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An estimable model
Lets think of a nice way to bring model to data

wit = ϕ (S, X ) eθi+εit

where

S : schooling
X : experience
θi + εit : error term
ϕ: human capital production function or hedonic pricing
function
Most models assume it is production function

Take logs
log (wit) = log (ϕ (S, X )) + θi + εit



Lets assume that

εit just represents measurement error
It is irrelevant to the agent
No tuition (or at least income during school'tuition paid)

Then

V (S) =

∫ ∞

S
e−rtϕ (S, X ) eθi dt

= e−rS+θi

∫ ∞

S
e−r(t−S)ϕ (S, X ) dt

= e−rS+θi

∫ ∞

0
e−rX ϕ (S, X ) dX



Internal rate of return comparing schooling levels S and S + d
is defined as ρ (S, S + d)

e−ρ(S,S+d)S+θi

∫ ∞

S
e−ρ(S,S+d)X ϕ (S, X ) dX

= e−ρ(S,S+d)(S+d)+θi

∫ ∞

S+d
e−ρ(S,S+d)X ϕ (S + d , X ) dX



To simplify assume that

ϕ (S, X ) = f (S)g(X )

Then

eθi

∫ ∞

0
e−rX ϕ (S, X ) dX = eθi

∫ ∞

0
e−rX f (S)g(X )dX

= f (S)eθi

∫ ∞

0
e−rX g(X )dX

= f (S)κi



So ρ (S, S + d) solves

e−ρ(S,S+d)Sf (S)κi = e−ρ(S,S+d)(S+d)f (S + d)κi

thus
ρ (S, S + d) =

log (f (S + d))− log (f (S))

d
To estimate this model we can just run a nonparametric
regression since

log (wit) = log(f (S)) + log(g(X )) + θi + εit

From this you can get the internal rate of return to schooling



People often assume that

log(f (S)) = βS

Then β is the internal rate of return to schooling

The phrase “returns to” has taken on a much broader meaning

Often use dummies instead of linear term



The Mincer Model
Suppose each period you spend some time working and the
rest investing in human capital

Let

K (t) be percentage of time spent investing in human
capital
h(0) human capital at birth

Suppose the human capital production function is

·
H = ρH(t)K (t)

Solving the differential equation yields

log(H(t)) = log(H(0)) +

∫ t

0
ρk(t)dt



Normalizing human capital rental rate to 1

w(t) = H(t) (1− K (t))

People leave school at time S



Mincer then assumes that

Retire from the labor market at time R
K (t) = 1 while in school
K (t) is linear in the labor force
K (R) = 0





Let x be experience, i.e. x = t − S and let I(x) = k(t)

H(S) = H(0)eρS

I(x) = I(0)− I(0)x
R − S

so

log(H(x)) = log(H(S)) + ρ

∫ x

0
I(ξ)dξ

= log(H(0)) + ρS + ρ

[
I(0)x − I(0)x2

2 (R − S)

]
= β0 + β1S + β2x + β3x2

The famous Mincer specification β1 = ρ = internal rate of return
to schooling

This is a huge empirical success



Problems:

Is K (t) really linear?
Is β1 the same for everyone?
Not “structural” in the classic sense
Implies everyone is exactly indifferent between all levels of
schooling-in which case schooling should be very sensitive
to anything

Next we will consider a set of empirical models that relax some
of these assumptions.



Willis and Rosen(1978)

They think of schooling based on the Roy model of comparative
advantage

Keep things very simple

2 Schooling Choices:

Attend College or not



Let

Vci be present value of earnings as a college graduate
VHi be present value of earnings as a high school graduate

Go to college if Vci > VHi



Assume exponential growth in earnings

For college

Wcit =

{
0 t ≤ s

Y ciegci (t−s) t > s

c represents college
s is number of years it takes to get a college degree
t represents age (measured as years since high school
graduation)
i is an individual
Y ci is initial wage
gci growth rates in wages



High School:
WHit = Y HiegHi (t)

with these terms being defined analogously



Let ri be individual specific interest rate

Then putting it together

Vci =

∫ ∞

0
e−ri tWcitdt

=

∫ ∞

s
e−ri tY ciegci (t−s)dt

= e−ri sY ci

∫ ∞

0
e(gci−ri )tdt

=
e−ri sY ci

ri − gci

VHi =

∫ ∞

0
e−ri tY HiegHi tdt

=
Y Hi

ri − gHi



As

Y ci ↑=⇒college ↑
gci ↑=⇒college ↑
ri ↑=⇒college ↓

They allow for heterogeneity in:

interest rates (ri)

initial wages (Y ci , Y Hi)

growth rates (gci , gHi)



