘N <77mt '/mt (0—9) — Xpu (ﬁ_b)”‘gmt) <wj+wj> — ¢; (w; +wj,g,b)].
t=1

Since w; and w; enter the expression in identical ways we can combine these into one pa-
rameter and expand the compact parameter set appropriately and apply Lemma A.1 from
section A.4.1 to show that this term converges to zero.
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Then putting the three pieces together,
sup |F(w;, 6, 8) — ¢(wn, 0, B)| =

w;j eN

Finally, the final step of the proof that I (w) converges to I'(w) is identical to that of
Proposition 2.
|

A.2.3 Results for |M(j,t)| fixed

We now consider the case in which |M(j,t)| is fixed. This is a straight forward extension
of the proofs of Propositions 1 and 2 in which group by time error term becomes 7, + €
rather than just 7;,. We replace Assumption 3 with

Assumption A.1 ¢; is IID and orthogonal to | Z; 1; |, which is full rank. |M(j,t)| is fived
with the sample size and for all j,, jo, and t

|M (51, )| = [M(j2, )| -

Note that without loss of generality we can essentially incorporate gjt into 7),, and repeat
what we have done.

Proposition A.1 Under Assumptions 1 and A.1,
)
5
o

2 w) ow
= 1=

+ W
as Ny — 0o where
Z v Y (dje = ) (mje + 250 =7, — &)

W= 2
Zj:l Zt:l ( gt j)

Proof.

This is virtually identical to the proof of Proposition 1.

Consistency of § follows directly from the standard argument for consistency of parame-
ters in fixed effects models.

First a standard application of the partitioned inverse theorem makes it straight forward
to show that

N ZNOJer Zt 1 B [ZNO+N1 Z;f 1 dthJti| [ZNO+N1 ZtT 1 thXJ/'ti|

p = B+
Ny + N1 (No + Ny) ZNO+N1 S d
zNo-‘er zt . ]t (n]t + 5]t> |:ZNO+N1 Z;T ) d]tXJti| |:ZNO+N1 Z;r 1 d]t (n]t + 5]t)i|
" _
No + Ny (No+N1)ZN°+N1 Zt  d
CEEELAZ,(-0) [SESLas] (S s ﬁzﬁ (5 )]
No+ Ny (No + INy) ZNﬁNl Zt p d
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We have two new pieces to consider relative to the proof of Proposition 1. First consider

ZNO+N1 Zt 1 JtZ_]t (5 5)
No + Ny ‘

~ . ZN0+N1 Zt 1 Jt
Since Zj; is independent across j, == i

converges in probability to its mean so

No+N1
by Slutzky,
ZN0+N1 Zt 1 ]tht <5 5) p, 0
No + Ny
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No+N1 T N T o~ r N1+No ~,
[Z > diZ (5- 5)] ZZ =) 7 (5-6) + 3 (@) [ > 7| (3-9)
j=1 t=1 Jj=1 t=1 t=1 j=1

Ny T , =
=38 (- (5 _ 5)
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20

since this last expression involves a finite number of terms and <?5\ — 5) 2

Consistency for B follows upon plugging the pieces back into the expression for B above
and applying Slutsky’s theorem.
From the normal equation for a it is straightforward to show that

No+N-
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We showed in the proof to Proposition 1 that

ZN0+N1 Zt . tX/ R
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No+Ny T T
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By the same logic
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Finally, we showed above that

No+N1

3 Zdﬁzﬂ (5-0) 0

j=1 t=1

Putting the terms together the result stands.
|

Proposition A.2 Under Assumptions 1, 2, and A.1, f(a) converges uniformly to T'(a).

Proof.
Note that

<w

1 >N1 N1+No N1+No Z Zt 1( ) ()\Zt XéJtB>

T(w) = (— —
No EN;+1 Ny z];l+1 Zj\; 25:1 (djt - dj)2

< w

:<1)N1N1+N0 o (ST (@) (o Zu (5-3) - X, (3-5))

No ;ﬁ-l On ZNlH Z;V:ll > (dje — EJ)2

Thus one can see that this result follows directly from the proof of Proposition 2 where
we just reinterpret [ %;t X’J/t } as “)Z']’-t” 0 B ] as“g” and th as “Y},” in that proof,
|

A.2.4 Estimation with Population Weighted Regression

Now we consider estimation of the model directly. That is we imagine that one directly runs
the regression
Y =adj + Zi0 + 05+, + 0y + e

using state dummies and time dummies. Note that the distinction between Z; and Xj; is no
longer necessary so we have just incorporated X D1(0) B into Z/9.
We first need to formally define what these obJects are. For a generic variable Z; define

