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Abstract

Forecast intervals generalize point forecasts to represent and incorporate uncertainty.
Forecast intervals calculated from dynamic models typically sidestep the issue of parameter
estimation. This paper shows how to construct asymptotic forecast intervals which
incorporate the uncertainty due to parameter estimation. Our proposed solution is a simple
proportional adjustment to the interval endpoints, the adjustment factor depending on the
asymptotic variance of the interval estimates. Our analysis is in the context of a forecasting
equation with an error independent of the forecasting variables but with unknown
distribution. The methods are illustrated with a simulation experiment and an application
to the US monthly unemployment rate.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Econometric time-series models are routinely used for generating forecasts. Often
these take the form of point forecasts,' but there has been recent increased attention
given to interval forecasts and the closely related density forecast. Interval forecasts
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are typically computed from point estimates of the conditional distribution function,
without an adjustment for parameter estimation error. This is in contrast to the
treatment of prediction intervals found in standard econometrics textbooks, which
derives an exact prediction interval for the case of independent data with normal
errors. The contribution of this paper is to show how to adjust forecast intervals to
account for estimation error. Our recommendation is that forecast interval
endpoints should be proportionately adjusted, with the adjustment factor depending
on the sample size and the asymptotic variance of the point estimate of the forecast
interval endpoints. Adjusted intervals endpoints can also be calculated as the
quantiles from the convolution of the estimated conditional density function with the
density of the estimation error.

A clean and explicit description of forecast interval construction can be found in
Granger et al. (1989). A thorough review of a variety of methods can be found in
Chatfield (1993). Zarnowitz and Braun (1993) provide a detailed description of the
history of the NBER-ASA economic forecasts. Granger (1996) discusses issues
regarding the desired nominal coverage level of forecast intervals. Christoffersen
(1998) discusses the evaluation of interval forecasts. Diebold et al. (1998) introduce
methods for evaluation of density forecasts, and Diebold et al. (1999a) extend the
method to bi-variate data. Tay and Wallis (2000) survey density forecasts, and Wallis
(2003a) proposes tests of interval forecasts. Related discussions can be found in
Granger and Pesaran (1999), Diebold et al. (1999b), and Wallis (2003b). Corradi and
Swanson (2004) introduce bootstrap methods for selection between misspecified
predictive density models. Bayesian forecast intervals are proposed in Otrok and
Whiteman (1997, 1998), Robertson et al. (2003) and Cogley et al. (2003).

As a practical example of interval forecasts, the Bank of England publishes a
quarterly Inflation Report which includes a fan chart for the future path of inflation.
These are graphs of the deciles of the forecast distribution, and are equivalent to
forecast intervals. For details see Britton et al. (1998) and Bean and Jenkinson
(2001).

With the exception of the Bayesian methods, none of the papers listed in the prior
two paragraphs discuss the impact of parameter estimation error upon forecast
interval construction. Our paper is a first step in that direction in a classical statistical
framework.

We follow the recent forecasting literature (e.g. Stock and Watson (1999, 2003))
and take a direct approach to k-step ahead prediction by specifying a k-step ahead
conditional distribution function. This is in contrast to the plug-in method which
iterates a one-step-ahead prediction k times. The direct approach is easist for
implementation, estimation, and inference, and is more robust against specification
error. However, the plug-in approach may be more efficient when the one-step-ahead
forecast model is correctly specified. For discussions see Tiao and Tsay (1994), Fan
and Yao (2003, Section 10.1.4), and Ing (2003).

Our framework is semiparametric. We specify a parametric forecasting equation
which reduces the time-series to an independent error whose distribution is unknown
and nonparametric. This is contrast to much of the density forecasting literature
which is fully parametric.



B.E. Hansen | Journal of Econometrics 135 (2006) 377-398 379

An important limitation of our analysis is that it is confined to the case where the
forecasting error is independent of the conditioning variables. This precludes
misspecification. In the context of linear forecasting models, for example, the
independence assumption excludes ARCH effects. Our analysis is also confined to
simple asymptotic approximations to the static converage probability of forecast
intervals. Issues regarding dynamic coverage properties are not investigated. We also
do not consider the issue of forecast interval comparisons or evaluation, as this is
treated elsewhere (e.g. Christoffersen, 1998).

