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1 Introduction
This paper describes numerically simple estimators that can be used to estimate
binary choice (binomial response) models when some regressors are endogenous
or mismeasured, and when latent errors can be heteroskedastic and correlated with
regressors. Two types of estimators are discussed: control function estimators and
estimators that exploit a very exogenous regressor. The latter estimators allow
endogenous regressors to be discrete, censored, truncated, and otherwise limited.
Independent, identically distributed observations are assumed for most of the

paper, but extension sections show how the very exogenous regressor estimators
can still remain simple while allowing for dynamic effects, Þxed effects, and au-
tocorrelated latent errors. Extensions are also provided to other limited dependent
variable models such as ordered response and sample selection mdoels.
This paper focuses on descriptions of estimators for applied work, rather than

limiting distribution theory. Most of the estimators take standard forms such as
GMM, and are also simple enough to allow the use of ordinary boostrapping for
generating test statistics and conÞdence intervals if desired. Readers that are pri-
marily interested in applied workmay want to skim the preliminary and theoretical
sections of the paper to focus on the estimators themselves, which are described
in simple �recipe� forms.
Since much of this paper involves variants of existing estimators, in each sec-

tion I will ßag what material is new.

1.1 Why Simple Estimators?
DeÞne a simple estimator as one that:

1. Requires few or no choices of smoothers such as kernels, bandwidths, or
polynomial orders.
2. Closely resembles, (or consists of steps that each resemble) estimators that

are already in common use.
3. Requires few or no numerical searches or numerical maximizations.

The simple estimators in this paper require more restrictive assumptions on
the data generating process, than other, harder estimators. The goal here is to
achieve substantial estimator simpliÞcation with only modest decreases in gener-
ality. Given that most econometric theory is devoted to the development of esti-
mators that increase generality, why consider more restrictive, simple estimators?
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1. Finite sample performance of hard estimators is often sensitive to the exact
choice of smoother and of the choice of numerical search or optimization algo-
rithm.
2. With simple estimators, it is numerically feasible to apply the bootstrap or

other resampling techniques for generating conÞdence intervals and hypothesis
tests. Ordinary asymptotic limiting variances may also be easier to estimate.
3. With simple estimators, there is less chance of coding mistakes, and greater

chance of widespread use.
4. Simple estimators avoid numerical search failures. With hard estimators,

particularly in problems with many parameters, grid searches are computationally
infeasible, while hill climbing and other numerical search techniques often fail,
due to features of complicated objective functions such as ridges, cliffs, inßection
points, and multiple local maxima.
5. Simple estimators can provide good starting values for more general, difÞ-

cult estimators.

2 EfÞciency and Standard Errors for Two Step Es-
timators

Many simple estimators, including most of the estimators provided in this paper,
take the form of two (or multi) step estimators. For example, consider the well
known "Heckit" sample selection model estimator (Heckman 1976). The Þrst
step consists of estimating a probit model D = I (X "!γ + ε ≥ 0) for selection by
maximizing a likelihood function L(D, X, γ ), yielding estimated parameters !γ .
Then in a second step parameters !β,!λ are estimated by applying ordinary least
squares to the linear regression model Y = X "β + m(X "!γ )λ + e, where m(X "!γ )
is the estimated inverse mills ratio.
Two stage estimators like this one are generally inefÞcient, and the standard

errors that result in the second stage are often incorrect, because they fail to ac-
count for estimation error in the Þrst stage. This section describes a simple cure
for both of these problems, from Newey (1984).
For data Z , Assume Þrst stage estimates !γ are obtained from applying the

method of moments (MM) or generalized method of moments (GMM) to mo-
ments of the form E[g1(Z , γ )] = 0 for some m1 vector of known functions g1,
and assume second stage estimates !β are obtained from applying MM or GMM
to E[g2(Z, β, γ ) | γ = !γ ] = 0 for some m2 vector of known functions g2.

3



For example, in the Heckit procedure!γ is obtained by maximizing the probit
likelihood function L(Z , γ ), which is equivalent to letting!γ be the value of γ that
solves n−1

"n
i=1 ∂L(Zi , γ )/∂γ = 0, so the function g1(Zi , γ ) = ∂L(Zi , γ )/∂γ

is the probit score vector. In the second step the ordinary least squares !β (and!λ)
are the solutions to n−1

"n
i=1
#
Yi − X "iβ − λm(X "i!γ )$ (X "i ,m(X "i!γ ))" = 0, which

deÞnes the function g2(Zi , β, γ ) such that n−1
"n
i=1 g2(Zi , β,!γ ) = 0 (redeÞning

β to include both β and λ).
More generally, for two step estimation each step can take the form of maxi-

mum likelihood, linear or nonlinear regression, linear or nonlinear two stage least
squares, GMM estimation, etc.,.

PROPOSITION 1: DeÞne g(Z, β, γ ) = (g1(Z , γ )", g2(Z, β, γ )")", so g(Z , β, γ )
is the m1 + m2 vector consisting of all the functions g1(Z , γ ) and g2(Zi , β, γ ).
Applying efÞcient GMM to the moments E[g(Z , β, γ )] = 0 yields estimators for
β and γ that have correct standard errors and are at least as efÞcient as two step es-
timation. Two step estimation can be used as the Þrst stage of the standard GMM
estimator, or as starting values for standard preprogrammed GMM packages.

For iid data, the joint GMM estimator takes the form

!γ ,!β = argmin
γ ,β

n%
i=1
g(Zi , β, γ )"*n

n%
i=1
g(Zi , β, γ ). (1)

Two step estimation can be written as a special case of this GMM estimator us-
ing a block triangular estimated weighting matrix *n. EfÞcient estimation and
consistent standard errors are obtained by using the standard formulas for the ef-
Þcient choice of*n. General analyses of two step estimators includes Newey and
McFadden (1994, section 6) and Wooldridge (2002, section 12.4). These general
analyses describe conditions under which the second step estimators are efÞcient
or when they yield correct standard errors, and provide consistent standard error
formulas.
Proposition 1 is not new (see Newey 1984), but it appears to be often over-

looked. In particular, the fact that it can be applied when one of the steps is maxi-
mum likelihood (by taking g1 or g2 to be a score function) is rarely noted. Given
currently existing computing power and readily available automated GMM esti-
mation programs, this general procedure should be broadly applicable, especially
since the two step estimators can themselves provide good, consistent starting
values for estimation.
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To illustrate, in the Heckit model E[g(Z, β, γ )] = 0 takes the form

E

 ∂L(Z, γ )/∂γ#
Y − X "β −m(X "γ )λ$ D ( X

m(X "γ )

)  = 0
For moments involving derivatives, such as the score function ∂L(Z, γ )/∂γ , ei-
ther numerical or computer calculated analytic derivatives can be placed directly
into GMM routines, to avoid manual derivative calculation.
Also, to minimize or avoid numerical searches if necessary, asymptotic efÞ-

ciency can be obtained without iterating to convergence, e.g., Newey and McFad-
den (1994, section 3.4) show that asymptotic efÞciency is obtained by just doing
one iteration of the efÞcient GMM estimator. This result may be applied to all
of the GMM estimators that will be proposed in this paper to avoid numerical
searches, though iterating to convergence is likely to be preferable in practice.

3 Binomial Response Models: Some Preliminaries

3.1 Convenient representation
The representation described in this section is common in semiparametric work.
The reasons and uses for this representation are summarized here.
Consider the linear latent variable binary choice or binomial response model

D = I (,X ",β +,ε ≥ 0)
where D is an observed dummy variable that equals zero or one, ,X is a vector of
observed regressors, ,β is a vector of coefÞcients to be estimated,,ε is an unob-
served error having variance equal one, and I is the indicator function that equals
one if its argument is true and zero otherwise. The probit model has,ε ∼ N(0, 1),
while for logit,ε has a logistic distribution.
Let V be some conveniently chosen exogenous element of ,X that is known to

have a positive coefÞcient, and let X be the vector of remaining elements of ,X .
Then the linear latent model can be equivalently written as

D = I (X "β + V + ε ≥ 0)
where the variance of ε is some unknown constant σ 2ε , and β is a vector of coefÞ-
cients to be estimated. In the special case of the probit model, ε ∼ N(0, σ 2ε).
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These two representations of the model are completely equivalent, with para-
meters that are related by.,β = (β, 1)/σ ε (where V has been taken to be the last
element of ,X ). One can easily rewrite probit or logit code to report estimates of β
and σε instead of,β. SpeciÞcally, the log likelihood function for the scaled probit
is
"n
i=1 L(Di , Xi , Vi , β, σ ε) where

L(D, X, V, β, σ ε) = D ln-
(
X "β + V
σε

)
+ (1− D) ln

-
1−-

(
X "β + V
σε

).
.

(2)
and - is the standard normal cumulative distribution function. DeÞne the scaled
probit model to be this representation of the probit model.
Choice probabilities are given by Pr(D = 1) = 1 − Fε[−(X "β + V )] where

Fε is the CDF of ε, instead of the equivalent Pr(D = 1) = 1− F,ε[−(,X ",β)]. For
normal errors the CDF�s are F,ε(·) = -(·) and Fε(·) = -(·/σε).
If one is not sure about the sign of the coefÞcient of V , one way it can be de-

termined is as the sign of the estimated average derivative E[∂E(D | V, X)/∂V ].
Signs of estimators can generally be estimated at faster than root n rates, so a Þrst
stage estimate of the sign need not affect the later distribution theory. Alterna-
tively, in many applications the signs of some covariates are known a priori from
economic theory.
In some applications the economics of the problem provide a natural scaling,

for example, if D is the decision of a consumer to purchase a good and we take V
to be the negative of the logged price of the good faced by the consumer, then X "β
is the log of the consumer�s reservation price (that is, their willingness to pay) for
the good.
Note also that the signs of the coefÞcients (β, 1) are the same as the signs of

the coefÞcients,β, and the relative magnitudes of the coefÞcients are also the same,
that is ,β is proportional to (β, 1), so the estimated marginal rates of substitution
between any two elements of ,X is the same using either (β, 1) or ,β. In applica-
tions where the distribution of the latent error is unknown but independent of ,X ,
this distribution, and resulting estimated choice probabilitites may be equivalently
estimated by a nonparametric regression of D on either X "β + V or on ,X ",β.
In general ,X , and therefore X , will be assumed to include a constant term,

which is estimated as part of β. However, many semiparametric estimators, such
as Klein and Spady (1993), cannot be used to estimate the constant. In applica-
tions where those estimators are used,ε and ε can be assumed to have a nonzero
mean or median.
A common strategy in semiparametric estimation is to construct an estimator
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of β (either with or without a constant term), then separately estimate the error
distribution by, e.g., nonparametrically regressing D on X "β + V . One reason for
this separation is that β can often be estimated at a faster rate (even root n) than the
distribution function. Examples of semiparmetric estimators of β include Manski
(1975),(1985), Cosslett (1983), Ruud (1983), Powell, Stock and Stoker (1989),
Horowitz (1992), (1993), Ichimura (1993), Klein and Spady (1993), Newey and
Ruud (1994), Härdle and Horowitz (1996), Lewbel (2000), and Blundell and Pow-
ell (2003).

3.2 Binomial Response With Endogenous Regressors
Let Y be a vector of endogenous or mismeasured regressors, and letW be a vector
of exogenous covariates. Let

X = (Y ", X "2)"

W = (Z "1, X "2, V )"

for vectors Z1 and X2, so the vector of instruments that do not appear in the
structural model (excluded or outside instruments) is Z1, the set of regressors in
the model for D is X, V , and the set of all covariates is Y,W . The model is

D = I (X "β + V + ε ≥ 0)
= I (Y "β1 + X "2β2 + V + ε ≥ 0)

where the latent error ε is uncorrelated with the exogenous covariates Z , but may
be correlated with the endogenous or mismeasured regressors Y . We observe a
sample of n observations of Di ,Yi ,Wi . The latent error may also be heteroskedas-
tic, having second and higher moments that may depend on W and Y .
One possible estimator with many well known attractive features is maximum

likelihood. A disadvantage of maximum likelihood is that it requires a complete
parametric speciÞcation of the joint distribution of ε and of all the endogenous
regressors Y , conditional on all of the exogenous regressors W . Also, the result-
ing estimates of β can be very sensitive to nuisance parameters that are difÞcult
to estimate, like the covariances between the latent error ε and the errors in the
parameterized model of Y .
Commonly used coefÞcient estimators are to just do probit or logit, ignoring

the endogeneity of Y and heteroskedasticity of ε, or to estimate a linear prob-
ability model, that is, run a linear two stage least squares regression of D on
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X ,V using instrumentsW . Both procedures are inconsistent, among other obvi-
ous drawbacks.
The goal here is to provide a range of alternative estimators, which are numer-

ically very simple and consistent under reasonably general conditions.

3.3 Types of Endogeneity
Recalling that X = (Y ", X "2), the general class of of binomial response models
with endogenous regressors to be considered is

D = I (X "β + V + ε ≥ 0)
Y = g(W,U)

for some function g and some vector of unobservable errorsU . Endogeneity arises
from correlations or other dependence between U and ε. This correlation could
be due to measurement error in Y , or simultaneity in the determination of Y and
D. Higher moments of ε could also depend on W and U .
Two classes of estimators for binomial response models with endogenous re-

gressors will be discussed. These are control function estimators and very ex-
ogenous (or �special�) regressor estimators. Control function estimators assume
models of the form

D = I (X "β + V + ε ≥ 0)
Y = h(W )+U

along with assumptions regarding the condition distribution ε given U,W , and
entail explicitly estimating U .
Instrumental variables models do not impose restrictions on, nor explicitly es-

timate U , but instead assume only that we have instruments (elements of W ) that
are correlated with Y and uncorrelated with the modeling error ε. Instrumental
variable estimators cannot be directly applied to binomial response models (other
than the linear probability model), however, they can be applied to a certain trans-
formation of D, if there exists one exogenous regressor in the model that has
special properties, which can be taken to be V . These are instrumental variable
estimators based on a very exogenous regressor.

3.4 Choice Probabilities With Endogenous Regressors
In this section, only the index choice probability concept is new material (and it
has likely been used implicitly in the past).
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One reason for estimating β in binary choice models is to then use the results
to estimate choice probabilities, that is, the probability that D = 1.
With endogenous regressors or heteroskedastic errors, there are a few different

possible choice probabilities one might construct. The probability that D = 1,
conditional on covariates is

E(D | Y,W ) = 1− Fε[−(X "β + V ) | Y,W ]
where Fε(ε | ·) denotes the conditional distribution function of ε, conditioning
on the information set (·). Estimating choice probabilities using this deÞnition
requires knowing or modeling the entire conditional distribution of ε given Y,W .
If little is known about this distribution, it may be simpler (and in some cases no
less efÞcient) to ignore the β estimate and just nonparametrically regress D on
Y,W . A common modeling assumption that simpliÞes estimation of the choice
probability is to assume that Fε(ε | Y,W ) = Fε(ε | U) where U is the error term
in a regression of Y on W . In this case the choice probability can be obtained by
nonparametrically regressing 1− D on−(X "!β+V ) and on !U , or by a parametric
model if Fε(ε | U) has a known functional form.
An alternative choice probability deÞnition is what Blundell and Powell (2000)

call the average structural function. For the binomial response model the average
structural function is

1− Fε[−(X "β + V )]
that is, the marginal distribution of ε evaluated at the regression function. The
average structural function is roughly analogous to, in a linear model context,
forecasting using the Þtted values of two stage least squares regression; since in
that situation we evaluate the error term at its marginal mean (zero), even though
its conditional mean, conditioning on the regressors (including endogenous re-
gressors), would be nonzero.
A third choice probability measure is to just condition on the estimated index

X "β + V , that is
E(D | X "β + V ) = 1− Fε[−(X "β + V ) | X "β + V ]

We might call this the index choice probability, since this will equal E(D | Y,W )
when the distribution of ε depends on Y,W only through the single linear index
X "β + V , in which case β could be estimated using general single index model
estimators such as Ichimura (1993). More generally, the index choice probability
can be interpreted as a middle ground between the previous two measures (con-
ditioning ε on all covariates versus on none). One advantage of the index choice
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probability versus other measures is that it can be readily estimated even when
the conditional or marginal distribution of ε is unknown, by a one dimensional
nonparametric regression of D on X "!β + V , given any consistent estimator!β.
When ε is independent of Y,W all three choice probability measures are the

same. When ε is independent of X "β + V the second and third measures are the
same, and when ε is depends on Y,W only through X "β + V , then the Þrst and
third measures are the same.
Implementing any of these choice probability measures assumes we have a

consistent estimator of β. Regardless of which measure is used for evaluating the
estimates, the step of estimating β should take into account any endogeneity in X
and hence any dependence of ε on covariates. So, e.g., β estimation based either
on control functions or a very exogenous regressor would be appropriate.

4 Control Function Estimators for Binomial Response
Models With Endogenous Regressors

First consider the model

D = I (X "β + V + ε ≥ 0)
Y = W "b +U E(WU) = 0
ε = U "γ + η, η ⊥ U,W , η ∼ N(0, σ 2η)

Where b is an unknown constant vector (or matrix if Y is a vector), λ is an un-
known constant scalar (or vector if Y is a vector) and U is a mean zero error
uncorrelated with W . The error ε is assumed to be linear in U and in another
error η which is a mean zero normal independent of both W and U . A leading
special case in which these assumptions hold is when U and ε are jointly nor-
mal and independent of W , though in general U is not required to be normal or
homoskedastic.
Substituting out ε in the D equation yields

D = I (X "β + V +U "γ + η ≥ 0).
This is just a probit model with regressors X , V , andU . This suggests the follow-
ing simple estimator.

