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ABSTRACT. Many practical problems, especially some connected with forecast-
ing, require nonparametric estimation of conditional densities from mixed data.
For example, given an explanatory data vector X for a prospective customer, with
components that could include the customer’s salary, occupation, age, sex, marital
status and address, a company might wish to estimate the density of the expendi-
ture, Y, that could be made by that person, basing the inference on observations
of (X,Y) for previous clients. Choosing appropriate smoothing parameters for this
problem can be tricky, not least because plug-in rules take a particularly complex
form in the case of mixed data. An obvious difficulty is that there exists no general
formula for the optimal smoothing parameters. More insidiously, and more seri-
ously, it can be difficult to determine which components of X are relevant to the
problem of conditional inference. For example, if the jth component of X is inde-
pendent of Y then that component is irrelevant to estimating the density of Y given
X, and ideally should be dropped before conducting inference. In this paper we
show that cross-validation overcomes these difficulties. It automatically determines
which components are relevant and which are not, through assigning large smooth-
ing parameters to the latter and consequently shrinking them towards the uniform
distribution on the respective marginals. This effectively removes irrelevant com-
ponents from contention, by suppressing their contribution to estimator variance;
they already have very small bias, a consequence of their independence of Y. Cross-
validation also gives us important information about which components are rele-
vant: the relevant components are precisely those which cross-validation has chosen
to smooth in a traditional way, by assigning them smoothing parameters of conven-
tional size. Indeed, cross-validation produces asymptotically optimal smoothing for
relevant components, while eliminating irrelevant components by oversmoothing. In
the problem of nonparametric estimation of a conditional density, cross-validation
comes into its own as a method with no obvious peers.
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1. INTRODUCTION

Conditional probability density functions play a key role in applied statistical
analysis, particularly in economics. Such densities are especially important in pre-
diction problems, where, for a given value of a vector X of explanatory variables, we
wish to estimate the conditional density of a response, Y. From some viewpoints
this is a conventional problem; both parametric and nonparametric methods for
estimating conditional distributions already exist. However, the problem has the
distinctive feature that if components of the vector X contain no information about
Y, and are “irrelevant” in this sense to the problem of estimating the conditional
density, then they should be dropped when conducting inference. Not doing so
can seriously inhibit performance, since then conditional inference will be based on
data whose dimension is too high, degrading both the mathematical convergence
rate and the method’s statistical accuracy.

When the conditional density is estimated nonparametrically, the problem of
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choosing “relevant” components among the explanatory variables is closely related
to that of selecting smoothing parameters. For example, if X is p-variate, and
has a continuous distribution, then a conventional estimator of the density g(y|z)
of Y given X = z, using second-order kernels and a sample of size n, converges at
rate n=2/(P*5) (assuming Y is continuous). This rate is achieved using bandwidths of
size n~ Y/ ®+5) If however, py of those components are irrelevant to the problem of
estimating the distribution of Y given X, for example because they are stochastically
independent of Y, then we can remove them and improve the convergence rate

to n=2/(P1+5) where p; = p — p2. To achieve this outcome, the size of bandwidth

should be reduced to n~—1/(P1+5)

The result of reducing the length of X in this way is distinctly different from
that achieved by more conventional dimension reduction methods, for example pro-
jection pursuit. The latter generally develops only an approzimation to g; the
approximation would generally not consistently estimate the true conditional den-
sity as n increased. By way of contrast, if we could identify components of X that
were independent of Y then these would be deleted at the outset, leading to im-
provements in the accuracy with which the density of Y, given X, was consistently

estimated.

In applications of smoothing methods to real data, in the context of estimating



conditional densities, we have found that “irrelevant”

components are surprisingly
common. See in particular the examples in section 5, based on two classic bench-
mark datasets. In principle this problem can be tackled by applying a battery of
hypothesis tests, prior to conducting inference. Tests for independence of individ-
ual components, or of groups or linear combinations of components, can be used to
identify irrelevant explanatory variables. However, such an approach is awkward
and tedious to implement, not least because the components of X will often be of
many different types — continuous, unordered discrete, and ordered discrete, all in
the same vector. We shall suggest instead a version of cross-validation in this con-
text, and show that it has virtues that make it especially suited to simultaneously

choosing smoothing parameters and removing irrelevant components of explanatory

variables.

To describe how cross-validation works in this problem, let us assume initially
that all components of X are continuous; this will simplify exposition. Construction
of the cross-validation criterion, CV say, is not trivial, but a certain weighted form
of it has an elementary form. If p, of the components of X are independent of Y
and therefore irrelevant, and if the remaining p; components of X are relevant, then
the empirical bandwidths that minimise CV will demonstrate markedly dichotomous
behaviour: those that correspond to irrelevant components will diverge to infinity as
the sample size increases, whereas those that correspond to relevant components will
consistently estimate the bandwidths, of size n=/ 175 that would be appropriate

if only the relevant components were present.

By diverging to infinity, the bandwidths for irrelevant components effectively
shrink those components to a distribution that is virtually “uniform on the real line,”
and so eliminate the irrelevant components from contention. Therefore, without any
particular inputs being made from the experimenter, cross-validation automatically
identifies relevant and irrelevant components, removes the latter, and chooses the
correct bandwidths for the former. It conducts a de facto dimension reduction

program, tailored to the problem of estimating the conditional density.

Similar behaviour is observed when one or more of the components of X are
discrete: application of cross-validation to selecting smoothing parameters effec-
tively shrinks each discrete irrelevant component to the uniform distribution on its

support, thereby effectively removing it from contention in the problem of estimat-



ing the conditional density of Y given X. For the relevant components that remain,
cross-validation automatically chooses smoothing parameters that are appropriate

when only the relevant components are used for inference.

These results continue to hold in the case of conditional density estimation
from explanatory data whose components are both continuous and discrete. For
simplicity, in our theoretical work we shall treat only mixed unordered discrete and
continuous components. However, when these are combined with ordered discrete
components the results are virtually identical. Each context is characterised, in the
case of irrelevant components, by divergence of smoothing parameters to the upper
extremities of their respective ranges, or equivalently, by shrinkage to the uniform

distribution.

In view of our focus on mixed data we shall address only the setting where
a different smoothing parameter is used for each component. Similar results are
obtained, however, if smoothing is done more comprehensively, for example by
using a p X p bandwidth matrix to smooth p-variate explanatory variables where all
components are continuous. In this case, cross-validation automatically identifies
linear transformations of X that are independent of Y, and eliminates them by

shrinking them to the uniform distribution on the real line.

The divergence of cross-validation smoothing parameters to their upper ex-
tremities, which characterises the case of irrelevant components, provides invalu-
able empirical advice about which components are relevant and which are not. It
comes “for free” when we use cross-validation to select the amount of smoothing.
A formal statistical test of independence would have greater power, but would be

substantially more awkward to implement.

An alternative approach to solving this problem would be to use classical
variable selection methods to choose relevant components, and employ a separate
smoothing-parameter choice technique to determine how much smoothing to do.
However, the fact that this problem involves both continuous and discrete variables
means that there does not exist an off-the-shelf algorithm for choosing smoothing
parameters, except for the cross-validation approach that we suggest. In particular,
configuring plug-in rules for mixed data is an algebraically tedious task, and in fact
no general formulae are available. Additionally, plug-in rules, even after adaptation

to mixed data, require choice of “pilot” smoothing parameters, and it is not clear



how to best make that selection for the continuous and discrete variables involved.
As we shall show, cross-validation avoids these problems and has the additional

virtue of separating variables into relevant and irrelevant categories.

Our method can readily be generalised to cover other econometric models with
mixed discrete and continuous variables. For example, Hahn (1998) and Hirano,
Imbens and Ridder (2002) considered the nonparametric estimation of average treat-
ment effects, Horowitz (2001) dealt with nonparametric estimation of a generalised
additive model having an unknown link function, and Lewbel and Linton (2002)
treated nonparametric censored and truncated regression models. Each of these
approaches assumes that the nonparametric covariates are continuous (or, when
discrete covariates are present, uses the nonparametric frequency method). One
can employ the cross validation-based smoothing method presented in this paper
to generalise the aforementioned approaches to handle mixed discrete and contin-
uous covariates. Such an extension also has the advantage of being able to remove
irrelevant covariates (both discrete and continuous), thereby yielding more reliable

estimation results.

There is an alternative approach to defining relevance and irrelevance, based
on conditional independence rather than conventional independence. To describe
it, let us again assume for simplicity that all the components of X are continuous.
We might say that X = (X[, X[l) represents a decomposition of X into relevant
and irrelevant parts X[ and X[ respectively, if Y and X[ are independent
conditional on XY, While this approach is attractive in at least a theoretical
sense, it has certain difficulties from an operational viewpoint. To appreciate why,
consider (for example) the case where Y = Zy + Zy + Z3, X; = Z; + e€Zj43 for
j=12 X = (X1,X2), € >0, and Zy,...,Z5 are independent standard normal
random variables. If € is small then, depending on which of X; and X5 we decide
to condition on, a practical assessment of “relevance” that is based on conditional

independence is likely to suggest that either X; or X5, but not both, is irrelevant.

Therefore, in practical terms, and using an assessment based on conditional
independence, the problem can be ambiguous, and empirical difficulties may be ex-
pected to arise when deciding how to partition X into relevant and irrelevant parts.
On the other hand, if an unconditional view of independence is taken, as suggested

in the present paper, then our method will generally conclude that both X; and X5



are relevant, even for small e. However, in cases where the sort of ambiguity men-
tioned above does not arise, sketched theoretical analyses in particular cases, and
small scale simulation studies, suggest that cross-validation will successfully detect
irrelevance, by virtue of the corresponding bandwidths diverging, when irrelevance

is defined in the sense of conditional independence.

Section 2 introduces our cross-validation algorithm, and section 3 develops
properties of mean squared error, and of optimal smoothing parameters, when no
irrelevant components are present. The results there set theoretical benchmarks for
performance of bandwidth selectors after irrelevant components have been removed.
We show in section 4 that cross-validation attains these benchmarks. In that section
we give concise, mathematical definitions of what we mean by “relevant” and “irrel-
evant” components. Numerical illustrations of the performance of cross-validation
in removing irrelevant components, and conducting adaptive inference, are given in
section 5. There we pay particular attention to the case of mixed continuous and
discrete explanatory variables, and we also apply our method to two well known
datasets having a large number of discrete cells relative to their sample sizes (there-
fore the conventional frequency method is infeasible for both datasets). We show
that our proposed estimator smoothes out some irrelevant variables and yields bet-

ter out-of-sample predictions than some commonly used parametric methods.

