Appendix
Al. Model Specification

Consumers

The indexes of consumption of home and foreign goods are given by:
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The price indexes for home and foreign goods are given by:
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The intratemporal decisions by households can be characterized by the following relationships:
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Firms

The optimization problem can be expressed as maximizing the expected present value of profits
using the market nominal discount factor for the owners of the firm. Given thereis no intertemporal
aspect to the firms' optimization problems (see, Obstfeld and Rogoff (1998)), this reducesto

maximizing in the PCP case:
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where X, (i) =nC,, (i) istota salesof firmi to homeresidentsand X, (i) = (L-n)C, (i) istotal sales
to foreign residents.

In the PTM model, the firm chooses two different prices — one to charge residents of its own

country, and one to charge residents of the other country. The typical home firm maximizes:
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Optimal pricesin both cases are presented in Table 1 in the text.

Money Demand Approximation

The money market equilibrium condition (1.2) may be approximated by first writing (1.2) as:
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The right hand side may be expressed as
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The left-hand side of (A.1) may be approximated around a steady state where the nominal interest rate
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Equating the log of (A.2) and (A.3) gives the money market clearing condition (1.3) of the text.



All. The PCP Model

Solution for PCP Specification
Under PCP, thereisfull PPP at al times, sowe have P = SP and C, =C, . By subtracting

the foreign country money market clearing condition from the home condition, using PPP and the

assumption of random walk money supply, we may derive a solution for the exchange rate given by
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where [ isaconstant.
Now combine the home and foreign money market equilibrium conditions to obtain the

eguation:
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where [ isaconstant, and B, = np,, +(L-n)p,, M =nm, +(L—-n)m . Taking expectations dated

period t-1, and solving for p, gives:
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where I}, isaconstant. Using (A.5) and (A.6), we may derive equation (3.2).

Now from (1.4) (and its foreign equivalent), and the pricing equationsin Table 1, we may write

implicitly the equation which determines the period t-1 expected value of consumption as
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Now using (A.7), imposing the fact that the solution for consumption and the exchange rate will be

log-normal, and taking logs, we may solve for the value of expected consumption as
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Using this relationship and equation (A.8) allows us to derive equation (3.3), because we have
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Proof of Proposition 1:

1) Since A-(A-p)A -]

g >0, maximizing Et_lljt is equivalent from equation (3.3) to
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Using equations (3.1) and (3.2), in conjunction with the monetary rules (3.4) and (3.5), we can

calculate the following variances and covariances.
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We substitute these expressions into the objective function (3.3). Then, since the objective function for
home and foreign governmentsiis identical, the equilibrium policy choices are found ssmply by
choosing a,,a,,a;,a,,b,,b,,b;,b, to maximize U defined above. The resulting expressionsin
Proposition 1 can be derived by straightforward algebra.
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2) We demonstrate here that the solutionsfor C,,C,;,Cy, L, and areidentical to the

solutions in the flexible-price model. Under the optimal policies, we find:
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Substituting into equation (A.8), we find
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Using this relationship, and the optimal monetary rules, equation (3.2) gives us
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Taking the antilogs, we seethat C, isidentical to the flex-price solution in equation (2.1).

Using equation (1.3) and its foreign counterpart, wefind s, =Ing, —=Iné; or S, = o From
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(1.4) and the pricing equations, we can write B, = . Using our solution for the
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exchange rate, we have Py, = =PB,. So, thetermsof trade are
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given by P—g = Z—‘ , just asin equation (2.2) for the flex-price model.
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In both the flexible price model and the PCP model, we can write
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Since C, and theterms of trade are identical in the two models, then so must be C,. A similar

argument shows C, isidentical in the models. Since L, = C—g in both models, it is aso the same.
t

Alll. TheLCP Mode
Solution for the L CP specification

Under the L CP specification, PPP does not generally hold, and so thereis afailure of full risk-
sharing. By using equation (1.4) and its foreign equivalent, the risk-sharing condition (1.5), and the

pricing equations in Table 1, we may write the equation which implicitly defines expected home
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country consumption as

1-n

Using the log-normality assumption, and taking logs, we may solve for expected consumption as
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A similar procedure establishes that
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From the home economy money market clearing condition (1.3), taking expectations based on

t —1 information, and using (A.11), we may solve for the home price level as
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Taking the difference of the money market condition (1.3) from its expected value, we get
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Then using (A.11) and (A.13) we derive equation (4.1). Equation (4.2) is derived analogously.

