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TESTS OF MEAN-VARIANCE EFFICIENCY OF
INTERNATIONAL EQUITY MARKETS

By CHARLES M. ENGEL* and ANTHONY P. RODRIGUESTY

1. Introduction

THE mean-variance optimizing model is a popular description of investors’
behavior, but one which has received mixed support empirically. As applied to
international asset markets, it implies that demand for foreign assets depends
on expected returns and variability of returns, which may arise from exchange
rate movements and other factors. In this paper we propose some tests of the
mean-variance models, and apply the tests to a ten-country asset pricing model
of equities.

The behavior of the returns on equities across countries has received
considerable attention in recent years. While many studies have been concerned
specifically with the transmission of disturbances across markets during and
after the crash of October 1987, several papers have addressed the issue of
whether asset-pricing models can be used to describe international asset
returns. Among those taking this approach are Cumby (1990). Korajczyk and
Viallet (1989), Wheatley (1988), and Cho et al. (1986).

Our test is closely related to a test of the mean-variance model developed by
Frankel (1982b, 1983, 1985) and implemented by Frankel and Engel (1984),
Engel and Rodrigues (1989), Ferson et al. (1987), Lewis (1988), Attanasio and
Edey (1987), Giovannini and Jorion (1989), Bollerslev et al. (1988), and Engel
et al. (1989). Compared to many other tests of the model, the Frankel procedure
puts little restriction on the behavior of expected returns and the ‘betas’ (the
co-variance of the rate of return on a particular asset and the rate of return on
the portfolio) beyond what is imposed by the model.

A specific alternative hypothesis nesting the mean-variance model is a
general linear (Tobin) asset pricing model.! As opposed to most other tests
of the capital asset pricing model (CAPM) hypothesis, there is an economic
interpretation to the alternative hypothesis. Hence, if the restrictions of the
mean-variance model are rejected (and we will find that they are), the
(unrejected) alternative model stands as an economically meaningful model of
asset pricing, and is useful in helping us understand what goes wrong with the
mean-variance model.

The techniques we employ retain the desirable properties of the Frankel
test but considerably ease the computational burdens imposed by the maximum
likelihood estimation (MLE) proposed by Frankel. His method requires

! The idea of nesting the mean-variance model in the Tobin model and testing the restrictions can
be traced back to Parkin (1970) and Courakis (1975).

© Oxford University Press 1993



404 TESTS OF MEAN-VARIANCE EFFICIENCY

simultaneously choosing hundreds of parameters to maximize a likelihood
function that describes a linear system with a restriction between the mean and
the variance of the errors.

We present two types of tests of the mean-variance model. The first is a Wald
test which requires estimation only of the unrestricted (Tobin) asset pricing
model. The second is based on a minimum distance estimator of the restricted
(mean-variance) model that makes use of parameter estimates and their
variances from the unrestricted model. These estimators are much easier to
calculate than the MLEs, which allows us to consider asset pricing systems of
larger dimensions than is practical with the MLE. Correspondingly, we are also
able to allow for much richer dynamics in the covariance structure of the
individual asset returns.

Section 2 of this paper reviews the mean-variance hypothesis and discusses
the nature of the restrictions that the Frankel procedure tests. Section 3 briefly
explains the Wald statistic, and presents the Wald tests of mean-variance
efficiency (MVE) under the assumption that variances and coefficients are
constant over time, and that variances are allowed to vary over time. Section
4 shows how the parameters of the restricted model can be estimated, and
presents additional tests of MVE. In Section 5 we examine the characteristics
of the various asset demands implied by our estimates. The implications of our
findings are summarized in the concluding section.

2. Testing the mean-variance model

2.1. The restrictions of the mean-variance model

A well-known relation that emerges from the mean-variance optimizing model
is that for any asset i,

Et(ri,t+1 - 7‘5’+ 1) = ﬁitEt(rm,t+1 - rf+ 1) (1)
where

f:+1 = return on asset i from time ¢ to t + 1

13

rP, , = riskless rate of return from time ¢ to t + 1

Tw.:+1 = return on the value weighted ‘market’ portfolio of equities between ¢

and ¢t + 1.2

The coefficient f;, is, in general, a time-varying coefficient that is defined as

Bie = CovFi 1415 T+ 1)/ Var (1 41) 2

2 The term ‘market’ here refers to the set of assets in the mean-variance efficient portfolio. If this
set of assets coincided with the entire range of assets available in the market, then our tests would
be a test of the CAPM hypothesis. The inability to measure returns on the entire market eliminates
the possibility of a formal test of CAPM, as Roll (1977) has emphasized.
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We could rewrite the equilibrium relation as the ‘security market line’

E(ti 141 — "z+ 1) =P Cov(ri 1415 Tm,e+1) €)]
where

p= Et(rm,t+ 1 rzb+ 1)/Vart(rm,t+ 1) 4)

The coefficient p is sometimes referred to as the price of risk. It represents
the trade-off between the expected return on the market portfolio and the
variance of return on that set of assets. A critical assumption we make is that
this ‘price’ is constant over time. In general, this variable could change over
time but the assumption of constancy of p seems quite innocuous compared to
some other common assumptions made to test mean-variance efficiency. (See
Frankel 1982, 1983, for a discussion of the drawbacks to some of the common
assumptions.) The price of risk in equilibrium is a measure of the degree of risk
aversion of investors, and can thus be viewed as a behavioral parameter.

The return on the market portfolio is a weighted average of returns on each
of the individual assets:

rm,t+1 - Z )"jtrj t+1 (5)

ji=1
where
A;; = ratio of the value of outstanding shares of asset j to the value of all assets.