7' _ Zt 1ZzEM]t)Z
! Zt:1|M(jv )|

Since in general, the number of individuals varies across (j,t) cells, derivation of the
difference in differences operator requires additional notation. We need to formally define
the full set of indicators for groups {gs}, 1+ ®and time periods, {pm} 71 so that

g = 1(£=j(i)) (A-3)
pri = 1(r =t()). (A-4)



Further define GG; and P; as the vectors of these dummy variables,
Gi = [9u 92 - INotnosi ]/ (A-5)
P = [ Pii P2 --- Pr-14 ]/ . (A-6)

Then for any individual-specific random variable Z;, let Z; be the residual from a linear
regression of Z; on {gg}oy Nand {p,;}'_; . That is

e (S 55 (2)12]) (££5 (4]

j=1 t=1 heM(j,t) Jj=1 t=1 heM(jt)

We need to strengthen Assumption 1 somewhat. In the two stage approach one does not need
to take a stand on the relationship between Z; and 7;(;),;) because we can obtain consistent
estimates of ¢ via fixed effects. This is no longer the case if we estimate the model in one
step. We use the assumption

Assumption A.2 ((n,,{Z; i€ M(j,1)}), ..., ;0. {Zi :i € M(j,T)})) is stationary and
strong mizring across groups; (773‘17 e an) is expectation zero conditional on (dj, ..., d;7),{Z; :
i € U, .7 M(j,t)} and all random variables have finite second moments. Further ¢; is i.i.d.
i uncorrelated with all other random variables in the model.

We need a regularity condition to guarantee enough degrees of freedom that regressions
upon time and group indicators can be run.

Assumption A.3

ZNH—NO Zt 1 ZZGM]t) PP, .
Z‘: Zt:l |M(j7 )|
-1
S S St BG (S S Cienn GiGE) - S S Ve GiP
Zj:l Zt:l |M(j,1)]

20
where ) is of full rank.

Under this condition, we can rewrite the model as:

Y: = adjau + Zi0 + i) + Ei (A-T)

We estimate o and ( in equation (A-7) by OLS, letting & and /B denote the corresponding
estimators. This requires the usual OLS rank condition stated as

Assumption A.4

No+N1
Z o Zt IZZGM(]t Z p
N0+N1 — 2
S Y M)

where ¥, is finite and of full rank.
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Finally since the asymptotic weights for the treatment groups will enter the expression
we put more structure on the way in which groups grow

Assumption A.5 For each j =1,..., Ny + Ny, |M(j,t)| grows at the same rate as Ny. For
all 7 and t, defining

. M(j,t
= MG
1700) 0 D e [ MG, 1)

we assume that where ¢;, > 0 and bounded from above. For all t,defining

No+N- .
P U ZO“ |M(j. 1))
t = ] ’
NlﬂooNo—f—Nl j=1 Zyilz?:l|M(jat)’

we assume that 0 < ¢, < o0.
We will make use of the following Lemma

Lemma A.2 Consider a regression of djuyu) on group dummies (G;) and time dummy
variables (P;) as defined in equations (A-3)-(A-6). Let a; be coefficient on the time variable
for time periodt = 1,..,T — 1 and a7 = 0. Under Assumptions A.2-A.5,

Sy |M<j<z‘>,r|af>
ST IM (), 7]

iy = digiyy — di) — (%’) -

and a, = Op(NLO),T =1,...,7T—1.

Proof. To streamline the notation, let ). denote ) j:O;er ST > e and let
N T
j=1 t=1
No+N1 T
j=N1+1 t=1
m = mg-+my

Note that my is fixed but m; and m get large as Ny — oo. We will use this notation in the
proof of Proposition A.3.

Now consider a regression of dj;y; on group dummies and time dummies. We will write
this regression equation as o

i) = Fa + Gib + djgiy)

where P, and G, are as defined equations (A-3)-(A-6).

The first part of our lemma is a standard regression result with dummy variables. Note
that we can rewrite this regression equation as

diipy — Guiy = Gib + dyagi)-
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Since cAl;-(z-)t(i) is orthogonal to G; we could construct residuals by regressing d;( ;) — at@ on
a full set of group dummies and taking residuals. However, it is well known that this will
lead to taking deviations of the left hand side variable from group means so that

digney = (djtone) — i) — S Z“TMU(Z‘)’T) .("lﬂf)f — Gy))
2771 |M(5(4), )|
> \M(j(i)m)!aT> |
S M), 7))

Next consider the derivation of a. Using the partitioned inverse theorem,

= (djane — djy) — <3t<z') -
. -1
1 / 1 ! ! /
E;BR - E;BGZ» (ZGG) ZijGiPi x
-1
ZP ZP G (ZG G’) ZGidm‘)t(z)

