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Abstract

The remarkable recent growth in gross external portfolio assets and liabilities among coun-
tries has led to renewed interest in portfolio-based models of capital flows and the current
account. This paper develops a simple and tractable model of net capital flows in which
time-varying gross country portfolios are an essential element in current account imbalances.
The main constituents of country portfolios in the model are nominal bond assets and liabil-
ities. Under very weak conditions, the world wealth distribution is stationary. Stationarity
is generated by movements in bond risk-premia such that the return on a debtor country’s

gross liabilities is less than the return on its gross assets.



1 Introduction

The last decade has seen an unprecedented increase in two-way financial flows between
countries. For both developed and to a lesser extent developing countries, there has been
a remarkable increase in the size of gross external assets and liabilities, and at the same
time an increased dispersion in absolute current account positions across countries (e.g.
Lane and Milesi-Ferretti, 2006). Obstfeld (2004) suggests that this phenomenon of ‘financial
globalization’ increasingly calls into question the standard intertemporal view of the current
account:

“I will argue that..appropriate concepts of external balance adjustment cannot be defined
without reference to the structure of national portfolios.”

Thus, in an environment with large holdings of gross assets and liabilities denominated
in different currencies, asset classes, or maturity structures, the interpretation of the current
account based on a simple measurement of net-foreign assets may be quite misleading. Fi-
nancial globalization may facilitate larger current account positions than would be consistent
with capital markets based on one-way capital flows.!

If financial globalization had advanced to the stage where international financial markets
were effectively complete, then the analysis of the current account would be relevant only
as an accounting entity, since (correctly measured) ratios of national wealth across countries
would not change over time. But empirical evidence on the failure of international risk
sharing (e.g. Obstfeld and Rogoff 2000), as well as the substantial time variation in relative
measures of national wealth, suggests that international financial markets are incomplete.
The full understanding of the phenomenon of financial globalization therefore requires the
combination of models of portfolio diversification with dynamic general equilibrium models of
the current account under incomplete markets. This raises considerable technical difficulties
however, as models of multi-agent dynamic general equilibrium economies with incomplete
markets are difficult to solve and analyze. Again, Obstfeld (2004) argues:

“..we have no integrative general equilibrium monetary model of portfolio choice, although
we need one.”

This paper develops a simple, analytically tractable general equilibrium model of portfolio
choice in a two country economy with incomplete markets and trade in nominal bonds.
The model is designed to address exactly the relationship between gross external asset and
liability positions and the determination of the current account. The analysis highlights

endogenous portfolio composition as essential in facilitating international net capital flows

! Greenspan (2004) argues for a rationalization of the US current account balance along these lines. Along
similar lines, Blanchard and Giavazzi (2002) argued that countries in the Euro area were exhibiting wider
current account imbalances due to trade and financial market integration.



between countries. Movements in net foreign assets are generated by gross assets and gross
liabilities moving in the same direction, giving rise to time-varying portfolios and asset
returns. The key results of the paper may be summarized as follows:

1. The model implies an intimate connection between changes in gross portfolio positions
and net capital flows. Current account movements are facilitated by time variation in gross
portfolio holdings that do not fully offset each other. Without portfolio adjustment, no
capital flows would occur.

2. Endogenous variation in gross portfolio positions and real returns ensure a stationary
world wealth distribution. The key mechanism ensuring stationarity is that asset returns
move so as to reduce the cost of borrowing for debtor countries.

3. There is a complementarity between trade in nominal bonds and trade in real (non-
contingent) bonds. Nominal bond trade increases the gains from trade in real bonds.

4. There is a substitutability between trade in nominal bonds and trade in equity (claims
on technologies). The more nominal bonds facilitate international risk-sharing, the smaller
will be the portfolio shares of foreign equity.

The central feature of the model is the ability of nominal bonds to share country specific
risk in an incomplete markets environment. We start with a stochastic, continuous time
framework with country-specific technology shocks. If financial markets consisted only of
a real risk-free bond, as in the standard current account model, then there would be no
gains from trade between countries at all. Trade in nominal bonds allows for countries to
share risk by holding a diversified portfolio of domestic and foreign currency bonds. But
because risk sharing is limited, country specific shocks cause movements in relative national
wealth levels across countries. This causes time-variation in bond returns and portfolio
shares. Movements in portfolio holdings, or gross positions, are in turn associated with net
capital flows between countries. Thus, current account movements are inherently tied to
the adjustment of national portfolios and two-way capital flows. For instance, a country
experiencing net capital inflows may be simultaneously issuing bonds denominated in its
own currency, but purchasing bonds denominated in the foreign currency.

We derive a novel condition for stationarity in the world distribution of wealth in the
presence of nominal bond trade. So long as nominal bonds allow any cross country risk-
sharing, the world wealth distribution is stationary. Moreover, there is a simple and highly
intuitive explanation of the stationarity result: asset returns tend to move to the disadvantage
of creditor countries and to the advantage of debtor countries. This ensures that as a
country’s relative wealth position deteriorates, its cost of borrowing also falls, encouraging it
to invest in its domestic technology, and increase its expected growth rate. More specifically,

we find that debtor countries face a lower return on their gross liabilities than they receive on



their gross assets, while creditor countries face the opposite situation. In this way stationarity
in the wealth distribution is tied directly to time-variation in asset returns and portfolio
composition.

The results are illustrated in a baseline version of the model in which there is trade in
nominal bonds and a real risk-free bond. But we show that the stationarity results apply in
a number of different extensions of the model, restricting trade to nominal bonds only, to
trade in just one country’s nominal bond, or in environment extended to allow for trade in
both nominal bonds and equity.

We find that nominal bonds act as a complement to trade in a real risk-free bond. The
model is structured so that all shocks to a country’s technology are permanent. If asset
trade were permitted only in a real risk-free bond, there would be no gains from trade.? But
when nominal bonds may also be traded, the endogenous time-variation in the world risk-free
interest rate generates gains from trade in a real risk-free bond. This represents a second
channel linking gross country portfolio holdings and standard intertemporal borrowing and
lending through real non-contingent bonds.

By contrast, nominal bonds represent a substitute for trade in equity. In the baseline
model, we assume no direct trade in claims to the economy’s production technology (equity).
Unrestricted equity trade would imply complete markets. In an extension however, we allow
limited equity trade. But even then, agents may hold only a small share of foreign equity.
The reason is that the risk-sharing through nominal bonds may remove the need for trade in
equity. Thus, the presence of nominal bond trade may imply a home bias in equity holdings.

The paper is related to growing recent literature on modeling portfolio choice in dynamic
general equilibrium environments. Svensson (1989) and Bacchetta and van Wincoop (2000)
specifically analyze the role of nominal bonds using two period models. More recently, in
infinite horizon frameworks, Engel and Matsumoto (2006), Heathcote and Perri (2004), and
Kollman (2006) develop alternative explanations for home bias in equity holdings within
a complete markets framework. Pavlova and Rigobon (2003) construct a continuous-time
stochastic model of exchange rates, and focus on aspects of asset pricing and the international
transmission of stock prices.