The use of least-squares cross-validation to select smoothing parameters in den-
sity estimation dates from work of Rudemo (1982) and Bowman (1984), following
earlier discussion of the Kullback-Leibler case by Habbema, Hermans and Van Den
Broek (1974). Tutz (1991) treated cross-validation for conditional density estima-
tion from mixed variables. Theory for least-squares cross-validation was developed
by Hall (1983b, 1985) and Stone (1984), and second-order properties were addressed
by Hall and Marron (1987).

Smoothing methods for ordered categorical data have been surveyed by Si-
monoff (1996, section 6). Hall (1983a) and Li and Racine (2003) treated uncon-
ditional joint density estimation from mixed data. There is a large literature on
dimension reduction for density estimation, including work of Friedman, Stuetzle

and Schroeder (1984) and Jones and Sibson (1987).

One of the reasons for estimating conditional densities, rather than conditional

distributions, is that they give a better idea of the relative placement of “weight”



in the distribution. As a result, there is constant, continuing interest in the topic
of conditional density estimation. For a recent reference, see the work of Fan and

Yim (2003), who discuss novel methods for conditional density estimation.

2. METHODOLOGY FOR CROSS-VALIDATION

Let f denote an estimator of the density, f, of (X,Y), and let m be an estimator
of the marginal density, m, of X. We estimate g(y|z) = f(z,y)/m(z), the density of
Y conditional on X, by §(y|z) = f (x,y)/m(x), and use as our performance criterion

the weighted integrated squared error,

ISE = / {00l2) — gyle)}? m(z) AW (z) dy (2.1)

where dW (x) denotes the infinitesimal element of a measure.

The presence of dW (x) at (2.1) serves only to avoid difficulties caused by divid-
ing by zero, or by numbers close to zero, in the ratio f(x,y)/m(z). This is usually
only a problem for the continuous components of x. Therefore, if X denotes a
generic X;, if X = (X¢, X4) represents a division of X into discrete and continuous
components, and if x = (2¢,29) is the corresponding division of x, then we take
dW (z) = w(z®) dz¢ dV (z9), where dV (z¢) denotes the infinitesimal element of the
Dirac delta measure which places unit mass at each atom of z4. In this notation,

(2.1) can be be written equivalently as
ISE=) /{ﬁ(ylw) — g(ylx)}? m(x) w(z®) da® dy , (2.2)
xd

where m(z) = m¢(z¢|zd) P(X¢ = 24), m®(2¢|x?) denotes the density of X¢ given

that X9 = 29, and the sum Y . is taken over all atoms of the distribution of X4.

We shall assume that X¢ and X9 are p- and ¢-variate, respectively. In practice,
to overcome the “curse of dimensionality,” it may be appropriate to reduce either
or both of p and ¢. Standard dimension reduction methods can be modified for this
purpose; see, for example, the methods discussed by Friedman and Stuetzle (1981),
Friedman, Stuetzle and Schroeder (1984), Huber (1985), Powell, Stock and Stoker
(1989) and Klein and Spady (1993). However, it should be remembered that in such
cases the dimensions in which actual information is carried may not be strictly less
than the dimension of the data, and that in consequence, our theoretical results in

section 3 will not strictly apply after dimension reduction.



Our estimators of f and m will be of kernel type:

flay) =n" > K@X)LyY:), m@)=n"> KX, (2.3)

i=1 i=1

where K and L are nonnegative, generalised kernels. As (2.3) suggests, we use the
same vector of smoothing parameters (one for each component) when treating the
explanatory variables X;, regardless of whether we are addressing the numerator or

the denominator of the estimator §(y|z) = f(z,y)/m(z).

This “convention” guarantees that for each fixed = such that m(z) # 0, g( - |x)
is a proper probability density. It also ensures that, except when m = 0, g is well
defined and bounded by sup,, , L(u,v). If m = 0 then g has the form 0/0, and,
for the sake of theoretical completeness, might be defined to equal an arbitrary but
fixed constant. Using the same bandwidth in the numerator and denominator of g

does not adversely affect the rate of convergence of estimators of g.

Next we define K (z, X;). Reflecting the division X = (X¢, X4), write X; =
(X¢, X), where X' = (X3,..., X)) and X7 = (X§,..., X{,)) denote the discrete
and continuous components, respectively, of X;. (In particular, we no longer use the
notation X7 and de for the jth components of X and X9, respectively.) We assume
X% takes the values 0,1,...,r; — 1. Put 2¢ = (25,...,2¢) and 29 = (z¢,...,29),

»Lp q
and define .
C(,.C 1 IC'_XZ'C'
wewsxo = 11w (57),
j=1 J J

where K is a traditional kernel function (that is, a symmetric, univariate probability

density), and
q
K2, X)) = [ [/ (ry = DY@ (1= xy)t =Nl (2.4)
j=1

where Nj;(x) = I(Xi; # ), depending on z{ alone, and I is the usual indicator
function. For j = 1,...,7, the discrete kernel puts weight 1 — A; on XJ‘-l = x?, and
Aj/(rj — 1) on all other X¢ # x¢. In these formulae, hy,...,h, are bandwidths
for the continuous components of X and satisfy 0 < h; < oo, whereas Aq,..., A,
are smoothing parameters for the discrete components and are constrained by 0 <
Aj < (rj—1)/r;. Note that when \; = (r; —1)/r; assumes its upper extreme value,
K4(2%, X;) becomes unrelated to (:U;-l, Xi;) (the jth component of 24 is completely

smoothed out).
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Formula (2.4) describes kernels that are appropriate for unordered categorical
data; see, for example, Aitchison and Aitken (1976). In the ordered case, alternative
approaches can be used, employing in effect near-neighbour weights. See, for exam-
ple, Wang and van Ryzin (1981), Burman (1987) and Hall and Titterington (1987).
In each case the kernel weights are intrinsically different from their continuum coun-
terparts. In particular, for the weights defined at (2.4), in the asymptotic limit as
each \; converges to zero, K4(24, X;) converges to 1 if X; = 24, and converges to
zero otherwise. The resulting kernel-weighted estimator of the probability at x4,
converges to the naive cell-proportion, or maximum likelihood, estimator, which

equals the proportion of the data for which X; = z<.
The generalised kernels, K(z, X;) and L(y,Y;), are given by

K X0 = K% X0 KX, L =1 2(150 ), @29)

h

where L is another univariate kernel, possibly identical to K, and h is another

bandwidth. The quantities at (2.5) are substituted into (2.3) to give f and .

Expanding the right-hand side of (2.1) we deduce that
ISE = I, — 2 Top + In , (2.6)
where
ho = [ 4(ule) m(@) W @)y, L= [ §(0lo) fa.9) W (x)dy,

and [3,, does not depend on the smoothing parameters used to compute f and m.

Observe that

where @(m) =/ f(x,y)%dy is expressible as
R 1 n n
Glo) = 5 > D7 Ko Xo) K (. X)) [ L Ye) Ly Vi) dy.
i1=1 ip=1

Thus, the following cross-validation approximations, fln and fzn, to Iy, and Io,,

respectively, are motivated:

Iln:—z X s I2n:ﬁ; ’r/ﬁ_(X

N i) 7



where the subscript —i on a function of the data indicates that that quantity is
computed not from the n-sample Z = {(X1,Y7),...,(X,,Y,)} but from the (n—1)-
sample Z\{(X;, Y;)}.

Each I jn is a function of the smoothing parameters, although we have sup-
pressed this dependence. The cross-validation criterion, CV, consists of the first
two terms on the right-hand side of formula (2.6), but replaced by the above ap-

proximations:

CV(hyhiy. o hpy Ay M) = Tin(hy Bty By Ay s Ag)
—2Don(hyhay e By Ay Ag) -

In numerical work for cross-validation for density estimation, one generally
tries to guard against using too small a value of bandwidth. If there are two or
more local minima of the cross-validation criterion, one uses the second smallest of
these turning points, not the smallest. Therefore, one searches up to a large positive
value of bandwidth, and takes the local minimum in that range, if there is only one
of these values, or the second smallest local minimum, if there is more than one.
Occasionally there is no local minimum in the range, and then one takes the value

at the end of the range to be the empirical bandwidth approximation.

3. MEAN SQUARED ERROR PROPERTIES

3.1. Main results. Here we describe smoothing parameters which, in asymptotic
terms, are optimal for minimising the mean integrated squared error defined by

taking the expected value at (2.2):
MISE(h, b, .. gy Abs- ey Ag)
=Y [ Blaln) - gplo)) mle) wat) dotdy. (3.)
xd

In this formula we interpret §(y|z) as an arbitrary constant when it equals 0/0.
Recall that = = (z¢, 24), where z¢ = (x5,. .. ,xy,) and x4 = (z¢,... ,x;l), and
that w is a function of z¢. Let §¢ = supp w denote the support of the function w,

and let S be the support of the distribution of X4. We shall assume that:

the densities f and m have two continuous derivatives as func-
tions of z¢ w is continuous, nonnegative and has compact sup-
port; m(z) is bounded away from zero for z = (z¢, %) € 8¢ x 8Y;
and sup,cgeysa f(2,y) vanishes outside a compact set of values y.

(3.2)
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Let foo(z¢, 2%, y) [fj; (2,24, y)] denote the second derivative of f(z¢, x4, y) with
respect to y [respectively, 5. Put x = [ K?, kr = [L? k2 = [u® K(u)du and
kr2 = [u? L(u) du. Define an indicator function I;(u?, z4) by

Ii(ud, 2%) = I(u;l # m?) H I(ud = z9).

Note that I;(ud,x%) = 1 if and only if u? and 24 differ only at the jth component.
Let ag,...,ap and bq,...,b; denote real numbers. We define below a function of

these quantities, which will represent the dominant term in an expansion of MISE;

see (3.8) and (3.12):

x(ao,...,ap,b1,...,by)

-5 ([ 2 5 et {22 )

P N 2
+ 5 HL2CLof00 z,y) + 5 /@Z aj {fw %(x)f(x,y)}}

J=1

N ’fp’fo(xvy)> w(x*

G
ap...ap m(x) de”dy, (3:3)

where, for v = w or x, ) 4 denotes summation over atoms v¢ = (vf,...,v]) of the

distribution of X4.

Write ag,...,aD,b7,...,b) for the values that minimise y, subject to each of
them being nonnegative. It is possible for a} or bY to be infinite. Now, aj = 0,

for some j, only if at least one of the other a?

;'8 is infinite. For the time being we

exclude these degenerate cases, asking that

the ag’s and bg-”s are uniquely defined, and each is finite. (3.4)

Therefore 0 < a? < oo for each j, but it is nevertheless possible for one or more of the
b;’s to vanish. The following general result may be proved. Consider the following

function of positive quantities zo, ..., 2, and general variables z,1,. .., 2p4q4:

p+q
Co
X(Z(),.. Zp+q /{ZB ny }dmdy—l—m

Co

T
L Tpyy O
c Z+(z0...zp)1/2’
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where z = (20,...,2p1q) ", Aisa (p+q+1) x (p+ ¢+ 1) matrix, and ¢y > 0 is
a positive constant. Then, if A is positive definite, x(2o,..., zp+4) has a unique
minimum, at a point where zy, ..., z, are positive and finite and 2,11, ..., zp+q are

nonnegative and finite.