ESTIMATOR A
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1. For each observation i , construct data !Ui = Yi −W "
i
!b, which are the resid-

uals of an ordinary least squares regression of Y on W (or seemingly unrelated
regression if Y is a vector).
2. Let!β be the estimated coefÞcients of X in an ordinary scaled probit regres-

sion of D on X, V and !U .
Recall that the scaled probit is a probit that normalizes the coefÞcient of V

to be one instead of normalizing the variance of the latent error to be one. This
conveniently keeps β unchanged, unlike the ordinary probit that, in this second
step, would normalize the variance of η to be one, which is a different scale than
normalizing the variance of ε to be one. Up to scaling, Estimator A is identical
to Quong and Rivers (1988) and the control function estimator of Blundell and
Smith (1986), which in turn is closely related to Nelson and Olsen (1978) and is
the basic idea proposed by Heckman (1978).
The estimated coefÞcients are root n consistent and asymptotically normal,

but the standard error estimates for !γ and !β generated by second stage probit
fail to take into account the estimation error in the construction of !U . Correct
standard error formulas can be obtained by applying the general theory of two
step estimators (see, e.g., Newey and McFadden, 1994, Theorem 6.2). Consistent
standard errors can also be readily obtained by bootstrapping the data, which is
practical given the numerical simplicity of the estimator. Bootstrapping the con-
Þdence intervals instead of standard errors has the added theoretical advantage in
this context of providing a higher order approximation to the true limiting distrib-
ution.
Based on Proposition 1, more efÞcient estimates with correct standard errors

can be obtained using a GMM estimator to combine the Þrst and second steps in
estimator A, as follows.

ESTIMATOR B.
DeÞne

R(D, X, V,U, β, γ , ση) = D φ
#/
X "β + V +U "γ 0 /ση$

-
#
(X "β + V +U "γ ) /ση

$+(1−D) −φ #/X "β + V +U "γ 0 /ση$
1−- #(X "β + V +U "γ ) /ση$

Use ordinary GMM to estimate the parameters b, β, γ , ση based on the mo-
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ment conditions

E
#
W (Y −W "b)

$ = 0
E
#
R(D, X, V,Y −W "b, β, γ , ση)X

$ = 0
E
#
R(D, X, V,Y −W "b, β, γ , ση)

/
Y −W "b

0$ = 0
E
#
R(D, X, V,Y −W "b, β, γ , ση)V

$ = 0

Estimator B consists of the moments that deÞne b and the Þrst order conditions
for the maximum likelihood step that is, mean zero score functions. Estimator
A can be applied Þrst, both to provide consistent starting values for the GMM
estimation, and to construct estimates of the efÞcient GMM weighting matrix.
EfÞcient estimates can also be obtained by applying Amemiya�s GLS as described
by Newey (1987).
The control function method can be greatly generalized. Blundell and Powell

(2003) provide a control function estimator for the model

D = I (X "β + V + ε ≥ 0)
Y = h(W )+U , E(U | W ) = 0
ε | X,U ∼ ε | U

where the function h and the distribution of the errors is unknown. Estimation
in this case is not simple, requiring a high dimensional nonparametric regression
Þrst step to estimate h, then a semiparametric multiple index estimator to obtain
β.
In terms of modeling, the control function method is for the most part not

applicable if the endogenous regressors Y are discrete, censored, truncated, or
otherwise limited, because in such cases the distribution of U (and therefore its
relationship to ε) will in general depend upon X . Also, unlike two stage least
squares, if the assumptions hold for a set of instruments Z , then they will not hold
in general using some smaller subset of instruments, so omitting variables that one
is unsure about as instruments will result in inconsistent estimates, instead of just
a loss of efÞciency as in instrumental variables methods.

5 A Very Exogenous Regressor
Consider for the moment the linear probability model D = X "β + ε where X
includes a subvector of endogenous regressors Y . This model can be estimated
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by linear two stage least squares. Two great advantages of linear two stage least
squares estimation are its numerical simplicity, and the fact that it does not re-
quire explicit modeling of Y . Two stage least squares can be used without change
regardless of whether endogenous regressors Y are continuous discrete, limited,
truncated, etc.,. All that is needed are variables (instruments) Z that are correlated
with Y and uncorrelated with ε. Unfortunately, two stage least squares is incon-
sistent for most limited dependent variable models such as logit, probit, ordered
choice, tobit, etc.,.
This section describes estimators that preserve the above listed attractive fea-

tures of two stage least squares without imposing a linear probability model.
These estimators required the presence of one regressor, which without loss of
generality is taken to be the V regressor, that is special in a sense that one might
call �very exogenous." The deÞnition of a very exogenous regressor is as follows.
Let S be a vector of covariates (including X and Z , so S can include en-

dogenous regressors, ordinary exogenous regressors, and ordinary instrumental
variables). DeÞne V to be a very exogenous regressor if

1. h(X)+ V + ε is a latent variable in some model for some function h.
2. V = g(ν, S) for some function g that is differentiable and strictly monoton-

ically increasing in its Þrst element, with ν ⊥ S, ε, and ν is continuously distrib-
uted.
3. The support of the conditional distribution of V given S contains the support

of −[h(X)+ ε].
Condition 1 says that V is a regressor in the model, and the latent variable has

been scaled to make its coefÞcient equal one. The latent variable is linear V and
in an error ε.
The variable ν in Condition 2 can be interpreted as the error term in a model

for V . Condition 2 is similar to the modeling assumptions in Matzkin (2003).
It says that the error term ν in the model for V is independent of ε and of all
the other covariates S, both exogenous and endogenous. This condition is a bit
stronger than assuming that V and ε are conditionally independent, conditioning
on S, which (when S is exogenous) is essentially the deÞnition of ordinary exo-
geneity. Powell (1994), Section 2.5, discusses similar exclusion restrictions and
their role in semiparametric identiÞcation. This condition is much weaker than
the usual assumption that model errors ε are independent of all covariates, and
arises naturally in some economic models. For example, in a labor supply model
where ε represents unobserved ability, conditional independence is satisÞed by
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any variable V that affects labor supply decisions but not ability, such as govern-
ment deÞned beneÞts. In demand models where ε represents unobserved prefer-
ence variation, prices satisfy the conditional independence condition if they are
determined by supply, such as under constant returns to scale production. Lewbel,
Linton andMcFadden (2001) consider applications like willingness to pay studies,
where V is a bid determined by experimental design, and so satisÞes the necessary
restrictions by construction. An empirical application employing this assumption
in a binary choice context (applying Lewbel 2000) is Cogneau andMaurin (2002),
who analyze enrollment of children into school in Madagascar. For V they use the
date of birth of the child within the relevant year, which strongly affects enroll-
ment and is plausibly assumed to be conditionally independent of ε, which in this
context consists of unobserved components of the child�s abilities and unobserved
socioeconomic factors. The continuity restriction in condition 2 can sometimes
be relaxed. This is discussed in a later section on discrete V .
Condition 3 is a large support assumption. Requiring a regressor to have large

or inÞnite support for identiÞcation is common in the literature on semiparametric
limited dependent variable models. Examples include Manski (1975,1985) and
Horowitz (1992) for heteroskedastic binary choice models, and Han (1987) and
Cavanagh and Sherman (1998) for homoskedastic transformation models. The
large support assumption can in some applications be replaced by assumptions
regarding the distribution of the tail of ε. See, e.g., Magnac and Maurin (2003)
and Chen (2002).
A simple model for V that will be used in this paper is

V = S"b + ν, ν ⊥ S, ε, ν ∼ N(0, σ 2)

This says that the model for V is linear with an independent, normal error. This
can be easily generalized to allow for heteroskedastity in V as

V = S"b + exp(S"c)ν, ν ⊥ S, ε, ν ∼ N(0, 1).

Both of these simple V models satisfy conditions 2 and 3.

5.1 Binomial Response Models With Endogenous Regressors
and a Very Exogenous Regressor

The model and associated estimator described here is based on Lewbel (2000).
It has somewhat different assumptions than the general model given in Lewbel
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(2000), but as a result is very simple to implement. When all regressors are ex-
ogenous and g is linear this estimator simpliÞes to one of the estimators proposed
in Lewbel, Linton, and McFadden (2003).
Let Z = (Z "1, X "2)", so Z is the vector of all the available exogenous covariates

except for V . Let S = (Y ", Z ")", so S is all the available covariates except for
V . Recall that X = (Y ", X "2)" is the set of all the regressors in the D equation
except for V . The proposed estimators depend on the following Theorem, which
is proved in Appendix.

THEOREM 1: Assume D = I (X "β + V + ε ≥ 0), E(Zε) = 0, supp(X "β +
ε) ⊆ supp(−V | S), V = g(ν, S), g is differentiable and strictly monotonically
increasing in its Þrst element, ν ⊥ S, ε, and ν is continuously distributed. Let
f (ν) be the probability density function of ν. DeÞne T and e by

T = D − I (V ≥ 0)
f (ν)

∂g(ν, S)
∂ν

e = T − X "β
Then E(Ze) = 0.
Theorem 1 says, instead of imposing strong restrictions on all of the endoge-

nous regressors Y as in control function (or maximum likelihood) estimation, as-
sume the standard latent variable form for binomial response models, assume we
have ordinary instruments Z that are uncorrelated with the latent error term ε, and
assume one of the regressors in the model is very exogenous. Then we can con-
struct the variable T and estimate β by regressing T on X using linear two stage
least squares with instruments Z .
For some intuition regarding Theorem 1, substitute out V in D to get D =

I [−(X "β + ε) ≤ g(ν, S)] so E(D | S, ν) equals the probability distribution func-
tion of −(X "β + ε), conditioned on S, and evaluated at V = g(ν, S). Since
V asymptotically takes on every value in the real line, this distribution func-
tion is identiÞed everywhere, and the parameters β may be recovered from this
distribution. This explains why the assumptions are sufÞcient for identiÞcation.
To see why the resulting estimator has such a simple form, Þrst note that the
marginal density of ν corresponds to the conditional density of V , and that for
expressions involving expectations, dividing by the conditional density of V is
equivalent to converting V to a uniformly distributed random variable, that is,
the conditional expectation of T (averaging over V ), is equivalent to the condi-
tional expectation of D − I (V ≥ 0) with a uniform V , which in turn is just
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1
[I (X "β + V + ε ≥ 0)− I (V ≥ 0)]dV . When X "β + ε > 0 this integral is just1
I (−X "β − ε ≤ V ≤ 0)dV = 1 0

−X "β−ε 1dV = X "β + ε and a similar result
holds when X "β + ε < 0. It follows that the conditional expectation of T equals
X "β + ε, so T equals X "β + ε plus another error that has conditional mean zero.
The error e is then just the sum of ε and this other error.
An implication of the large support assumption for V is that, for any value

X and ε may take on, it is possible for V to be small enough to make D = 0 ,
with probability one, or large enough to make D = 1 with probability one, This
may not be plausible in some applications. Magnac and Maurin (2003) provides
alternative restrictions that can be used to relax this large support assumption.

5.2 Simple Estimation of Binomial Response Models With En-
dogenous Regressors Based on a Very Exogenous Regres-
sor

To make estimation based on Theorem 1 simple, a convenient parametric model
is chosen here for g and f . SpeciÞcally, consider the model

D = I (X "β + V + ε ≥ 0), E(Zε) = 0
V = S"b + ν, ν ⊥ S, ε, ν ∼ N(0, σ 2)

so V is linear in covariates plus a normal error. By Theorem 1, other regular para-
metric model for g and continuous distributions for ν could be assumed instead.
This particular model is chosen for its simplicity.
Other than modeling restrictions involving the very exogenous regressor V ,

nothing more needs to be assumed for estimation except what would be required
for a linear two stage least squares regression, namely, that rank[E(Z X ")] =
rank[E(XX ")] and E(Zε) = 0. As a result, elements of Y and Z can be contin-
uous, discrete, truncated, squared, interacted with each other, etc.,. Nothing else
needs to be known or estimated regarding the data generating process of the en-
dogenous regressors Y . For example, unlike control function models, this model
and the resulting estimator can be used with a discrete endogenous regressor such
as Y = I (Z "γ +U ≥ 0) with the joint distribution of U, ε unknown.
Based on this model and Theorem 1, we have the following simple estimator.

ESTIMATOR C
1. Make sure Vi takes on a range of both positive and negative values (V

can be demeaned if not). Let !b be the estimated coefÞcients of an ordinary least
16



squares regression of V on S. For each observation i , construct data!vi = Vi−S"i!b,
which are the residuals of this regression.
2. Let !σ 2 be the sample mean of!v2i , and for each observation i , let f (!νi ,!σ 2)

be the pdf of!νi , so
f (!νi) = 1

√
2π!σ 2 exp

2
−!ν2i
2!σ 2

3
3. For each observation i construct data !Ti deÞned as

!Ti = Di − I (Vi ≥ 0)
f (!νi ,!σ 2)

4. Let !β be the estimated coefÞcients of an ordinary linear two stage least
squares regression of !T on X , using instruments Z .
This estimator differs from Lewbel (2000) mainly in that it assumes a para-

metric model for the very exogenous regressor V , while Lewbel (2000) used a
nonparametric conditional density estimator for V . Lewbel (2000) is not strictly
more general than the model assumed for Estimator C, since the above model al-
lows V to depend on Y , while Lewbel (2000) assumed conditional independence.
Estimator C is a numerically trivial estimator, requiring no numerical searches,

and involving nothing more complicated than linear regressions. It provides root
n consistent, asymptotically normal estimates of the coefÞcients β. The correct
standard errors are not equal to those that would be generated by ordinary two
stage least squares in the last step, because they fail to take into account the esti-
mation error in the construction of !T . However, one may easily generate standard
error and conÞdence interval estimates by bootstrapping, since the estimator itself
is so simple. Alternatively, one may apply the GMM estimator described below.
Ordinary root n convergence in step 4 requires that ZT have a Þnite variance.

Lewbel (2000) imposes this by assuming that X "β+ε has bounded support, which
makes the numerator of T identically zero for extreme values of v . Magnac and
Maurin (2003) provides alternative sufÞcient conditions for root n convergence,
which involve either a conditional moment restriction or a symmetry restriction in
the tails of ε. These results, andMonte Carlo analyses in these papers, suggest that
the estimator is sensitive to the choice of regressor V . In particular, the estimator
depends heavily on variation in ν, and so will tend to perform best when V has a
large variance relative to the variance of X "β + ε.
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This estimator may also be very sensitive to outliers, in particular, the density
in the denominator deÞning T means that somewhat large values of νi will gen-
erate extremely large values of Ti . It may therefore be a good idea in practice to
use robust moment estimators, for example, in the two stage least squares step,
discarding all observations for which f (!νi ) is smaller than some tiny constant δ.
Based on Proposition 1, more efÞcient estimates with correct standard errors

can be obtained by combining the above steps into a single GMM estimator as
follows.

ESTIMATOR D
Make sure Vi takes on both positive and negative values, by demeaning it if

necessary. Use GMM to estimate the parameters β, b, σ 2 based on the moment
conditions

E[S(V − S"b)] = 0
E[σ 2 − (V − S"b)2] = 0

E

4
Z

2
[D − I (V ≥ 0)] (2πσ 2)1/2 exp

2/
V − S"b02
2σ 2

3
− X "β

35
= 0

The Þrst two equations in Estimator D are equivalent to the score functions
from maximum likelihood estimation of the V model, and the last equation is the
moments corresponding to the two stage least squares regression of T on X with
instruments Z .
The model for V here is parametric, and hence testable. Once could conduct

a speciÞcation search from the particular model for V chosen here (linear with
normal homoskedastic errors) to more general models such as those discussed
below.

5.2.1 A More General V Model

The model of the previous section assumes the residuals V − S"b of special re-
gressor V model are homoskedastic, which may be unrealistic (the D model latent
errors ε can be heteroskedastic and correlated with regressors). A more general
model is

D = I (X "β + V + ε ≥ 0), E(Zε) = 0
V = S"b + exp(S"c)ν, ν ⊥ S, ε, ν ∼ N(0, 1)
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We may equivalently write the model for V as V = S"b + η, η ∼ N(0, σ 2η),
ση = exp(S"c), so V is linear in covariates plus a normal heteroskedastic error η,
and the hetereoskedasticity has a simple multiplicative form. Again, by Theorem
1 other more general parametric models for V and continuous distributions for
ν could be assumed, but this particular model is chosen for its combination of
generality and simplicity.
Based on this model and Theorem 1, we now obtain the following multistep

estimator.