In an incomplete markets environment Heaton and Lucas (1996) and Krusell and Smith
(1998) develop numerical methods for analyzing asset pricing and risk sharing. Kubler and
Schmedders (2003, 2005) prove the existence of a stationary equilibrium in asset pricing

models with incomplete markets and collateral constraints, and propose a numerical algo-

2This case corresponds to a model proposed by Constantiniedes and Duffie (1996) in which real bonds
play no role in sharing uninsured permanent idiosyncratic shocks (country-specific shocks in the current
context).



rithm to obtain optimal policy rules including portfolio decisions. More recently, Evans and
Hnatkovska (2005) and Hnatkovska (2005) use a numerical method to solve an incomplete
markets model in an open economy environment, but their local approximation does not
allow them to explore the issue of stationarity.®

Our model is substantially simpler than most of the previous literature in that we obtain
a fully analytical characterization of asset returns, portfolio choice, and the distribution of
wealth in an incomplete markets environment, without resort to approximation methods.
To our knowledge, this is unique in the literature. The key assumptions that allow us to
achieve this are a) log utility, and b) linear stochastic technologies. In essence, the model is
a multi agent version of Merton (1971) with restrictions on asset trade.*

The source of stationarity in wealth in this paper differs from that of previous literature.
In a version of the neoclassical growth model with idiosyncratic endowment risk, Aiyagari
(1994) shows that precautionary savings can support a stationary wealth distribution, as
long as agents are not too patient (see also Carroll 2004, and Krusell and Smith 1998).
With precautionary saving, stationarity is ensured by poor agents saving more and wealthy
agents saving less, while all saving is done in the form of an aggregate risk-free asset. In our
model, stationarity is associated with aggregate shocks, which change the composition of real
returns. But the presence of nominal bonds is also critical.” In order to ensure a stationary
wealth distribution, agents must continually adjust not only their aggregate savings, but also
the portfolio composition of their savings.b

The model implies that large debtor countries tend to pay lower rates of return on their
gross external liabilities than they earn on their gross external assets. Recent papers have
found evidence for this from examination of the US external portfolio.” Gourinchas and Rey
(2005) construct a data set on US external assets and liabilities over the period 1952-2004.
They find that the US earned a higher rate of return on external assets than it paid on
liabilities over the whole sample. Most of this excess return is due to a ‘return discount’,

implying that there is a higher return on assets than on liabilities within each asset class.

30ther recent papers based on approximation methods are Devereux and Sutherland, (2006, 2007), and
Tille and van Wincoop (2007).

4This makes the model amenable to a large number of applications, although it does restrict its applica-
bility in explaining some puzzles, such as those related to asset pricing.

>With only a real risk-free bond, there emerges no trading equilibrium in the real bond market. Accord-
ingly, the wealth distribution in our model is degenerate.

6 An alternative mechanism for ensuring a stationary wealth distribution is through endogenous move-
ments in the terms of trade. See Acemoglu and Ventura (2003) and Cole and Obstfeld (1991). A range
of alternative mechanisms for ensuring stationarity in small open economy models are discussed in Schmitt-
Grohe and Uribe (2003).

"Note that our model implies that movements in a country’s net foreign assets must be large enough to
impact on world capital markets. This makes the US case particularly appropriate.



Moroever, the excess return on assets is higher in the second part of the sample,as the US
NFA position turned negative. Using a VAR approach, Gourinchas and Rey (2006) find
that a rise in the US trade deficit generates a predictable fall in the return on US external
liabilities, through a predictable depreciation in the exchange rate. Similarly, Lane and
Milesi-Ferretti (2004), using a different data set, show that the ratio of US net foreign assets
to GDP has a significantly positive effect on the excess return received by the rest of the
world on US investments. This is consistent with our model, which implies a predicted
positive relationship between country’s NFA and the excess return on foreign investment in
that country.

The paper is structured as follows. The next section develops the basic model. Section
3 solves the model under alternative asset market structures and derives the main results.
Section 4 extends the model to a number of different environments. Section 5 presents come

conclusions.

2 The Model

2.1 A Basic Setup

We take a one-good two-country model of a world economy.® In each country there is a risky
linear technology which uses capital and generates expected instantaneous return «; with
standard deviation o;, where i = h or f, signifying the ‘home’ or ‘foreign’ country. Capital
can be turned into consumption without any cost. The return on technology i (in terms of

the homogeneous good) is given by:

dQ;

7

for © = h or f, where dB; is the increment to a standard Weiner process. That is, a shock

represented by dB; has permanent effects on wealth. For simplicity, we assume that the
Couv(ABy(t+At),ABs (t+A1))
At -

returns on the two technologies are independent, so that lima; .o
0.

To study the dynamics of the world wealth distribution, we assume that financial markets
are incomplete. For the moment, assume that residents of one country cannot directly
purchase shares in the technology of the other country (we relax this assumption in a later

section). Both nominal and real risk-free bonds can be traded between the countries however.

81t is possible to extend the model to many goods, and incorporate real exchange rate dynamics. However,
the one-good framework is adequate for an analysis of the central issue we are concerned with here; that is,
the interaction of portfolio choice and the current account.



Nominal bonds may be denominated in home or foreign currency. Although nominal
bonds are risk-free in nominal terms, their real returns are subject to inflation risk. Let

inflation in country i be represented as’:

dp;
P,

Thus, inflation has mean II; and standard deviation v;, ¢ = h and f. dM,; represents the

increment to a standard Weiner process. The monetary policy followed by country ¢ is

represented by the parameters II; and v;, and the covariance of dM; with dB;. We let
Covy (AM;(t + At), AB;(t + At))

Alg}o At =% 2)

and

Ahffo Covy (AM;(t + ii), AM;(t + At)) _o. )
for i # j. Equation (3) here says that inflation shocks are independent across countries. This
is not critical, but simplifies the algebra.

The covariance term )\; in equation (2) is a key parameter. It describes the cyclical
characteristics of the inflation rate, and hence of the real return on nominal bonds. The only
restriction we impose on this parameter is that \; # 0, and —1 < )\; < 1. The central results
of the paper regarding the stationarity of the world wealth distribution apply whether \; is
positive or negative.

Let the instantaneous nominal return on currency i bonds be ]/%, Then the real return
on bond ¢ is

(R; — 1L;)dt — v;d M,

where R; = R; + v? is an adjusted nominal interest rate!’. This will be determined endoge-

nously as part of the world bond market equilibrium.!!

9We do not explicitly model a source of demand for money. As in Woodford (2003), we can think of the
model as representing a ‘cashless economy’. What matters is that there is an asset whose payoff depends on
the price level, and monetary policy can generate a particular distribution for the price level.

10Since we have the single-good world and PPP holds, then the rate of the change in the exchange rate S
(= IIZ;) is just determined residually by:

1 1
dln S = (Hh — *1};21 —1IIy + ’U]2c> dt + v, dMp, — vedMy.

2 2
In the symmetric case studied below, the drift term in the exchange rate is zero.