Section 2 presents our linear k-step-ahead univariate forecasting model. Section 3
discusses our two-step quantile estimator, and presents the asymptotic distribution
of the quantile estimates. Section 4 presents an estimate of the asymptotic variance.
Section 5 examines rough (conventional) forecast intervals. Section 6 introduces our
new corrected forecast intervals. We show that the coverage probability of the
nonparametrically corrected intervals has an improved convergence rate relative to
the uncorrected intervals. Section 7 presents an alternative correction based on a
convolution argument. Section § presents a small simulation experiment. Section 9
illustrates the methods with an application to the US unemployment rate. Some
possible extensions are discussed in Section 10. The Appendix contains the proofs of
the main Theorems.

Following standard convention, let ®&(x) and ¢(x) denote the standard normal cdf
and pdf, respectively, and let ®a(x) = &(x/0) and ¢ (x) = 6~ '¢(x/c) denote the
N(0, ¢%) cdf and pdf.

2. Forecasting model

Consider a stationary univariate time series y, and let x, denote a conditioning set
such as the recent history x, = {y,, y,_1, ..., Vi_ip1}- Let {y, ., X, : t = 1,...,n} denote
the sample of observations. We are interested in developing a forecast interval for
Viex given x, = x. This will require estimation of the k-step-ahead conditional
distribution function (CDF) of y, , given x; = x

G1x) = Py S xlvi = X). ()

For some 0 <a <1 let the «th conditional quantile of y, , given x; = x be denoted ¢,
that is, the solution to the equation o = G(&|x). Also, let g(y|x) = (d/dy) G(y|x)
denote the conditional density function.

Our approach is appropriate for semiparametric forecasting models where a
parametric equation reduces the time-series to a nonparametric independent error.
The parametric component is the equation

h(yt+k9 X1, B) = e;. 2

The d x 1 parameter  is unknown while the function / is known. The latter is
strictly increasing in the argument y and has the inverse relationship

Virk = ”(xl‘a ﬁs et)a
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where 7 is strictly increasing in its argument e. The error e, is assumed independent of
x;, although it is k-dependent since it is a k-step forecast error. Let

F(z) =P(e;<2)

and f(z) = (d/dz) F(z) denote the unknown marginal distribution function and
density function of ¢;. Let ¢ denote the ath quantile of F.
An example of (2) is the linear forecasting model

Yk = %P+ er. (©)

Here, h(y, x, ) = y — X' and 5(x, f§,e¢) = X' + e. Another example is a linear model
with heteroskedasticity

YVirk = x/rﬁl + a(xs, fr)es, 4

in which case h@a X, B) = (y - x/ﬁl)/a(xa BZ) and n(xa ﬁa 6') = x/ﬂl + O'(x, ﬁQ)e'
Under our assumptions, the k-step-ahead CDF for y,; is

G(ylx) = F(h(y,x, ) ©)

and the oth conditional quantile of y,,; given x; = x is

é = ’1(3@ :B’ q)

Observe that ¢ = (&, x, f). Sometimes it will be convenient to write 0 = (f, ¢) and
n(x,0) = n(x, B,q). We will let (6, f, g, ) denote generic values of the parameters and
let (0o, By, 49> o) denote the unknown true values. The model is semiparametric since
the Eq. (2) is parametric while the distribution F is nonparametric.

The assumption that ¢, is independent of x; is quite strong, and requires that the
model (2) is correctly specified. In practice, this is unlikely to be accurate, and
therefore, our methods should be viewed as an approximation to the realistic case of
a misspecified forecasting model.

Our goal is to construct a forecast interval for y,,, conditional on x, = x. Observe
that the one-sided forecast interval (—oo, £] has exact coverage «. Since ¢ is unknown
it must be estimated. We turn to this problem in the next section.