ESTIMATOR C�
1. Make sure Vi takes on a range of both positive and negative values (V can be

demeaned if not). Let!b be the estimated coefÞcients of an ordinary least squares
regression of V on S. For each observation i , construct data!ηi = Vi − S"i!b, which
are the residuals of this regression.
2. Estimate!c as the coefÞcients of a nonlinear least squares regression of!η2

on exp(S"c) and for each observation i , and construct data!νi =!ηi exp(−S"i!c/2)
3. For each observation i , let f (!νi ) be the pdf of!νi , so

f (!νi ) = 1√
2π
exp

2
−!ν2i
2

3

and construct data !Ti by
!Ti = Di − I (Vi ≥ 0)

f (!νi ) !ηi!νi
4. Let !β be the estimated coefÞcients of an ordinary linear two stage least

squares regression of !T on X , using instruments Z .
The only nontrivial step now is step 2, and for that step good approximate

starting values for!c may be obtained by linearly regressing ln(!η2) on S. We could
have instead modeled σ 2η as S"c instead of exp(S"c) to make step 2 a linear least
squares regression, but that could lead to numerical problems because S"i!c might
be negative for some observations.
The corresponding efÞcient estimator is

ESTIMATOR D�
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Make sure Vi takes on both positive and negative values, by demeaning it if
necessary. Use GMM to estimate the parameters β, b, c based on the moment
conditions

E[S(V − S"b)] = 0

E[S
6
exp(2S"c)− exp(S"c)(V − S"b)2

7
] = 0

E

4
Z

2
[D − I (V ≥ 0)] (2π exp(S"c))1/2 exp

2/
V − S"b02
2 exp(S"c)

3
− X "β

35
= 0

Again the Þrst two equations in Estimator D are equivalent to the score func-
tions from maximum likelihood estimation of the V model, and the last equation
is the moments corresponding to the two stage least squares regression of T on X
with instruments Z .

For simplicity, most of the remaining choice estimators in this paper will as-
sume homoskedastic V model errors, and so will be variants of estimators C and
D instead of C� and D�, but all may easily generalized as above to allow for con-
ditionally hetereokedastic V as in this section�s estimators C� and D�.

5.2.2 More Than One Very Exogenous Regressor

If we are lucky enough to have more than one very exogenous regressor in the
model, then we can efÞciently use the information in both by simply taking all the
moments of estimator D based on each such regressor, and doing a large GMM
on the entire set. Note that only one of very exogenous regressors can have a
coefÞcient that is normalized to equal one.
To illustrate, assume we have two such regressors. The model is then

D = I (X "β + V1 + V2α + ε ≥ 0), E(Zε) = 0
V1 = S"b1 + V2c1 + ν1, ν1 ⊥ ν2, S, ε, ν1 ∼ N(0, σ 2ν1)
V2 = S"b2 + V1c2 + ν2, ν2 ⊥ ν1, S, ε, ν2 ∼ N(0, σ 2ν2)

where some element of b1, b2, c1, c2 is set to zero for identiÞcation of the V equa-
tions. It follows from Theorem 1 that the model parameters satisfy the moments

E[S(V1 − S"b1 − V2c1)] = 0
E[σ 2ν1 − (V1 − S"b1 − V2c1)2] = 0
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E

4(
Z
V2

)2
[D − I (V1 ≥ 0)] exp

2
(V1 − S"b1 − V2c1)2

2σ 2ν1

3
− X "β − αV2

35
= 0

E[S(V2 − S"b2 − V1c2)] = 0
E[σ 2ν2 − (V2 − S"b2 − V1c2)2] = 0

E

4(
Z
V1

)2
[D − I (V2 ≥ 0)] exp

2
(V2 − S"b2 − V1c2)2

2σ 2ν2

3
− X "β + V1

α

35
= 0

The assumption that a given regressor has large support relative to the rest of latent
variable cannot hold for more than one regressor, so root n convergence of GMM
estimation using these moments will require tail assumptions as in Magnac and
Maurin (2003).
Alternatively, we may estimate the model by deÞning a single special regres-

sor to be a weighted average of the candidate very exogenous regressors, with
weights that could either be selected arbitrarily for convenience, or be determined
by minimum chi squared estimation, that is, choose weights to minimize the esti-
mated variance of!β.
5.2.3 Generalized Very Exogenous Regressor Estimation

The binomial response model with a very exogenous regressors generalizes to

D = I (X "β + V + ε ≥ 0), E(Zε) = 0
V = S"b+ ν, ν ⊥ S, ε, supp(S"b + X "β + ε) ⊆ supp(−ν)

Here the distribution of ν is unknown, so the large support assumption must be
made explicitly.
The estimator remains the same, except that a more general estimator of the

density function of ν is required. This is just a one dimension density, and so
is relatively simple to estimate. A kernel density estimator could be used, but
an even simpler estimator that does not entail choosing a kernel or bandwidth is
the following. Given n observations of νi , sort these observations from lowest
to highest. For each observation νi , let ν+i be the value of ν that, in the sorted
data, comes immediately after νi and similarly let ν−i be the value that comes
immediately before νi . Then

f (νi ) = ∂F(νi )
∂ν

≈ F(ν+i )− F(ν−i )
ν+i − ν−i

≈ 2/n
ν+i − ν−i
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where the last step replaces the true distribution function F with the empirical
distribution function. This suggests the estimator !f (νi) = (ν+i −ν−i )n/2. Lewbel
and Schennach (2003) show that, although this is not a consistent estimator of the
density function f (νi), with sufÞcient regularity sample averages that divide by
this estimator are root n consistent.
The result is the following estimator.

ESTIMATOR E
1. Make sure Vi takes on both positive and negative values (V can be de-

meaned if not). For each observation i , construct data !νi = Vi − S"i!b as the
residuals of an ordinary least squares regression of V on S.
2. For each observation i , deÞne!ν−i and!ν+i as the values adjacent to!νi when

the!ν estimates are sorted in increasing order, and construct data !Ti by
!Ti = [Di − I (Vi ≥ 0)](!ν+i −!ν−i )n2

3. Let !β be the estimated coefÞcients of an ordinary linear two stage least
squares regression of !T on X , using instruments Z .
Once again, no numerical searches are involved, and no calculations more

difÞcult than sorting data or linear regression are required, so bootstrapping is nu-
merically practical. Estimator E is the same estimator proposed in Lewbel and
Schennach (2003), except that paper assumed independence for V itself rather
than for !ν, so the Þrst stage regression step was not needed. Based on Lewbel
(2000) and Lewbel and Schennach (2003), root n convergence of this estimator
requires strong assumptions regarding the support and tail thickness of the distri-
bution of the very exogenous regressor.
As with control functions, the very exogenous regressor methodology can be

further generalized, for example, we may let

D = I (X "β + V + ε ≥ 0), E(Zε) = 0
V = g(S)+ ν, ν ⊥ S, ε, supp(g(S)+ X "β + ε) ⊆ supp(−ν)

for unknown function g by using estimator E, except that in step 1!νi is now the
residuals from a nonparametric regression of V on S.
A further generalization is the model

D = I (X "β + V + ε ≥ 0), E(Zε) = 0
V | S, ε ∼ V | S, supp(X "β + ε) ⊆ supp(−V | S)
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now the estimator is to let !fV (V | S) be a kernel or other nonparametric estimator
of the conditional density of V given S, construct !Ti by

!Ti = Di − I (Vi ≥ 0)!fV (Vi | Si)
and let!β be the estimated coefÞcients of an ordinary linear two stage least squares
regression of !T on X , using instruments Z . This is a hard estimator in terms of
requiring a high dimensional nonparametric component, but it is simple in that
no numerical optimization or searches are required This last estimator is more
general than Lewbel (2000), in that it permits V to correlate with the endogenous
regressors.

5.2.4 A Discrete Very Exogenous Regressor

The very exogenous regressor estimators depend on V only through I (V ≥ 0)
and the conditional density function of V . These estimators can therefore be used
with a discrete V if that V is itself a function of an unobserved underlying variable,V with a uniform (or uniform within cells) distribution. For example, consider the
model

D = I (X "β + ,V + ε ≥ 0), E(Zε) = 0
V = I (,V ≥ 0), ,V ⊥ S, ε, ,V ∼ U [−K , 1− K ]

where ,V is unobserved and U [−K, 1 − K ] denotes a uniform distribution on
the interval [−K , 1 − K ] for some postive constant K . The probability density
function of ,V is f,V (,V ) = 1 so by Theorem 1, E(Ze) = 0 where e = T − X "β
and

T = D − I (,V ≥ 0)
f,V (,V ) = (D − V )

Here D depends on an unobserved continuous very exogenous regressor ,V , while
the observed very exogenous regressor V is discrete and only takes the values
zero and one. The corresponding consistent estimator of β is then just a linear
two stage least squares regression of Di − Vi on Xi using instruments Zi .
To illustrate, consider the following example, which is similar to a very exoge-

nous regressor model in Cogneau and Maurin (2003). Suppose we have a data set
of students in the same grade cohort at school. Students must be Þve years old on
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September 1 to start school. We observe the calendar year in which each student
in the class is born, but not their exact birthdate. Let Vi = 1 for the older students
in the class and zero for the younger students, based on their observed birthyear.
DeÞne ,Vi to be exact age minus six of student i on December 31 of the year they
start school. Then ,Vi is a value from −2/3 to 1/3, and Vi = I (,Vi ≥ 0).
Let D be a schooling outcome measure such as an indicator for not repeat-

ing a grade or for graduating, and let X be a vector of determinants of schooling
outcome, other than age, such as parent�s income, data on siblings etc.,.We then
obtain the above model, assuming that births are uniformly distributed through-
out the year, that birthdays are independent of other observable and unobservable
determinents of schooling outcome, and that the latent variable determining the
outcome is linear in the age of the student. In this example β is consistently esti-
mated just by linearly regressing Di −Vi on Xi . If some elements of Xi are endo-
geneous, then this linear regression would be done by two stage least squares with
ordinary appropriate instruments, e.g., Cogneau and Maurin (2003) use grandpar-
ents socioeconomic status as an instrument for the endogenous parents income
regressor.
The uniform distribution assumption can be relaxed given more information

regarding ,Vi . For example, if we know the month of birth of each student i , then
we need only assume that births are uniformly distributed within each month.
Letting Fi be the fraction of students that have birthdays in the same month as
student i , the density of ,Vi is then f,V (,Vi) = 12Fi and so we would then estimate
β by regressing (Di − Vi)/(12Fi) on Xi Similar estimators could be constructed
using other discretized data, for example, ,Vi could be the true log distance to
school when we only observe a few different distance intervals, or log income
when we only observe income brackets.
Other results regarding a discrete very exogenous regressor are provided by

Magnac and Maurin (2004), including set identiÞcation results for β when the
uniform distribution assumption within cells is dropped.

6 Ordered Choice
Both the control function and very exogenous regressor estimators can be applied
to other limited dependent variable models with endogenous regressors. For ex-
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ample, the ordered choice model with possible choices k∗ = 0, ..., K is

k∗ =
K%
k=1
k I
#
αk−1 ≤ −

/
X "β + V + ε0 ≤ αk$

where α0 = −∞ and α1,...,αK are threshold constants. Here again the free nor-
malization is used in which a regressor V has a coefÞcient of one instead of nor-
malizing the variance of the error ε to be one. This ordered choice model can be
rewritten as a collection of binary choices as

Dk = I (αk + X "β + V + ε ≥ 0)
where Dk for k = 1, ..., K are dummy variables such that Dk = 1 if the individual
chooses k∗ ≤ k and zero otherwise, so the individual�s choice is k∗ ="K

k=1 Dk .
Without loss of generality, the element of β corresponding to the constant term in
X is set to zero, so the constant term in each Dk equation then equals the choice k
threshold αk .
Estimator B or D provides a collection of moment conditions for estimating

any one of these Dk models with endogenous regressors, based either on control
functions or on a very exogenous V . Using either estimator, we may apply GMM
to the collection of all the moments corresponding to every Dk model to estimate
the parameters β and α1, ..., αK . Lewbel (2000) describes an example of this
estimator for the very exogenous regressor model with a general estimator for the
conditional density of V .
To illustrate, suppose K = 2, that is, ordered choice with three possible

choices k = 0, 1, 2. With a very exogenous V , based on estimator B the mo-
ments for GMM estimation are

E[S(V − S"b)] = 0
E[σ 2 − (V − S"b)2] = 0

E

4
Z

2
[D1 − I (V ≥ 0)] (2πσ 2)1/2 exp

2/
V − S"b02
2σ 2

3
− α1 − X "β

35
= 0

E

4
Z

2
[D2 − I (V ≥ 0)] (2πσ 2)1/2 exp

2/
V − S"b02
2σ 2

3
− α2 − X "β

35
= 0
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If instead we use control functions, based on estimator B the moments for
GMM estimation are

E
#
W (Y −W "b)

$ = 0
E
#
S(D1, X, V,Y −W "b, α1, β, γ , ση)

$ = 0
E
#
S(D1, X, V,Y −W "b, α1, β, γ , ση)X

$ = 0
E
#
S(D1, X, V,Y −W "b, α1, β, γ , ση)

/
Y −W "b

0$ = 0
E
#
S(D1, X, V,Y −W "b, α1, β, γ , ση)V

$ = 0

E
#
S(D2, X, V,Y −W "b, α2, β, γ , ση)

$ = 0
E
#
S(D2, X, V,Y −W "b, α2, β, γ , ση)X

$ = 0
E
#
S(D2, X, V,Y −W "b, α2, β, γ , ση)

/
Y −W "b

0$ = 0
E
#
S(D2, X, V,Y −W "b, α2, β, γ , ση)V

$ = 0

where the function S is deÞned as

S(D, X, V,U, α, β, γ , ση) = D φ
#/
α + X "β + V +U "γ 0 /ση$

-
#
(α + X "β + V +U "γ ) /ση

$+(1−D) −φ #/α + X "β + V +U "γ 0 /
1−- #(α + X "β + V +U "γ )

7 Selection Models With Endogenous Regressors
The Heckman sample selection model estimator described earlier provides a sim-
ple estimator for selection models with exogenous regressors, and Proposition 1
showed how that estimator could be rewritten in a GMM form to increase efÞ-
ciency and provide correct standard errors. Here a very exogenous regressor esti-
mator is provided for linear two stage least squares estimation of sample selection
models with endogenous regressors.
Continue to let Z = (Z "1, X "2)" and S = (Y ", Z ")", so Z is the vector of all the

available exogenous covariates except for a very exogenous V , and S is all the
available covariates except for V . Now also deÞne P to be an outcome, that is, an
endogenous variable, that is only observed, or selected, when D = 1. The vector
X = (Y ", X "2)" will now be the set of all the regressors in the P equation (instead
of the D equation) except for V . Consider the selection model

P = (X "β + Vγ + ε)D, E(Zε) = 0
D = I (a0 ≤ M(S, e)± V ≤ a1)
V = S"b + ν, ν ⊥ S, ε, e, ν ∼ N(0, σ 2ν)
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where M is an unknown function, a0 and a1 are unknown, possibly inÞnite con-
stants, and e and ε are errors with a joint unknown distribution. The conditional
distribution of ε, e conditional on S is unknown. This model and associated sim-
ple estimator are a special case of Lewbel (2003), which uses a nonparametric
speciÞcation of the conditional distribution of V instead of a linear model with a
normal error ν. Details regarding limiting distribution theory and the relationship
of this estimator to others in the literature may also be found there.
An example is a standard Heckman (1976) wage model with P equalling ob-

served wage and D the indicator of employment. In this case a0 = 0, a1 = ∞,
M is linear (typically), the covariates would include variables like training, edu-
cation, demographics, and nonwage income, and the errors ε and e are correlated
with each other because they depend on common components such as unobserv-
able abilities and motivation. An endogenous covariate Y might be a spouse�s or
parent�s income, and a very exogenous regressor V could be age, or a Card (1995)
type access (cost, distance) to schooling measure, though note that the model al-
lows the outcome P (but not ε) to depend on V .
Lewbel (2003) provides another empirical application in which P is factory

investment rate, D indicates nonzero investment which occurs when returns to
investment are positive, V is plant size, and the endogenous regressor Y is the
factory proÞt rate, which proxies for Tobin�s Q.
Ordered selection or ordered treatment models have both a0 and a1 Þnite.

These are models where selection or treatment is determined by an ordered choice
or response. For example, M(S, e)±V could be a latent variable representing de-
sired schooling, D could indicate graduating high shool but not college (a latent
variable value less than a0 would index not graduating high school, and greater
than a1 would correspond to attaining a college degree). P could then be an earn-
ings equation for high school graduates without college degrees.

THEOREM 2: Assume P = (X "β + Vγ + ε)D, E(Zε) = 0, I (a0 ≤
M(S, e) ± V ≤ a1), V = S"b + ν, ν ⊥ S, ε, e, and ν is continuously distrib-
uted with support equal to the real line. Assume a0 and a1 are Þnite. Let f (ν) be
the probability density function of ν. Then

E
-
Z
D
f (v)

(P − X "β + Vγ )
.
= 0

Theorem 2 as stated applies only when a0 and a1 are Þnite. When one of
them is inÞnite, then the result can be preserved by adding an asymptotic trim-
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ming parameter, or one may assume a large but Þnite support distribution for ν
(e.g., a trimmed normal), and in the latter case the resulting estimator has a small
bias term that is proportional to the inverse of the largest value |V | can take on.
Since this largest value can be arbitrarily large, the resulting bias can be arbitrarily
small. Lewbel (2003) provided details, and Þnds that ignoring this boundedness
or asymptotic trimming technicality makes very little difference in practice.
The following simple estimator E, and associated efÞcient estimator F, are

based directly on Theorem 2.

ESTIMATOR E
1. Let !b be the estimated coefÞcients of an ordinary least squares regression

of V on S. For each observation i , construct data!vi = Vi − S"i!b, which are the
residuals of this regression.
2. Let !σ 2 be the sample mean of!v2i , and for each observation i , let f (!νi ,!σ 2)

be the pdf of!νi , so
f (!νi) = 1

√
2π!σ 2 exp

2
−!ν2i
2!σ 2

3
.