Tn this nominal bond equilibrium, long-term bonds are redundant assets and are derivatives of instan-
taneous nominal bonds. Therefore, given the equilibrium path of instantaneous nominal interest rates,
longer-term nominal interest rates are derived completely by arbitrage pricing.



The real risk-free bond has instantaneous return r, which is also determined by world
bond market equilibrium. Agents in each economy divide their wealth across holdings of
the domestic technology, the real risk-free bond and the two separate nominal bonds. C},
denotes consumption of the representative home household. As shown in Section 4.1, most
results presented below survive even if the real risk-free bond market is absent.

The budget constraint for the home country may then be written as:

AWy, = Wi [whan —r) +wi(Ry — I —r) + wl}(Rf — Iy —r)+r]dt (4)
—Chdt + Wh (Ldijle'thh - wthth — w’}vfde) s

where Wi, W and w’} are the portfolio shares, respectively, of the domestic technology, home
currency nominal bonds, and foreign currency nominal bonds. Hence, 1 — w — wh — w?
represents the share of the real risk-free bond.

Each country is populated by a continuum of identical agents. Preferences are identical

across countries, and given by:

Ey /000 exp(—pt) In C;(t)dt, (5)

where p is the rate of time preference.
From a welfare perspective, with preferences given by equation (5), the relevant measure

of expected consumption growth in any equilibrium is the risk-adjusted growth rate, given
by:

lim Et

AC; (t+AL) 1 AC;(t+At)
{Aln Ci(t+ At)} . E; (—ci(t) > —;Var ( Ci(t) )
At—0 ‘

At At—0 At

2.2 Optimal Consumption and Portfolio Rules

To highlight the role of nominal bonds in fostering intertemporal trade, we will focus on the
case where countries have identical drift and diffusion parameters, so that, aj, = ay = «,
Oop =0f =0, Hh:Hf:H, Vp =Vf =0, and/\h:)\f:)\.12

With logarithmic utility, home country consumers follow the myopic consumption rule:

C = pW.

12None of the results are qualitatively different when drift and diffussion parameters differ across countries.
We discuss this in Section 4 below.



The optimal portfolio rules may be obtained as the solution to:

-1
wh, o> —Xov 0 a—r

W | =1 =dov 02 0 R, —1I—r (6)
w' 0 0 2 Ry—II—r

A similar set of conditions hold for the foreign country.

3 Alternative Financial Market Configurations

3.1 Two Extreme Cases

To provide a reference point, we first characterize an equilibrium under two extreme asset
market structures; where only real risk-free bonds are traded, and when there is free trade in
claims on each countries technology. Then we analyze the equilibrium with nominal bond
trade.

3.1.1 Trade in only a real risk-free bond

With only trade in a real risk-free bond, there are no gains from trade between countries

at all. Real risk-free bonds will not be traded, since the autarky risk-free rate on the real

bond in each country is identical, given by r = o — 2. In this case, w} = 1. Each country’s

wealth is equal to its physical capital stock. A permanent home technology shock dB;, will

increase home consumption and wealth in the same proportion, leaving the real risk-free rate

unchanged. The shock will have no affect at all on the foreign economy. In this case, the
1.2

risk-adjusted consumption growth rate is a — p — 50°.

3.1.2 Complete financial markets

If shares in each country’s technology were freely tradable across countries, financial markets
would be effectively complete. Trade in real risk-free or nominal bonds would then be
redundant. The equilibrium share of each technology (home and foreign) will be one half,
and the equilibrium risk-free rate on the real bond will be r = o — 502. Risk-pooling under
complete markets implies a higher risk-free interest rate than in autarky. In this case,
all technology shocks are equally shared among home and foreign consumption. The risk-
adjusted consumption growth rate is then a — p — }102. Complete markets improve welfare

by raising the risk-adjusted consumption growth rate by %02.



3.2 Nominal Bond Trading Equilibrium

Now allow for trade in nominal bonds. Since the real returns on home and foreign currency
nominal bonds are risky, and co-vary in different ways with the home and foreign technologies,
the two countries will have different demands for nominal bonds. For instance, in the home
economy under autarky, the equilibrium nominal interest rate on home currency bonds is

¢ =TI+« — 0?2 — Mlwo. This includes a risk premium term Avo. When A < 0, the home
nominal bond is a bad hedge against technology risk, and must have a return higher than the
risk-free rate on the real bond, adjusted for inflation. The home country autarky equilibrium
interest rate on foreign currency bonds is R4 = II + o — 2. Since the foreign price level is
independent of home technology shocks, it is a better hedge against consumption risk when
A < 0, and therefore carries a lower autarky return than the home currency bond. The
autarky returns on nominal bonds in the foreign country is just the mirror image of that in
the home country. When A > 0 of course, the opposite reasoning applies. But again, the
autarky return on nominal bonds will differ across countries. This implies that there are

gains from trade in nominal bonds.

3.2.1 Market clearing conditions

At any moment in time, an equilibrium in the market for home and foreign currency bonds
determines the nominal rates of return R, and R;. Nominal bond market clearing conditions

are given as:
wZWh + ngf =0, (7)

W?Wh + w}ch =0. (8)

The above equations just say that the sum of bond demands must add up to the world (zero)
bond supply.

We know that without trade in nominal bonds, there is no trade in the real risk-free
bond. But as is established below, nominal bond trade will endogenously generate gains
from trade in the real bond. Therefore, we take account of the market clearing condition in

the real bond as:

(w%—i—w%—l—w’}—1)Wh+(w§+w£+w§— Wy =0. (9)
Using equation (6), these three conditions may be solved for Ry, Ry, and r. Define
0 = MWT’;% as the ratio of foreign wealth to world wealth. The solution has a recursive

structure. Given the consumption rule, equilibrium returns and portfolio holdings depend

on f. We may then write the implicit solution for nominal interest rates and the world



risk-free rate as Rp(6), Rs(6), and r(d). When markets are incomplete, 6 will be time-
varying, and therefore so are rates of return and portfolio shares. The dynamics of § may be
constructed from the wealth dynamics (4) and the equivalent process for the foreign country.