Assumption A.3 implies that we can rewrite this as
| -1
i=—(Q+o,(1 Z Pidigiyi Z PG, (Z GiG;> Z Gidjyi

Now consider the last term, 3> PG/ (3. GG . G dj(iy(s)- It is straightforward to show
that this is a (T'— 1) x 1 vector with generic element ¢

N1+N Ni+N,
S MG 0L MG )y i‘)le
j=1 Z’T L MG, 7)]

Thus the (T — 1) x 1 vector [Y Pidjiy) — > PG (3 e > Gidjys] has generic ¢
element

Ni1+Ng Ni1+No N1+ No

Z |M(j,8)| djr — Z |M(j,0)|d; = Z |M (5, 1)] (dje — d)
= ZIM(j,t)!(djt—Ej).

We can write

1 -1
= (401
a N]_ + N[) ( + Op( )) X

-1
Ny + N, Ny + N,
% Z Pidj(iy) — % Z PG, (Z GiG;> Z GidjGiyici)
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As above the last term in brackets is a (T'— 1) x 1 vector with a generic element ¢ that can
be written as

N, Ny - -3

Ny + N, _ M (5, t)] (djy — d;
1+ OZ|M(j,t|(d‘t—dj):Z]_l| (j )’(]t ])
m Jj=1 N1J1rNo ZNIHVO S MGt

N |M(5.t)] 7.
21 Soh S M ()| (e — &)

1 Ni+N [M(5,1)]
e o )

Sk, ST M)
p Z qut( )

which is O,(1). &
Proposition A.3 Under Assumptions A.2-A.5,

)

)

> i by (dje = d) (my = T)
S L 6 (40— @)

P
— o+

Q)

as Ny — oo.

Proof:

In this proof we make use of the notation defined in the proof of the Lemma A.2.

First a standard application of the partitioned inverse theorem makes it straightforward
to show that

= ZZZ’

-1

MZ@@zM S diwy 2]
ms 2 G

mo [m%) Zw@(z)t() } [mo > dicinty Ty +§i)}

" o 2 e

Z Z 77](% i T 51)

Now consider each piece in turn.
Assumption A.4 states that

Ly zz s,
me
Using Assumptions A.2-A.3 and invoking the law of large numbers,
1 5 (= N
m Z Zi (e + &) = 0.

Define @; as in the statement of Lemma A.2 and then define

= (5 T MUDIE )
’ et MG, 7)
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Lemma A.2 states that @(i)t(i)
Thus

= dj(iy(i)

—dji)

~

—@j(iy(i)- Note also that for j > Ny, dj;—d; = 0.

N1+Ng

%Zdzz)tz)_ ZZ|MJ7 | t+_ Z Z|MJ7 |

J 1t=1 _] =N;+1 t=1
1 T . _ Ni+No T
:—ZZ|M Jit [ d) — 2a; (dje — d;) + ] Z Z%t|M it
=1 t=1 j Ni+1 t=1
T

ny:

¢jt (djt o EJ)
j=1 t=1

This result follows because

N1+No T

2D S SrALIEA]
0 j=Ni+1 t=1
N1+N, T _ .~ \ 2

LN Z(at_ZZ:HM(J;TWT) MG
- T K )

Mo ;N | =1 > MG, 7]

Ni+No T—1 |Mj Ni+No T—1 MG, )| a

=Y Y@l v e ’

j=N1+1 t=1 j=Ni+1 t=1 mOZT L [M(, )]

N14N 2 .
N ZZ MG T)E ML)

j=N1+1 t=1 ZT 1|M(.]7 )| Mo

— N1+Ng T—1T-1 Ni1+Nog .

~ M( ~ |M(j,7)]

Sy > MUy e S G
- tQr T K

= j=N1+1 t=1 =1 j=N14+1 "0 23:1|M(J»3)’

T—-1T-1 Ni1+Ng .

- [ MG, )| [M (5, 1)]

_|_

;; J ;ﬁrl mOZs 1|M(j7 )|

T-1 N1+ Ng T-1T-1 N1+Ng .