3. For each observation i , construct instruments !Zi = Zi Di/ f (!νi ,!σ 2ν).
4. Let!β and!γ the estimated coefÞcients of an ordinary linear two stage least

squares regression of P on X and V , using instruments !Z
ESTIMATOR F
Use GMM to estimate the parameters β, γ , b, σ 2ν based on the moment con-

ditions

E[S(V − S"b)] = 0
E[σ 2ν − (V − S"b)2] = 0

E
-
ZD

/
P − X "β + Vγ 0 exp((V − S"b)2

2σ 2ν

).
= 0

In addition to simplicity, these estimators are also convenient in that they do
not require specifying or estimating the selection equation, in addition to not spec-
ifying or estimating models of the endogenous regressors Y . Similarly, the joint
distribution of errors in the models of outcome, selection, and endogenous re-
gressors is not speciÞed or estimated. Only the distribution of the single very
exogenous regressor needs to be modeled.
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The economic interpretation of the estimated coefÞcients β and γ is straight-
forward. We may deÞne P∗ = X "β + Vγ + ε to be a latent outcome, which is
only observed for individuals having D = 1. If P∗ were observable for all in-
dividuals then β and γ could be estimated by an ordinary linear two stage least
squares regression of P∗ on X and V using instruments Z . The limiting values of!β and!γ in Estimators E and F are the same as the limiting values from this hypo-
thetical regression. In short, the weighting of instruments by D/ f (ν) corrects for
selection, and the two stage least squares corrects in the usual way for regressor
endogeneity.

8 Dynamic Binary Choice Panel Models With Fixed
Effects and Endogenous Regressors

The estimator described in this section is the present paper�s parameterized very
exogenous regressor and GMM framework applied to the panel binary choice es-
timator in Honore and Lewbel (2002).
To handle panel data, individual i and time t subscripts are now used, where

i = 1, ..., n and t = 1, ..., T . The asymptotics assume T Þxed and n →∞. The
model is

Dit = I (X "i tβ + Vit + αi + εi t ≥ 0), E[Zit(εi t − εi t−1)] = 0
Vit = S"i t bt + νi t , νi t ⊥ Sit , αi + εi t , νi t ∼ N(0, σ 2tν)

Here Dit is the binary variable being modeled and the vector of regressors is
Xit = (Y "i t , X "2i t)", where Yit is a vector of endogenous or mismeasured regressors
and X2i t is a vector of exogenous regressors. The vector Yit can include lags of the
dependent variable such as Dit−1, so the panel model can be dynamic. We also
have a very exogenous regressor Vit . The vector of instruments Zit are exactly
the same variables that would be used as instruments in a linear panel model after
differencing out Þxed effects, for example, Zit could include lagged values of
X2i t .
If the panel is dynamic, so Yit includes Pit−1, then Zit could consist of X2i t−k

for k > 1. The panel can also be dynamic in that the errors εi t can be autocorre-
lated. The dependence of εi t on lagged values of εi t is arbitrary; it does not need
to be speciÞed or estimated.
The vector of variables Sit includes Xit , Zit , Zit−1, and possibly additional

lagged values of these variables (note that many or all elements of bt could be
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zero). The unobserved parameters αi are treated as Þxed effects, in that they
will be differenced out upon estimation, and their distribution is not modeled.
However, it is assumed that the data generating process makes νi t conditionally
independent of αi + εi t , conditioning on Sit .
Honore and Lewbel (2002) make a similar assumption; see that paper for fur-

ther discussion and economic examples. Here αi represent permanent effects for
each individual i , so possible Vit variables could be transitory effects, e.g., if Dit
are purchase decisions, Vit might be transitory income. If Dit are production or
investment decisions, Vit could be a temporary cost shock.

COROLLARY 1: Assume Dit = I (X "i tβ + Vit + αi + εi t ≥ 0), E[Zit(εi t −
εi t−1) = 0, Vit = S"i t bt + νi t , νi t ⊥ Sit , αi + εi t , and for each t , νi t is continu-
ously distributed with support equal to the real line. Let ft(νi t) be the probability
density function of νi t . Then

E
-
Zit
(
Dit − I (Vit ≥ 0)

ft(νi t)
− Dit−1 − I (Vit−1 ≥ 0)

ft−1(νi t−1)
− (Xit − Xit−1)"β

).
= 0

Corollary 1 is a direct extension of Theorem 1 with a linear g model (the
extension to nonlinear g is straightforward and is omitted only for simplicity).
This result does not require Vit to vary over time. If Vit , and therefore νi t , is Þxed
over time then we get the simpliÞcation

Dit − I (Vit ≥ 0)
ft(νi t)

− Dit−1 − I (Vit−1 ≥ 0)
ft−1(νi t−1)

= Dit − Dit−1
f (νi )

Estimators corresponding to Corollary 1 are

ESTIMATOR G
1. In each time period t , let !bt be the estimated coefÞcients of an ordinary

least squares regression of Vit on Sit . For each observation i t , construct data!vi t = Vit − S"i t!bt , which are the residuals of this regression.
2. In each time period t , let !σ 2t be the sample mean of !v2i t , and for each

observation i t , let f (!νi t ,!σ 2t ) be the pdf of!νi t , so
f (!νi t) = 1

√
2π!σ 2t exp

2
−!ν2i t
2!σ 2t

3
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3. For each observation i t construct data !Tit by
!Tit = Dit − I (Vit ≥ 0)

f (!νi t ,!σ 2t )
4. For each time period t , let !β t be the estimated coefÞcients of an ordinary

linear two stage least squares regression of !Tit − !Tit−1 on Xit − Xit−1, using
instruments Zit . Let!β be a weighted average of the estimates!β t .
Each !β t in step 4 is a consistent estimator of β, so these estimates can just

be averaged together. Weights can be chosen to minimize standard errors (that is,
minimum chi squared estimation) if desired, or efÞciency can be obtained using
the following GMM estimator.

ESTIMATOR H
Use GMM to estimate the parameters β, b1, ..., bT , σ 21, ..., σ

2
T based on the

moment conditions

E[St(Vt − S"tbt)] = 0
E[σ 2t − (Vt − S"tbt)2] = 0

E

Zt
 [Dt − I (Vt ≥ 0)] (2πσ 2t )1/2 exp

(
(Vt−S"t bt)2

2σ 2t

)
− #Dt−1 − I (Vt−1 ≥ 0)$ (2πσ 2t−1)1/2 exp(/Vt−1−S"t−1bt−1022σ 2t−1

)
− (Xt − Xt−1)β


 = 0

For t = 1, ..., T , where Vt denotes a draw of the random variable V in time period
t , and similarly for St , Xt , Dt , and Zt .

Note that Zt can have different numbers of elements in different time periods.
We can similarly construct estimators of panels of sample selection models with
endogenous regressors and Þxed effects, by combining the results of this and the
previous section.
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9 Large TDynamic Binary ChoiceModelsWith En-
dogenous Regressors

Now consider dynamic binomial response models. The data have t = 1, ..., T ,
and the asymptotics assume stationarity and T →∞. The model is

Dt = I (X "tβ + Vt + εt ≥ 0), E(Ztεt) = 0
Vt = S"tb + exp(S"t c)νt , νt ⊥ St , εt , νt ∼ N(0, 1)

Here Dt is the binary variable being modeled and the vector of regressors is Xt =
(Y "t , X "2t)" where Yt is a vector of endogenous or mismeasured regressors and X2t
is a vector of exogenous regressors. The model is dynamic, in that the vector Yt
can include lags of the dependent variable such as Dt−1, and interactions of lags
with other regressors such as Dt−1X2t . The vector of instruments Zt are exactly
the same variables that would be used as instruments in a linear dynamic model,
for example, Zit could include lagged values of X2t . The vector of variables St
includes Xt , Zt (and hence lags of Dt ) and possibly additional lagged values of
these variables. St could also include lagged values of Vt .
We essentially have an ARCH model for the regressor Vt . This regressor is

very exogenous in that the errors νt in the model for Vt (after removing multi-
plicative heteroskedasticity) are independent of regressors and of the Dt model
error. This imposes strong restrictions on any possible dependence of νt over
time, since νt is conditionally independent of St , which can include Dt−1, which
itself is a function of Vt−1 and hence of νt−1. To satisfy this restriction it may be
assumed that νt are independently distributed over time, noting that the model for
Vt can include lags such as Vt−1.
Theorem 1 now directly applies to this model, and so Estimators C� and D�

can be directly applied. The errors in the moments of Estimator D� will no longer
be iid, so for efÞciency and correct standard errors time series versions of GMM
will need to be used.

10 Appendix: Proofs
PROOF OF PROPOSITION 1: Proposition 1 can be stated as: Assume the con-
ditions of Newey and McFadden 1994, Theorem 6.1 hold. Then the conditions of
their Theorem 3.4 also hold, and Proposition 1 follows by applying their Theorem
3.4.
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PROOF OF THEOREM 1: DeÞne D∗ = X "β + ε so D = I (D∗ + V ≥ 0).
Then, by the deÞnition of conditional expectation

E(T | S, ε) =
@
supp(ν)

I (D∗ + g(ν, S) ≥ 0)− I (g(ν, S) ≥ 0)
f (ν)

∂g(ν, S)
∂ν

f (ν | S, ε)dν

=
@
supp(ν)

#
I (D∗ + g(ν, S) ≥ 0)− I (g(ν, S) ≥ 0)$ ∂g(ν, S)

∂ν
dν

=
@ ∞

−∞
#
I (D∗ + V ≥ 0)− I (V ≥ 0)$ dV

where the second equality follows from ν ⊥ S, ε, and the third from the change
of variables from ν to V . If D∗ ≥ 0 then

E(T | S, ε) =
@ ∞

−∞
I (−D∗ ≤ V ≤ 0)dV =

@ 0

−D∗
1dV = D∗

and if D∗ ≤ 0 then

E(T | S, ε) =
@ ∞

−∞
−I (0 ≤ V ≤ −D∗)dV = −

@ −D∗

0
1dV = D∗

This proves that E(T | S, ε) = X "β + ε. Now e = T − X "β so
E(Ze) = E[Z(T − X "β)]

= E[E(Z(T − X "β) | S, ε)]
= E[Z(E(T | S, ε)− X "β)]
= E(Zε) = 0.

PROOF OF THEOREM 2: By the deÞnition of conditional expectation,

E
-
Z(P − X "β + Vγ ) D

f (v)
| S, ε, e

.
=

@ ∞

−∞

(
ZεI (a0 ≤ M(S, e)± V ≤ a1)

f (V − S"b)
)
fV (V | S, ε, e)dV

=
@ ∞

−∞
ZεI (a0 ≤ M(S, e)± V ≤ a1)dV

where the second equality follows from the same logic as in Theorem 1. If the
indicator function is increasing in V then

E
-
Z(P − X "β + Vγ ) D

f (v)
| S, ε, e

.
=

@ a1−M(S,e)

a0−M(S,e)
ZεdV

= (a1 − a0)Zε
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and if the indicator function is decreasing in V we obtain (a0−a1)Zε. Either way,
the Theorem then follows from the law of iterated expectations and E(Zε) = 0.
PROOF OF COROLLARY 1: DeÞne

Tit = Dit − (Vit ≥ 0)
ft(νi t)

by Theorem 1, E(Tit | Sit , αi+εi t) = X "i tβ+αi+εi t , so by the law of iterated ex-
pectations E(Zit Tit−k) = E[Zit

/
X "i t−kβ + αi + εi t−k

0
] for k = 0, 1, and there-

fore E[Zit(Tit −Tit−1)] = E[Zit
//
X "i tβ + αi + εi t

0− /X "i t−1β + αi + εi t−100].
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1 Introduction
Assume that for a sample of individuals i = 1, ..., n we observe an indicator
D that equals one if an individual is treated, selected, or completely observed,
and zero otherwise. If D = 1 we observe some scalar or vector P , otherwise
let P = 0. Define P∗ to equal the observed P when D = 1, otherwise P∗
equals the value of P that would have been observed if D had equaled one, that
is, either a counterfactual or an unobserved response. Then P = P∗D. We also
observe covariates, though selection on observables is not assumed. Treatment
or selection D may be unconditionally or conditionally correlated with P∗, so P∗
and D may depend on common unobservables. Rubin (1974) type restrictions like
unconfoundedness or ignorability of selection are not assumed.
To illustrate, in a classic wage model (Gronau 1974, Heckman 1974, 1976),

D = 1 if the individual is employed, P∗ is the wage an individual would get
if employed, and P is the observed wage, which is zero for the unemployed.
Both P∗ and D depend on common unobservables such as ability, as well as on
observable covariates such as measures of schooling or training.
Another example is models based on data sets where some regressors are miss-

ing, not at random. For example, models of individual’s consumption or purchas-
ing decisions depend on income P∗, and in surveys many individuals do not report
their income. Failure to report income (D = 0) is likely to be correlated with in-
come, even after conditioning on other observed covariates.
For simplicity, refer to D as selection, though more generally it is just an

indicator of not observing P∗ for whatever reason. Assume that selection D is
given by

D = I (0 ≤ M∗ + V ≤ A∗) (1)

where the unobserved A∗ can be a constant, a random variable, or infinity, V is
an observed, continuously distributed covariate (or known function of covariates)
with large support, M∗ is an unobserved latent variable, and I is the indicator
function that equals one if its argument is true and zero otherwise. Typical para-
metric or semiparametric models of selection are special cases of equation (1)
where M∗ is assumed to be linear in other covariates X and a well behaved error
term e, but that structure is not imposed here.
Setting the lower bound to zero in equation (1) is a free normalization, since no

location assumptions are imposed on M∗ and A∗. Similarly, setting the coefficient
of V to one is (apart from sign) a free scale normalization that is imposed without
loss of generality.
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In the wage model example, the typical assumption is that one chooses to work
if the gains in utility from working, indexed by the latent M∗ +V , are sufficiently
large, so in that case A∗ is infinite. Examples in which A∗ is finite arise in ordered
treatment or ordered selection models. For example, if an ordered choice model
with latent variable M∗ + V determines an individual’s years of schooling and D
indexes having exactly 12 years of schooling then individuals with M∗ + V < 0
choose 11 or fewer years while those with M∗+V > A∗ choose 13 or more years.
We might then be interested in modelling the returns P from having just 12 years
of schooling. Examples of models like this with A∗ random include Cameron and
Heckman (1998) and Carneiro, Hansen, and Heckman (2003).
A convenient feature of the proposed estimators is that they will not require

specifying, modeling or estimating the D (propensity score) model, apart from
assuming equation (1) holds. For example, any dependence of M∗ on X can be
unknown, and the estimator is the same regardless of whether A∗ is constant,
random, or infinite. Empirical applications with both finite A∗ and infinite A∗ are
provided.
Regarding outcomes, define U∗ and U by

ψ(P∗, X, V, θ0) = U∗ (2)

ψ(P, X, V, θ0)D = U
for some known vector valued function ψ . The initial goal will be estimation of
E(U∗) which in turn is used to estimate the parameter vector θ0. For example, if
ψ is defined by P∗ = U∗, then an estimate of E(U∗) = E(P∗) is an estimate of
what the mean outcome in the population would be if everyone in the population
were treated, selected, or observed. More generally, suppose that θ0 uniquely
satisfies E[ψ(P∗, X, V, θ0)] = 0. If there were no selection problem, so if P∗
instead of P = P∗D was observable, then the generalized method of moments
(GMM) could be applied, minimizing a quadratic form in the sample mean of
ψ(P∗, X, V, θ0), to consistently estimate θ0. In the presence of selection this
GMM is infeasible, but it becomes feasible given an estimator of E(U∗).
For example, let X be the union of elements in vectors Y and Z , where Y is a

vector of regressors and Z is a vector of instruments. Suppose potential wages are
determined by the model P∗ = Y βY + VβV + ε, where some of the regressors
in Y may be mismeasured, endogenous, or otherwise correlated with the error ε,
and the error ε could also have unspecified heteroskedasticity. Given ordinary
instruments Z that are uncorrelated with ε and correlated with V,Y (Z may in-
clude exogenous elements of Y ), define ψ by Z(P∗ − Y βY − VβV ) = U∗. If
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P∗ were observable for everyone then β = βV , βY could be estimated by GMM,
an example of which is an ordinary linear two stage least squares regression of
P∗ on V,Y using instruments Z . The difficulty is that this estimator is infeasible
because of the selection problem, that is, we only observe P instead of P∗, and
unobservables that determine the selection such as M∗ are correlated with P∗ and
U∗. Feasible estimation of β requires an estimator for E(U∗).
Define the weighting scalar W by

W = D
f (V | X)

where f is the conditional probability density function of V given X . This paper
shows that under general conditions

E(U∗) = plimn→∞
n
i=1UiWi
n
i=1Wi

(3)

so E(U∗) is consistently estimated as the weighted average of the observed Ui
(including Ui = 0 for all unobserved outcomes) using weights W . Based on
equation (3), the infeasible GMM for estimating θ0 is converted into a feasible
GMM using the observable Wψ(P, X, V, θ0) in place of the unobservable func-
tion ψ(P∗, X, V, θ0). In the above two stage least squares example, this means
β would be consistently estimated by an ordinary linear two stage least squares
regression of WP on WV,WY using instruments Z .
The main assumptions required for equation (3) to hold are that the support of