Therefore, we can write

COV,( i+ 1 mt+1)_ Z j'JtCOVt( ,t+ 1o 11+1) (6)

ji=1

Cov,(¥; 1 +1, I'm, +1) could vary over time either because supplies of assets (the
As) change, or because the underlying stochastic process of returns is time-
varying, meaning that Cov,(r; 1, 7;,+1) 1S not constant. We initially assume
only the 1s move over time, but then we allow the covariances to vary as well.

In matrix form we have

ErrH- 1= pr/lt (7)
where

t,. 1 = vector of excess returns
A, = vector of asset shares

Q =E(rs1 — Efy )y — Eriiy).

Tobin’s (1958, 1969) general equilibrium portfolio balance theory posits that
the demand for assets by individuals should be a function of the vector of
expected returns. We can write a linear form of the model which posits
A, = A,E,r,,, where A4, is a matrix of coefficients (possibly time-varying) that
represents the response of the assets demanded (as a share of the total portfolio)
for a change in the expected returns. We can rewrite the system as an
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equilibrium model for expected returns (as in Tobin, 1969):
Etyy = Btj't (®)

Here, B, = A, !. Tobin’s model is a general theory that does not specify precisely
the determinants of the response of asset demands to expected returns.

We view the mean-variance model as a restriction on the general Tobin
model. It tells us exactly the responses of asset demands with respect to changes
in expected returns. The response depends upon the covariance of asset returns.
Specifically, comparing equations (7) and (8). we can see that the mean-variance
model requires that B, equal pQ,.

2.2. Testing the restrictions
If expectations are rational, we have
o1 =Eni+ 64 )]

where ¢,,; is a white-noise error term. Thus, the restricted model (7) can be
rewritten as:

T+ =th’11+8t+1 (10)
while the unrestricted model becomes
hhe1 =B, + 644 (11

Consider for a moment the case in which Q, and B, are constant over time.
Equation (11) then describes a system of linear equations that can be estimated
simply by regressing the ex-post returns on the values of the asset shares at
time z. Such a regression requires data on the returns and the values of each
asset as a share of the total market.

Note, however, that the variance-covariance matrix of ¢, , is Q. Therefore,
the restrictions of the mean-variance model on the general system (11) are that
the matrix of regression coefficients, B, should be proportional to the covariance
matrix of the residuals (with the constant of proportionality equal to p).

One way of testing mean-variance efficiency is to compare the likelihood of
the system (11) without imposing any restrictions on B to the likelihood
obtained from estimating (10), imposing the restriction that B be proportional
to Q. The likelihood ratio test will fail to reject mean-variance efficiency if the
estimated likelihood with the restriction imposed is not significantly smaller
than the likelihood from the unrestricted regressions. The Wald test, on
the other hand, estimates B and Q from the unrestricted system, then tests the
restriction that the two matrices are proportional. Clearly in this case the
estimation is quite easy, since only OLS estimation of the system (11) need be
performed.

The estimator we propose in Section 4 finds a matrix we can call Q*, and a
parameter p* which minimizes a weighted average of the distance between Q*
and the unconstrained estimate of Q, and the distance between p*Q* and the
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unconstrained estimate of B. The test of the mean-variance model is simply a
test of whether this minimized distance is near zero.
More generally, Q, and B, will vary over time. In particular, we postulate that

Q=Q,+Q,z} + Q22 +- -+ Q,z" (12)

where z/ is an economic variable that is known at time ¢, and Q; is constant
for all j. This type of variance model has been used recently by Giovannini
and Jorion (1987), Engel and Rodrigues (1989), and Shanken (1990). The
mean-variance model does not explicitly pinpoint the sources of variability in
returns, yet it does not require that returns have constant second moments. In
the absence of a specific theoretical model, we hypothesize that the second
moments depend on some plausible economic sources of variation in returns.

Correspondingly, we allow the coefficients on the asset-shares in the asset
pricing equation (8) to change over time, according to the relation:

B, = By + Bz} + Bz + -+ B,z" (13)

Mean-variance efficiency then imposes the constraints Q; = pB; for all
j=0,...,m

The principle of our test remains the same, even with time-varying B, and
Q,. We note that relationship (10) now takes the form

i1 = BoA, + Bzl + Byzid, + -+ - + Bz, + &4, (14)

This is still a system of regression equations, albeit one with many more
variables. Furthermore, it is one that is not efficiently estimated by OLS,
because the variance of the vector of error terms, ¢, , ;, follows a heteroskedastic
process given by equation (12).

The unconstrained system can be efficiently estimated using a GLS estimator
described in the next section. The likelihood ratio test would also require
estimation of the constrained system by maximum likelihood techniques.
Instead, we propose a Wald test of the mean-variance restrictions that requires
estimation only of the unconstrained system. Then we derive a minimum
distance estimator of the constrained system that is considerably less burden-
some computationally than the MLE.

3. Testing the mean variance model with the Wald test

We can write the restrictions of the mean-variance model as the conditions
that a specific vector of functions of the parameters equal zero. We can then
take the estimated coefficients and construct a measure of the distance of the
estimated vector of functions from zero. The Wald statistic provides such a
measure. (See Silvey, 1975, for a discussion of the Wald test.)

The vector of restrictions can be represented as h(6) = 0, where 6 is the vector
of parameters, and & is a vector of functions. The Wald statistic measures how
close to zero is h(@), where 0 is the vector of estimates of parameters. The Wald
statistic is motivated by noting first that 7*/3(0 — 0) is distributed approximately