When searching for a minimum of MISE, over values of its (p + ¢ + 1)-variate
argument, we shall confine attention to

(hyhi, .o hpy A1y .oy Ag) € [0,n]PT9T ) where n = 7, denotes

o . . 3.5
any positive sequence which satisfies nn,, — oo for each ¢ > 0. (3.5)

This avoids the need to treat issues addressed by Sain (2001), who pointed out that
even in univariate density estimation the asymptotically optimal bandwidth, in the

sense of minimising mean squared error, need not converge to zero.

Theorem 3.1. Assume (3.2) and (3.4), and that the smoothing parameters h°,

hY, ... ,hg, A ,)\2 that minimise MISE are constrained by (3.5). Then,

WY~ agn D R e~ af T for 1< <p, 56
AD =00 @) 4 o(n /Ty for 1< j<gq, |

and inf MISE ~ n~4%/®+5) inf y .

A key assumption in Theorem 3.1 is (3.4), which excludes some cases where
components of X4 or X¢ contain no effective information about Y. To appreciate
this point, let Z% =7 [Z4~7] denote the (p + q)-vector that arises after removing the
jth component, X [respectively, X Jd] of X¢ [respectively, of X4] from Z = (X,Y).
If X7 and Z%~J were independent random variables, or if X;i and Z97J were
independent, then when constructing g = f /m it would make little sense to compute
cither f or M using the full data vectors (X;,Y;). We would instead delete the jth
component of the continuous part of X;, or of the discrete part of X;, respectively.

In the first of these cases, fj; = (my;/m) f, and so the term in a} vanishes

from the right-hand side of (3.3). As a result, a = oo, and so (3.4) is violated. It
can be restored by excluding the jth component of X€, as argued above. In the
second case the quantity b; in (3.3) can be absorbed into the other by’s, and so
the minimiser of y is not uniquely defined. Therefore, (3.4) again fails, but can be
restored by dropping the jth component of X4. In these respective instances it is

fair to say that X7, or X ]d, is “completely irrelevant” for estimating g.
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If X;i were independent of Y, but not independent of the other components
of X, then although in some respects the correct approach would be to delete the
jth component of the discrete part of each data vector, failing to do so would not
necessarily mean that (3.4) was violated. This reflects the fact that the full data
vectors can produce estimators of g with lower mean squared error, and so may be
beneficial. A similar argument applies if X7 is independent of Y but not of other
components of X, although in this case a relatively standard kernel approach to

estimation, advocated at (2.3), is not the best way to proceed.

3.2. Proof of Theorem 3.1. Using (3.7) below it may be shown that ISE does not
converge to zero unless Vh — oo as n — oo, where V = nh; ... h,. Therefore we
may, without loss of generality, add to (3.5) the constraint that Vh > t,, where
{t,} is an unspecified sequence of constants diverging to infinity.

Note that § = (g+05)/(1+ 0y, ), where 65 = (f = f)/m and 6,, = (i —m)/m.

By Taylor expansion,

aylz) — g(ylz) = {f(z,y) — M(z) g(ylz) + Qz,y) } m(z) ™", (3.7)

where Q = —md, 07 + (62, — 63, +...) (f +mdy) consists of quadratic and higher-
order terms in ¢ and d,,. Using these expansions and the methods we shall employ

below to approximate

MISEy = Y- [ BF(0le) — fle) o(yla)}* S datdy.

and noting the convention that g is taken to equal a constant if it would otherwise

equal 0/0, it may be proved that

MISE = MISE, + (1) , (3.8)
uniformly in smoothing-parameter vectors in [0, n]PT9*! satisfying Vh > t,,, where
N ="N2+n3, N2 = Zj Aj+ Zj h? +h? and 13 = (Vh)_l.

Put p; = N;/{(1 — X\;) (r; — 1)}, and let (2, y|2%) denote the density of
(X©,Y) given X9, Write 1o (2, y | 24) [1;;(2¢, y | 29)] for the second derivative of

Y(x¢,y | x) with respect to y [respectively, z$]. Given members rd = (2§,... ,:cg)
and u? = (uf,...,uJ) of the sample space of X9, let uf(z) = I(uf # x{). In this

notation,

E{f(z.y)} =) P(X*=ud) { -ﬁl(l =) p;.‘?m} /{

ud

p
Jj=

K(5) | Lo

1
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><¢<:I;§—hlzl,...,x;—hpzp,y—hv‘u‘f,...,ug)dzl...dzpdv
q
— e+ - _1{21 ) F a0 0) - S|
j=1 7

+ 5 k2 B foo(z,y) + 5 Ko Z h3 f5(z,y) +o(nz)

j=1
where the remainders here and in (3.9)—(3.11) below are of the stated size uniformly

d

in z¢ € suppw, in 29 in the support of the distribution of X4, and in y, as well as

in smoothing-parameter vectors in [0, 7]PT9T! satisfying Vh > t,,.

Similarly,

E{m(z)} = m(z) + Z A {Z Li(ud, by m(z€,u?) — m(x)}

Pl A
p
+ 5 re Y hymy;(x) + o(n). (3.9)
j=1

Therefore,

p
+ ko h® foolz,y) + S k2 > B2 {fjj(%y) -

=1
Note too that

nvar {f(z,y) — m(z) g(ylx)}

=nkPrp f(x,y)n3 + o(n3) . (3.11)
Combining (3.10) and (3.11) we deduce that

MISE; (B, ha,y ooy hpy Ay ooy Ag) = 0~ Y@ Y x(ag, . ap, by, ... by) + o(m)
(3.12)
uniformly in smoothing-parameter vectors in [0, n]PT9*! satisfying V' h > t,,, where
the scalars ag, . ..,ap,b1,...,b, are defined by h = agn™/P+5)  h; = q;n=1/P+5)

and \; = b; n=2/(P*5) The theorem follows from (3.8) and (3.12).
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4. PROPERTIES OF CROSS-VALIDATION

Recall from section 2 that X = (X¢ X4), where X¢ and X¢ are p- and g¢-
variate, respectively. We shall assume that only the first p; components of X¢, and
the first ¢; components of X9, are “relevant” to estimating the distribution of Y’

7

given X, the others being “irrelevant” in the sense defined below:

for integers 0 < py1,p2 < p and 0 < ¢q1,q2 < ¢ satisfying p; + p2 = p and
q1 + g2 = g, the following is true: the vector X! comprised of the first p;
components of X¢, and the first ¢; components of X9, is stochastically (4.1)
independent of the vector X (?) consisting of the last po components of X¢,
and the last g components of X9; and X and Y are independent.

A technical definition of “relevance” of the first p; components of X°¢, and first ¢;

components of X9, will be given at (4.3).

For the p; relevant continuous components, and ¢; relevant discrete compo-
nents, of X, we should impose the analogue of assumption (3.4), asserting that the
asymptotically optimal smoothing parameters are of conventional size. To this end
we introduce the following analogue of the function y at (3.3), now tailored to just

the relevant components of X:

X(ao,...,apl,bl,...,bql)

- ; / (qu:l; iji 1 %1: L) {f(xC7Ud7y) - %ﬂx,y)}

pP1 _ _ 2
1 2 F (= 1 2 ) F /- m(T) -
madd ) + Y & { B - ") )}
P1 £
L BRI Y) wi f(7,y) w(z¢, 2%) dz° dy (4.2)
agp . ..0ap,
where
w(Te, x5 L1, ,28)
w(z°, 1Y) = / _ RS P dzs ., ...dzS
zd Jrlz zd m(xc,x;1+1’ T 7xlc7’xd’wcqll+1’ T ,l’g) " 8
&y

and “bar” notation refers to functions or vectors involving only the first p; continu-
ous components and the first ¢; discrete components. For example, z€ is the vector
consisting of the first p; components of ¢, f denotes the joint density of the first
p1 components of X¢ and of Y, f; denotes the jth derivative of f with respect to

the jth component of z°, and so on.
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The function X coincides exactly with  in the case where the last ps a;’s, and
last g2 b,’s, are deleted from the argument of y, and the weight w(z®)/m(x) at
(3.3) is replaced by w(z¢, ). Of course, w(z¢, z4) is obtained from w(z®)/m(x) on
integrating (and summing) out the irrelevant components of x, and is the weight
function appropriate to the mean integrated squared error that would be obtained
at (3.1) if we were to drop all irrelevant components from the estimator §(y|z)
appearing there. Therefore, we expect the optimal values of smoothing parameters
in the present problem to be exactly those given by Theorem 3.1, but with (p, q) at
(3.6) replaced by (p1,q1), and h°,hY, ... ,hgl,)\(l), el )\21 there chosen to minimise
X, defined at (4.2), rather than x, given at (3.3). Theorem 4.1 below will show that

cross-validation selects smoothing parameters for the relevant components of X in

precisely this asymptotically optimal manner.

Write ag, ..., ap ,b7,...,b) for the values that minimise y, subject to each of

them being nonnegative. The analogue of condition (3.4) is:

the ag’s and b?’s are uniquely defined, and each is finite. (4.3)

In order to be able to detect the effect of relevant components of X on the
conditional distribution of Y, within the domain to which we are constrained by

the weight function w, we assume that

sup sup g(y|z) > 0. (4.4)
TEeESuUppw Yy

The empirical observation that smoothing parameters chosen by cross-valid-
ation diverge to their upper extremes when the respective components of X are
irrelevant, reflects the fact that cross-validation attempts to shrink the distributions
of irrelevant components to the least variable, uniform case. There they have least
impact on the variance terms of curve estimators; the fact that they contain no
information about Y means that they have little impact on bias. However, if the
irrelevant components of X are already uniformly distributed then the effect of
choosing the respective smoothing parameters may be comparatively small, and so
different behaviour can be expected. For the sake of simplicity we shall regard the
case of uniformly distributed irrelevant components as pathological, and impose a

regularity condition to eliminate it, as follows.

Define a kernel ratio for irrelevant data components:

R(Z,hpy41,--hp, Agit1,- -5 Ag)
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T5-X55\? N1, ()12
EH §:p1+1 K( h; ) } ?:q1+1 {(1_)\j)pj ! } }
X N1;(Z) 2
<E[{ §:p1+1 K( hj 1 )} §=q1+1 {(1 - )\j)pj }])
Note that, by Holder’s inequality, R > 1 for all choices of hp,1,...,hp, Agi+1,

..., Ag. It is easy to see that, provided K (0) > K () forall 6 >0, R — 1 as h; — oo
(for pr +1<j <p)and \; — (r; —1)/r; (for g1 +1 < j < q). Generally speaking,

however, R > 1 for other values of these smoothing parameters. Exceptions to this
rule can arise if marginal distributions are uniform, however. We shall eliminate

problems of this type by assuming that:

the only values of hp,41,...,hp, A\gy41,---,A¢, in the range h; > 0 and 0 < \; <

(rj —1)/rj, for which R(Z, hp,+1,...,hp, Ay 41, ..., Aq) = 1 for some = € supp w,

are hj = oo for py +1 < j < pand \; = (r; —1)/rj for ¢ +1 < j < q.