V |X contains the supports of both−M∗|X and A∗ −M∗|X (these could all equal
the real line, for example), and that

V | X,U∗,M∗, A∗ ∼ V | X (4)

that is, V is conditionally independent of the unobserved latent variables of the
model, conditioning on the set of covariates X .
To give some intuition for equation (3), and why the above restrictions on V

are required, suppose for the moment that A∗ = a is constant and that V has
a uniform distribution with constant density f , independent of M∗,U∗. In that
case we would have E(U) = E[E(I (0 ≤ M∗ + V ≤ a)U∗ | M∗,U∗)] =
E a−M∗

−M∗ U∗ f dv = aE(U∗) and similarly E(D) = a, so in that case there
would be no selection problem (or more precisely, unconditional propensity score
weighting would then fix the selection problem), because we would then have
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E(U∗) = E(DU)/E(D). The key is that M∗, the source of unobserved correla-
tion between D andU∗, drops out when V is independently, uniformly distributed.
In the general problem, V is not an independent uniform, but weighting byW , and
hence scaling by the conditional density of f , is algebraically equivalent to con-
verting V to a uniform. Given equation (4), it suffices to condition the density of
V on the observable X , and the support assumption on V ensures the bounds of
the integral are not cut off.
Equation (3) resembles propensity score weighting estimators (see, e.g., Horvitz

and Thompson (1952), Koul, Susarla, and van Ryzin (1981), Hahn (1998), and
Hirano, Imbens and Ridder (2003)), but equation (3) holds even though the inde-
pendence and conditioning assumptions required for consistency of propensity
score weighted estimators are not imposed here. Specifically, we cannot use
E(U)/E(D) or E[E(U | V, X)/E(D | V, X)] to estimate E(U∗), because D
and U∗ (or equivalently, M∗ and U∗) can covary, even after conditioning on ob-
servables like X, V . However, averaging after V density weighting is equiva-
lent to integrating over V , that is equation (3) implies E(U∗) = E[ ∞

−∞ E(U |
V, X)dV ]/E[ ∞

−∞ E(D | V, X)dV ] when these expectations exist, so the pro-
posed estimator is equivalent to weighting an integral of the conditional expecta-
tion of U by an integral of the conditional propensity score.
One interpretation of equation (4) is simply that V is an exogenous covariate,

in the strong sense of being conditionally (conditioning on other covariates X)
independent of the unobservables in the model, and hence conditionally indepen-
dent of the errors if the model were parameterized. More generally, equation (4)
is an example of an exclusion restriction, of the sort that is commonly used to
identify models in simultaneous systems. Section 2.5 of Powell’s (1994) survey
discusses the use of exclusion assumptions in semiparametric estimators. Magnac
and Maurin (2003) call this a partial independence assumption. In models where
the errors are independent of regressors, every regressor is exogenous and so sat-
isfies equation (4). Blundell and Powell (2004) and Heckman and Vytlacil (2004)
use exclusion assumptions for identification in binary choice and treatment mod-
els.
Requiring a regressor to have support containing a large or infinite interval,

such as containing the supports of other variables, is also common in the semi-
parametric limited dependent variable model literature. Examples include Manski
(1975,1985), Han (1987), Horowitz (1992), and Cavanagh and Sherman (1998).
The estimator here weights observations by the density of a regressor V that

satisfies exclusion and large support assumptions. Lewbel (1998, 2000) and Khan
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and Lewbel (2005) use a similar idea to estimate linear index, binary choice and
truncated regression models, respectively. Magnac andMaurin (2003) prove semi-
parametric efficiency of Lewbel (2000), and Jacho-Chavez (2005) shows semi-
parametric efficiency of a general class of density weighted estimators. Magnac
and Maurin (2003) also show in the binary choice context that large support can
be replaced by a tail symmetry restriction, and that identification based on either
is observationally equivalent. Lewbel, Linton, and McFadden (2002) extend and
apply the binary choice estimator in Lewbel (2000) to recover general features
of a distribution from binary outcomes, with application to contingent valuation
and willingness to pay studies. Other empirical applications of the methodology in
discrete choice applications include Anton, Fernández, and Rodriguez-Póo (2001)
and Cogneau and Maurin (2001). The latter analyze enrollment of children into
school in Madagascar, using the date of birth of the child within the relevant year
as the regressor V that satisfies exclusion and large support.
No restriction is placed on the joint distribution of M∗ and U∗ other than

equation (4). In the wage example, this means that no restriction is placed on
the joint distribution of unobservables such as ability that determine employment
status and wages, other than that these unobservables are (conditionally on X) in-
dependent of the one covariate V . This is a markedly weaker restriction on the
joint distribution of outcomes and selection than is required by other selection or
treatment estimators. In particular, the estimators proposed here do not assume
unconfoundedness, selection on observables, independence of errors and covari-
ates, or any parameterization of the joint distribution of selection and outcome
errors. The assumptions permit general forms of endogeneity, mismeasurement,
and heteroskedasticity in both selection and outcomes.
Estimation based on equation (3) is consistent whether A∗ in equation (1) is

finite or infinite. The estimator is numerically the same in either case. When A∗ is
finite the estimator has an ordinary root n limiting distribution. However, when A∗
and the support of M∗ are both infinite, then the identification is only at infinity,
as in Heckman (1990) and Andrews and Schafgans (1998). If A∗ is infinite and
the support of V |X is bounded, then the estimator can still be used and will again
have an ordinary root n limiting distribution, though in this case the estimator will
be asymptotically biased, with bias of order 1/τ where τ is the largest value V
can take on. Since τ can be arbitrarily large this bias, when it is present, can be
arbitrarily small. In particular, with a finite sample size one could never tell if V
really had infinite support, or if it had bounded support with τ large enough to
make the resulting bias smaller than any computer roundoff error, or any number
of significant digits one chose for reporting estimates.
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Many estimators exist for treatment, sample selection, missing data, and other
related models. Standard maximum likelihood estimation requires that the entire
joint distribution of the unobservables, conditional on covariates or instruments,
be finitely parameterized. In particular, the selection equation (and the endoge-
nous regressors as functions of instruments) would need to be completely speci-
fied. Alternative assumptions like unconfoundedness or selection on observables
likewise impose strong restrictions on the joint behavior of unobservables affect-
ing selection and outcomes.
Related parametric estimators of sample selection models include Horvitz and

Thompson (1952), Heckman (1974, 1976, 1979, 1990), Rubin (1974), Koul,
Susarla, and van Ryzin (1981), Lee (1982), and Rosenbaum and Rubin (1985).
Related semiparametric estimators of sample selection, and other probability weighted
models, include Newey (1988), (1999), Cosslett (1991), Ichimura and Lee (1991),
Lee (1992, 1994), and Ahn and Powell (1993), Angrist and Imbens (1995), Don-
ald (1995), Wooldridge (1995), Kyriazidou (1997), Andrews and Schafgans (1998),
Hahn (1998), Chen and Lee (1998), Abadie (2001), Hirano, Imbens and Ridder
(2003), and Das, Newey, and Vella (2003). Surveys include Wainer (1986), Man-
ski (1994), and Vella (1998).

2 Mean Estimation
Selection or treatment is determined by the model D = I (0 ≤ M∗ + V ≤ A∗).
The following lemma gives an alternate characterization for the case where A∗ is
infinite. Proofs of Lemmas, Theorems, and Corollaries are in the Appendix.

LEMMA 1. If pr(D = 1 | V, X) is strictly monotonically increasing in V ,
then there exists an M∗ such that E(D | V, X) = E[I (0 ≤ M∗ + V ) | V, X] and
V ⊥ X,M∗.
Lemma 1 shows that the assumption that selection is determined by a model

of the form D = I (0 ≤ M∗ + V ) with an independent M∗ is observationally
equivalent to just assuming that, conditional on V, X , the probability of selection
is monotonically increasing in V . Closely related equivalence results are Vyt-
lacil (2002) and Magnac and Maurin (2003). In this case where A∗ is infinite, D
equals one with probability approaching one as V goes to infinity, which provides
identification at infinity for the outcome model.
When A∗ is finite, the probability of selection is not monotonic in V . Instead,
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this probability goes to zero for both small and large V , so in this case the outcome
model is not identified at infinity.

ASSUMPTION A1. D is a binary treatment or selection indicator, X is a co-
variate vector, and V is a covariate scalar. U∗ is an unobserved random vec-
tor with finite mean. U = U∗D. The indicator D is determined by D =
I (0 ≤ M∗ + V ≤ A∗), where A∗ and M∗ are unobserved latent variables and
E(U∗ | A∗) = E(U∗). The random scalar V is continuously distributed condi-
tional on X . V | X,U∗,M∗, A∗ ∼ V | X . 0 < E(D) < 1. Either E(A∗) is finite
or E (M∗U∗) and E (M∗) are finite.

Let f (V | X) denote the probability density function of V given X and define
W = D/ f (V | X).
ASSUMPTION A2. The support of V |X is an interval on the real line and

contains the supports of −M∗|X and A∗ − M∗|X .
Define the estimator

µ =
n
i=1UiWi
n
i=1Wi

(5)

THEOREM 1. Let Assumptions A1 and A2 hold. Given n independent, iden-
tically distributed draws of Ui ,Wi ,

E(U∗) = plim µ (6)

The proof given for Theorem 1 in the appendix separately considers the three
cases where E(A∗) is finite (which of course includes the case where A∗ is a
constant), where A∗ is infinite, and other cases such as A∗ infinite with probability
between zero and one, as would arise if some individuals have D = I (0 ≤ M∗ +
V ≤ A∗) for finite A∗ while others have D = I (0 ≤ M∗ + V ). A more concise
proof combining these cases is possible, but intermediate results in the proof as
provided are used later.
Theorem 1 provides a consistent estimator of the mean of P∗ when P∗ is

(conditional on X) independent of V , by letting P∗ = U∗. This conditional inde-
pendence can be rather restrictive, so later extensions relax this, instead imposing
only that the errors in a model that includes P∗ be conditionally independent of
V .
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Theorem 1 immediately implies identification of the entire distribution func-
tion of U∗ (and hence of P∗ under conditional independence of V ) because, for
any constant c, Theorem 1 can be applied replacing U∗i with I (U∗i ≤ c) and
replacing Ui with I (Ui ≤ c)Di , from which it then follows that

plim
n
i=1 I (Ui ≤ c)Wi

n
i=1Wi

= E I (U∗i ≤ c) = prob(U∗i ≤ c).

Similarly, Theorem 1 can also be used to directly estimate any moments ofU∗ by
replacing U∗i and Ui with (U∗i )c and (Ui )c respectively.

ASSUMPTION A3. The support of V |X contains the interval (−τ , τ) for
some positive constant τ .

COROLLARY 1. Let Assumptions A1 and A3 hold. Then, given n indepen-
dent, identically distributed draws of Ui ,Wi , plim µ = E(U∗)+ O(τ−1).
Assumption A2 cannot be directly tested since M∗ is unobserved, but Corol-

lary 1 shows that as long as the observable V has a large support as defined by
Assumption A3 for large τ , the estimator will have at most a small asymptotic
bias even if the support of V is not large enough to satisfy Assumption A2.

ASSUMPTION A4. sup (supp(W )) and E U∗2 are finite. Define µ = plim
µ.

Assumption A4 implies that the means and variances ofW andUW are finite.

COROLLARY 2. Let Assumptions A1 and A4 hold. Then, given n indepen-
dent, identically distributed draws of Ui ,Wi ,

√
n(µ− µ) d−→ N 0,

var[(U − µ)W ]
E(W )2

.

Corollary 2 shows that with finite fixed or random A∗, the estimatorµ is root n
consistent and asymptotically normal. Assumption A4 conflicts with Assumption
A2 when A∗ is infinite. However, by Corollary 1, if we limit V to a very large but
not infinite support, the resulting asymptotic bias µ−E(U∗)will be tiny. If V has
large enough bounded support, this bias can be made smaller than any computer

9



roundoff error, while still preserving Assumption A4 and hence a root n normal
limiting distribution.
The difficulty with allowing A∗ to be infinite while satisfying Assumption A2

(which would then require the upper bound on the support of V to be infinite) is
not only that the rate of convergence of µ becomes slower than root n, but also
that the Lindeberg condition for asymptotic normality at any rate will generally be
violated. This problem could be overcome using asymptotic trimming, replacing
the weights Wi in the estimator with Wτ i as defined in the proof of Theorem 1,
and letting τ → ∞ at an appropriate rate (slower than the rate in the proof of
Theorem 1, and hence using an estimator that is not asymptotically equivalent to
µ). The resulting estimator would then be essentially equivalent to the Andrews
and Schafgans (1998) identification at infinity estimator (using f in place of their
weighting function), and so is not pursued further here. So, although the estimator
can be consistent even when A∗ is infinite by Theorem 1, for the sake of obtaining
simple limiting distributions, avoiding asymptotic trimming, exploiting Corollary
1 in place of the untestable Assumption A2, and avoiding duplication of exist-
ing identification at infinity estimators, Assumption A4 will be maintained for
the remainder of this paper, with the understanding that the estimand will there-
fore suffer from an arbitrarily small asymptotic bias in applications where A∗ is
infinite.

3 GMM Estimation
ASSUMPTION A5. Let P be an observed outcome satisfying P = P∗D for some
latent, unobserved P∗. Let U∗ = ψ(P∗, X, V, θ∗) and U = ψ(P, X, V, θ∗)D,
where the vector valued function ψ(P, X, V, θ) is known and continuously dif-
ferentiable in a parameter vector θ . Define to be the set of possible values of θ
and to be a positive definite matrix. Among all θ ∈ , E[ψ(P∗, X, V, θ)] = 0
only if θ = θ∗. For all θ ∈ , ν(θ0) ν(θ) is nonsingular, where ν(θ) and θ0 are
given by

ν(θ) = E W
∂ψ(P, X, V, θ)

∂θ
/E(W ) (7)

θ0 = argmin
θ∈ E[Wψ(P, X, V, θ)] E[Wψ(P, X, V, θ)] (8)

THEOREM 2. Let Assumptions A1, A3, A4, and A5 hold. If µ = E(U∗) then
θ0 = θ∗, and if µ = E(U∗)+ O(τ−1) then θ0 = θ∗ + O(τ−1).
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COROLLARY 3. Let Assumptions A1, A3, A4, and A5 hold. Assume n in-
dependent, identically distributed draws of Wi , Pi , Xi , Vi . is compact and θ0,
which is uniquely defined by equation (8), is in the interior of . The second
moment of Wψ(P, X, V, θ) is finite. W∂ψ(P, X, V, θ)/∂θ is bounded in ab-
solute value by a function b(W, P, X, V ) that has finite mean. n is a sequence
of positive definite matrices with p lim n = . Define θ by

θ = argmin
θ∈

n

i=1
Wiψ(Pi , Xi , Vi , θ) n

n

i=1
Wiψ(Pi , Xi , Vi , θ)

Then
√
n(θ − θ0) d−→ N 0, S0 S0

−1 S0 0 S0 S0 S0
−1

.

where S0 = E[W∂ψ(P, X, V, θ0)/∂θ] and 0 = E[W 2ψ(P, X, V, θ0)ψ(P, X, V, θ0) ].

Efficiency is obtained in the usual way by two step GMM, constructing n so
that = −1

0 .
As discussed in the introduction, if there were no selection problem so P∗

could be observed, θ would be estimated by applying GMM to the moments
E[ψ(P∗, X, V, θ∗)] = 0. This estimator is infeasible, but Theorem 2 and Corol-
lary 3 describe the corresponding feasible GMM that replaces P∗ with the ob-
servable P and corrects for selection by multiplying the moments by W , i.e.,
using the feasible moments E[Wψ(P, X, V, θ0)] = 0. The resulting estimand
θ0 equals the desired θ∗ when A∗ has finite mean and the support of V is suffi-
ciently large, otherwise the difference between θ0 and θ∗ (the asymptotic bias) is
of order O(τ−1) where τ is the largest value V can take on. As discussed earlier,
this bias can be assumed to be smaller than any printed coefficient roundoff error,
by a support assumption that could never be falsified with a finite data set. Of
course the real question, addressed later in the empirical applications and Monte
Carlo, will be whether the above root n limiting distribution theory provides a
good approximation to the distribution of θ .

4 Example Models
The example models in this section will all be consistent with the assumptions of
Theorem 2. These models use the following definitions and assumptions. Let Z be
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a vector of covariates, which are exogenous in the sense that they are uncorrelated
with the errors in a model of P∗. Assume Z does not include V (more generally,
V is not a deterministic function of Z ). Let Y be a vector of covariates, some
of which may be endogenous, in that they may be correlated with the errors in a
model of P∗. The vector Y can include elements of Z . Define X to be the union
of all the elements of Z and Y . The data consist of a sample of observations of
X, V, P, D, which implies that Z and Y are also observed.