We can use the risk-sharing condition (1.5), and the price equation (A.13) we get:
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where I, isaconstant term. First-differencing yields equation (4.3).

Equations (4.6) and (4.7) are arrived at by using equation (A.9) and its foreign counterpart
along with equations (A.11) and (A.12).
Proof of Proposition 2:

1) From equations (4.1) and (4.2) we can establish
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From these expressions, we seethat E,,C, = isnot influenced by the policy choices of the
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home country. Since > 0, the home objective can be restated as maximizing
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maximizing U~ = -
yield the solutions in Proposition 2.

2) Using this solution, we get 4, — 1, —l(vt —v;) =0. It then follows from equation (A.13) that
£

P - pt* isaconstant. Using these two facts, it follows immediately from (4.3) that the exchange rate

is constant.
Proof of Proposition 3:

The second part of proposition 2 establishes that the exchange rate is constant over time.
Moreover, nominal prices cannot adjust within any period. Hence, under the LCP specification, the
terms of trade cannot satisfy the flexible price equation (2.3). Furthermore, given that relative goods
prices are constant within a period, from (1.7), total demand for each country’ s product must respond
identically. Thus, the response of home and foreign output to a shock areidentical. Asaresult, in
response to a country specific productivity shock, employment cannot be equated across countries, as
required by the flexible price equation (2.2). For both reasons, consumption of individual countries

goods cannot satisfy the flexible price equations (2.4) and (2.5).
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Proof of Proposition 4:
Under cooperation with welfare of home and foreign households treated equally, the objective

function is to maximize

nE,_,U +(1-n)E U’ = w E. .CFrP + @-nd+ (A -1)p) E .C'@»)
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Home monetary policy only influences E, ,C* and foreign monetary policy only influences

E,,C, . Since 1+ (A -1)p >0, the optimal cooperative policy isto choose a,,a,,a;,a, to

2 ~2 ~ 2 ~2 ~
maximize U = -2¢ -9 4+ e and t0 choose b,b,,bs,b, to maximize U~ = _9¢ _Gu  CGcu
2 2p p 2 2p p
Thisisthe same problem that is solved in the noncooperative equilibrium.
Proof of Proposition 5:
When foreign monetary policy is given as described under Proposition 2, then
« 1 - *
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From equation (4.3), then
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Using the exchange-rate policy rule (4.8), and substituting (A.15) into (4.1), we can calcul ate:
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Home policymakers maximize U = e Z + 7 . Straightforward algebra yields the optimal

policy choices ay' =a) =al =a} =0.



The optimization problem for the foreign government is exactly asin the proof of Proposition
2. Thefirst-order conditions for their policy choice are not even afunction of the policy choices of the

home country. So, their optimal policy choices are the same asin Proposition 2.
Substituting these optimal rules back into equation (4.3), we find g, = %(Gt +V;). Thisisthe

same money growth rate under problem P2. It follows that the equilibrium isidentical to the one under
the policy rules described in Proposition 2.
AlV. Endogenous Risk Sharing

We now analyze the case where monetary policy is set before private agents engage in optimal
cross-country risk sharing. In order to examine this case, we need to introduce a more formal state-
specific approach to the model. We use the following notation for the distribution of events. Say that

at any timet event J, is drawn from afinite number of possible events. The history of all eventsup to

and including that at timet isdenoted &' ={3,3,,#_,,---} ,» Which occurs with date zero probability
equal to 71(F).
Optimal Risk Sharing

Households have utility functions given asin section 2 of the text, where we define
consumption of the home household at any history 4' as C(9') . The economy begins at date t = 0.
But trading in a complete set of nominal state contingent assets can take place at date t = -1, before

the realization of shocks for date 0. Let g(:9') be defined asthe price of delivery of one dollar of

home currency at history 9. Then the date —1 budget constraint for the home individual is given by
(A16) > > q)(PE@)CEH+ME")-WE )L H)-Te ) -Mg ) - 1)) =0,
t=0

where the second summation is taken over the finite set of possible histories at any datet. Herethe

notation P($') is defined as the consumer price index at history &', etc. M($") isdefined as total
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profits earned by the home household from ownership of home firms at history ', and T(8")

represents money transfers from the central bank at history 9'.