3. Two-step quantile estimation

Let ff be an estimator of the parameter § in Eq. (2) which can be written as an
approximate method of moments estimator. That is for some function /,(f), S
satisfies

n—1

T2 W= o) ©)
t=0

and the function /,(f) is continuously differentiable in f. This estimation framework
includes least-squares, generalized least-squares, generalized method of moments,
maximum likelihood, and quasimaximum likelihood. Let ¢, = A(y, +k,x,,ﬁ) denote
the estimation residuals. The distribution function F is estimated from the empirical
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distribution function (EDF) of the residuals é;:
R 1 n—1
F(z)y=-) 1(¢<z2).
€)= 2 1@<2)

The ath quantile g is estimated by ¢, the ath empirical quantile of the residuals, which
solves o = F(q). The estimator of the CDF is

G(yIx) = F(h(y, x, )).

and that of the ath conditional quantile is

¢ =n(x, B, 9. (M
Note that the conditional distribution G(y|x) is discrete and puts probability mass
n~! at each of the n points y(x, f5, ¢,). )

To derive the asymptotic distribution of &, we use the following set of regularity
conditions.

Assumption 1. Let r>1.

1. The sequence {y,,x,} is strictly stationary and absolutely regular with mixing

coefficients y; such that Y272 j!/¢"Dy; <oo.

2. The forecast error ¢, defined in (2) is independent of x;, k-dependent, with
marginal distribution function F(z) and continuously differentiable density f(z)
with f(¢)>0. The conditional density of y,, given x, =x is bounded:
g(yIx)<g<oo.

. For all B, E|L,(B)|* <oo.

. El,(B) =0 only if § = p,.

. El,l; = L>0 and rank(/g) = d where [, = [,(,) and Iz = (0/3f") EL,(,).

. For some C<oo and all

AN D AW

E sup |l,(ﬁ)—l,(ﬁ1)|2r<C5.
Bi:lp—PBi1<o

7. The function 5(x, 0) = y(x, B, q) satisfies
sup . |’7(x: 91) - n(xa 0)' ga(x)é

[0-01]<0

with Ea(x;)<oo.

Theorem 1. Under Assumption 1,

Vi = &—IN(, 6?), ®)

where

k
1= Euuyy, ©)

=k
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l(e;<qp) — o

Up = 14(x) <f@0)) + (1p(x) = n, 0I5,
0

ng(x) = @ n(x, Bo, 40)s
0

Ny(x) = al n(x, o, qo)

0
y=E <@ h(n(xy, 00), xi, ﬁo)”l/;(xz)) .

For the linear model (3), , = 1, ng(x) = x, and y = Ex;, so

_ (1(€r<‘10) —
T S (q0)

The covariance takes the form (9) since the forecast errors are k-dependent. For

convenience, define s: = n~'67 so that we have the approximation

E~N(&, 52). (11)

Notice that the asymptotic variance is written in terms of the random variable u,
(see (10)) which has two components. The first is due to the nonparametric
estimation of F. The second reflects the estimation of 5. Notice, however, that this
latter term disappears in the linear model when x = Ex;, the conditioning variables
equal their unconditional mean.

Finally, notice that the asymptotic variance aé generally will vary with the quantile
o and x, although the nature of this dependence is difficult to quantify.

) — (x — Ex)) (Ex,X)) "' xse;. (10)

4. Variance estimation

We will need an estimate of the asymptotic variance (9). Given an estimate #; of u,
(discussed shortly) a natural choice is

R 1 n ) 1 o
aé ZZZ u?—i—ZZ; RTINS (12)
=1

Alternatively, a HAC estimator with data-dependent bandwidth may be used for &é,
such as those discussed in Andrews (1991), Newey and West (1994), West (1997) and
Hirukawa (2005). This could be viewed as a robust estimator, and might have better
properties when Eq. (2) is misspecified (in which case u, is not k-dependent).

Our estimate #, is

1 <q)—a

~ / ~ NN
f@) ) + (p(x) — 7,(x)) )lﬁ I,

i\lt = ﬁq(x)<
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0 A
i/\’q(x) = a_q ”(x? ﬁ! q)a

9 .
ﬁﬁ(x) = @ W(xa :[))’ @),

A 1~ 0 A
Z/ﬁ = ZZ a—ﬁ/ lr(ﬁ),
=1

I, = 1.