3.2.2 Equilibrium returns and portfolio holdings with nominal bond trade

Equations (6)-(9) are all linear, and can be solved for the equilibrium returns as:

_ oA 1= A (1 —20)[oA(1 —20) + ]

Ru(0) = R — o , (10)
wa):R_am—A)(1—222@(1—29)—@]7 )
8) _F_ma—;y)u—w) | (12

where R = a+I1—0?+1 (X0? — Aov), 7 = a—0?+1iX%0?%, and ¥ = 1-\?(1-20(1—6)) > 0.
Here R and 7 are the nominal returns on the home or foreign bond and the return on the
real risk-free bond, respectively, at the point of equal national wealth levels (6 = 0.5).
Using equations (10)-(12) in equation (6), we may derive the equilibrium portfolio hold-
ings under nominal bond trade. The shares of wealth held in the home country technology,
the home currency nominal bond, and the foreign currency nominal bond are written as:
1—X\(1-0)

W% = T (13)

oON1 — N (1 —0))

b= 14
N aOA(1 — A\?0)

= A AT 1

wy < (15)
From equations (13)-(15), the share of wealth invested in the real risk-free bond is:
OX*(1 —20)(v + o))

1 —wh —wh —wh = . 1

Wp — Wp — Wy 7 (16)

It is clear that these portfolio shares will be time-varying in response to changes in 6, even
though returns on the real technologies and trend inflation rates are identical across countries.
Note also that when § = 0.5, wk = 1, and W = —w’} = %

We summarize the results of equations (10)-(16) in the following propositions:

Proposition 1 In the equilibrium with trade in nominal bonds,

10



a) The real risk-free interest rate lies between the autarky level and the complete markets
level,

b) For A <0, each country holds a short position in its own-currency nominal bonds, and
a long position in the other currency nominal bonds.

c) The home country holds a positive (negative) share in real risk-free bonds for 6 < 0.5
(6 > 0.5) given v* + vo > 0,'3

d) Let p(0) = Ry(0) — R (0) be defined as the risk-premium on home-currency relative to
foreign-currency nominal bonds. Then when A < 0, p(0) is positive (negative) for 6§ < 0.5,
(6 >0.5).

e) The home country has a positive (negative) net foreign asset (NFA) position as 0 < 0.5,
(6 >0.5).

When A > 0, the opposite statements apply in parts b) and d) of the proposition. That
is, the home country holds a long (short) position in home (foreign) currency bonds, and
p(0) is negative (positive) for § < 0.5 (6 > 0.5).

Proof. a) Direct inspection establishes that

a?X*0(2 — \*)(1 - 6)

0) = A > A
r(0) =r"+ T r,
(0) = +C o?(1+2X%0(1 — 0))(1 — \?) e
r(@) =r" — r
2V ’
where 74 = o — 02 and r® = a — 0.502 represent the autarky and complete markets real

risk-free rate, respectively.

b) Follows directly from equations (14) and (15).

c) Follows directly from equation (16).

d) From equations (10) and (11), we have p(f) = —%9)(1_’\2) >0(<0)asf <05

(> 0.5).
e) From equations (14)-(16), we have 1 — wh = w >0(<0)asf <0.5(>0.5). m

3.2.3 Portfolio diversification

It is clear from the proposition that an equilibrium with nominal bond trade allows for re-
source transfers across countries. The reason is that home and foreign currency nominal

bonds have different characteristics with respect to hedging consumption risk for home and

13The parameter assumption v2 + Avo > 0 ensures that a rise in the real risk-free rate reduces the demand
for shares in the domestic technology. Note that this condition is not necessary for the key stability results
developed below.

11



foreign consumers. When A < 0, the home currency bond tends to have a high real return
when returns on the home technology are high, and it thus represents a relatively bad hedge
against home consumption risk. But the foreign currency bond represents a relatively good
hedge against home consumption risk. On the other hand, for the foreign household, in the
case A < 0, the home currency bond is a good hedge and the foreign currency bond a bad
hedge. In an equilibrium with bond trade, home households will thus sell home currency
bonds in return for foreign currency bonds, leading to the portfolio position described in
equations (14) and (15). This portfolio position allows the home country to receive a rela-
tively high portfolio return when there is a positive shock to the foreign technology, and vice
versa.

First focus on the point # = 0.5 (we show later this is the long run modal point of 6),
where each country will have a zero net external asset position. But the gross external assets
will comprise a positive position in one currency’s bond, balanced by a negative position in
the other currency’s bond. Thus, for the home country, in the case of § = 0.5, we have
wh = g—;\ and w? = —‘;—;\. The absolute positions are higher, the greater the volatility of the
productivity shock, and lower, the greater is the volatility of prices.

The risk-sharing from portfolio diversification in nominal bonds reduces the volatility of
consumption, and increases welfare. This is reflected in a higher real risk-free interest rate.
At the point § = 0.5, the risk-free interest rate is 7 = o — 02 + %)\202. This is closer to the
complete markets value, the closer is A to unity in absolute value, since the higher is |A|, the
better are nominal bonds as a hedge against consumption risk due to productivity shocks.
The risk-adjusted consumption growth rate at # = 0.5 is written as o — p — 502 (1 — %2)
When A = 0, this is identical to that under autarky, while as |A\| — 1, trading in nominal

bonds alone attains the complete markets growth rate.

3.2.4 Capital flows

We now wish to explore the implications of the model for capital flows. Net capital flows
(or intertemporal trade) occur when the changes in a country’s gross bond holdings do not
sum to zero. The sum of wealth in the two countries is equal to the world capital stock,
since capital is the only outside asset in the world economy. If portfolio diversification
could sustain the complete markets allocation, then there would be no change in relative
wealth across the two countries, and each country would maintain a constant share of the
world capital stock. But because nominal bond trade cannot achieve the complete markets
equilibrium, productivity shocks in one country will have a larger impact on that country’s
wealth than on the wealth of the other country. These changes in relative wealth levels give

rise to net capital flows across countries.

12



Differentiating equations (13)-(15) at # = 0.5, we see that a rise in 6 has the following

effect on the home country’s portfolio:

dw? 2\o

h e — 17

do |p_os (2 =\ (17)

and .
dw 2Xo (1 — N2
—f — _0(—2) (18)
db v(2 =A%)
6=0.5

When A < 0, the first expression is negative, and the second is positive. Hence, beginning at
6 = 0.5, a rise in foreign relative wealth will be followed by a rise in home gross borrowing
in home currency bonds, and a rise in gross lending in foreign currency bonds. Such gross

borrowing dominates gross lending, because we have

2X30

dwi+wp) 2\
v(2 = \?)

70 (19)

6=0.5
Consequently, net nominal bond positions become negative when A < 0.

In addition, there is a change in the holdings of real bonds. From equation (15) we have:

d(1 —wpp — wh — wh)

do

22 (v+ Ao)
T w(2= N

(20)

0=0.5

This is always negative, so that as the home country becomes an overall net debtor, it will
issue sell real risk-free bonds to the foreign country.

From Proposition 1, we know that the sum of equations (17)-(20) is less than zero. That
is, while at # = 0.5, the home country has a diversified portfolio but a zero net external
balance, as the foreign country becomes larger in terms of world wealth, the home country
becomes a recipient of foreign capital inflows.

With trade in real bonds alone, there are no international capital flows at all. How does
the presence of nominal bonds generate capital flows? The key feature is the interaction
between changes in nominal bond returns and gross bond holdings.

From the solutions for R), and Ry, we find that:

dRy ~ 2xov(1 - X%
do |p_os ~ 2-X
and
dRy . 2)ov(1 - A%)
dp 6=0.5 N 2- N '
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The first expression is negative, while the second is positive, for A < 0 . Thus, a rise in
the share of world wealth for the foreign country drives down the return on home currency
bonds, while pushing up the return on foreign currency bonds. Intuitively, as the foreign
country increases its wealth, its portfolio preferences dominate the global bond markets. It
increases its demand for home currency bonds, while increasing its supply of foreign currency
bonds. This is reflected in the movements in the returns on nominal bonds.