Likewise, the foreign household faces a date—1 budget constraint given by
(A17) 33 q@)SE)(PEHCEH+M @) -WE HLg )-ng )-MF ) -TK 1) =0.
t=0

Consumption of the home and foreign good bundles, and individual consumption of home and foreign
goods are defined in the same way as before, except to allow for the state-contingent notation. Prices

are set by firms maximizing the state contingent value of profits, defined for the home country as
P CHICH
t=0

where the individual profit functions are as defined above, both for the PCP and the LCP cases.
We first derive the conditions relating to optimal international risk-sharing across households. The
home household chooses a sequence of consumption levels, money balances, and labor supply to

maximize expected utility subject to (A16). Thefirst order conditions may be written as

(A18) B r(F)C() 7’ = yad)PE")

t 1 _ +1
(A19) ﬁﬂ(ﬁ)M(ﬁt) —V{Q(ﬁ) ﬂ%qw‘ )}
(A20) Bn=yad W)

In these conditions, the variable y represents the Lagrange multiplier on the home country budget

constraint (A16))|£.| Thisis endogenously determined by the need to satisfy (A16), and will in turn

determine, in aworld equilibrium, the weight placed on home country consumption in the risk sharing

! Theterm z q(8"*") denotes the price of aunit of currency in the subset of all histories 9" that are continuations of

19[+1D9(§
z q(§t+1)
t+1, t
9. Then 2 m(ﬁt) is an expression for the inverse of the nominal interest between period t and t+1.
q
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rule. Notethat this multiplier is state and time invariant. Because of the presence of complete markets,
households only face one effective budget constraint.
The analogous relationship to equation (A18) for the foreign country is
(A21) Br(F)C(F)7 =y aF)S @ )P E).
First, notice that (A18) and (A21) together imply that the following relationship holds between home

and foreign consumption:

* (gt
(A22) Y ey = SFP &) ©@Y)”
y P(F)
which isjust equation (1.5) of the text, where in the notation of the text, I' = l . We may now
4

determine the value of I implied by an equilibrium in the market for state-contingent nominal assets,

however. To do this, rearrange (A18) and (A22) in the following way

o B N:2.C)
A23 P — ) =— - - :
"2 W@y ) Tys@recey

From the home country budget constraint, imposing the condition that M (") =M@ ™) +T¢"), and

the definition of profits, we have

(A24) iZq(ﬂ‘)(P(ﬂ‘)C(ﬂ‘) - RG9S t)dij =0

=0
By market clearing across home goods, and using the definition of the household consumption

demands, we have that
(A25) nIPh(i,ﬂ‘)Y(i,z?“)di =nPE')CP ") +@-n)SP )P )CE ).

Hence, using (A23), (A24), and (A25), we have

o BAI)CI)? _ & BA(S)C (5)F
; B ( )y() :;.:Z'Bn( )y*()
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Thus, the sharing parameter in equation (A22) istherefore given by:

ZZﬁ (9)C(S )
(A26) =10

00

2.2 BmI)C(8)”

t=0

Endogenous Risk Sharing under PCP
Now using (A22) and (A26), we may establish the following result.
Result AlV.1

Under PCP, the equilibrium value of I is unity.

1

Proof: Under PCP, PPP holds, so we have C(3') =T *C’(9'). Substitute thisinto (A26) to get

00

D 2.BAIC ()N w

= 1=0 r *

>3 A AINC(9)7

8

The only solution to this equation must have I' =1.

Hence, aslong as the law of one price holds, optimal risk sharing will equalize consumption
across countriesin al times and states. Asaresult, even if the optimal monetary rules are chosen
before the opening of international financial markets, the optimal monetary policy under PCP
coincides with that identified in the text.

It may seem very surprising that in the PCP case, we must have I' =1, irrespective of the
policies chosen. Theintuition, though, is ssimple. Because of the Cobb-Douglas utility function, and
the law of one price, the world expenditure shares on each country’ s output are constant. Thisistrue
irrespective of the realization of productivity shocks, money demand shocks, or monetary policy.

Since weslth is determined the value of output sold, " isindependent of productivity shocks,
money demand shocks, or monetary policy.

Endogenous Risk Sharing under LCP
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We now focus on the LCP case. Under LCP, the approach used in Result 1 cannot be used,
because PPP does not hold, and in general the real exchange rate will be state and time dependent.
However, we can use the endogenous sharing rule given from (A26) in the construction of the
objective function for the policy maker under LCP.