Our estimate for f(g) is
. 1<
F@="3" ¢, -, (13)
=1

a Gaussian kernel estimator with bandwidth ry. An estimate of the asymptotic MSE-
minimizing choice for the bandwidth 7 is

A 1/5
= | Lo (14)
2V, @)'n
where
n 1
Ja@="3_ 6,2, (15)
=1
A 1 <&
Fl@= 23" 02—,
t=1
B 1 & él_é 2 | . . 6
= ( - ) — 1), -2 (16)

and 59 and s, are preliminary bandwidths. Letting ¢ denote the sample standard
deviation for &, we suggest the Gaussian reference rules sy = 1.066n~'/° and
s> = 0.946n'°, which are MISE-optimal for estimation of the density and its
second derivative when fis Gaussian.

Finally, given &é, we can define the asymptotic standard error for &
125, 17)

3‘5=I17

5. Forecast intervals

Recall, our goal is to construct a forecast interval for y, , conditional on x, = x.
As discussed before, an exact one-sided forecast interval is (—oo, &y]. Replacing the
unknown endpoint &; by our point estimate &, we obtain the rough forecast interval
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(—o0, %]. We call this interval rough because it does not incorporate sampling
uncertainty due to parameter estimation.

Theorem 2. Under Assumption 1,

P(yii <EIXn = x) = F(qy) + 1(F(qo)ha + /' (go)h})sis + O, (18)

where

0
hl = & h(éo’x7 ﬁO)y

0’

o
The bias in the conditional coverage probability is of order n~! due to 52 the

variance of the estimate f In general, the bias depends on the derivatives /; and h.

However, they take simpler forms in the regression case (either model (3) or (4)) as
then s, = 0, and (18) simplifies to

P(yii <ElXn = x) = F(gy) + 11 (go) s + O™, (19)

Furthermore, in the homoskedastic regression model (3), #; =1 and in the
heteroskedastic regression model (4), h; = a(x, ,)~"

In (19), the direction of bias depends on the derivative of the density f'at g. For the
one-sided interval (—oo, &], ¢ is in the right tail where typically /'(¢) <0 so the leading
term in the bias is negative (undercoverage). Similarly, for intervals of the form [&, c0),
q is in the left tail where typically /'(¢)<0 and again the leading term in the bias is
negative. Thus Corollary 1 shows that to a first order of approximation, parameter
estimation tends to bias downward the coverage probabilites of rough forecast intervals.

Most typically, we are interested in two-sided forecast intervals. Let ¢, and ¢, be
the o th and ayth quantile of e, etc., where 0 <o <op <1 so that the rough forecast
interval with nominal coverage o, — «; is [&;, &]. From (19) this has coverage

h(&o. x, By)-

hy =

2 2

h
P << Bl = 1) = 1 — 21 + 5L (7 (g2) = £'(@0) + O,

Typically, the bias term does not disappear. For example, in the leading case where f
is symmetric and oy = 1 — oy then f'(¢,) = —f"(q,). Since two-sided intervals can
always be written as the intersection of two one-sided intervals, we focus on one-
sided intervals for the remainder of our formal discussion.

6. Nonparametric forecast intervals

We can correct the coverage probability to order O(n—3/?) by adjusting the quantile
¢ to set the right-hand-side of (18) equal to «. That is, let ¢* be the value that satisfies

o= F(q*) + 5(£ (g + £/ (g*)I)s%. (20)
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By a Taylor expansion,

g =q-— % (hz + 1 %) sp: +Om™?). 1)

A simple approximation to (21) can be made using the Gaussian reference density.
Suppose that f(x) = ¢, (x). Then

f@__aq
flog ol
In this case we estimate (21) by
ns\ s
A — 5 1 1°né _ né 22

where &? =n"! Z;:ol éf. We call this the “‘simple reference adjustment”. (While simple,
it is not guaranteed to improve performance for error distributions distinct from the
Gaussian.) In particular, for the homoskedastic linear regression (3), this takes the
form of the proportional adjustment

2
=1+ ). 23)
: 2%

Given ¢, we define %: = n(x, ﬁ, ¢;) and define the one-sided corrected forecast
interval (—oo, £], and similarly for two-sided intervals.