The gross portfolio position, when combined with the evolution of returns that are driven
by relative wealth dynamics, allows for gains from intertemporal trade in the economy with
nominal bonds, even though there are no gains when only real bonds can be traded. To
see the intuition, take the position # = 0.5, where the two countries have exactly equal
net wealth, and given the symmetry in the model, the current account of each country is
zero. Say that there is a rise in Wy, driven for instance by a positive technology shock in
the foreign country. This will raise . If there were trade only in a real risk-free bond,
this would simply permanently increase the foreign country’s expected consumption, and
have no impact at all on the home country. But with trade in nominal bonds, the rise
in 0 leads to a fall in Rj and rise in R; (in the case A < 0). This reduces the effective
cost of borrowing for the home country, leading it to a higher net foreign debt, higher
investment in the domestic technology, and a higher level of wealth and consumption. In
this manner, the original positive technology shock in the foreign economy is shared by the
home economy. Moreover, we see that there is an essential interrelationship between net
capital flows and gross portfolio holdings. As the home country receives capital inflows when
6 > 0.5, it simultaneously increases its borrowing in its own currency, and lending in the
foreign currency. This levered portfolio ensures that its overall cost of borrowing is lowered,

facilitating net capital inflows.

3.2.5 Complementarity between nominal bonds and real bonds

These results also reveal an interesting feature of the coexistence of real and nominal bonds.
Without nominal bonds, there are no gains from trade in risk-free bonds. But in the nominal
bond trading equilibrium, a country experiencing net capital inflows will borrow partly in
real bonds. Why is it that risk-free bonds are traded simultaneously with nominal bonds?
The answer is that, given incomplete markets, consumption growth is not equalized across
countries, and the implicit equilibrium real risk-free rates would differ across countries, if
there were no trade in real risk-free bonds. This gives rise to gains from pure intertemporal
trade, as in conventional models of the current account. That is, when 6 > 0.5, the foreign
country is temporarily wealthier than the home country. Without trade in a risk-free bond,

it would have a lower risk-free rate than the home country, indicating that it would wish to
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save some of the temporarily higher wealth if an international risk-free bond market were
opened. Likewise, in the same circumstance, the home country would wish to borrow as its
wealth is temporarily below its long run mean. Thus, there are gains from pure borrowing
and lending, when nominal bonds are traded.

One element is missing from the above logic, however. In the example, how do we know
that the higher foreign country wealth is only temporary? For this to be true, movements in

0 away from 6 = 0.5 must be self-correcting. We address this in the next section.

3.3 Conditions for Stationarity of ¢

So far, we have described 6 as a shift variable. But the evolution of 6 is determined by
endogenous movements in relative wealth levels, driven by productivity and price level shocks
in each country. A fundamental question is whether the wealth distribution is stable. Thus,
while a shock which generates a rise in 6 will lead the foreign country to accumulate net
claims on the home country, will the rise in 8 be self-correcting? For this to be the case, it
must be that home wealth grows faster than foreign wealth, when 6 > 0.5.

Applying Ito’s lemma to equation (4), we may write the diffusion process governing 6 as:
dd=6(1—-0)F(0)dt+0(1 —0)G(0)dB, (21)

where the functional forms of F'(6), G(0), and dB are described in the Appendix. The
asymptotic distribution of # must satisfy either; (a) 6 — 1, (b) 8 — 0, or (c) 0 follows a
stable distribution in (0,1). Given the form of equation (21), clearly § = 1 and 6 = 0 are
absorbing states. But the following proposition establishes the conditions under which (c)

will apply.

Proposition 2 For )\ # 0, 0 has a symmetric ergodic distribution in (0,1) centered at 6 = %

Proof. See Appendix. ®

The content of this proposition is illustrated through the effect of # on risk-adjusted

growth rates of wealth. The risk-adjusted growth rate for country ¢ as:

AW, (t+At) 1 AW, (t+At)
y Ey <_W1-,<t> ) —gVar <_Wi(t> )
= lim .

9:(0) = lim By = At At

At—0

[AInWiA(ijLAt)}

Then, 6 has an ergodic distribution if it cannot access the boundaries 0 or 1. Defining the
difference between the foreign and home risk-adjusted growth rate as 6() = g;(0) — gn(6),
this property holds if the probability of reaching either is zero. For the lower bound, this
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is the case if §(0) > 0. Likewise, the probability of reaching the upper bound is zero if
d(1) < 0. This just says that as the home country gets arbitrarily wealthy, relative to the
foreign country, the foreign country’s risk-adjusted growth rate exceeds that of the home
country. Likewise, if the foreign country’s wealth increases arbitrarily relative to that of
the home country, then the home risk-adjusted growth rate will exceed that of the foreign
country. Proposition 2 establishes that, for A # 0, this property always holds.

We may show this directly by computing 6(f). The Appendix shows that §(6) may be
written as: 02)\2(1 o) [ B §)\2(1 B 2)\2)]

_ 2 3

o) = [1-X2(1—2001-0)]" 22)

The denominator is always positive, and since 1 > |\| # 0, the numerator is positive (nega-

tive) for # < 0.5 (> 0.5). Moreover, this satisfies the conditions

L T e )
[1— A% (12001 - 6))]?

5(0) >0,

o?A? [1 = 3X%(1 — 2)%)]
[1—A2(1—20(1 - 6))]*

(1) =— <0,

and 6(0.5) = 0.

Hence, for 6 > 0.5, when the foreign country is relatively wealthy, the home risk-adjusted
growth rate exceeds that of the foreign country, and 6 falls. The same dynamics occur in
reverse when 6 < 0.5. The expressions also make clear that the distribution of 6 is symmetric.
Thus, 0 converges towards 0.5 from either direction.

Stationarity is ensured whether \ is positive or negative. In either case, agents can make
use of nominal bonds to hedge internationally against consumption risk, holding short the
home (foreign) currency bond if A < 0, and conversely if A > 0. But if A = 0, then nominal
bond returns are independent of consumption risk in either country, and they will not be
held in equilibrium (i.e. wj- =0, for all ¢ and j). In this case, the stationarity result fails.

The stationarity of the world wealth distribution is linked to the composition of gross
portfolio holdings and the dynamics of nominal returns. Take the case A < 0. Then when 6 >
0.5, the foreign country’s demand for home currency bonds and supply of foreign currency
bonds pushes down R, and pushes up Ry, leading to a lower cost of borrowing for the home
country. The home currency bond returns (the home country’s liabilities) will approach
a + IT — 02, and foreign currency bond returns (the home country’s assets) approach a +
II— 0% —wvlAo, as  — 1. Since the expected return on the domestic technology exceeds that

on its nominal asset portfolio, this increases the risk-adjusted expected growth rate for the

16



home country, relative to the foreign country. As a result, 6 is driven back towards 0.5 again.
In effect, it is the levered portfolio composition and its implication for the net borrowing
costs for the debtor country as the wealth distribution evolves that ensures the stability of
the wealth distribution itself. Current account imbalances are naturally self-correcting when
agents hold an optimal currency portfolio of international debt.