(4.5)

As discussed in section 3, we need to ensure that the cross-validation algorithm

is not seduced by the possibility that there exist nonvanishing smoothing parame-
ters that produce estimators with zero bias. In section 3 we averted this problem
by treating only smoothing parameters that converge to 0; see assumption (3.5).
Here that is not desirable, however, since we expect that smoothing parameters cor-
responding to irrelevant components will be bounded away from zero. Constraint
(3.5) would have us assume in advance that the bandwidths associated with rele-
vant components converge to zero, yet for the sake of realism we do not wish those
components to be identified to the experimenter. Therefore we shall take a different

tack, as follows.

Note that, in view of (4.1), the contributions of irrelevant components cancel
from the ratio iy (y|Z) = E{f(x,y)}/E{m(z)}. Let g denote the version of g when

irrelevant components are dropped. We shall assume that:

J Y Joupp o g (ylZ) — g(y|7)}? dz, interpreted as a
function of hi,...,h,, and Ai,...,\,, vanishes (4.6)
if and only if all those smoothing parameters vanish.

Finally we suppose conventional conditions on the bandwidths and kernels.

Define

P1 P2
H=H(hhi,....hp, A,y Ay) :h<H hj> [[ min(,,1),

Jj=1 Jj=p1+1
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let A; = [0,(r; —1)/r;] denote the range of possible values taken by A;, and let
0<e<1/(p+5). Assume that:

0<h<n%n!<H<nE hi...hp h > nc1: the
kernels K and L are symmetric, compactly supported, (4.7)
Holder-continuous probability densities; and K (0) # 0.

We also impose the obvious requirement that the bandwidths that minimise CV
are chosen so that CV is well-defined, which in particular means that the estimator
m should not vanish on suppw. This implies that for some C; > 0, the probability
none of the bandwidths h, hq, ..., h, is less than n~ % converges to 1 as n — oo. In
company with (4.7), this entails that for some Cy > 0, the probability that none of
the bandwidths h, hq,..., h,, exceeds n®2 converges to 1 as n — oo. Therefore, it

may be supposed without loss of generality that
for some C' > 0, min(h, hy,...,h,) >n~¢ and max(hy, ..., h,) < n®. (4.8)

This property will be used in several places in our proofs, for example in the second-
last paragraph of step (i), although we do not list it among the regularity conditions

in Theorem 4.1.

We should comment on the extent to which (4.7) and (4.8) require knowledge of
p1, the number of relevant components of X. The conditions do betray knowledge
of whether p; is zero or positive. However, we claim that under the following side

condition, which does not depend on p;, they hold whenever 1 < p; < p:

no hj, for 1 < j < p, takes a value exceeding D logn, where D > 0

is arbitrary; H§:1 hj € [n°~1,n=% for some § € (0,3); and 1 < py < p. (4.9)

If this constraint holds then (4.7) and (4.8) obtain for any € € (0,0) and C > 1,

and all sufficiently large n, regardless of the value of p;. Condition (4.9) is of course

reasonable, in that it does not prevent hq,..., h,, from taking appropriately small
values, and at the same time it allows hp,41,...,h, to assume values that diverge
to infinity.

~

Theorem 4.1. Assume (3.2), (4.1) and (4.4)(4.7), and let h,hy, ... hy, A1, ..., A
denote the smoothing parameters that minimise CV subject to the bandwidth con-

straints imposed in (4.7). Then, interpreting each convergence of a sequence of
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random variables as convergence in probability, we have:
nt/(P1+5) po _, ay, nl/(P1+5) iL? — a? for 1<j5<py,
Ph;>C)—1 for pp+1<j<p andall C>0,
n?/(P1+5) 5\9 — b? for 1<j<q,

S\j—>(rj—1)/7“j for 1+1<j<gq,

and n*/(P115) inf MISE — inf y.

The conclusions of Theorem 4.1 may be summarised as follows. The smoothing
parameters chosen by cross-validation, and corresponding to relevant components
of the variables X;, have the properties of asymptotic optimality described by The-
orem 3.1. On the other hand, the cross-validation smoothing parameters that cor-
respond to irrelevant components converge in probability to the upper extremities

of their respective ranges.

It is always possible, in practice, that the method makes a mistake and, in effect,
incorrectly removes relevant variables by choosing a too-large value of bandwidth.
Results such as Theorem 4.1 state that the probability that this happens converges
to 1 as n — oo, but nevertheless there is always a nonzero probability that the

method does the wrong thing in finite-sample settings.

Next we discuss the performance of the empirical smoothing parameters when
they are used to construct g at a point. We shall show that they produce an
estimator that has the same first-order properties it would enjoy if the asymptoti-
cally optimal, deterministic parameters were employed. The latter may be defined
thus: h = n~—1/(@1+5) ad, hj = n~ 1/ (P1+5) a(; for 1 <j<p, \j = n—2/(P1+5) bg for
1<j<aq,hj—ooforp;+1<j<p,and \; — (r; —1)/r; for g1 +1 < j < g,

0 0 0

where ag,aj, ..., apl,b(l), . ,bgl minimise y defined at (4.2).

If § is computed using the asymptotically optimal, deterministic smoothing

parameters, then

iylz) = g(ylz) +n~2/ OBz, y) + 0(2,y) Zn(z,y) } + 0, (R P F2)) | (4.10)

where the random variable Z,,(x,y) has the standard normal distribution,

I

c —d)

B =3 2 3 nat o) {ay |5 at) - " glolo) |

r; m
j=1 "7
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p1 _
+ dnszaanlule) + hra 3 o {antolo) - "8 g}
j=1
_ kPY k1 g(y|Z
o(z,y)? = L IWIT)
Qg - .. Qp,
denote asymptotic bias and variance respectively, and g;;(y|Z) is the second deriva-

tive of g(y|z) with respect to z5. We shall give a proof of (4.10) as part of our

C
j .
derivation of Theorem 4.2 in section 7. The theorem argues that (4.10) continues

to hold if we choose the smoothing parameters empirically, by cross-validation.

Recall that S¢ = supp w and S denotes the support of the distribution of X9.

Theorem 4.2. Assume the conditions imposed in Theorem 4.1, let fz, izl, e ﬁp,
5\1, cee jxq denote the empirically chosen smoothing parameters prescribed there,
and let v = (z°,29) € S¢ x S4. Then (4.10) remains true, for the same functions
B and o, if §(y|x) is computed using the smoothing parameters chosen by cross-

validation, rather than the asymptotically optimal, deterministic parameters.

Up to now we have assumed that the dependent variable Y is continuous. If
instead Y is discrete, taking r different values, it is necessary to replace L(y,Y;) =
h='L{(y—Y;)/h}, defined at (2.5), by L(y,Y;) = ANi@W) (1-X\)1=N:i(®) where N;(y) =
I(Y; # y). Then Theorem 4.2 needs to be modified by replacing p; + 5 by p1 + 4,
and replacing n'/ @45k — a8 by n2/@ D) — 0 where 1° is defined in a way

similar to b? forj=1,...,q.

5. NUMERICAL SIMULATION AND PRACTICAL EXAMPLES
5.1. Monte Carlo Study

In this section we outline some modest Monte Carlo experiments designed to
investigate the performance of the proposed estimator. Simulation code was written
in ANSI C, and simulations were run on a 2.4Ghz Pentium IV running FreeBSD
5.2 Current. Numerical bandwidth search was conducted using Powell’s quadrat-
ically convergent direction set method (Numerical Recipes in C), and the search
algorithm was restarted twice from different random starting values with those
bandwidths yielding the lowest value of the objective function being retained for
estimation. Search tolerances were set for an absolute tolerance of 1.49012 x 10~3
and relative tolerance of 1.19209 x 10~". For the smoothing parameters associated

with the continuous variables, the range of values over which search occurred was
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(0,1.79779 x 103°®), the upper bound corresponding to the largest possible double
precision number for this processor. Execution speed for the cross-validation pro-
cedure for n = 100 was around 20 seconds for P = 2, and involved roughly 1,000
objective function evaluations for convergence. However, the algorithm is of nu-
merical order n2, hence execution time increases rather rapidly as the sample size

increases.
1. Relevant Xy, X5, pzy 4, = 0.0

Let Z = (Y, X1,X2) = (Y, X), and let

10
(2)- ()
nx 12
) 1.0 0.5 0.5

0.5 1.0 0.0

Xxy XXX 0.5 0.0 1.0

5 (ZYY Yyx

We generate Z to have a multivariate normal distribution having mean p
and covariance Y, hence, the conditional distribution of Y given X is also nor-
mally distributed. We draw independent estimation and evaluation samples of size
n; = 50, 100 and ny = 1,000, respectively. We consider three models, a correctly
specified parametric model, an incorrectly specified parametric model (conditional
exponential distribution) and the proposed nonparametric estimator. We draw
1,000 Monte Carlo replications, estimate each model, and compute their respective
predicted RMSEs given by \/ngl Z;Zl(f(ylm) — f(yilzi))?, where f(y;|x;) is the

true conditional density function, and f (yi|z;) one of the estimates. We then re-

port the median root mean square error of each of the three estimators along with a
summary of the cross-validated bandwidth constants ¢, and ¢;’s (hy = cyayn_l/ 8

N, = Coog,n Y7, j=1,2).