4.1 Examples of Selection Models
This paper’s estimators assume equation (1) holds, but they do not require spec-
ifying, modeling or estimating the resulting probability of selection (propensity
score). However, as an illustration consider D = I (a0 + e0 ≤ M(X, e) + V ≤
a1 + e1) with errors e1, e0, and e and unknown function M . Then equation (1)
holds with A∗ = a1−a0+e1−e0 and M∗ = −a0+M(X, e)+e0. This is a random
thresholds ordered selection model. For example, M(X, e) could equal the bene-
fits of college and−V could be a measure of the cost of college. If benefits minus
cost for an individual are low, below a0+e0, then the individual does not get a col-
lege degree, while if the benefits are very high, above a1 + e1, then the individual
goes on to graduate school. D would then the indicator of just getting a college
degree, and the associated P∗ could be some outcome like earnings associated
with getting just a college degree. The possible randomness in the thresholds, e0
and e1, could embody unobserved heterogeneity in the utility of education.
More common models like fixed threshold ordered choice D = I (a0 ≤ X β+

V + e ≤ a1) or standard binary choice D = I (0 ≤ X β + V + e), are special
cases that are included in this general framework. The estimator allows covariates
other than V to be endogenous, and errors to be heteroskedastic. For example, in
all of the above models X could be endogenous or mismeasured, with the joint
distribution of e1, e0, e, X unknown. More generally, the estimator does not
require modeling or estimating the dependence of M∗ on X , and the estimator
is the same regardless of whether A∗ is constant, random, or infinite. Empirical
applications with both finite A∗ and infinite A∗ are provided.

4.2 Examples of Outcome Models
Suppose for a known function h that

h(P∗,Y, V, β) = ε, E(εZ) = 0, ε | V, X ∼ ε | X (9)
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Some or all of the elements of P∗,Y may be endogenous and hence correlated with
ε, so estimation is based on E(εZ) = 0, that is, if P∗ were observed the parame-
ters β would be estimated by applying GMM to themoments E[Zh(P∗,Y, V, β)] =
0. The unobservables that affect selection D (that is, M∗ and A∗) can be corre-
lated in unknown ways with ε. This model fits the assumptions of Theorem 2 by
defining the function ψ as

ψ(P∗, X, V, θ) = Zh(P∗,Y, V, β).
For example, h(P∗,Y, V, β) = P∗ − H(Y, V, β) could be a model of wages P∗
where Y includes some endogenous regressors, e.g., spouse’s income or transfers
from parents, and V (which helps determine labor force participation D) can be
regressor in the h model.
Another example is h(P∗,Y, V, β) = Y − H(P∗, Z , V, β), which could be

a model of consumption of a vector of goods Y where P∗ is income that is not
reported by a significant number of individuals in the sample, and where income
nonresponse is correlated with ε, even after conditioning on observables.
Another class of models that can estimated using Corollary 3 are models that

could have been estimated by maximum likelihood if P∗ were observed. For
example, suppose that

P∗ = H(X, β, ε), ε | V, X ∼ ε | X , ε ∼ Fε(ε | X, δ) (10)

So H is a known parametric model for P∗ having latent errors ε, The errors ε
are conditionally independent of V given X (so V is exogenous), and the con-
ditional distribution function of ε given X , denoted by Fε, is known up to a
parameter vector δ. The unobservables that affect D can be correlated in un-
known ways with ε. Let θ = (β, δ). Assuming each ε | X is independently and
identically distributed, we can construct a corresponding log likelihood function
n
i=1 L(P∗i , Xi , θ) that could be used to estimate θ by maximum likelihood if

P∗ were observable. Given ordinary maximum likelihood regularity, define the
function ψ by ψ(P∗, X, V, θ) = ∂L(P∗, X, θ)/∂θ , (the score function) and θ
would be identified from E[ψ(P∗, X, V, θ0)] = 0. Corollary 3 can then be used
to estimate θ given P instead of P∗
For an example of model (10), suppose that

P∗ = I (β X + ε ≥ 0), ε ⊥ V, X , ε ∼ N(0, 1)
that is, the unobserved outcome P∗ is determined by a probit model. Equivalently,
we may interpret this model as one where an individual makes two binary deci-
sions or choices, D and P∗, and we can only observe the outcome of the second
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decision, P∗, when the first decision is D = 1. The unobservables that affect both
decisions are related in unknown ways, so we do not know the joint distribution
of ε and errors in the D model, nor do we know how those errors jointly vary with
X . It is only the marginal distribution of ε that is specified here. In this example
ψ(P∗, X, V, β)would just be the ordinary probit score function for each observa-
tion of this P∗. As this example shows, we do not require continuity of P∗, so the
methodology can be used without change when the unobserved potential outcome
P∗ is discrete, censored, or otherwise limited.
The main impact of the exclusion restriction (4) for the P∗ model is the im-

plication that U∗ | V, X ∼ U∗ | X for U∗ = ψ(P∗, X, V, θ). In the above
examples, the assumption that either ε | V, X ∼ ε | X or ε ⊥ V, X ensures that
this requirement is satisfied.

4.3 Examples of Density Models
The GMM estimator in Corollary 3 assumes W and therefore the density f (V |
X) is known. Estimation remains straightforward if f (V | X) is finitely parame-
terized. In this case, denote the conditional density of V as f (V | X, λ), and let
the vector θ include both the set of unknown parameters in the P∗modelψ and the
parameters λ of the distribution of f . Let R(V, X, θ) be any vector valued func-
tion having the property that λ is identified from the moments E[R(V, X, θ)] = 0.
In particular, we could let

R(V, X, θ) = ∂ ln f (V | X, λ)
∂λ

in which case R(V, X, θ) is the score function associated with the maximum like-
lihood estimator of the parameters of f . Estimation of the model then proceeds
by applying GMM to the set of moments

E
ψ(P, X, V, θ)D/ f (V | X, θ)

R(V, X, θ)
= 0 (11)

and standard GMM limiting distribution theory applies. See, e.g., Newey (1984)
or Wooldridge (2001), p. 425.
For example, suppose that we can model V in terms of other covariates as

V = g(X, α)+ σ(X, γ )η, η ⊥ X, ε (12)

for some known functions g and σ with σ(X, γ ) > 0, unknown parameter vectors
α and γ , and unobserved error term η having some known density function fη with
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mean zero and variance one. We may think of η as an exogenous covariate in the
P∗ model. Then

f (V | X) = 1
σ(X, γ )

fη
V − g(X, α)
σ(X, γ )

(13)

and equation (11) then becomes

E


σ(X,γ )ψ(P,X,V,θ)D
fη([V−g(X,α)]/σ(X,γ ))
V − g(X, α)

V − g(X, α) 2 − σ(X, γ )2

 = 0 (14)

where θ (which includes α and γ along with whatever parameters appear in the
model ψ) is estimated by applying standard GMM to this set of moments. A
leading case would be taking fη to be standard normal, though other (in particular
more flexible classes of densities), could also be used.
If f (V | X) is not finitely parameterized, the GMM estimator can still be

applied by replacing W = D/ f (V | X) with W = D/ f (V | X) in Corollary
3, where f (V | X) is a nonparametric estimator of f (V | X), such as a ker-
nel density estimator. The general limiting distribution theory for these types of
semiparametric two step estimators (where the first step is a nonparametric plug
in like this) is given by Newey and McFadden (1984). The relevant result is that,
with sufficient regularity (see, e.g., Khan and Lewbel 2005, Theorem A.1, who
provide one example of detailed regularity conditions that suffice, including as-
ymptotic trimming to deal with boundary effects in the kernel estimation of f in
the denominator),

√
n
1
n

n

i=1

Ti
f (Vi | Xi)

− E T
f (V | X)

d−→ N 0, var
T

f (V | X) + E
T

f (V | X) | X − E T
f (V | X) | V, X

where T is a random vector. To apply this result to the GMM estimator, let
T = Dψ(P, X, V, θ) to obtain the limiting distribution of the sample average
of Wψ(P, X, V, θ). The result is if θ is given by

θ = argmin
θ∈

n

i=1

Diψ(Pi , Xi , Vi , θ)
f (Vi | Xi ) n

n

i=1

Diψ(Pi , Xi , Vi , θ)
f (Vi | Xi)

(15)
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with independent, identically distributed observations, then

√
n(θ − θ0) d−→ N 0, S0 S0

−1 S0 0 S0 S0 S0
−1

where and S0 are as before and

0 = var Dψ(P, X, V, θ)
f (V | X) + E Dψ(P, X, V, θ)

f (V | X) | X − E Dψ(P, X, V, θ)
f (V | X) | V, X .

Efficiency would be obtained in the usual GMMway by having plim n = −1
0 .

In very closely related contexts, Magnac and Maurin (2003) and Jacho-Chavez
(2005) show that the estimator that plugs in a nonparametric estimator of f is
semiparametrically efficient, being more efficient than estimation using the true f
(similar to Hirano, Imbens, and Ridder 2003).
Nonparametric estimation of f (V | X) may be problematic in applications

where X has moderate or high dimension. In those cases f could be semipara-
metrically estimated. For example, suppose equation (12) holds but the distribu-
tion of η is unknown. One could then estimate the parameters of equation (12) by
GMM, apply a one dimensional nonparametric density estimator to the estimated
residuals η from that equation to obtain fη, then estimate θ by equations (13) and
(15). Lewbel and Schennach (2005) provide root n limiting distribution theory
for a numerically simple "sorted data" estimator of this form (one that does not
require selection of kernels or bandwidths), using

1
fη(ηi)

= η[i+1] − η[i−1]
2n

(16)

where η[i+1] is the smallest value of η1,...,ηn that is greater than ηi and η[i−1] is
the largest value of η1,...,ηn that is smaller than ηi .

4.4 Two Stage Least Squares
Suppose that

P∗ = Y βY + VβV + ε, E(εZ) = 0, ε | V, X ∼ ε | X. (17)

This is just the special case of model (9) where h(P∗,Y, V, β) is P∗ − Y βY −
VβV . As before, some of the elements of Y may be endogenous and hence cor-
related with ε, so estimation is based on E(εZ) = 0, which for this linear model
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means that if P∗ were observed, then the parameters β = βY , βV could be esti-
mated by regressing P∗ on Y, V using linear two stage least squares with instru-
ments Z .
With this model, the GMM estimator of Theorem 2 and Corollary 3 is based

on the moments
E ZW (P − Y βY − VβV ) = 0

and so simplifies to estimating β by linearly regressing WP on WY,WV using
two stage least squares with instruments Z . Define

= E W
Y
V
Z E(Z Z )−1E W Z

Y
V

−1
E W

Y
V
Z E(Z Z )−1

β = E(WZP)

The estimator is just these equations, replacing expectations with sample averages.
Suppose f (V | X) is parameterized as f (V | X, λ) and we have some esti-

mator for the vector λ satisfying

√
n(λ− λ) d−→ N [0, var(Qλ)] (18)

for some influence function Qλ. For example, λ might consist of means or other
moments of V, X and λ could be the corresponding sample moments, or λ could
be estimated by a separate GMM, or by maximum likelihood as before. Then
the estimator β is a linear two stage least squares regression of PD/ f (V | X, λ)
on (Y,W )D/ f (V | X, λ) using instruments Z . With independent, identically
distributed observations, standard limiting distribution theory for parametric two
step estimation (see, e.g., section 6 of Newey and McFadden 1994) then gives

√
n(β − β) d−→ N [0, var Qβ −WZY β ] (19)

where
Qβ = WZP 1− Qλ

∂ ln f (V | X, λ)
∂λ

If instead of a parametric density, we use a kernel or other sufficiently regular
nonparametric density estimator f (V | X), then let W = D/ f (V | X) and esti-
mate β by regressing WP on WY, WV using linear two stage least squares with
instruments Z . This is then just a special case of GMMwith a nonparametric den-
sity estimator as described in the previous section, which yields the same limiting
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distribution (19) as the parametric density case, except that now

Qβ = WZP + E(WZP | X)− E(WZP | V, X).
These two stage least squares estimators do not require numerical searches, so

it would also be computationally feasible to estimate alternative limiting distribu-
tions by bootstrapping.

4.5 A Numerically Trivial Estimator
Consider the weighted least squares model with a semiparametric specification of
f , specifically,

P∗ = Y βY + VβV + ε, E(εZ) = 0,
V = X α + η, η ⊥ ε, X

and D given by equation (1). Assume the distributions of errors ε, η and unob-
servables A∗,M∗ are unknown. This model is a special case of equations (17) and
(12), and provides a compromise between parametric vs nonparametric V density
estimation. A numerically trivial estimator (which combines estimators described
in the previous sections) consists of the following steps.
First estimate a by linearly regressing V on X using ordinary least squares,

and then let ηi = Vi − Xiα at each data point i . By equation (13) in this model we
have W = D/ fη (η), so by equation (16) at each data point i we may construct
Wi using

Wi = η[i+1] − η[i−1]2n
Di (20)

where η[i+1] is the smallest value of η1,...,ηn that is greater than ηi and η[i−1] is
the largest value of η1,...,ηn that is smaller than ηi . To handle the endpoints, for
η j = min(η1,...,ηn) let η[ j−1] = η j and for η j = max(η1,...,ηn) let η[ j+1] = η j .
Alternatively, instead of equation (20), fη ηi could be estimated using a one di-
mensional nonparametric kernel density estimator. Finally, estimate β by linearly
regressing WP on WY, WV using two stage least squares with instruments Z .
Lewbel and Schennach (2005) provides relevant asymptotic distribution theory,
however, since the estimator consists only of sorting data and some linear regres-
sions, the alternative of bootstrapping it is computationally trivial.
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4.6 Estimation Notes
The estimators entail division by a density f (V | X). This raises potential nu-
merical issues when the density is close to zero. Formally, asymptotic trimming
is required for high dimensional nonparametric density plug ins, and while not
required in theory for root n convergence with a parametric f , may still be ad-
visable in terms of mean squared error. Essentially, the issue is that Wi will be
extremely small, and hence Ui may be extremely large, for observations i where
Vi is moderately large, and such observations may dominate the associated sample
averages. Basically, such observations i will be outliers. This suggests that one
should look for and possibly discard outliers in the momentsUi or two stage least
squares errors. One could more formally replace the weighted means in the GMM
or two stage least squares with robust estimators of such means, e.g., discarding
some small percentage of the observations having the largest residuals.
Alternatively, one could simply use the median of the bootstrap distribution of

parameters as an estimator, that is, randomly draw an integer j from 1 to n. Do
this n times, and then use the resulting n observations of data Dj , Pj , X j , Vj to
estimate the parameter vector θ . Repeat this procedure a large number of times,
and for each element θk of θ use the median of the resulting set of estimates of θk
as the estimator θk , and use the 2.5th and 97.5th quantile of the set of estimates of
θk as a ninety five percent confidence interval for θk .

5 A Factory Investment Model
Let Pi be the rate of investment in manufacturing plant i, defined as the level of
investment in a year divided by the beginning of the year value of the plant’s cap-
ital, and let Qi be Tobin’s Q for the plant. Classical models of firm behavior (e.g.,
Eisner and Strotz 1963) imply Pi proportional to Qi , where the constant of pro-
portionality is inversely related to the magnitude of adjustment costs. However,
simple estimates of this relationship at varying levels of aggregation typically find
a very low constant of proportionality (see, e.g., Summers 1981 or Hayashi 1982),
implying implausibly large adjustment costs.
Another empirical finding inconsistent with proportionality is that plant or firm

level data on investment show many periods of zero or near zero investment, al-
ternating with periods of high investment. See, e.g., Doms and Dunne (1998) and
Nilsen and Schiantarelli (2003). These empirical findings are generally attributed
to discontinuous costs of adjustment, due to factors such as irreversibility or indi-
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visibility of investments. See Blundell, Bond, and Meghir (1996) for a survey.
One difficulty in applying Q models to disaggregate data is that accurate mea-

sures of an appropriate firm or plant level marginal Q are difficult to construct.
Typical proxies for Q are sales or profit rates. Let Ri be the profit rate of plant
i, defined as profits derived from the plant in a year divided by the beginning
of the year capital. A problem with the use of a proxy like Ri is that it may be
endogenous, since profits depend on the level of investment.
Let Ci be the cost of investment in plant i in a year, divided by capital at the

beginning of the year. Based on the model of Abel and Eberly (1994), assume
plant i has investment costs of the form

Ci = a1i I (Pi = 0)+ a2i Pi + a3P2i
The term a1i is plant i’s fixed (per unit of capital) cost associated with any nonzero
investment, a2i is the price of investment, which can vary across plants, and a3 is a
quadratic adjustment cost parameter. Following the derivations in Abel and Eberly
(1994), given the above investment cost function the firm chooses investment Pi
to maximize the present value of current and expected future profits, resulting in
a model of the form

Pi = [g∗(a2i )+ β∗1Qi ]Di
Di = I Qi > g(a1i , a2i )