Go to college if Vci > VHi

or

−ris + log
(
Y ci

)
− log (ri − gci) > log

(
Y Hi

)
− log (ri − gHi)

They cheat at this point and assume that

log(Vci)−log (VHi)
.
= α0+α1

[
log

(
Y ci

)
− log

(
Y Hi

)]
+α2gci+α3gHi+α4ri

Assume that

log
(
Y ci

)
= X ′

i βc + u1i

log
(
Y Hi

)
= X ′

i βH + u2i

gci = X ′
i γc + u3i

gHi = X ′
i γH + u4i

ri = Z ′
i δ + u5i

with all of the error terms normally distributed



Data is

NBER-Thorndike-Hagen Survey of 1968-1971
Male World War II Veterans who applied for Army Air Corps
Not random
Data on schooling
Wage at two different points in time



Define

Ii = log(Vci)− log (VHi)

= α0 + α1
[
log

(
Y ci

)
− log

(
Y Hi

)]
+ α2gci + α3gHi + α4ri

= W ′
i π + ωi

where

Wi = (Xi , Zi)

ωi = α1 (u1i − u2i) + α2u3i + α3u3i + α4u4i

Let σω be the standard deviation of ωi

We can estimate this model in 3 steps



Step 1

First step is reduced form probit of College on Wi

Equation is
Ii = W ′

i π + ωi

This gives estimate of π
σω







Step 2

Assume we have data on initial wages and wages T periods
later

We can estimate earnings equations using Heckman 2 step

Let Yci (t) , YHi (t) represent the wages of individual i at time t
as a college or high school graduate respectively

Let φ and Φ be the pdf and cdf of a standard normal



E (log (Yci (0)) | Wi , Ii > 0) = E
(
log

(
Y ci

)
| Wi , Ii > 0

)
= X ′

i βc + E
(

u1i | Wi ,
ωi

σω
>
−X ′

i π

σω

)

= X ′
i βc + ρ1

φ
(

X ′
i π

σω

)
Φ

(
X ′

i π

σω

)
E (log (YHi (0)) | Wi , Ii > 0) = E

(
log

(
Y Hi

)
| Wi , Ii < 0

)
= X ′

i βh + ρ2

φ
(

X ′
i π

σω

)
1− Φ

(
X ′

i π

σω

)



E
(

log(Yci (T ))− log (Yci (0))

T
| Wi , Ii > 0

)
= E (log (gci) | Wi , Ii > 0)

= X ′
i γc + ρ3

φ
(

X ′
i π

σω

)
Φ

(
X ′

i π

σω

)
E

(
log(YHi (T ))− log (YHi (0))

T
| Wi , Ii < 0

)
= X ′

i γH + ρ4

φ
(

X ′
i π

σω

)
1− Φ

(
X ′

i π

σω

)



E (log(Yci (T )) | Wi , Ii > 0) = E
(
log

(
Y ci

)
+ gciT | Wi , Ii > 0

)
= X ′

i (βc + Tγc) + ρ5

φ
(

X ′
i π

σω

)
Φ

(
X ′

i π

σω

)
E (log(YHi (T )) | Wi , Ii < 0) = X ′

i (βH + TγH) + ρ6

φ
(

X ′
i π

σω

)
1− Φ

(
X ′

i π

σω

)





Step 3

Finally we go back to the “Structural probit”

log(Vci)− log (VHi)
.
= α0 + α1

[
log

(
Y ci

)
− log

(
Y ci

)]
+ α2gci + α3gHi + α4ri

= α0 + α1
[
X ′

i βc − X ′
i βH

]
+ α2X ′

i γc + α3X ′
i γH + α4Z ′

i δ + ωi

Clearly there is a scale problem.

I can always multiply by any positive constant without changing
the sign

Lets normalize var(ωi) = 1



Then I can get consistent estimates of α1, α2, and α3 by doing
a probit of college attendance on[
X ′

i β̂c − X ′
i β̂H

]
, X ′

i γ̂c , X ′
i γ̂c ,and Zi

Standard errors must be corrected
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