Table 1. Median estimator RMSE on independent evaluation data, relevant

Xl,XQ, pgcl,x2 = 0.0.

n Kernel Correct Misspecified
50 0.159 0.066 0.394
100 0.134 0.046 0.395
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Table 2. Median bandwidth constant ¢ (h = con~ Y ), upper and lower quar-

tiles are in parentheses, relevant X1, Xo, pz, 2, = 0.0.

n R, ha, hy
50 1.058 0.992 0.939
(0.711,1.44) | (0.676,1.38) | (0.726,1.09)
100 1.056 1.097 0.916
(0.81,1.32) (0.838,1.36) | (0.744,1.04)

2. Relevant X, Xo, py, 2, = 0.25

Now let p remain the same as before and let

1.00 0.50 0.50
Y= 050 1.00 0.25
0.50 0.25 1.00

Table 3. Median estimator RMSE on independent evaluation data, relevant

Xl,XQ, pml,azz = 025

n Kernel Correct Misspecified
50 0.135 0.061 0.357
100 0.113 0.042 0.357

Table 4. Median bandwidth constant ¢ (h = con~Y "), upper and lower quar-

tiles are in parentheses, relevant X1, Xo, pz, 2, = 0.25.

n R, R, hy
50 1.246 1.241 0.933
(0.781,1.94) (0.826,1.86) (0.706,1.08)
100 1.293 1.262 0.911
(0.957,1.66) (0.9,1.66) (0.724,1.03)

Next, we consider the case for which X5 is irrelevant.
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3. Irrelevant X, pg, », = 0.0

Let
1.0 0.5 0.0

=05 1.0 0.0
0.0 0.0 1.0

Table 5. Median estimator RMSE on independent evaluation data, irrelevant

X, pay.zy = 0.0.

n Kernel Correct Misspecified
50 0.109 0.054 0.316
100 0.086 0.038 0.316

Table 6. Median bandwidth constant ¢ (h = con™/7), upper and lower quar-

tiles are in parentheses, irrelevant Xo, pg, 2, = 0.0.

n ha, P, hy
50 1.120 5.781 0.951
(0.765,1.57) (1.53,1.25%x107) (0.674,1.12)
100 1.048 6.871 0.938
(0.746,1.32) (1.88,7.88x109) (0.73,1.07)

4. Irrelevant Xs, p;, ., = 0.25

Finally, we let
1.00 0.50 0.00
=050 1.00 0.25
0.00 0.25 1.00

Table 7. Median estimator RMSE on independent evaluation data, irrelevant

X2, Pay .z = 0.25.

n Kernel Correct Misspecified
50 0.114 0.056 0.323
100 0.094 0.040 0.323
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Table 8. Median bandwidth constant ¢ (h = con~Y ), upper and lower quar-

tiles are in parentheses, irrelevant Xo, pz, 4, = 0.25.

n R, Ry hy
50 1.092 4.220 0.955
(0.711,1.52) (1.42,1.19x107) (0.703,1.11)
100 1.042 4.115 0.921
(0.752,1.34) (1.73,7.55x 10°) (0.729,1.05)

Summarizing the above simulation results, we observe that

1) As expected, the nonparametric method is less efficient than the correctly speci-
fied parametric model, but can be much more efficient than an incorrectly specified

parametric model.

2) As n; increases, estimation RMSE falls for the nonparametric model but not for
the incorrectly specified parametric model revealing the consistency of the nonpara-

metric approach and the inconsistency of incorrectly specified parametric models.

3) For the irrelevant X, cross-validation oversmooths the irrelevant variable quite
dramatically. The median value of the bandwidth for irrelevant X5 is at least 400%
that for the relevant X;.

4) For the case in which the irrelevant X5 is correlated with the relevant X7, cross-

validation also oversmooths X5 quite dramatically.

We have also done numerous simulations involving discrete ¥ and mixed dis-
crete and continuous X. The results show that the cross-validation method has a
high probability of selecting the upper bound value for A when a discrete variable
is irrelevant. The detailed results are not reported here to conserve space. In the

remaining part of this section we present two empirical applications.
5.2. Firm Investment and Predictor Relevance.

Hsiao & Tahmiscioglu (1997) addressed the issue of financial constraints on
company investment for a panel of US firms. The authors of that study have
graciously provided us with an updated version of their data covering 432 firms
for the years 1982 through 1998 which we use to examine the behavior of cross-
validated bandwidth selection for conditional density estimation for a substantive

current data set.
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The variables contained in the dataset are the beginning of the period capital
stock for the ith firm in period ¢, K;;, the ratio of capital investment to the capital
stock for the ith firm in period ¢, I;;/K;, a liquidity variable (defined as cash flow
minus dividends), L;;/ K, the ratio of sales to the capital stock, S;; /K¢, Tobin’s g,
gi,! a firm specific index F; = 1,...,432, and year T} = 1982,...,1998. A number
of investment equations have been specified, and various regression models of the

relationship

o), &), (&), (%)
T =m 7 s\ - s\ - 7Qit7Fi7Tt +€it
(K it { K i,t—1 K i,t—1 K i,t—1

) )

can be found throughout the literature; see Hsiao & Tahmiscioglu (1997) and the
references therein. However, it has been noted that “Estimates derived from these
different approaches can be very different and hence lead to very different inferences”

(Hsiao & Tahmiscioglu (1997), page 456).

We estimate the conditional density of (%)Z , given the remaining predictors.
We model F; as a nominal variable and 7} as an ordinal one, the remaining being

treated as continuous. Table 9 summarizes the cross-validated bandwidths.

Table 9. Cross-validated bandwidths. The upper bound values for A = 1.

Variable Bandwidth
(%) h = 0.5960n 1/ (+»)
(£)ipy | h=1.25x 10900 1/G+p)
(%)i,t—l h = 5.730n "1/ (5+p)
(%)z’,t—l h=6.24 x 10¥%gn—t/(5+p)
qit h = 0.4080n 1/ (5+p)

b A =0.232

Ty A = 0.257

It can be seen from Table 9 that lagged investment and lagged sales are
smoothed out from the resulting conditional density suggesting that they have a
uniform marginal distribution with respect to current investment. However, we

also observe that liquidity is not smoothed out, in agreement with the findings of

1 A ratio devised by Tobin who hypothesized that the combined market value of all the companies

on the stock market should be about equal to their replacement costs. The individual calculation is the

market value of a firm’s assets divided by their replacement value.
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Hsiao & Tahmiscioglu (1997) who conclude that “liquidity is an important deter-
minant of investment” (page 456), a finding that has “been largely dismissed by

economists following the neoclassical tradition” (pg 455).
5.3. Veterans Lung Cancer Data.

We consider the dataset found in Kalbfleisch and Prentice (1980, pp. 223-224),
which models survival in days of cancer patients using six categorical explanatory
variables: treatment type, cell type, Karnofsky score, months from diagnosis, age in
years, and prior therapy. The dataset contains 137 observations, and the number of
cells greatly exceeds the number of observations. Clearly, the conventional frequency
nonparametric method cannot be used for this dataset. We create a binary outcome
taking values 1 if survival is less than or equal to 180 days, 0 otherwise, and consider
the performance of the proposed estimator versus a parametric Probit estimator.
We wish to evaluate the true predictive performance of each estimator. To this end
we randomly shuffle the data into an estimation sample of size n; = 132 and an
independent evaluation sample of size no = 5. Given the small evaluation sample
size, we create 1,000 such random splits, compute the out-of-sample prediction
for each split, and then summarise results over all 1,000 splits to alleviate concerns
that results from a single split may not be representative. Summarising, the average
predictive efficiency gain for the cross-validated kernel estimator was 8.4% relative
to the parametric estimator, averaged over all 1,000 random shuffies. Of more direct
interest is the ability of cross-validation to remove ‘irrelevant variables’ by assigning
a bandwidth close to the permissible upper bound. Table 10 presents the median
bandwidths over the 1,000 splits along with the 5th and 95th percentiles (upper

bounds are given in square brackets).

Table 10. Median cross-validated bandwidth values over the 1,000 splits, with
their 5th and 95th percentiles in parentheses. Numbers in square brackets represent

maximum bandwidths, and so are the respective values of (r; —1)/r;.

Amed [0.50] | Aped [0.75] | ARed [0.92] | APed[0.96] | Amed [0.98] | Amed [0.50]
0.50 0.28 0.01 0.87 0.96 0.50
(0.50,0.50) | (0.18,0.36) | (0.00,0.14) | (0.76,0.92) | (0.72,0.97) | (0.20,0.50)
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It can be seen from Table 10 that variables 1, 5, and 6 are effectively removed
from the nonparametric estimator, indicating that cell type and Karnofsky score

(variables 2 and 3) are deemed the most “relevant” by the cross-validation criterion.?

It would appear that, in small-sample settings involving a large number of
covariates, the proposed estimator performs well for this popular dataset in terms
of its predictive performance on independent evaluation data, particularly when

compared with a common parametric specification.

6. PROOF OF THEOREM 4.1

We shall assume there are one or more irrelevant components, i.e. p; < p or

q1 < q or both, since otherwise the argument is much simpler. In this context, put

uk@):E([{ x5 ) 1 {<1—Aj>p§-v“(”}r>- 6.)

j=p1+1 Jj=q1+1
Step (i): Taylor expansion. Let py_ = E(f;i), hG,— = E(CALi), fom,— = E(m_;),
App—i =M — i, —, Dp = f_i —pf—and Ag _; = @_i — pi,—- In this step we
shall show that the following first-order Taylor expansion (i.e. expansion to linear

terms) is valid:

Gi(@)w(z®) _ pa, () w(z®) {1 _ 2Am,—z’(ﬂf)}

m_i(z)? fon,— ()? fom,— ()

+ AG}’;(TE;’UEZB ) +op{(nH)'},  (6.2)
foilz,y) w(z®) _ iy () w(zf) {1 Ay i)
fﬁ,l(af)) um7,(:13) /Lm,f(x)

# S o () (63)

uniformly in

1 <4 < n and (z,y) such that z = (2¢,29), with ¢ in the support
of the distribution of X%; h,hq,...,hp, A1,..., A, such that b < n=¢  (6.4)
and n°! < H < n~¢ and uniformly in Aj € Ajforl <5 < ¢

1

for arbitrary but fixed € € (0, 5). Initially we shall work with the regular, rather

than the leave-one-out, estimators.

2 The Karnofsky score measures patient performance of activities of daily living. The score has

proven useful not only for following the course of the illness (usually progressive deficit and ultimately
death), but also a prognosticator: patients with the highest (best) Karnofsky scores at the time of

tumour diagnosis have the best survival and quality of life over the course of their illness.
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Indeed, defining p,, = E(M) = fim,—, py = E(f) = Lf—, pa = E(@), Ay =
M — flm, Ay = f— pr and Ag = G- itc, we shall show that for some § > 0 and
all C > 0,

P(sup

é(x)é)(f o R

3

Ag(z) w(z®) nS(nE)"t| = 0(nC
+ ) }> (H)) O(n=%), (6.5)
fag)w)  [ap@y)ue) [ An@)
P<S“p el et Ky
A )o@ | s o e
# SUEDUE) ] <H>) 0(n=C), (6.)

where the supremum is over all z,y,h, hi,...,hy, A1,..., A, prescribed by (6.4).
Since C' is arbitrarily large then we may also take the supremum over any polyno-
mially large number of copies of the sample Z = {(X1,Y1),...,(X,,Y,)}, regardless
of whether the copies are independent of one another. (Of course, each copy sample
must have the same distribution as Z, and in particular must be itself a random
sample.) Now, there is only a polynomially large number of values of i, and each
leave-one-out sample Z\{(X;,Y;)} is a random (n — 1)-sample, and so (6.5) and
(6.6) imply (6.2) and (6.3) for a sample of size n + 1 rather than n.