Aswe have noted, the detrended values of all variables X, inthe model are stationary, where
the trend is given by the time —1 expectation of the flexible price solution for X,. Wewill usethe
notation E._, to refer to the expectation conditional on —1 information of the detrended variable. The

model is “stationary” in the sensethat E_, X, is constant for al t, for any variable X, .

1
So G771 Ey(CI™*) s stationary, where G =(67g/“™ )¢ . Likewise, G /E.,(CF*) i

stationary. Dividing numerator and denominator of equation (A26) by E_l((ﬁit ), we have

00 . C(ﬂt)l—p

C' (5" )1' *lECEP
ZZﬂ M) =, £ Co

Then, using this expression in the optimal price setting rules, we may write the analogous

expression to (A10) as

e PEIEET

A-1 EL(C)

Now transform these variables so they are stationary:
A

E_] [t j E_] ( ;sz j
] | I—n t t
Y.( )‘;

A-1 E—l (Ctl_p)

, where Y{(t) :exp(%tn(l -n)(o? +0'§)).
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1-n
e
Thisimpliesthat:lz/]—lY(t)n — : .

Likewise, for the foreign country, we have

. n . 1-n
1= Yt . : :
L

E_lctl—P é_lct* (1-p)

Unlike the case of the text, where the optimal policy rule is chosen after international risk sharing has
taken place, in this case, the mean level of log consumption in any country is determined partly by the

volatility of consumption in the other country. The solutions for the mean log consumption are

(nog +@1-n)oy)
2p
] (nacu + (:;_ n)acu*) +[(1 _,0)(1 _n)] (nacu +(1_n)acu*)

E.q O [n(2 pF ot n)]%— [(& p)(E )] 020
(A.27)
+[n+p-n)

A similar procedure establishes that

£ [ nE oy % [ )% (0tE0)
(A.28) 2 2 20
+[(@-n) +pn] (n,, +@-n)o, +1-n)o,.)

u*) +[(1 _p)n] (nacu

Now using (4.4) of the text to derive the expected level of employment in the case where the

policymaker takes account of endogenous risk sharing, we have

n(A-1)E_C"* LA-n( -1) E.C*” _(A-)EC™

E.L=
b An An An

Hence, expected employment is afunction of domestic consumption alone. It follows immediately

that the home (foreign) policy makers objective function depends only on E_C'” (E_.C/*?).
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Moreover, from (A27), we may establish that

2 =2 52
g u_

2 -2 [0 ][ %o %
== p](l_ & n)(E p) 20 [ A)2 n)]( 2 ij

(A29) ELC* Dexp((} p)E (

Comparing thisto (4.6) of the text, and recalling that home (foreign) monetary rules have no effect on
the second moments of foreign (home) consumption, we can establish:
Result AlV.2

When policy makers choose the optimal monetary rules before international risk sharing takes
place, the optimal rules under LCP areidentical to those in the case where the policy maker takes the
degree of risk sharing as given.

Proof: Since the home policy maker does not influence 0. or &~

<. » her objective function
from (A29) isidentical to that in the case of the text, where risk-sharing is taken as given. Hence, the
optimal monetary rules of Proposition 2 still apply. The same reasoning applies to the problem of the
foreign policy maker.
V. Generality of Optimal Rules

Here we address the question of the generality of the optimal monetary rulesidentified in the
LCP case. In particular, we have assumed a set of monetary rules by which the change in log money
supply isalinear function of the random shocks, and as a result unforecastable in each period
(equations 3.4 and 3.5). We then derived the optimal monetary policiesin the case of each type of
price setting. Arethese policies fully optimal? In other words, does there exist an alternative set of
monetary policies not restricted in the manner of (3.4) and (3.5), which could give higher expected
utility for all agents? We approach this problem in the following way. Imagine that there was a social
planner who weighted all individuals equally, and who could choose allocations subject only to the
constraints that

a) nominal prices cannot adjust within the period of a shock,

16



b) pricesrepresent a markup over marginal costs, so that there exists amonopoly distortion in
the economy leading the marginal utility of consumption to be higher than the marginal
disutility of work effort, for each type of good.