While this interpretation is based on a negative value of A, this is not necessary for the
stability result. If A > 0, then the equivalent stabilizing force takes place, but now with
the foreign country holding positive (negative) amounts of foreign (home) currency bonds.
Stability is ensured because it is always the case that countries hold a gross portfolio such
that their cost of borrowing falls as the rest of the world gets wealthier.

If A = 0, the portfolio composition is indeterminate, since bonds can then play no role as
a hedge against technology risk. In fact, agents will hold no bonds at all. Since technologies
are identical, there can be no gains from trade in international bonds at all. Any innovations
to wealth are permanent. Clearly then the wealth distribution will not be stationary. In
fact, 6 will be characterized by hysteresis. Technology shocks will give rise to an expected

permanent increase in wealth without international asset trade at all.

3.4 Numerical Examples
3.4.1 Distribution-dependent asset pricing and portfolio positions

As demonstrated in the Appendix, the model allows for an explicit solution for the distrib-
ution of wealth. Figure 1 illustrates the distribution of ln(%) = In(;%;) for different values
of A with ¢ = v = 0.02.'* In each case, the distribution has zero mean. But a parameter
A matters substantially for the shape of the distribution. For high absolute values of A, the
distribution is tightly centered around zero. But as A falls in absolute value, the distribution
becomes substantially spread out. This means that the speed of convergence in the wealth
distribution depends critically on the size of A\. For high absolute values of A\, convergence
is much faster.

Figure 2 illustrates the implications of the model for the return on real risk-free bonds for
different values of #. Here we use a value of A = —0.4 together with a = 0.03, IT = 0.02, and

o =v = 0.02."% The real risk-free rate is highest at a value of # = 0.5, while it approaches

w

!4The reason for adopting In %}f instead of - +‘§,Vf is that the former definition can illuminate the behavior

at tails of wealth distribution with a support of (—oo, +00) rather than (0, 1).

Devereux and Saito (2006) report that the value of A (a correlation coefficient between inflation rates
and GDP growth rates) range between -0.7 and -0.1. Kydland and Prescott (1990) and Cooley and Hansen
(1995), for US data, report the measure related to A, that is, a correlation coefficient between detrended
levels of CPI and GDP, is approximately equal to -0.6.
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the autarkic risk-free rate (o — %02 = 0.0296) as 6 deviates from 0.5. As shown in Figure
4, a country with a smaller wealth share carries short positions in real risk-free bonds by
exploiting lower borrowing rates. This property does not depend on the sign of X at all.
Figure 3 shows how nominal interest rates depend on # when A < 0. With an increase
in #, nominal interest rates on home currency bonds fall. As shown in Figure 4, the home
country builds up net borrowing positions in home currency bonds to exploit the lower Ry, ().
As implied by equation (19), this property depends on the sign of A\. Under positive A, the
home country expands net lending positions in home currency bonds. As demonstrated by

Figure 5, a country with a smaller wealth share carries negative net foreign asset positions
(1 —wh).

3.4.2 The relationship between returns and net foreign assets

Proposition 2 relies on the property of the model that debtor countries will face lower real
returns on their nominal liabilities than they receive on their nominal assets. Empirical
evidence for this relationship is presented by Gourinchas and Rey (2006) and Lane and
Milesi-Ferretti (2004). Gourinchas and Rey (2006) find that a rise in the US trade deficit
generates a predictable fall in the return on US external liabilities, through a predictable
depreciation in the exchange rate. Lane and Milesi-Ferretti (2004) show that the ratio of US
net foreign assets to GDP has a significantly positive effect on the excess return received by
the rest of the world on US investments.

In our model, the excess return on home currency bonds is given by p(0) = Ry(0) —

R¢(0) = —w. The net foreign assets of the home country relative to the average
_uh _ . ... . .
GDP is * L = 9’\2&, 20) . For \ < 0, there will be a positive relationship between the two

as long as 6 > 0.25. As shown in Figures 3 and 5, both p() and 1 — w’ are decreasing in ¢

for the region in which the home country is a debtor. Clearly we see that a lower NFA will

be associated with a lower excess return on home currency bonds.

3.4.3 Welfare evaluation

The model implies that an economy with nominal bonds achieves a degree of risk-sharing
somewhere between that of capital market autarky (zero risk-sharing) and complete markets
(full risk-sharing). Based on simulations,'¢ Figure 6 presents an evaluation of welfare levels
for different values of A\ and different initial starting values of #. Here we measure welfare by

the unconditional mean of risk-adjusted wealth (or consumption) growth.

16 Discretizing the model, we simulate the wealth sequence for 100 periods 1000 times for initial values of
0 equal to 0.75, 0.5, and 0.25. Based on these simulations, we compute the average of risk-adjusted wealth
(consumption) growth.
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To illuminate the role of nominal bonds, we assume a high value for ¢ (= 0.1) and a low
value for v (= 0.05) given a = p; in this case, the risk-adjusted wealth growth is —0.0025 for
a complete markets economy, and —0.005 for an autarky economy. It is clear that the risk
sharing possibilities of nominal bonds are highly sensitive to the absolute value of A. The
larger is A in absolute value, the closer is the mean risk-adjusted growth rate is to that of

the complete markets.

4 Extensions of the basic model

4.1 No Trade in Real Bonds

In the exposition of the model, we assumed that countries could trade in both real and
nominal bonds. In reality, almost all international bond trade is carried out with nominal
bonds. If we restrict the model so that only nominal bonds are traded, the essential results are
unchanged. To solve the model in this case, we impose equations (7) and (8) in combination
with the restrictions of zero supply or real bonds within each country; so that w/ +w! —i—w’} =
1, and w{p + w£ + wjﬁ = 1. The solutions for portfolio holdings are written as:

O\ (v + 202 + 2 ov + Aov(1 — 20))

h _ 23
“h v (v2 + 202 4 2\ov — 02X} (1 — 46(1 — 0))) ’ (23)

and
L OAo (v + 20% + 2Xov — Aov(1 — 20)) (24)
v (02 + 202+ 200v — 02)*(1 — 40(1 — 0)))

w

—

From the above equations, w? < 0 (> 0), as A < 0, (> 0), and w}} >0 (< 0),as A <0,
(> 0).!" Thus, part b) of Proposition 1 applies as before. Then adding equations (23) and
(24) together we get

20(20 — 1)\?0?

h h
wy + Wi =— , 25
b v2 + 202 + 2\ov — 02\ + 402)\?0(1 — 0) (25)
which establishes the equivalent of part e) of proposition 1.
The risk premium on home currency bonds may now be written as:
(V2 + 202 + 2Xov — 022?)(1 — 20) Ao
p(0) = (26)

024202 + 2000 — 02\ + 402X%0(1 — 6)°

"Note that v? + 2\ov + 202 — 02A\? > (v — 0)? 4 (1 — A\*)6? > 0 as long as A > —1.