An alternative is to estimate (21) using the nonparametric estimator (13) and its
derivative. For a bandwidth r; the latter estimate is

Al 1 n 1 & g — A[ A A
Fa=3> aa-e0 =3 (-5 g, e
=1 1 1

nry iz

An estimate of the asymptotic MSE-minimizing choice for r is
N 1/7
) (@)
= RPN
4/n(f, (@) n
where ' (§) is defined in (15) with s, = 1.066n~'/5, and
3 I Gy s
Jo@ == ¢ —e)

=1

K- & —q & —q\° o
= (3( 5 )—( 5 ))cbs}(q—et)

with s3 = 0.936n~ /11, the MISE-optimal bandwidth for the third derivative when f
is Gaussian.
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We then set

Gy =i - <h2 + J}((q))> e @9

which we call the * nonparametrlc adjustment”.
leen qnp, we define fnp = n(x, [3 qnp) and define the corrected forecast interval

(=00, &1

Theorem 3. Under Assumption 1,
P(ix <&y lxn = X) = a+ O ™/?), (25)

Comparing Theorems 2 and 3, we find that the corrected forecast interval has
improved coverage error relative to the rough forecast interval.

7. Convolution adjustment

For the case i, = 0 we also consider an adjusted interval which avoids the use of a
bandwidth or reference density. Note that the accuracy of correct coverage is the

probability of the event {yn+k 5} {ensh(%, x, fo)} =~ {e,,ghl(at — &p)}. Consider

the random variable ¢, — hl(f — &), let F* denote its distribution function and ¢* is
oth quantile. (We use the same notation as in (20)—(21), since we will show that they
are equivalent to order O(n—3/2).) By several Taylor expansions

a=F(q")

= EP(e, — (& — &0)<q"[¢)

= EF(¢" + m(& = &)

= E[F(q") + /(g (E — &) + 3/ (g (E — &)1+ O )

= F(q") + 3/'(¢")hist + O ~>%)
which is the same as (20) when /; = 0 as asserted.

Since two definitions for ¢* are equivalent to order Op(n*3/ 2), an alternative to (24)

is to estimate the oth quantile of the distribution of the random variable
e, — hl(é ¢o)- Note this is the sum of two approximately independent components.

Thus by the convolution formula and the approximation hl(f &0)~N(0, s?), where
h2 ¢ we have

F*(2) = P(e, — (¢ — &9)<2)

_ /oo /: b, (1 — u)f (u) dudr

= /00 Dy, (z — u)f (u) du.
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Set §; = };1§5 and estimate F* with

Fo= [ ee-wndiw
n—1

{j @5,z — &) (26)
and set ¢ to be the ath quantile of F *(z), the solution to the equation

1 n—1
== P5(§— ). 7)
t=0

Numerically, the solution to (27) is easy to find using Newton iteration. Set the
starting value ¢(1) = ¢ and then iterate on the equation

P <le(qL(l) —é)—u
LY s, (@0G) — )
which will typlcally converge in an small number of iterations.
leen g:, we define 5 = n(x, ﬂ ") and define the corrected forecast interval

(—o0, 5 ]. When A, = 0 it has the same coverage as the nonparametrically adjusted
interval to order O,(n=3/?).

g+ 1) =q;() -

8. Simulation

A small simulation is used to illustrate the accuracy of the proposed forecast
intervals. Our forecasts are based on the linear forecasting model (3) with a fixed
number of autoregressive lags. This is appropriate for the case of a linear
autoregression with iid errors.

The data are generated by the autoregression

Y =08y, +e.

For our first set of experiments, the error e, is iid from one of the first six Marron
and Wand (1992) mixture-normal distributions (Gaussian, skewed, strongly skewed,
kurtotic, outlier, and bimodal).