Then could the planner do better than the allocations induced by the monetary rules of Propositions 1
and Propositions 2, in each pricing case? If the planner could not do better than this, there could not
exist other monetary rules that dominate those of Proposition 1 and 2 in each case.
PCP Model

We dedl first with the PCP pricing case. Under PCP, it is possible for amonetary rule to
replicate the flexible price equilibrium, as shown in Proposition 1. Therefore, asocia planner who
could choose allocations directly subject to constraints a) and b) above would in fact be constrained
only by b), that is, by the presence of monopoly markups. Could the socia planner do better than the
alocations implied by Proposition 1? To determine this, ook at the problem faced by the social
planner in any given period. The planner will clearly find it efficient to equalize consumption of each
type of home (foreign) good across goods and individuals. Thus, in equilibrium, the planner would

maximize the utility function

_ (G nA N T
43 V‘_”(l—p (A-D )”1 n>(1_p ¥ —1)“)

subject to the constraints

CaCh" o = CCi™
Con"@-n)t " on"(@-n)t"

and
6L, =nC, +(1-n)C,, 6L =nC, +(1-n)C.
The adjustment of the parameters determining the disutility of labor supply in (A30) isadeviceto

ensure that the planner is constrained by the presence of a monopoly markup in choosing allocations.
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Now choosing C,,,C,,,C,,C; tomaximize (A30), subject to these constraints, it is straightforward to

show that the allocations that result from this problem are equivalent to those of the flexible price
equilibrium (2.1) and (2.2), and therefore equivalent to those induced by the monetary policies
followed in Proposition 2. Since this represents the solution of a planner’s problem constrained only
by @) and b), it follows that no monetary policy choice could do better than this.

The planner wishes to maximize lifetime utility, but the above argument applies to each
period s utility. A planner choosing a set of monetary rules to maximize inter-temporal utility
constrained only by &) and b) could not do better than the allocation of Proposition 1, because that
alocation achieves the welfare in each period of a socia planner unconstrained except by the presence
of monopoly pricing (or, equivaently, this allocation is constrained efficient).

LCP Mode

Now we look at the LCP case. With LCP, the monetary policy rules of Proposition 2 do not
induce the flexible price equilibrium, so we cannot ignore the presence of constraints b) in formulating
the constrained social planning problem. In other words, the presence of sticky pricesactsasarea
constraint in the problem facing a social planner choosing allocations subject to the constraints
imposed by monopoly and price rigidity.

How do we represent the constraints imposed by the presence of LCP? Equations (A10)
describes the constraint on the distribution of home country consumption when prices are set using
LCP, in the presence of optimal risk sharing. This constraint, and the analogous one for foreign
consumption, givesriseto the expressions for expected log consumptionin (A11) and (A12) for the
home and foreign country. These expressions are derived without specifying the monetary policy rule
at al. Therefore, they must be faced by any social planner constrained by LCP. Following the steps

described in equations (4.4) and (4.5) of the text, it then follows that a social planner constrained by
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L CP must face an objective function that may be described as (it is clear in this formulation that the

optimum monetary rule will not depend on the presence of monopoly pricing)

E U, -E_l{Zﬁ[ el -HLD

t=0

(A31)
1 1 af g2 4, N, O 8 Oy,
D—ﬁl—[n HE P G 5o ) @ me( pE G- g %)

2
where ZEexp[%(l_—pj (n°c? +(1—n)za:2)} ,and Bz<1.
0

The planner must choose a monetary rule that induces a pair of functions c(u,u’) and

¢ (u,u’) so asto maximize (A31). Since uand U are normally distributed, in afirst best economy,
log consumption will also be normal. We therefore impose that log consumption isnormal. In that
case, the functions c(u,u’) and ¢ (u,u’) must be linear, so that

ot =aict+aloh,  OF =ako +aba

g,, =na,o’ +(1—n)alzaj, a,, =na,, o> +(1 —n)azzaj
where g, j =12 are constants. Inspection of (A31) reveasthat the planner will choose a distribution

that exactly replicates the allocation induced by the monetary rules of Proposition 2. Since a planner
constrained only by LCP will replicate the allocation of Proposition 2, it follows that Proposition 2
represents the optimum for any feasible monetary policy rule in which the log of consumption is
normal.

This demonstrates that the all ocations achieved under Proposition 1 in the PCP case and
Proposition 2 in the LCP case are the same as the planner’ s optimum in each case, given the monopoly
and sticky price constraint. Thus, the particular form of the policy function we have imposed — that
money growth rates respond to current shocks — does not preclude reaching the constrained planner’s

optimum.
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