18There is a subtle difference from the model presented in Section 3. As a numerator of the right hand side
of equation (25) shows, the behavior of net nominal bond positions (equivalent to net foreign asset positions)
does not depend on the sign of A. As equation (19) implies, however, it depends on the sign of A.
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Again, this is negative (positive) as A < 0, (A > 0), for 6 > 0.5, and vice versa. Hence, part
c) of Proposition 1 holds as before. It is possible also to show that part a) for proposition
1 holds for the individual risk-free rates of return on real bonds within each country.

The only difference between this case and the benchmark model above is that all trade
must be intermediated by nominal bonds. As a country experiences capital inflows, these
must be all financed by issuing domestic currency bonds (for A < 0), but hedged by also
purchasing foreign currency bonds. Again, the risk-premium evolves so that the return on
gross liabilities of a debtor country are below the return it receives on its gross assets.

Since the movements in the risk-premium are qualitatively as before, the stationarity
result of Proposition 2 holds in the same way as before. Using the same technique in the

Appendix, we may write §(0) as:

_ N02(1—20)(v? + 2X0v + 202 — 022?) (v? + 2X0v + 202)
B (402002 (0 — 1) + 02)* — 2Xov — 202 — v2)?2 '

5(0)

This satisfies 6(0.5) = 0, and §(f) > 0 (< 0) for # < 0.5 (> 0.5), as long as A # 0. Thus, as
before, the relatively poorer country will be a net foreign debtor, but grows faster than the

richer country, ensuring a stable distribution of world wealth.

4.2 Substitutability between Nominal Bonds and Equity Trade

This subsection relaxes the assumption that shares in the national production technologies
are non-tradable across countries. We extend the model to allow for trade in bonds and
partial trade in shares in production technologies (or equities). If we kept the model as
before, and equities were freely traded, then financial markets would be complete, and each
country would hold a perfectly diversified equity portfolio with half their portfolio in home
equity and half in foreign equity. But it is reasonable to assume that there is some part
of each country’s production technology that is not traded internationally.!? Assume now
that there are two linear production technologies in each country. As before, the technology
described by equation (1) is not tradable internationally. But there another technology

characterized as

dQF

QF
for i = h or f, where dBY is an increment to the standard Weiner process uncorrelated with
dB;, and correlated with dM; with the coefficient \.2°

— Bdt + edBE, (27)

Y9 Evidence for this is presented in Kho, Stulz, and Warnock (2006).
20 An indirect correlation between dBE and dB; does not show up at the variance-covariance matrix because
it converges to zero as At — 0 by a higher-order effect.
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Assume that shares in the technology described by equation (27) are tradable in each
country. Now, in addition to investments in its own non-tradable technology w’ (w%), the
home (foreign) country can invest in its own tradable technology with a portfolio weight w’,
(w%), and the tradable technology of the foreign (home) country with a portfolio weight
Wiy (@Fn)-

Holding a share in technology in this model is equivalent to making a direct investment
in the production technology. Thus, we impose a restriction that investors can not take a
short position on the tradable technologies. Then, the following portfolio restrictions must
be satisfied for both countries: w + wh, + wgf + wh + w;‘c =1 with W% > 0, wk, >0, and
wéﬂf > 0 for the home country, and wﬁ} + w:];f + w%h + w}c + w£ = 1 with w{p >0, w:’;f >0,
and w{;h > 0 for the foreign country.

To illustrate the properties of this extended model, we make the additional assumptions;
a = 3, and 0 = € = v. These assumptions are not essential, but help to simplify the
exposition.

The model may be solved in the same manner as before. The portfolio holdings and
returns depend on the state variable . The model is still entirely symmetric, so that countries
have zero NFA at 6§ = 0.5. The nominal bond portfolio for the home country at 6 = 0.5, is

f

given by wh = —w] = As in the previous case without direct trade in shares of the

A
2(3—42?)"
production technologies, the home (foreign) country still takes a short position in the home

currency bond, and a long position in the foreign currency bond, when A\ is negative, and

M\ < % The condition \? < % now defines the range of A for which markets are effectively

incomplete (see below).

At the point # = 0.5, shares in the home non-tradable technology, and the home and

: : : ho_ 1=X  h _ 1-)? R 1-2)%
foreign tradable technologies are given by wy = =55, wyy, = 517, and wypy = 3=335. These

are all non-negative under the condition \* < :. In addition,we confirm that wf+wf, +w?. ;=

1 in this case, so NFA is indeed equal to zero.

Under this parameterization and # = 0.5, the home and foreign bond market clearing
[24+A(3—-3)\—42%)] 02

6—8A? ’
. At the lower

condition determine equilibrium interest rates equal to R, = Ry = a +1I —

(2—3)2)52
6—8\?

limit of A*> = 0, nominal bonds play no role in hedging consumption risk, and an equilibrium

while the corresponding risk-free rates (r;, and ry) are equal to o —

is characterized by each country dividing its wealth equally over the three technologies (the

domestic non-tradable and two tradable technologies). The equilibrium risk-free rate is then

1
3

role in sharing country-specific shocks, even when there is tradable equity.!

equal to o — 0%, As long as A is non-zero, nominal bond trading can still play an effective

21 At the upper limit of A* = 1, on the other hand, the equilibrium risk-free rate reaches o — 102, which

is equivalent to the risk-free rate in the complete markets case where each country divides its wealth equally

21



Again, 0 has a stationary distribution in (0, 1) centered at § = 0.5. As before, define 6(6)
= g7(0) — gn(8). It is possible to show that §(0.5) = 0, and
(2 — 3)A%)02\?

o) ==0(0) = 73 [1—3A2(1 —2/3)%)] ~ 0

as long as 0 < \? < % Therefore, when a country’s share of world wealth falls, its relative
growth rate increases, ensuring stationarity of 6. Despite the ability to trade equity, the
underlying force behind the stationarity condition is the presence of nominal bond trading,
just as in the previous case.

We saw above that trade in nominal bonds was complementary to trade in real risk-
free bonds. But nominal bonds may substitutable for trade in equity. Even in the case
where equity is tradable, cross country equity holdings may be small. In particular, as
N %, we find that wf}f — 0, wh — %, and wh, — % Thus, as the nominal bond markets
become more proficient at risk sharing, the direct holding of foreign equity goes to zero, and
home agents hold 100 percent of the home technologies (both non-tradable and tradable).
Thus, although direct trade in equity is possible, the portfolio equilibrium is characterized by
complete home bias in equity holdings. The intuitive reason for this is that the bond portfolio
held by residents of each country represents a perfect claim on the foreign technology in the
case when \? — % Thus, our initial assumption that there is no trade in equity becomes an

equilibrium outcome, the better the risk-sharing characteristics of nominal bonds.

4.3 One-way Capital Flows

It is widely recognized that many countries can not or do not issue debt denominated in
their own currency (e.g. Eichengreen and Hausmann 2003). In fact, much of the nominal
debt traded internationally is denominated in US dollars. We now briefly look at another
special case of the model which captures this phenomenon. We restrict all trade in nominal
bonds to take place in the home currency only. Even if A < 0, the foreign country cannot
issue its own currency debt.