Therefore it suffices to derive (6.5) and (6.6). For this it is sufficient, by Taylor
expansion, to show that for some § > 0 and all C' > 0,

A (7) w(z°) {‘Af(w,y) ‘ Ag(z) } 5 1 e
P|su + >n"°(nH =0(n , (6.7
et it el o e (pH)™ | =007, (67
where again the supremum is over x,y, h, h1, ..., hp, A1,..., Ay determined by (6.4).

Let G = C:’diag + @Ogd denote the decomposition of G into its diagonal and

off-diagonal components, and observe that

:%ZUi(m), f(x,y):%ZUi(x)L(y_hYO’
/\ Yvil _Yviz
Caing (7) = nzh Z Ui(@)", Gottalw) = 2h 2. 2 Unl@)Uala) Lz <T) |

11742

where k1, = f L?, Ly denotes the convolution of L with itself,

D= (I () o)

]
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and Pj = /\]/{(1 - )‘J) (Tj - 1)} Put AGdiag = édiag - E@diaga AGoffd - é\offd -
EGogq and Hy = I1; max(h?il,h;?), for integers k > 1. Uniformly in x,y,h,

hi,... ¢ hp, A1,..., Ag, we have:

Hop BE{U;(2)**} + Hop max (R~ h?F) E{U1 (z) % L(y _hyl) }Qk =0(1).

Therefore, by Rosenthal’s inequality (Hall and Heyde, 1980, p. 23),

E{Am(x)%} < O {(nHQ)_k 4l 1)
B{A (. 0)*"} < i [{mHamax (h,h%)} " 4 n =2 H! (e (12112}

B{Acang (@)} < O {(n*Ha) ™"+ 0t Hl} 2",

uniformly in the same sense as before, where, here and below, C denotes a generic
positive constant depending only on k (as well as on the kernels K and L and the
distribution of (X,Y")).

Since the conditional density of X¢, given X4 = 24, is bounded away from zero

on supp w, for each 29 in the support of the distribution of X9, then
p
Vi () H max (h;?_l, hf)
j=p1+1

is bounded away from zero and infinity, uniformly in z = (2¢, z9) with 2¢ € suppw

and x4 in the support of the distribution of X9. Therefore, if we define
p1 b2
J = (H hj) H min(h;, 1),
Jj=1 Jj=p1+1

then 1/12’“H2k is bounded below by a constant multiple of J2*~!. Hence, for another

constant Cf,

2k
Ayin(g) < Ck {(nJ)flg -+ (nJ)lf%} , (6.8)
E'% i < Cy {(nh) ™" + (nhJ) =2}, (6.9)
B S T Ot ()

< C {(nhJ) "3 + (nh)' Y, (6.10)

the latter inequality following since h < 1.
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Note that H = hJ. We shall show in step (ii) below that for any 6 > 0 we have
for all sufficiently large k,

A oa(w) >

PNESE < Crp(0)n* {(nH)™F + (nH)' =} . (6.11)

g

An heuristic argument leading to (6.11) is the following:

A o 2k A o k—c1
E’&d(f) < const. [var {ﬁd(f)}}
vi(z) vi(z)
< const. (nH)2~?* < const. (nH) ™" (6.12)

for constants ci,c2 > 0. Result (6.12) can be verified by lengthy but direct cal-
culation, treating all the permutations that make a nonvanishing contribution to
the expansion of the 2kth moment on the left-hand side. We shall give instead an
argument, based on Rosenthal’s inequality, sufficient to give the bound at (6.11).
Combining (6.8)—(6.11), noting that h = O(n™¢) for some ¢ > 0, and applying

Markov’s inequality, we deduce that
P{D(&) > n’ (nH)"**} =0 (n=°) (6.13)

for all §,C' > 0, where { = (z,y,h, h1,...,hp, A1,...,Aq) and

A ()
h1/2 vy (x)

D(§) =

FeaME

‘ Agomd(T)
141 (l’)2

The remainder in (6.13) is of the stated order uniformly in £ prescribed by
(6.4). Since C' in (6.13) is arbitrarily large then the same result holds uniformly in
any set, of size no larger than a polynomial in n, of values of £ prescribed by (6.4).

That is, if S is any such set of values of ¢ then

su nd (nH) /%% = n~¢ .
P{ s D(©) > ()2} = 0(-) (6.14)

for all §,C > 0. The regularity conditions asserted in Theorem 4.1 imply that
each of h, hi,...,hy is no smaller than n~%, and no larger than n®2, for constants
C1,Cy > 0. Furthermore, the functions K and L are compactly supported and
Holder continuous. Therefore, taking a polynomially fine mesh of vectors £ pre-
scribed by (6.4) we deduce that (6.14) continues to hold if S is replaced by the class
of all ¢ satisfying (6.4).
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Result (6.7) follows from (6.14), on noting the factor h'/? in the denominator
of the first term on the right-hand side in the definition of D(&), and recalling that,

n (6.4), we imposed the constraint A < n~¢ for some ¢ > 0.

Step (ii): Derivation of (6.11). Let F; denote the o-field generated (X;,Y;), and for

11 < 19 put
Yi, — Y
Qiliz ($) = Uil ((E) Uiz (ZL') Lo (%) s Ri1 = E(Qi1i2 ’le) )
1112 Qzlzz - RZQ + E R 9 S Z Z S’Lllz 9

11 <12

-1 2 2 (n - 1) .

A(G}lffd =2(n’h) S, A(Gz)ffd -~ T 2h Z (Ri — BRy).

i=1

In this notation,

Agofta = Aglﬁd + Aglffd :

The variables R; are independent and identically distributed, have zero mean,

and satisfy E(R2F) < const. h?*H;,'. Therefore, by Rosenthal’s inequality,
[{A(zoffd )}Qk] < const. {(nHQ)—k 4 pl-2k HQ_kl

Hence, since v;(z)?* Hyy, is bounded below by a constant multiple of J2¥~1, uni-

formly in x € supp w, then

AZ) ()
E' 1 ()2

< const. {(nJ) " + (nJ)1_2k} .

Therefore it suffices to prove the version of (6.11) for Ag )Oﬁd, for which it is adequate

to show that for each ¢ > 0, and all sufficiently large k,
2k _ _ _
E|AS) qa(@)|™ < Cu(8) n*® {(nHzh)™* + (nh) =% H'} . (6.15)

We shall give next the first step in the argument leading to (6.15), and then outline

the subsequent steps.

Let G; denote the o-field generated by (X;,,Y;,) for i1 <i. Now, T'= S is a
degenerate U-statistic, expressible as a martingale with zero mean and martingale

differences T;, = 21919‘2_1 Siyia:

11 <12
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where E(T;|G;—1) = 0. By Rosenthal’s inequality,

E{i E(Tf|gi_1)}k+ y E(T?")

i=2 =2

E(T?*) < Cy (6.17)

In order to prove (6.15) it suffices, in view of (6.17), to show that for each § > 0,
and all sufficiently large k,

E{ > E(T?|Gi- } + ) B(T?%) < Cr(8) ¥ {(th/HQ)k + Hg,j}. (6.18)
i=2 1=2

In deriving (6.18) it is relatively straightforward to bound the second term on
the left-hand side. Indeed, we shall prove shortly that

max E(T%) < const. {(nSh/Hg)k +nh H@l} : (6.19)

2<i<n

whence we obtain,
Z E(Ti%) < const.n{(ng’h/l-_fz)]C +nhHL€1}. (6.20)
i=2

This establishes the bound at (6.18) for the second term on the left there. A crude
argument now shows that the first term on the left-hand side of (6.18) admits the
same inequality, but with the factor n replaced by n*: for each § > 0, and all

sufficiently large k,
n k
2 2k
B{ % platlon) | <n* s, BT
< const.n® { (n¥h/Hz)" + nh Hypl ) < const. n* ¥ by
(6.21)
where by, = (n®h/Hy) ™% + Hy,!.

However, if we express F(T?|G;—1) as a martingale in the same way we ex-
pressed T', and iterate the argument leading to (6.19)—(6.21), we may reduce the
factor nFotk in (6.21) first to n**+(*/2) then to n*¥*+(*/4) and so on. Two para-

graphs below we shall give this argument.

First we derive (6.19), however. Conditional on F;,, T;, is a sum of independent

random variables with zero means, and so by Rosenthal’s inequality again,

i2—1 ko oia—1
E{ > B(SELlF )} + ) (531’22)] (6.22)

7:1 1 i1:1

E(TZF) < Gy
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Now, E(S?t ) < const. Hy’h, and E(S2, |F:,) = Zi,Hy'h, where E(ZF) <

1112

const. Hszl, uniformly in 2 < i5 < n. Therefore,

ia—1 k
E{ Z (53112|fi2)} < const. (nh/HQ) sz ,

11=1

uniformly in 2 < iy < n. Hence, by (6.22),

max E(T7%) < const. {(nh/H2)" H,,! +nh Hy2}. (6.23)

2<i<n

Since Hop, > J?+—1, H22k > Hyp,, J >n~! and
(nh/Hy)* J' =28 = (n®h/Hy)" (nJ)' =2 0=t < (n®h/H,)",

then (6.19) follows from (6.23).

Returning to (6.21), we describe the method for sharpening that bound. The
technique is iterative, and at the fth step involves bounding moments of order
t(¢€) = k/2°, rather than of order 2k or k. Reflecting this, let us take k = 2" for an
integer 7 > 0, and let 0 < ¢ < r — 1. We shall derive the version of (6.21) in which
n*¥tk b, on the right-hand side, is replaced by n*9 by,. This result, together with
(6.20), is sufficient to give (6.18) and so to complete the proof of (6.15) and hence
also the proof of (6.11).