Where the functions g∗ and g and the parameter β∗1 depend on features of the
firm’s intertemporal profit function. Abel and Eberly’s model also implies disin-
vestment (Pi < 0) if Qi is below some lower bound. Very few firms in the data
set have negative investment, so that outcome will not be explicitly modeled. The
above equations for P and D hold as written for all firms if Pi is set to zero for
any firm having negative investment.
The above equations show that profit maximization yields a model that has a

sample selection structure. It also has the features that the outcome P is linear
in Q when D = 1, and that the fixed cost parameter a1i appears only in the
expression for D.
Comparing this model for D with equation (1) shows that A∗ will be infinite,

but one could construct more elaborate versions that would give rise to a finite
upper bound, e.g., if it were the case that a firm would build a new plant rather
than invest in the old one when the benefits from investment were sufficiently
large.
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Marginal plant level Tobin’s Q is not observed, and is proxied by the profit
rate Ri . Specifically, Qi is assumed to be linear in Ri , X2i , and an additive error,
where X2i is a vector of observable attributes of the firm or plant. The function
g∗(a2i) is also assumed to be linear in X2i and an additive error. This yields
the outcome model Pi = (Riβ1 + X2iβ2 + εi )Di . The error term εi will be
independent of profits, or nearly so, if a collection of restrictive assumptions hold
(including constant returns to scale, competitive product markets, and a first order
autoregressive model for Ri . See Abel and Eberly 1994 for details). Because these
assumptions are unlikely to hold in practice, the estimator here will not require εi
to be independent of the profit rate Ri , and so will allow for possible endogeneity
of profits.
Let Zi be a vector of instruments, comprised of Z1i defined as the lagged

profit rate, and plant characteristics Z2i = X2i . Define the function H by H(z) =
E(R | Z = z), and define εRi by Ri = H(Zi)+εRi . The function H is unknown.
Because of endogeneity of profits, the error term εRi may be correlated with εi ,
and is not assumed to be independent of Zi .
Let Vi be a measure of the size of plant i . In standard Q models, the rela-

tionship of the investment rate P to Q does not depend on the size of the firm or
plant, except to the extent that both P and Q are expressed in ”per unit of capital”
terms. However, in empirical applications it is generally found that size does mat-
ter. The Abel and Eberly model provides one possible explanation, by allowing
Vi to affect the fixed cost of investments a1i . In particular, a1i is the fixed cost
per unit of capital, so if true fixed costs (in absolute terms) are present, then a1i
will be a decreasing function of Vi . Nilsen and Schiantarelli (2003) find strong
statistical evidence of this relationship, including much greater incidences of zero
investments in small versus large plants. They attribute this relevance of plant
size both to the presence of absolute as well as relative fixed costs and to potential
indivisibilities in investment. Other studies confirm the relevance of size on the
decision to invest, but most cannot separate plant level effects from other factors,
because they use more aggregated firm or industry level data. Since Vi is a plant
characteristic, it may also appear everywhere in that model that X2i appears.
Based on the above, it is assumed that a1i depends on Vi and may also de-

pend on other characteristics of the plant, firm, or industry, both observed X2i
and unobserved ei . Consistent with the presence of absolute fixed costs, Nilsen
and Schiantarelli (2003) find that D is monotonically increasing in V, so (recall-
ing Lemma 1) we may write the resulting selection equation as Di = I [0 ≤
Vi + M(Ri , X2i , ei)] for some function M, where ei denotes a vector of unob-
served variables or errors that affect the decision to invest. The unobservables ei
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will in general be correlated with the other unobservables in the system, εi and
εRi . Also, in the Abel and Eberly model the function g is nonlinear in a1i (it’s
related to a root of a quadratic equation) and a1i itself is an unknown, possibly
nonlinear function of Vi . Therefore M, which is based on g, a1i , and a2i , is an
unknown function that is likely to be nonlinear.
The above derivations yield the following system of equations

Pi = (Riβ1 + X2iβ2 + Viβ3 + εi)Di (21)

Di = I [0 ≤ Vi + M(Ri , X2i , ei)] (22)
Ri = H(Zi)+ εRi (23)

The profit rate Ri is endogenous, correlated with εi , and the selection unobserv-
ables vector ei is correlated with both the investment rate error εi and the profit
rate error εRi . The joint distribution of these errors, and the functions M and
H , are unknown. The goal is estimation of the parameters β. The coefficient of
Ri , which is β1, is of particular interest as the proxy for the relationship between
investment and Q.
Equation (21) takes the form P = P∗D with P∗ linear, so this paper’s two

stage least squares estimators will be used. In the notation of the previous sections
of this paper, P, D, V, and Z are the same, Y is R, X2, and X is the union of the
elements of R, X2, and Z .

5.1 Data and Estimation
The model is estimated using data from Norwegian manufacturing plants in 1986,
ISIC codes (industry numbers) 300-390. The available sample consists of n = 974
plants. See Nilsen and Schiantarelli (2000) for a full data description. The main
advantage over more conventional investment data sets is that data here are avail-
able at the level of individual manufacturing plants, rather than firm level data that
is aggregated across plants. This is important because the theory involving fixed
costs applies at the plant level, and averaging this nonlinear model across plants
or firms may introduce aggregation biases, particularly in the role of variables
affecting Di , such as Vi .
Pi is investment just in equipment in plant i in 1986, divided by the beginning

of the year’s capital stock in the plant. The investment rate Pi equals zero in
about tweny per cent of the plants. Around two percent of plants have negative
investment. Consistent with the model, negative investment plants have Pi set to
zero. The selection function is then Di = I (Pi > 0).
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The variable Ri is profits attributable to plant i in 1986, divided by the be-
ginning of the year’s capital stock. Plant characteristics X2i consist of a constant
term, dummy variables for two digit ISIC code, and dummies indicating whether
the firm is a single plant or multiplant firm, and if multiplant, whether plant i is
the primary manufacturing facility or a secondary plant. The instruments Zi are
comprised of Z2i = X2i , and Z1i defined as lagged Ri , so Z1i is the profit rate
for the plant in 1985. The size variable Vi is taken to be the log of employment at
plant i in an earlier year. Experiments with other measures of size, such as lagged
capital stock, yielded similar results.
To apply this paper’s estimator for β, we need the assumptions of Corollary

3 to hold. The structural model is equations (21), (22), and (23). This requires
that the unobservables in the model, e, ε, and εR, be conditionally independent of
V, conditioning on Z . The most likely source of violation of this assumption is
from the replacement of Q with R (in part because Q should subsume all dynamic
effects, but R need not). This was also the motivation for inclusion of the term
β3Vi in equation (21).
The required support conditions for V imply that, at any given time, some

plants could be so small that they will not invest regardless of their values for X2
and e, while other plants could be so large that they definitely invest. Over time
plant sizes change, both through the model via investment, and by depreciation,
closings, technology change, etc., so the model does not require the existence of
plants that are permanently static or permanently growing.
Empirically, the supports of the continuous variables in this model are un-

known, so the required support conditions cannot be directly verified. However,
indirect evidence is favorable. In this data set V takes on a large range of values
relative to the other covariates. For example, as a measure of data spread, the stan-
dard deviation of V is 1.16, while the profit rate R has a standard deviation of .17.
In the applications where, for comparison, the selection equation is parameter-
ized, the systematic component of M∗, modeled as X2γ , has a standard deviation
comparable to that of V , ranging from .80 to 1.40 depending on the model and the
estimator. In a Monte Carlo analysis, Lewbel (2000) found that the similar binary
choice estimator generally performed well when the standard deviation of V was
comparable in magnitude to the standard deviation of M∗.
Very strong alternative assumptions are required to estimate β by other means,
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such as maximum likelihood. The model can be rewritten as

Ri = H(Zi)+ εRi (24)
Pi = [H(Zi)β1 + X2iβ2 + Viβ3 + (εRiβ1 + εi)]Di
Di = I [0 ≤ Vi + M(H(Zi)+ εRi , X2i , ei)]

The parametric model that will be estimated for comparison is

Ri = Zib + εRi (25)
Pi = [(Zib)β1 + X2iβ2 + Viβ3 + εi )Di
Di = I [0 ≤ Vi + (Zib)γ 1 + X2iγ 2 + ei ]

where the errors (eRi , εi , ei) are assumed to be trivariate normal and independent
of Zi and Vi . Unlike the general semiparametric specification, this parametric
model requires the simultaneous estimation of the equations for Ri and Di along
with the Pi equation. The parametric model also assumes that the functions H and
M are linear, that the errors and unobservables εRi and ei can be subsumed into a
single additive error ei , and that the errors are jointly normal and independent of
Z . Assumptions like these are required for estimation of the model by any stan-
dard method such as maximum likelihood, although they are not well motivated
in terms of the economics of the problem. For example, linearity of the function
M with a scalar error is inconsistent with the theoretical derivation of the model.
This illustrates the value of the semiparametric estimation, which does not require
such assumptions.

5.2 Empirical Results
Table 1 summarizes results for six different estimators. For brevity, Table 1 only
reports estimates of the coefficient of interest, β1. A complete list of all parameter
estimates in all equations, along with the Gauss code used to generate them, are
available from the author on request.
Let X1i = Ri , X2i and let β denote the corresponding coeficients in equation

(21). The first and second estimators in Table 1, labeled OLS and TSLS, ignore
the sample selection problem, and just estimate the equation Pi = X1iβ + εi by
ordinary least squares and two stage least squares, respectively (the latter using
instruments Zi ).
The third estimator, labeled Heckman, controls for sample selection paramet-

rically, but does not control for possible endogeneity. This is the two equation
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parametric model Pi = (X1iβ + εi )Di and Di = I [0 ≤ Vi + X1iγ + ei ], as-
suming εi and ei are jointly normal and independent of Vi and X1i . This third
estimator is the standard Heckman model, estimated using maximum likelihood.
The fourth estimator, labeled Endogenous ML, is maximum likelihood esti-

mation of the entire three equation parametric model (25), which entails simulta-
neously estimating the parametric selection, outcome, and instrument equations,
assuming eRi , εi , and ei are jointly normal and independent of Zi and Vi .
The remaining estimators are this paper’s estimators from section 4.4. The

fifth estimator, Weighted OLS, is a linear least squares regression of Wi Pi on
Wi X1i , where the weights are Wi = Di/ f̂ (Vi | X1i ). This semiparametrically
controls for selection but not for endogeneity, and so corresponds to estimating
β when the true model is defined by the system of two equations (21) and (22),
assuming β3 = 0 (see below for more on this point) and εi is uncorrelated with
X1i .
The final estimator, Weighted TSLS, is a linear two stage least squares re-

gression of Wi Pi on Wi X1i using instruments Z1i , where the weights are Wi =
Di/ f̂ (Vi | Xi) with Xi = X1i , Z1i . This estimator semiparametrically controls
for both selection and endogeneity, and so corresponds to estimating β when the
true model is defined by the general structure of equations (21), (23), and (22).
A kernel density estimator is used to construct f̂ (Vi | Xi). A quartic kernel

is used for continuous regressors, calculated for each cell of the discrete regres-
sors and averaged across cells. The kernel bandwidth is chosen by ordinary cross
validation. No density trimming was used. Estimates were also generated with
bandwidth’s constructed using the procedure described in Lewbel (2000), and by
halving the cross validated bandwidths to undersmooth as required for root n con-
vergence. Those are not reported, since the resulting coefficient estimates were
not very sensitive to bandwidth choice.
The semiparametric estimators are computationally quick and straightforward,

since they only entail kernel density estimation and linear two stage least squares.
In contrast, the maximum likelihood estimates were quite difficult to obtain, with
frequent numerical problems and failures to converge. Attempts to replicate the
analysis for a different year of data failed because no converged values for the
maximum likelihood estimator could be obtained. The difficulty with maximum
likelihood is that some parameters are intrinsically difficult to identify in the sense
that the likelihood function is relatively flat in directions that involve changing
these parameters. These parameters include correlations between the latent se-
lection error ei and the other model errors, and many structural parameters were
sensitive to the estimates of these correlations. The semiparametric estimator does
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not require estimation of these difficult to obtain nuisance parameters.
Table 1 reports estimates imposing β3 = 0 in equation (21). This is a nec-

essary assumption for the weighted OLS estimator (because U , which equals ε
times instruments, must be conditionally independent of V , and in weighted OLS
the instruments are the regressors, which include V when β3 is nonzero). The
other estimators do not require this assumption in theory, however, the Endoge-
nous ML estimates failed to converge when β3 was allowed to be nonzero, and
when the other estimators were redone allowing β3 to be nonzero, the resulting
estimates of β3 were tiny and completely insignificant statistically. Also, impos-
ing β3 = 0 only slightly changed the resulting estimates of β1. Note that having
β3 = 0 is consistent with a model where Vi only affects fixed costs of investment.
In both the parametric and semiparametric models, controlling for selection

and for endogeneity each raise the estimate of β1 (recall the empirical finding in
this literature is that naive estimates of this coefficient are implausibly low). The
semiparametric estimates are comparable to, though generally higher than, the
corresponding parametric model estimates.
One could easily question whether V satisfies all of the required assumptions

in this application. Of course the maximum likelihood estimators also require
some rather suspect, though very different, strong assumptions. Still, the empirical
results are sensible, suggesting at a minimum that the semiparametric estimator
produces plausible results here. Moreover, the similarity in estimates obtained
by the parametric and semiparametric estimators should increase confidence in at
least rough validity of the underlying model.

5.3 Monte Carlo Simulation
To assess the performance of the proposed estimator, a Monte Carlo simulation
based on the investment model application is provided. For the simulation, the
true model is taken to be the three equation parametric model (25), without plant
or industry dummies, and β3 = 0. Parameter values are taken to equal the esti-
mated coefficients from applying maximum likelihood to the investment data (the
Endogenous MLmodel in Table 1) with the full set of plant and industry dummies
included in X2i . The intercept term in the outcome equation is then taken to equal
the mean in the real data of X2iβ2, and the intercepts for the other two equations
are defined analogously. The exogenous variables V and Z, corresponding to
the size and lagged profit rate variables, are drawn as independent normals with
means and variances matching those in the data. The covariance matrix of the
normal model errors (eRi , εi , ei) is then constructed so that the means, variances,
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and covariances of the endogenous variables Ri , Pi , and Di generated by the para-
metric model match those in the real data. The sample size is the same as the real
data, 974 observations.
Simulated data were drawn in this way five thousand times, and each of the six

estimators described in Table 1 were applied to each replication. With each repli-
cation, the same code that was used on the real data was applied to the simulated
data to provide estimates of both the coefficients and the standard errors.
Table 2 reports summary statistics on the distribution of the estimated profit

coefficient in the outcome equation from these simulations. Corresponding sum-
mary statistics on all of the estimated parameters, along with the Gauss code used
to generate them, is available from the author on request. Reported summary
statistics include moments, quantiles, root mean squared errors, and mean and
median absolute errors. Also reported is the mean across replications of the esti-
mated standard errors, and the fraction of simulations in which the true coefficient
was within two estimated standard errors of the estimated coefficient.
By the Monte Carlo design, the endogenous ML estimator is consistent and

efficient, and so provides an asymptotically best case benchmark. The results
show that this ML estimator is mean and median unbiased, with a smaller root
mean square error than the other estimators, as expected. One way in which ML
behaved poorly was that its estimated standard errors were much too large, pro-
viding 100% coverage of what is supposed to be a 95% confidence interval. This
illustrates the problem noted in the real data analysis that the ML estimates are
sensitive to the estimated covariance matrix of the model errors, which in turn
is estimated imprecisely because one of the errors is latent. Equivalently, in this
application ML is a highly nonlinear function, making the linearization required
for standard error estimation a poor approximation.
The OLS, TSLS, Heckman, and Weighted OLS estimators are inconsistent for

this design. The simulated estimates of each of these estimators show consid-
erable bias, with means and medians that are very similar to estimates reported
with real data (compare the next to last column of Table 1 with the mean and
median columns of Table 2). The estimated standard errors of these estimators
also closely match the real data estimated standard errors. The Weighted OLS
estimator delivers estimates close to those of the Heckman model, as it should.
The Weighted TSLS estimator has about a ten percent mean and median bias,

and a standard deviation about double that of ML. This is the price paid for the
generality of the semiparametric estimator. Unlike ML, the standard errors of the
weighted TSLS are quite accurate, resulting in 96 percent.of coverage for what
is supposed to be a 95% confidence interval. This paper’s proposed weighted
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TSLS estimator does not require estimation of the latent errors (indeed, it does
not involve any estimation at all of the selection equation), which may explain its
better behavior regarding standard error estimation.
In this Monte Carlo design all of the variables and errors, including V , have

unbounded support and no asymptotic trimming was applied. These estimates
can be consistent based on Theorem 1, but formally the unbounded support vio-
lates our root n limiting distribution theory (since in these designs A∗ is infinite).
Nevertheless, the Monte Carlo results suggest that the root n limiting distribution
theory (with a small limiting bias) provides a good approximation to the observed
sampling distribution. Also, these results show that the finite sample bias from
the proposed estimator is much smaller than that of other simple biased estimators
which ignore either selection or endogeneity. Some experiments with asymptotic
trimming were performed, but they are not reported because they did not produce
any improvements in the simulations.