1 |M(j, [M(j,7)|

-Yo(x) > YV o(x) X s

= No j=N1+1 =1 7=1 i1 2asm1 M (G, s))]
50, (1) MGl

t=1 =1 NO j= N+1m025 1|M(]7S)‘
0.
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Next consider the object

1 . . 1 N1 T _ 1 Ni1+Nog T L
— > ditwwZi = P > > (dp—d) Zi+ — YD i
0 05=1 t=1 iem(j,t) O =1 =1 iem(jt)
Ny T N1+No T—1

(A Zf:flM(]7T)|aT> >
ay — T . ZZ
j=1 t=1 icm(jt) > et [M (G, 7))

 [M@G,T) @
—I—— i
o 2 mZ ST IM.T)
1 N1+4+No
:—ZZ Z Z—m—ozatz Z Zz
=1 t=1 iem(j,t) J=1 iem(jt)
N1+N0
|M .]7 (1,7-
Z: ’T 1|M j’ tzl:zeggt)
N- T .
1 MG, 1) 1 7
ZZ " [2 1 i MG ]| MG )] ;) l
N1y T
LSS by (d — ) B(Z: | i € M(j.1)
j=1 t=1
= Op(1).

We used the fact that Z is the residual from a regression on time and state dummies so
N1+N
Z] 11 ’ iem(j,t) Z 0 and Zt 1 Zzem(],t) Z =0.

An analogous argument gives

S s (o +2) = 33 3 (1) 1)

j=1 t=1 iem(j,t)

_d |M(j,1)] 1 .
d]) [Z;V;12321|M(],t)|] |M<],t)| Z (njt"f_ z)

i€m(j,t)

=z

Mq

.
~+

(d

<
|
= =
o~
I
_

1=
] =

¢jt (d]t E)E(njt—l—g%’ZGM(ja ))

>

=l
—
-+
Il
—

I
E

¢jt (djt - EJ) (77jt - ﬁj)

<
Il
A
o~
—

I
’EO .
—

—_

The last term follows because for any 7 = 1,..,T E (n,;, —7;) = E(e; —g; | t (i) = ) = 0.
So for a regression of either (an — ﬁj) or (¢, —%;) on time dummies, the coefficient on the

dummy variables will converge to zero so 7, 2 (an - ﬁj) and 3, 2 (g; — §j) .
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Putting all the objects into the expression for 5, one can see that 6 is consistent.
Now consider a. It is straight forward to show that

@-a)= mo Z d (4)(2) (77] (iyr) T & ) n mLO > dj(z’)t(i)Z; (6 — 5).

1 ) 1 2
mo 2 L) ma 2 Gayeci
We have shown that

1 ~ p aiA) -2
%Zdit_)22¢jt(dﬁ_dj)

j—l =1

T
1 ~
. d( z)t & Z¢3t gt (Z |Z€M(.77 ))

1 t=1

j=
((5—/5\)—>0

1 ~ N —
S G+ 50 % 35360 -3 1)

j=1 t=1

Thus we are left with:

>t i G5 (die = dy) (0 = 77;) + 0p(1)
Z;‘El e bje (dje — 31)2 + 0p(1)
», S i B (e = d5) (e = 705)
SN S by (di — )

(@—a) = +0p(1)

This gives the result.
|

A.3 Cross Sectional Dependence and Heteroskedasticity

This section provides a specific example model replacing the IID assumption for n of As-
sumption 2.

Consider a model that builds up 7;, from two Gaussian processes p; and v, that are
independent of each other with the first capturing dependence and the second heteroskedas-
ticity:

Njt = Hjr + Ujt.
Suppose the p process is expectation zero and stationary across both space and time, po-
tentially spatially and temporally correlated. The covariance between p,;, and pu,, depends
on a time-invariant observed ‘economic’ distance, denoted dist;;, and the time lag t — s.
Thus a covariance function for ;1 can be defined as Cov(py,, ) = f(distiy, t — s;0,), for
some finite-dimensional parameter 6,,. The function f can be chosen to be a valid covariance
function for any 6, parameter value. See e.g. Cressie and Huang (1999) or Ma (2003) for
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classes of valid families for f. One simple example parameterization with 6, = (61,62,63) > 0
is:
Cov(fuy, gs) = 01 exp{—0badist;, — 05|t — s|}.

Further suppose that the second component vj; of this process is independent across groups
and time with a variance that is a function g(pop;:; 8,) of observed group population, pop;q,
so that:

vjt ~ N0, g(popjs; 0,)].

These specifications for the components of 7,, imply that the probability limit of residuals in
equation (5), (njt - ﬁj), is Gaussian process with a known parametric covariance structure
that depends on the data, {dist;}au i and {popj:}au ji, and the parameters 6, and 6,,. It
is straightforward to consistently estimate 6, and 60, by spatial GMM (Conley, 1999) using
covariances and variances of residuals in equation (5) as moment conditions. The ‘plug-in’
estimator of the joint distribution of (n;, — 7;) using GMM estimators of ¢, and ¢, will be
consistent and can directly be used to estimate the distribution of W.!
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