Suppose that for £ > 0 we have a statistic 7(®) that can be written as

7O =3" %" s = Z T, (6.24)

11 <12 =2

say, where Tz-(j) => <iy<in—1 Sz(fzg and, for each /, SZ(N2 is a symmetric, determin-
istic function of (X;,,Y;,) and (X,,,Y;,), satisfying E(S“12|.7:) = 0 for i = i1, 1s.
Therefore, (6.24) expresses T (©) as a degenerate U-statistic and as a martingale,
with differences Tz-(z). We start with 7(®) = T = S, given at (6.16). By Rosenthal’s

t(£)
Qi2_1}] )-1—3(13)}7 (6.25)

0 _ = o VY
si) =) E(Z 5) :

to=2 11=1

inequality,

> (S s0)

io=2 i11=1

E{(T(Z))Qt(ﬂ)} < Oy {E(

where
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The right-hand side here, being a sum of moments of sums of random variables

which are independent conditional on (X;,,Y;,), is straightforward to accurately

bound. Indeed, the argument leading to (6.20) gives, for j =1 and 0 < ¢ <r —1,

854) < const. n® by, . (6.26)

The expectation on the right-hand side of (6.25) we deal with by noting that

19—1 n—1
> B{ (3 50) [} =10+ 3 i B8 71 )

12 2 1= 1 11:1

+2(n—1) > (RY - BRIV, (6.27)

=1

where TUHD =5~ 37 ST and, for iy < ia,

11 <12 Z1’L2

gl _ Q(-Hl) _ Rty R(e+1) +E(R(”1))

1112 1112 11

ngj;l) =2n—ix+1)E (Sz(f)ngrl z(f)ZQJrl ’ gw)

and Rf-f“) (ngzl)‘fil)- Let sgﬂ) denote the t(¢)th moment of the sum of the
two series on the right-hand side of (6.27). The series are of independent random
variables, and so again (6.26) is relatively straightforward to derive. The quantity
TU+D s analogous to T™, and can be expressed as a degenerate U-statistic and

as a martingale, just as was T() at (6.24). Note too that

E{(T®)?O} < const. [E{(T(“l))t(@} + 59 4501 (6.28)

Importantly, in passing from the left- to the right-hand side of (6.28) the ex-
ponent 2t(¢) is halved. We iterate (6.28) until £ = r — 1, i.e. t({) = 2. The
argument leading to (6.21) gives E{(T)2*()} < const. n®+4 by, for each 0 <
¢ <r—1andé. Taking £ = r — 1, in which case ¢(¢) = 2 and the moment on
the right-hand side of (6.28) is just the mean square, we show that E{(T()?} <
const. n* by,. Combining this result with (6.26) and (6.28), for general £, we deduce
that E{(T(®)?*} < const.n*® by, which is the desired form of (6.21) in which the

ké+Ek

factor n there is replaced by n*9

Step (iii): Separation into stochastic and non-stochastic terms. Noting (6.2), and

the fact that pf = pif,—iy fm = pm,—i and pe = pg,—; + O(n™1), we see that

CVle—2[2+A1+A2+0p{(nH)_1}, (629)
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uniformly in values of the smoothing parameters satisfying (6.4), where A; = 57 —

E(51),

L :/ e (™) W), Jzz/mf(x,m AW (z),

o0 b ()
o= e { B -2
R

yo s (Xi’lti)()A(Sé‘i(Xi) } . (6.30)

Note that I; — 21, = E(S1), and define

D = [ {s(ylo) = g(ule)* miz) W (2) dy. (6.31)

We shall refer to I; —2 I5 as the non-stochastic term in an expansion of CV, and
call A; and A the stochastic terms. We shall bound the latter in step (v), showing
that for random variables (1 and )2 not depending on the smoothing parameters,

for some 6 > 0 and all C' > 0, and for j =1, 2,

P[Sup ’Aj(h, hi,. .. hp, A1, Ag) — @ ’ >n~? {(nH)_1 —I—D}] = O(n_c) ,
(6.32)

where the supremum is over all values of h, hy, ..., hp, A1,..., Aq prescribed by (6.4).

Step (iv): Expansion of I — 2 I5, and proof of theorem. Recall from step (i) that
pr(e,y) = E{K(z,X) L(y,Y)} and pp(z) = E{K(z,X)}, and put pss(z,y) =
E{K (5, X)? L5, Y )}, sty = fug/ptmn and

I = / 9(y|z)? m(x) dW (z) dy .

the latter not depending on any smoothing parameters. Note that

Li=(1-n") /ug(y|x)2 m(z) dW (z)dy +n~! / % m(x)dW (z)dy.

It can be shown that the first integral on the right-hand side is bounded uniformly

in h,hi,...,hp, A1,. .., A satisfying (6.4). Therefore,

I —2L,+I;=D+n"" / % m(x) dW () dy +O(n™"), (6.33)
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uniformly in b, hy, ..., hy, A1, ..., A, satisfying (6.4).

Define 7 = v5 /12, where vy and vy are as at (6.1). Recall that “bar” notation
indicates that irrelevant components have been dropped from functions or vectors.
In particular, let fif, fif2 [ty and fi,, denote the versions of pr, pr2, g and fipy,
respectively, obtained by eliminating the last po = p — p; components of x°, and
the last ¢ = ¢ — ¢1 components of 9. Using the fact that these components
are totally independent of the others it may be shown that pr = vy, pp =
fifgvy and fim = fim vi. Therefore, pg = pug/pm = fig and piga(2,y)/pm(x)* =
7(2) fif2(Z,y)/im (Z)?. Note too that g(y|r) = g(y|Z). Substituting these results
into (6.33) we deduce that

ﬂf? (jv y)

11—2]2+13:D+7’L_1/ — —\2
o ()

T(z)m(z)dW(z)dy +O(n~"),  (6.34)

uniformly in b, hy,..., hp, A1,..., \q satisfying (6.4).

If the values of h,h1,...,hp,,A1,..., A that, along with the other smooth-
ing parameters, minimise CV, do not all converge in probability to zero, then, by
(4.6), D (defined at (6.31)) does not converge to zero. This result; a subsequence
argument; the fact that D is bounded uniformly in the smoothing parameters; the
property that the “stochastic terms” isolated in step (iii) all converge to zero uni-
formly in the smoothing parameters, up to terms that do not depend on those
parameters (see (6.32)); formulae (6.29) and (6.34); and the fact that I3 does not
depend on the smoothing parameters; together imply that for some § > 0, the
probability that the minimum of CV + I3, over the smoothing parameters, exceeds

0, does not converge to zero as n — oo.

However, choosing h, hq, ..., hp, to be of size n= V@15 and Aq, ..., g, to be
of size n=2/(P11+5); taking hp,+1,--.,hyp to diverge to infinity, and A\; to converge to
(rj —1)/r; for 1 +1 < j < ¢; and using the fact that the “stochastic terms” all
converge to zero up to quantities that do not depend on the smoothing parameters
((6.32) again); it may similarly be shown that CV + I converges in probability
to zero. This contradicts the result obtained in the previous paragraph, and thus

demonstrates that:

at the minimum of CV, the smoothing parameters h, hi,..., hp,, A1,...,

Mg, for the relevant components of X, all converge in probability to zero.
(6.35)
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For any sequence n,, | 0,

[ B2 1(a) m(z) dW (2) d

I

Y
h}’:f’“ [ g(ylz) T(x) dW (z) dy

—1] =0, (6.36)

uniformly in values h, hi, ..., hy, A1, ..., A, satisfying (6.4) and such that h, hq, ...,
hy, lie in the interval (0, 7,]. The result derived in the previous paragraph therefore
implies that (6.36) holds, with convergence in probability, if h, hy, ..., hp, A1, ..., A,
are chosen to minimise CV.

Let x1 denote the version of y, at (4.2), that is obtained if we remove the contri-

bution to that quantity from the variance component of weighted mean integrated

squared error:

)_(1(0,(),...,apl,bh...,bql):)_(((Io,.. apl,bl,.. b(h)
K'/pl

_ R RL Z/fxy fd)dfcdy.

Put a; = n'/P1+Vh; and b; = n? P+ );. We may deduce, by Taylor expansion,

that
[ 4501 - ot mia) aw ) dy

= [{pr@0) = (@) gtizyy? T

m(z)
=n 2/(p+1)X1(aO ap17b1;"‘7bq1)

+o(h2+h§+...+h§1+A1+...+Aql>, (6.37)
uniformly in A, hq,..., hp,, A1, ..., Ag, € (0,7,], for any given sequence 7,, | 0. Note

that only h and the first p; h;’s, and the first ¢g; A;’s, feature in (6.37); none of the

other smoothing parameters plays a role in any of the functions there.

Combining (6.34), (6.36) and (6.37) we deduce that
L =201+ I3 = n~ Pt $(ag, . .. ap,, b1, .., by,)
KRR, _ _
1 )} ————m—— —1}ydW(z)d
o) e [ gl (@) - 1 W) dy
+o{h2+h§+...+h§1 SED VIE U W +(nH)‘1}, (6.38)

uniformly in values of the smoothing parameters h, hq,...,hy, A1, ..., \; satisfying

(6.4) and such that h,hy,... hp ,A1,..., Ay, € (0,m,]. Results (6.29), (6.32) and
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(6.38) imply that (6.38) continues to hold if we replace the left-hand side by CV,
provided we add to the right-hand side a term () that does not depend on the

smoothing parameters:

CV + I3 =n~ @) S(ag, ..., ap,, b1y, by,)
[ ale) @)~ 1y aw ) ay

+Q+op{h2+h§+...+h§1+)\1+...+>\q1+(nH)—1}, (6.39)

{1+ op(1)} o

uniformly in h,..., hp, A1,..., A satisfying (6.4) and such that h,hq,..., "y, A1,
S A € (0,m,].
Let C > 0 and 0 < § < min(r; —1)/r;. Using properties (4.4) and (4.5) it may
be proved that

H / 317 {r(z) — 1} dW () dy

is bounded away from zero and infinity uniformly in hp, 41,...,hp and Ay 41,..., Aq

such that inf(hp,4+1,...,hp) < C and
max{(rj—l)rj_l—)\j cq+1<j<q}>06.
Therefore, (6.39) may be equivalently written as:

CV + Iy = n~ P+ $(ag, ..., ap,, b1, ..., by)
+ (H) T P(hpy o hpy Agrtts s Aq)
+Q+op{h2+hf+...+h§1 + A A +(nH)_1}, (6.40)

where the deterministic function P is nonnegative and equals zero only in the limit
as each of hp,, ..., h, diverges to infinity and each of Ay, +1,..., A, converges to the
respective value of (r; — 1)/r;. Theorem 4.1 follows from (6.35) and (6.40), noting

the uniqueness of the minimum of x (see (4.3)).

Step (v): Derivation of (6.32). We shall only outline the argument, since in most
respects it is close to that in steps (i) and (ii). First we treat (6.32) for j = 1. Put

S < CONPY A CY)) . ol
s1(z,y) = w( ){um(x)Q 2 um(w)} n(z,y) + sia(z,y),

suale) = ue®) {r@) [0 - | figlz,u)” ).

[im (Z)? m(T)?
S1o(x = w(xC M U — ﬁf(f7y)
() = w( >{/ G gy o Hay) )}
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=) [ motula)? du = 2,01 |
sualo) = we){ [ gtuie)? du= 2900 |, s1a(00) = srale0) = sua(op).

In this notation, S; = n~! > s1(Xi, Ya).

Using Rosenthal’s inequality it may be proved that, for all integers k£ > 1,

n 2k
B(n 3 (X ¥~ Boua(X¥))]) < const. (ull) ™,
=1

n 2k
E(n_1 Z [514(X;,Y;) — E{s14(X, Y)}]) < const. {(D/n)k + nl_%} ,
i=1

uniformly in h, hy,..., hp, A1,. .., Aq satisfying (6.4). Therefore, defining

n

Qr=n"Y" [513(X;,Y;) — E{s13(X,Y)}],

=1

we have:

E(Al — Ql)Qk = E(Sl — ESl — Ql)Qk S const. {(nSH)_k + (D/n)k -+ nl_Qk}
< const. [n“s {(nH)™" + DH% : (6.41)

where the last inequality holds for any sufficiently small § > 0, and § does not
depend on k.