For simplicity assume that there is no trade in real risk-free bonds. Optimal portfolio rules
(wWh, Wi, wh, and wl) are still determined by a version of equation (6) with A, = A < 0 for
the home country choice and Ay = 0 for the foreign country. Then, two portfolio restrictions
(Wh +wp =1, w) +w! = 1) and a bond market clearing ((1 — 8)w! + 6w) = 0) may be
used to determine the equilibrium nominal interest rates on home currency bonds (Ry), and

the real risk-free interest rate on implicit (non-traded) real bonds (7 and r;). The home

over the two domestic and two foreign technologies.
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country’s holding of home bonds is given by

Nvo
2\0vo + v2 4 o2’

= 23)
As before, the home country has a negative position in home currency bonds, when A < 0.
The difference now however is that equation (28) represents both the gross and net bond
position of the home country. When A\ < 0, the home country always has a negative net
foreign asset position. The international capital market is asymmetric in structure. To hedge
against domestic consumption risk, the home country wishes to issue domestic denominated
bonds. The foreign country is willing to purchase these bonds because their returns are
uncorrelated with foreign technology shocks.

To further gain insight into this example, restrict attention to the case v = o. Then, the

nominal interest rate on the home currency bond is:

a?(14 )
1+ A0

This is declining in 6, for A < 0. Thus, the return on home net foreign liabilities falls

}%h =+ 7T —

as the foreign country gets relatively wealthier. This ensures that the same stationarity

condition holds as before. We may calculate the 6(0) = g¢(6) — gx(#) function as follows:

a?X3(1—0(2 + \9))
20) = 41+ \)2

(29)

This satisfies the conditions §(0) > 0, and (1) < 0, for A # 1. But unlike the symmetric
a3
_le (2+X1)2>

wealth share is not equalized across countries. We may use equation (29) to establish that
the unconditional mode of 0 is 0 = _1% VITA which exceeds 0.5 for A < 0. If the home

country is a net foreign debtor in its own currency, then the long run distribution of world

economy, we now have §(0.5) = which is positive for A < 0. Thus, the long run

wealth is skewed in favor of the foreign country. Moreover, the higher in absolute value is A,
the higher the foreign country’s long run share of world wealth. Unlike the symmetric world
economy where bonds of either currency can be traded internationally, in the case where
only a single currency bond is acceptable, the debtor country achieves risk sharing only by
accepting a lower and lower share of world wealth.

The model can be easily extended to allow for differences in drift and volatility terms
among countries. This is the primary focus of Devereux and Saito (1997). In Devereux and
Saito (2006), it is shown that differences among countries will lead to asymmetries in the

long run wealth distribution. A higher expected growth rate in a country’s technology will
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lead it to be a steady state net debtor, while a higher volatility in technology will lead it to

be a steady state net creditor.

5 Conclusion

This paper is mainly concerned with developing a simple framework for understanding the
interaction between portfolio dynamics and current account dynamics within an incomplete
markets general equilibrium model. The model is attractive in that it allows for a complete
analytical characterization of time-varying portfolio shares and returns, as well as an ana-
lytical description of the world distribution of wealth. As Section 4 shows, the model can
easily be adapted to allow for multiple types of assets and constraints. The key underlying
feature of the model is that a stationary distribution of net foreign assets is guaranteed by
time variation in the return on nominal bonds.

In future work, we plan to investigate more fully the empirical implications of the model,
as well as extending the model to allow for differences in growth rates and volatility in

technologies among countries.

Appendix

Process of Wealth Distribution 6

W B [AWh(t+At)]
To obtain the process of wealth distribution 6 (==4-), we define my,(f) = lima, o — 0 1
' B Avav;t(:)At)} . Va”[AWV{}}(t(Jtr)At)] ] Varg {7AWMC?(ZN)}
mf(H) = lima;—o AL ) nh(ﬁ) = lima¢—o — a1 ”f(e) = lima¢—o Y R
) Covy {va’&,it(;&) , Avaf/](ct(i)At) ) , )
and nyp(0) = limaso A7 . Then, using Ito’s lemma, we can derive the
e W

process of wealth distribution 6 (= m) as

df =6(1—0)[F(0)dt + G(0)dB], (30)

where

F(0) = mg(0) — mn(0) = Ony(0) + (1 = O)na(0) + (20 — 1)nny (6),

G(0) = \/na(6) +ns(6) — 205 (0),
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and

iB = % [wg(e)adBf — W (B)vdM; — wi(e)vth]
—% W (0)od By, — wy (B)vd M), — W(0)vdMy] .

dB(t) is newly defined as the increment to a standard Brownian motion. Note here that

i BABE+AD] L Var [AB(t+ A1)
At—0 At At—0 At

Stationarity of Wealth Distribution ¢

To make theorems 16 and 18 of Skorohod (1989) applicable, we consider the process of x or

In-% (=In %) instead of #. The process of k is derived as

dk = 6(0)dt + G(0)dB, (31)

where 0 = 1?;‘:{;’2{), and §(0) = g7(0) — gn(6). As defined in the main text, 0(f) represents
the difference in risk-adjusted wealth growth between the two countries. Given equilibrium

asset pricing characterized by equations (10) through (12), §(6) is computed as

o (1-20)(2 - 30+ )Y

o) 2[1—A2(1—20(1—-0))]" 32)
We then introduce the following integrals:
no= [ ew = [t
Lo [Cew {— I c(u(y))dy} du,
= [ [t [ el o
e ) = g (33)
wnd (y) = exp(y)
1+ exp(y)



According to the above theorems of Skorohod (1989), if I; = oo, Iy = oo, and M < oo,
then x has a unique ergodic distribution in (—o0, 4+00); accordingly, 6 has a unique ergodic
distribution in (0, 1).

A function ¢( ) characterized by equation (33) plays a key role in determining stationarity
of k. Saito (1997) demonstrates that if ¢(0) > 0 and ¢(1) < 0, then & (f) has a unique
ergodic distribution under some regulatory conditions. The process of k or equation (31)

always satisfies ¢(0) > 0 and ¢(1) < 0, because from equation (32),

N (N =124+ (1 - N
90) = 2(1 — A\?)?

> 0,

and
NP [V =12+ (1N

2(1 — A\?)2

5(1) = <0,

given finite G(0) and G(1).

Density Function of Wealth Distribution In %

According to Gihman and Skorohod (1972), given the process of £ (= In %) or equation

(31), a density function of x is derived as

% exp [/OH C(U(y))dy} ,

where 1 is chosen such that g [;° [W exp [ [ c(u(y))dyﬂ dw = 1. Figure 1 depicts

density functions of x or In % for A = —0.9, —0.8, —0.5, and —0.3 when ¢ = v = 0.02.
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Figure 1: Density Functions of x (= In %) for Various Correlation Coefficients A
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Figure 2: Real Risk-free Rates (r) with A = —0.4
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Figure 3: Nominal Interest Rates (Rp and Ry) with A = —0.4
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