6 Wages and Schooling
This section describes an empirical application in which A∗ is finite. Let −Vi be
the log cost of a year of school, and let M∗i denote an individual i’s unobserved
utility from education (comparably normalized), so the larger M∗i + Vi is, the
more education individual i will choose to obtain. Let Di equal one if i has an
undergraduate degree and no post graduate education, and zero otherwise. Then
Di = I (0 ≤ M∗i + Vi ≤ A∗i ), where i does not get an undergraduate degree if
M∗i + Vi < 0 and gets some graduate education if M∗i + Vi ≥ A∗i . This simple
model of the selection equation ignores dynamic optimization issues in school-
ing choice, but does allow thresholds to vary either randomly or systematically
across individuals (see, e.g., Cameron and Heckman 1998 or Carneiro, Hansen,
and Heckman 2003), and leaves unspecified the many observables and unobserv-
ables that affect utility and thresholds, that is, M∗i and A∗i .
Let the potential outcome P∗i = Yi β + εi be the log wages individual i would

get if he or she chose to obtain an undergraduate degree but no graduate education,
where Yi is a vector of observed covariates and E(Yiεi) = 0, so we do not have
endogenous regressors in this example. The goal is estimation of β and hence the
returns from obtaining an undergraduate degree. The selection problem is that we
can only observe P∗i for individuals having Di = 1, and we can expect M∗i and
possibly also A∗i to correlate with P∗i in unknown ways. Wemay therefore directly
apply the estimators described in section 4.4, to obtain β by a linear ordinary least
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squares regression of Wi Pi on WiYi , where Pi is individual ı́’s observed log wage
andWi is Di divided by an estimate of the conditional density of Vi given Xi . This
density is estimated three ways. The first uses the same nonparametric estimator
as in the investment application. The second assumes Vi = Xiα + ηi where ηi is
an independent normal error, with the V and WP equations estimated jointly by
GMM. The third is the numerically trivial estimator of section 4.5, which again
assumes Vi = Xiα+ηi , but nowwith the independent error ηi having an unknown
density that is nonparametrically estimated using Lewbel and Schennach (2005).
This last estimator is sequential, where first V is linearly regressed on X , then the
errors in that regression are sorted and differenced to construct W using equation
(20), and last β is estimated by a linear least squares regression of Wi Pi on WiYi .
For comparison, estimates are also obtained by just regressing Pi on Yi for

those individuals having Di = 1. This regression suffers from selection bias, un-
less the Di = 0 observations are missing at random. Also reported are maximum
likelihood estimates of a two equation system where A∗i is a constant and M∗i is
modeled as Xiγ + ei and assuming ei , εi are bivariate normal, independent of Yi
and Xi . The results are all in Table 3.
The data set used here, and the choice of regressors Yi , Xi , and Vi , is from

Chen (2003), constructed primarily from the National Longitudinal Survey for
Youth (NLSY). Vi is minus the log of the total expense of attending a local in state
public college, deflated by the local average hourly wage of unskilled workers that
prevailed when i was 17 years old. Alternative choices for Vi such as distance to
schools as in Card (1995) could be used, but did not vary as much as this cost
measure. Xi consists of a constant term, a scholastic ability index (constructed as
a composite of test scores), dummy variable indicators for a parent that went to
college, whether i is black, whether i is male, and whether i’s cohort is from the
1980’s or the 1990’s. Yi equals Xi plus additional dummies indicating one to five
years of work experience and over five years of work experience. The total sample
size is 7013 individuals, with 3775 of them having Di = 1. See Chen (2003) and
Chen and Khan (2003) for more details on the construction and use of this data
set, and Kane and Rouse (1995) for related results on NLSY data.
The estimates from all the estimators are roughly comparable, which shows

that the density weighted estimators are at least not generating wild estimates.
A possible exception is the normal weighted OLS, which has a few implausible
coefficient estimates, such as negative effect on over five years of work experience.
Normality may not be a reasonable assumption for ηi .
One substantial difference across the estimates is that OLS gives a significant

5 percent increase in wages resulting from a parent having a college education,
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while MLE gives an implausible negative 5 percent effect. The semiparametric
kernel and sorted density estimates are near zero and completely insignificant sta-
tistically (unlike every other coefficient, the sign of this coefficient in the kernel
estimator changes when a different bandwidth is used). Selection bias may cause
the OLS estimate to be too high, because parent’s education is a strong determi-
nant of whether the child goes to college.
Another notable (though not statistically significant) difference is that all the

semiparametric estimators say the increase from the 1980’s to the 1990’s in real
wages from having a degree, after controlling for other covariates, is around 12
percent or more, while the MLE and OLS give gains of only 9 and 10 percent. The
semiparametric estimates also have higher scholastic test score effects on wages
than MLE (though not as high as OLS).
Most of the OLS estimates are not very different from the others, which sug-

gests that in this application the effects of selection bias may not be very large. It
may be the case that, with two sided censoring, the selection bias due to censoring
from above partially offset the selection bias due to censoring from below.
Similar models could be estimated for other amounts of schooling. One caveat

on interpreting these results is that only employed individuals are included in the
data set, so the results are conditional on finding employment. The estimators in
this paper could also be used to estimate the differences in probabilities of em-
ployment resulting from schooling, by defining Pi to be an indicator of employ-
ment and estimating a nonlinear or nonparametric discrete choice model, again
controlling for selection by V density weighting.

7 Conclusions
Instead of weighting by a propensity score, this paper shows that selection can
be addressed through weighting by the conditional density of one covariate V .
Strong support and independence assumptions about V replace the usual strong
assumptions about the joint distribution of unobservables affecting selection or
treatment and outcomes. Essentially, this density weighting converts expectations
of data censored by D into expectations of uncensored data. As a result, selection
problems can be handled in conjunction with any estimator that is based on ex-
pectations. This paper focused on GMM type estimators, including least squares,
instrumental variables, and maximum likelihood, but the method could also be
used with other estimators based on expectations. For example, Theorem 1 and
its corollaries can be extended to identify and estimate E(U∗ | X) (assuming
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A∗ ⊥ X), essentially by replacing the numerator and denominator of equation (5)
with nonparametric regressions of UW on X and of W on X , respectively. An-
other example is estimation of panel models with fixed effects and selection. If
P∗i t = Yitβ + αi + εi t and Pit = P∗i t Di then β can be estimated by regressing
Pit − Pit−1 on Yit−1 − Yit with weights Wi , thereby differencing out the fixed
effects despite the selection problem.
The usefulness of these results in any application of course depends on whether

an appropriate covariate V exists. This paper provided two empirical applications,
one with A∗ finite, and the other with the more common case of infinite A∗. It
seems likely that, in at least some applications, one would be more comfortable
making strong assumptions about a single observed covariate than the alternative,
which requires strong assumptions regarding the joint distribution of all the un-
observables that affect both selection and outcomes. If nothing else, one would
have more confidence in the results produced by more conventional estimators if
the very different identifying assumptions employed here yield comparable esti-
mates.
If more than one plausible candidate for V is present, they could in general be

combined. For example, if D = I (0 ≤ M∗ + b1V1 + b2V2), then we could let
V = b1V1+b2V2 using some consistent (up to scale) estimators for b1 and b2 such
as Powell, Stock, and Stoker’s (1989) weighted average derivatives. Alternatively,
with GMM estimation we could write one set of moments for estimating θ using
V1 as V , and a second set of moments for estimating θ using V2 as V , and then
estimate a single GMM with both sets of moments simultaneously to efficiently
combine the information in both sets (though in this case the relative supports of
V1 and V2 are an issue).
Magnac and Maurin (2003) showed that, for the related binary choice esti-

mator in Lewbel (2000), the large support assumption for V could be relaxed by
adding an error tail symmetry assumption, and that the two assumptions (large
support vs tail symmetry) are observationally equivalent. As discussed earlier,
many semiparametric estimators require a regressor to have a large or infinite sup-
port, but it would still be desirable to search for alternatives that could relax the
large support requirement in the present sample selection context.

8 Appendix: Proofs
PROOF OF LEMMA 1: Define π(V, X) = pr(D = 1 | V, X). Let e have uniform
distribution on [0, 1], independent of V, X . Define M∗ = π−1(e, X) and D =
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I (0 ≤ M∗ + V ). Then
pr(D = 1 | V, X) = pr[π−1(e, X)] ≤ V | V, X]

= pr[e ≤ π(V, X) | V, X] = π(V, X)

PROOF OF THEOREM 1. First consider the case where E(A∗) is finite. Then

E(UW ) = E
DU∗

f (V | X)
= E E

I (0 ≤ M∗ + V ≤ A∗)U∗
f (V | X) | X,U∗,M∗, A∗

= E
supp(V |X,U∗,M∗,A∗)

I (0 ≤ M∗ + ν ≤ A∗)U∗
f (V | X) f (V | X,U∗,M∗, A∗)dν

= E
supp(V |X)

I (−M∗ ≤ ν ≤ A∗ − M∗)U∗dν

= E
A∗−M∗

−M∗
1dvU∗ = E[ A∗ − M∗ + M∗ U∗]

= E A∗U∗ = E A∗)E(U∗

and by the same logic

E(W ) = E D
f (V | X) = E(A∗)

so
p lim

n
i=1UiWi
n
i=1Wi

= E(UW )
E(W )

= E(A∗)E (U∗)
E(A∗)

= E U∗

Now consider the case where A∗ is infinity. In that case E(UW ) and E(W )
are both infinite. To deal with this complication, define

Wτ i = I (Vi ≤ τ)Wi
τ

= I (Vi ≤ τ)Di
τ f (Vi | Xi)

µτ1 = 1
n

n

i=1
UiWτ i , µτ2 = 1

n

n

i=1
Wτ i
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where τ = τ(n) is an asymptotic trimming parameter. Let τ → ∞ at a rate
that makes [infxsupp(X) F(τ | x)]n → 1 where F is the cumulative distribution
function of V |X . By the definition of µτ1,

Pr µτ1 = 1
nτ

n

i=1
UiWi = Pr

1
nτ

n

i=1
UiWi I (Vi > τ i ) = 0

≤
n

i=1
Pr(Vi ≤ τ)

≤
n

i=1
inf

X,U∗,M∗,A∗∈supp(X,U∗,M∗,A∗) F(τ | X,U
∗,M∗, A∗)

≤ [ inf
xsupp(X)

F(τ | x)]n → 1

so µτ1− (nτ)−1 n
i=1UiWi → 0 with probability one. The same logic replacing

Ui with one shows that µτ2 − (nτ)−1 n
i=1Wi → 0 with probability one, and

therefore (µτ1/µτ2) − µ→ 0 with probability one, given the fast rate that τ →
∞. It follows that

p limµ = p lim µτ1
µτ2

= lim
τ→∞

E(µτ1)
E(µτ2)

assuming E(µτ1) and E(µτ2) are finite for any given sufficiently large τ . Now

E(µτ1) = E
I (V ≤ τ)DU∗
τ f (V | X)

= E E
I (0 ≤ M∗ + V )I (V ≤ τ)U∗

τ f (V | X) | X,U∗,M∗

= E
supp(V |X,U∗,M∗)

I (−M∗ ≤ V ≤ τ)U∗
τ f (V | X) f (V | X,U∗,M∗)dν

= E
supp(V |X)

I (−M∗ ≤ V ≤ τ)U∗
τ

dν

= E
τ

−M∗
1
τ
dvU∗

= E U∗ + E (M
∗U∗)
τ

and by the same logic

E(µτ2) = 1+ E (M
∗)

τ
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so limτ→∞ E(µτ1)/E(µτ2) = E (U∗).
The remaining case to consider is where A∗ is random and has infinite mean.

This can include the case where A∗ has a positive but less than one probability
of being infinite, corresponding to the case where some fraction of the population
has selection that is not bounded from above. For this case, consider the more
complicated weighting function W ∗

τ i defined by

W ∗
τ i =

I (Vi ≤ τ)Wi
(1− I ∗i )τ + I ∗i A∗i

where I ∗i equals one if A∗i is finite and zero otherwise, and assume τ → ∞
sufficiently fast so that prob(τ < A∗i − M∗i ) is zero when I ∗i = 1. Following the
same logic as before

E
I (V ≤ τ)W

(1− I ∗)τ + I ∗A∗ = E I (V ≤ τ)DU∗
[(1− I ∗)τ + I ∗A∗] f (V | X)

= E
supp(V |X,U∗,M∗,A∗)

I (−M∗ ≤ V ≤ min(τ , A∗ − M∗))U∗
[(1− I ∗)τ + I ∗A∗] f (V | X) f (V | X,U∗,M∗, A∗)dν

= E
min(τ ,A∗−M∗)

−M∗
1

(1− I ∗)τ + I ∗A∗dvU
∗

= E I ∗
A∗−M∗

−M∗
1
A∗
dvU∗ + (1− I ∗)

τ

−M∗
1
τ
dvU∗

= E I ∗U∗ + (1− I ∗)U∗ + (1− I
∗)M∗U∗

τ

= E U∗ + E (1− I ∗)M∗U∗
τ

and the remainder of the proof also follows as before.

The proof of Corollary 1 is omitted to save space, since it follows the same
logic as the proof of Theorem 1 in the case where A∗ is infinite, with a fixed
instead of asymptotic τ .

PROOF OF COROLLARY 2. Let W and WU denote the sample means of
Wi and WiUi , respectively, and let c = sup (supp(W )). Then E((WU)2) =
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E((WU∗)2) ≤ c2E (U∗)2, and similarly E((W )2) ≤ c2 so Wi and WiUi have
finite second moments. Assumption A1 also implies E(W ) > 0. Corollary 2 then
follows from applying the Lindeberg-Levy central limit theorem to (WU ,W ), and
the delta method.

PROOF OF THEOREM 2. θ0 is equivalently given by

θ0 = argmin
θ∈

E[Wψ(P, X, V, θ)]
E(W )

E[Wψ(P, X, V, θ)]
E(W )

The first order condition for θ0 and the mean value theorem give

0 = ν(θ0)
E[Wψ(P, X, V, θ0)]

E(W )

= ν(θ0)
E[Wψ(P, X, V, θ∗)]

E(W )
+ ν(θ)(θ0 − θ∗)

= ν(θ0) µ+ ν(θ)(θ0 − θ∗)
where θ lies between θ∗ and θ0. Solving for θ0 − θ∗ gives

θ0 − θ∗ = − ν(θ0) ν(θ)
−1
ν(θ0) µ

Now E(U∗) = 0, so if µ = E(U∗) then θ0 − θ∗ = 0, while if µ = E(U∗) +
O(τ−1) then

θ0 − θ∗ = − ν(θ0) ν(θ)
−1
ν(θ0) O(τ−1) = O(τ−1)

PROOF OF COROLLARY 3. This is standard GMM limiting distribution the-
ory with iid data. See, e.g., Newey and McFadden (1984) or Wooldridge (2001)
Theorems 14.1 and 14.2.
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Table 1. Estimates of the Outcome Equation Profit Coefficient

no dummies plant type dummies types & ISIC dummies
OLS .231 .036 .219 .035 .221 .035
2SLS .383 .051 .353 .050 .355 .050
Heckman .298 .087 .287 .092 .298 .094
Endogenous ML .468 .061 .403 .062 .413 .057
Weighted OLS .323 .062 .317 .059 .316 .051
Weighted TSLS .470 .070 .431 .073 .411 .080

Notes: In each block, the first number is β1, the coefficient of the profit rate in the
outcome equation, and the second number is the estimated standard error. In the
first pair of columns, X2 and Z2 consist only of the constant term. In the second
pair of columns, X2 and Z2 also include plant type dummies, and in the third pair
of columns, X2 and Z2 contain dummies both for plant type and for two digit
industry (ISIC) code.

Table 2. Simulations of the Outcome Equation Profit Coefficient

MEAN SD LQ MED UQ RMSE MAE MDAE MESE %2SE
OLS .231 .017 .221 .232 .245 .183 .182 .182 .036 .000
TSLS .362 .023 .346 .362 .377 .056 .052 .051 .051 .987
Heckman ML .268 .020 .254 .268 .282 .146 .145 .145 .102 .997
Endogenous ML .414 .028 .394 .413 .433 .028 .023 .020 .145 1.00
Weighted OLS .243 .043 .213 .243 .273 .177 .171 .170 .049 .060
Weighted TSLS .399 .061 .358 .397 .440 .063 .050 .043 .066 .961

Notes: In these simulations the ’true’ value of the coefficient is .4132. The re-
ported statistics are as follows. MEAN and SD are the mean and standard de-
viation of the estimates across the simulations. LQ, MED, and UQ are the 25%
(lower) 50% (median) and 75% (upper) quartiles. RMSE, MAE, and MDAE are
the root mean squared error, mean absolute error and median absolute error of the
estimates. MESE is the mean estimated standard error, and %2SE is the percent-
age of simulations in which the true coefficient was within two estimated standard
errors of the estimated coefficient.
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Table 3. Estimates of Wage Outcome Equations

OLS MLE Kernel Weighted OLS
Constant 1.37 .053 1.69 .111 1.40 .371
Test Score .120 .009 .059 .020 .109 .061
Parent College .048 .016 −.048 .034 −.011 .122
Black −.017 .027 −.087 .035 −.047 .140
Male .249 .015 .266 .017 .225 .113
Urban .161 .020 .132 .023 .167 .104
90’s cohort .097 .018 .086 .019 .122 .117
1 to 5 years work. .001 .038 −.000 .038 .027 .273
Over 5 years .342 .051 .337 .051 .350 .306

Normal Weighted GMM Sorted Weighting OLS
Constant 1.64 .166 1.48 .204
Test Score .164 .028 .133 .031
Parent College .115 .059 .012 .103
Black −.152 .077 −.135 .152
Male −.071 .055 .151 .108
Urban .023 .064 .047 .088
90’s cohort .215 .079 .115 .197
1 to 5 years work. −.064 .119 −.004 .149
Over 5 years −.141 .181 .294 .329

Notes: In each block, the first number is the coefficient, and the second number is
the estimated standard error. OLS is the wage equation only using data on college
graduates with no graduate education, and so does not control for any selection
bias. ML is a parametric two equation system of selection and wages with nor-
mal errors. Weighted OLS is the density weighted semiparametric estimator of
the wage equation, using a kernel estimator of the conditional density of V given
X . Normal Weighted GMM models V as linear in X with an independent normal
error, estimating the V and density weighted wage equations simultaneously by
GMM. Sorted Weighting OLS models V as linear in X with an independent er-
ror of unknown density that is estimated using the numerically trivial sorted data
estimator.
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