By (6.41) and Markov’s inequality,

sup P[ ‘Al(h, By b A Ay) — Q1 ( > 070 {(nH) ! + D}} —0(n ),

(6.42)
for some 6 > 0 (smaller than that in (6.41)) and all C' > 0, where the supremum has
the same interpretation as that at (6.32). The supremum may be moved inside the
probability in (6.42), by first noting that this is possible if the supremum is over a set
S, of bandwidth vectors that contains no more than polynomially many elements
(as a function of n), and then observing that (since K and L are Holder continuous)
a sufficiently fine mesh of this type is adequate to transfer the supremum (already
inside the probability) from S, to the set of all vectors of smoothing parameters

prescribed by (6.4). This completes the proof of (6.32) in the case j = 1.

Next we treat (6.32) in the case j = 2. It is clear from the definition of Ay at
(6.30) that it suffices to prove the version of (6.32) in which A; is replaced by Ay;
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for 1 < j <4, where Ag; =n~! > 52i( X5, Ya),

w(z®) Ag,—i(x) w(@®) Ay, —i(z,y)

o) el =T G e = TG
el pe@) A ) w0l ay(e0) A (o)
e =T e ey PCLE—

For the sake of brevity we shall discuss only the cases j = 1,2, treating the second

first.

We may write

A22— ZszlelzaXZz?Y )
11702

where

w(ay

F {K 1’1,1‘2) L(yl,yQ) - EK(:Ule) L(y17Y)}

w(xla Y1,22, y2)

and satisfies E{¢(z,y, X,Y)} = 0. Put ¢1(z,y) = E{Y(X,Y,z,y)}, let 15 denote

the function that results from v, if we take

h=hi=..=hy =\ =...=X\, =0,

hp1+1:...:hp:OO, )\J:(Tj—l)/rjforfh—'-lﬁjﬁ%
and define

Agg1 = n—l Z#Z {w qu}/zl?vaY ) 7701( 129 )}7

n 1 "
; P1(Xi, Ys), Q= - ; Ve (X;,Y5) .

Note that @) does not depend on smoothing parameters.

>
[\
[\
[\V)
|
S|

The argument leading to (6.41) may be used to show that
E(Ag2—Q)* < const. {(D/n)"+n' "} < const. [n~ {(nH +DH . (6.43)

The martingale methods employed in steps (i) and (ii) may be employed to prove

that for some 6 > 0 we have for all sufficiently large k,

E(A3%) < Cr(8)n (nH)2F. (6.44)
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The heuristic argument behind (6.44), analogous to that at (6.12), is
E(A§]§1> < const. (var Agg; )* ¢ < const. (n’H) 7 _ const. n2e2 ke (nH)™?*

where ¢1,c2 > 0. Combining (6.43) and (6.44) we deduce that (6.42) holds if we
replace (A1, Q1) on the left-hand side by (Asg, Q). Hence, (6.32) holds if we replace

(A1, Q1) there by (Ag, Q).
A similar argument leads to the same result if (A1, Q1) at (6.32) is replaced

by (Az1,Q) for another random variable @ not depending on the smoothing pa-

rameters. To appreciate why, write

Ao = D) DD (X, Xy, Ve, Xy, Vi) (6.45)

41,141,553 distinct

where

w(xC)z [K(x,m)K(%xz) /L(yvyl)L(y’W)dy

w T,T1,Y1,%2,Y2) = —— 5
( ) ,um(x)

_ E{K(m,Xl)K(x,Xg) /L<y,y1)L(y,Y2)dyH
and satisfies E{u(z, X1, Y1, Xo,Ya)} = 0. Define
¢ =—t1—o—3+tPatihs, P2 =1—Pa—t5, P3=12—V5, Q1 =1P3—Ya,
where ¥y (21,1, 22, y2) = E{t)(Xi,, 21,91, 2,52) },

¢2($,$27y2) = E{¢(x7Xi27Y;27I27y2)}7 77Z}3(x7'1"17y1) = E{¢(m7x17y17X137Y )}
Ya(x1,y1) = E{Y(Xi, 21,91, Xy, Vi) by Us(22,92) = E{(Xi,, Xiy, Yiy, T2, 92) } -

Note that
V=014 P2+ ¢34+ s+ ha + 5. (6.46)

Let Agj, for 2 < j <7, denote the versions of Ag; at (6.45) that arise if we replace
the function 1 there by ¢1, ¢o, ¢3, ¢4, 14 and 15, respectively. Then by (6.46),

7
Ao1 =) Ay (6.47)

If, in the functions ¢;, we replace (x,z1,y1,22,y2) by (Xiy, Xiy, Vi, Xis, Yis),

where i1, 75 and i3 are distinct, then ¢, is a function of three independent quantities,
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and its expected value conditional on any one or two of them equals zero; ¢2, ¢3 and
¢4 are functions of two independent quantities, and their expected values conditional
on any one of them equal zero; and 4 and 5 are functions of just one quantity,

and have expected value zero.

In view of these properties, Ags is a degenerate U-statistic of order 3; Asg,
Aoy and Ags are degenerate U-statistics of order 2; and Asg and Agy are sums of
independent random variables. After subtracting from the latter their respective
counterparts in which all smoothing parameters are set equal to their asymptotic
limits, one obtains a quantity whose 2kth moments enjoy the bound at (6.43). The
2kth moments of Ass, Agy and Ags admit the bound at (6.44), and a similar argu-
ment shows that the same bound applies to the 2kth moment of Agy. Combining
these properties, and noting (6.47), we deduce that for a random variable @ not
depending on the smoothing parameters, (6.42) holds if we replace (A1,Q1) on
the left-hand side by (Aq1,@). Hence, (6.32) holds if we replace (A, Q1) there

by (A21, Q)-

6. PROOF OF THEOREM 4.2

We begin with a stochastic approximation to f /m, as follows. Defining p,, =
E(m), py = E(f), A, = i — piy, and Ay = f—,uf, it may be proved that for some
0 >0 and all C' >0,

P(sup

flz,y)wia) [uf(fr,y)w(afc) {1 B Am(ﬂ?)}

b y
m(x) pom () pon ()

Ag(z,y) w(ﬂﬁc>] -6 —1 -C
+ >n"°(nH =0(n , 6.1
s (i)™t =0(n=). (6
where the supremum is of the stated order uniformly in x,y, h, hy,..., hy, A1, ..., Aq

prescribed by:

1 <4 <n and (z,y) such that z = (2¢,29), with ¢ in the support
of the distribution of X%: h, hq,.. hp, A1, ..o, Ag such that h < n™¢
and n! < H < n~¢ and uniformly in \; € A; for 1 < j < g;

for arbitrary but fixed € € (0, 3).

Let n,, denote any positive sequence decreasing to zero, and let S,, be the set
of all vectors v = (h,h1,...,hp, A1,...,Aq) of smoothing parameters that satisfy

the properties: h = n=1/(P15) gy h; = n=V 149 g, for 1 < j < py, h; >yt for
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pr+1<ji<p N\ =n2ErH)p for1 <j<q,and \; = (rj —1)/r; — 6, for
@1 +1<j <gq, where a; € [a? — nn,a? + 1], b € [max((),b? — nn),bg + n,] and
65 € [0,7n].

Result (6.1) implies that

_ @y fy Am@ | Ar@Y) 2 n)
fim () {1 Mm(x)} L () + 0p ), (6.2)

uniformly in v € §,. Throughout the present paragraph, let v = v,, denote any

J(ylz)

deterministic smoothing parameter sequence in S,,. Property (4.10) is a consequence

of (6.2) and the results:

LZ (aéﬁ) - MJ %’f)) = §(ylz) + 072 B(z,y) +o(n”H D) (6.3)

n2/5

V1 (z) m(%) {92, 9) Am(x) + Af(z,y)} — N{0,0(z,9)°}, (6.4)
Am(@)| | Bs@Y)| G (-2/049)

vi(z) ‘ vy () ‘ On ) (6.5)

where the convergence in (6.4) is in distribution. Property (6.3) follows by ele-
mentary calculus, (6.4) by a central limit theorem for sums of independent random
variables, and (6.5) by calculating the mean square of the left-hand side and showing

that it equals O(n=%/(P1+2)),

We shall apply the superscript * to a quantity to denote the value it takes for
any particular, deterministic, but otherwise arbitrary, v € S,,. In order to extend
(4.10) to the case where the smoothing parameter sequence is stochastic, and in

particular obtained by cross-validation, it suffices to show that

ar(zy)  Ap(y) —2/(p1+5)
sup |———~- — ————| =o0(n ! , 6.6
S @ @ | ) (66)
Ab(z,y)  As(z,y)
f\ I /Yy —2/(p1+5)
su = 0,(n , 6.7
2@ | ) (67)
AL (z)  Ap(z) —2/(p145)
su m — =o0,(n 1 ) 6.8
ST T G | % ) (68)

Result (6.6) follows by elementary calculus, so it suffices to derive (6.7) and (6.8).
We shall confine attention to (6.7).

Write A} for the version of A that is obtained by omitting the last ps com-
ponents of the X¢’s and the last go components of the X{’s. That is, defining

p1
1 x¢ — X¢€
st {11 L (529)
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Aj ’ 1-Ni; 1 (y-Y;
| | 1— A\ FIC) R
><{j=1(rj_1> ( /) }}l ( h )

we put A} =n~1 Y. (A — FA;). Let

Af (o) = S0 - Ajay),

Elementary moment calculations show that E(A?)2 = o(n~*/(P1+5) uniformly in
smoothing parameters v € §,,. Using properties of rates of convergence in invariance
principles for multivariate empirical processes (see e.g. Rio, 1996), these results may
be generalised by showing that the normalised stochastic process, indexed by v € S,
converges to zero uniformly in smoothing parameters in S,,:

veES,

in probability.

Therefore, in order to establish (6.7) it suffices to prove that

sup A (z,y) — Al (2, y)| = o(n =2/ @ 19)) | (6.9)

where A}* (z,y) denotes the version of A} (z,y) computed for any particular value
of the smoothing parameter vector v. (Note that neither A}*(w,y) nor A}(w,y)
depends on the last py h;’s or the last g2 A;’s.) Simple moment calculations show
that E{A}(m,y) — A}*(az,y)}2 = o(n~%P115) uniformly in v € S,, and this re-
sult may again be extended, to (6.9), using properties of invariance principles for
multivariate empirical processes. Therefore (6.7) holds, completing the proof of the

theorem.
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