50,000 samples of length n =40, 100, and 200 were generated, and used to
generate forecast intervals at the horizons of k£ = 2,6, and 10. For each sample, a
linear forecasting model was estimated with 2,6, and 10 lags. The number of
included autoregressive lags exceeds those in the “true’ data generation process in
order to assess the impact of model dimension (and associated parameter estimation)
upon forecast interval accuracy. Rough and corrected 80% forecast intervals were
calculated (10% and 90% forecast quantiles). Realized out-of-sample observa-
tions were generated. The intervals and the realizations were compared, with a
“success’” recorded if the realization was contained in the interval. The frequency of
accurate coverage (the percentage of samples for which the realization landed in the
interval) is reported in Table 1. Due to the large number of simulation replications,
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Table 1

(a) and (b) Nominal 80% forecast interval coverage rates

Sample size Forecast horizon Lag order / =2

Lag order / =6

Lag order / = 10

R S C NP R S C NP R S C NP
(a) Marron— Wand density # 1 (Gaussian)
n=40 k=2 0.73 077 0.77 0.76 0.68 0.74 0.73 0.72 0.61 0.72 0.70 0.68
k=6 0.66 0.71 0.70 0.70 0.60 0.68 0.67 0.66 0.54 0.64 0.62 0.61
k=10 0.64 0.68 0.67 0.67 0.58 064 063 0.62 0.51 059 058 057
n=100 k=2 0.77 079 0.79 0.79 0.76 0.78 0.78 0.78 0.73 0.77 0.77 0.76
k=6 0.75 0.78 0.77 0.77 0.73 0.76 0.76 0.76 0.71 0.75 0.75 0.74
k=10 0.74 0.76 0.76 0.76 0.71 0.75 0.75 0.74 0.69 0.74 0.73 0.73
n =200 k=2 0.79 080 0.80 0.79 0.78 0.79 0.79 0.79 0.77 0.79 0.79 0.78
k=6 077 079 0.79 0.79 0.76 0.78 0.78 0.78 0.75 0.78 0.78 0.78
k=10 077 078 078 078 076 078 0.78 078 075 0.77 077 0.77
Marron— Wand density # 2 (skewed)
n =40 k=2 0.73 0.77 0.77 0.76 0.67 074 0.74 0.72 0.61 0.71 0.70 0.68
k=6 0.67 0.71 0.71 0.70 0.60 0.67 0.66 0.65 0.55 0.64 0.63 0.61
k=10 0.64 0.68 0.68 0.67 0.58 0.64 0.63 0.62 0.51 059 0.58 0.57
n =100 k=2 0.77 079 0.79 0.78 0.75 078 0.78 0.78 0.73 0.77 0.77 0.76
k=6 0.75 0.77 0.78 0.77 0.72 0.76 0.76 0.75 0.71 0.75 0.75 0.74
k=10 074 0.77 0.76 0.76 0.72 0.75 0.75 0.75 0.69 0.74 0.73 0.73
n =200 k=2 0.79 080 0.80 0.80 0.78 079 0.79 0.79 0.77 0.78 0.78 0.78
k=6 0.77 079 0.79 0.79 0.76 0.78 0.78 0.78 0.75 0.78 0.78 0.77
k=10 0.77 0.79 0.78 078 0.76 0.78 0.78 0.77 075 0.77 0.77 0.77
Marron— Wand density # 3 (strongly skewed)
n=40 k=2 0.72 0.76 0.77 0.75 0.67 0.74 0.74 0.72 0.61 0.71 0.71 0.69
k=6 0.67 0.72 0.71 070 0.61 0.68 0.67 0.66 0.55 0.64 0.62 0.61
k=10 0.64 0.68 0.68 0.67 0.59 064 063 0.63 052 0.60 059 0.58
n=100 k=2 0.77 079 0.79 0.78 0.75 0.78 0.78 0.77 0.72 0.76 0.78 0.76
k=6 0.75 0.77 0.77 077 0.73 076 0.76 0.76 0.70 0.75 0.75 0.74
k=10 0.73 0.76 0.76 0.76 0.71 0.75 0.74 0.74 0.69 0.74 0.73 0.73
n =200 k=2 079 079 0.79 0.79 0.77 0.78 0.79 0.78 0.76 0.78 0.79 0.78
k=6 0.77 079 0.79 0.79 0.76 0.78 0.78 0.78 0.75 0.78 0.78 0.77
k=10 076 0.78 0.78 0.78 0.75 0.78 0.78 0.77 0.75 0.77 0.77 0.77
(b) Marron— Wand density # 4 (kurtotic)
n =40 k=2 073 0.77 077 076 0.68 0.74 0.74 0.72 062 0.72 0.71 0.69
k=6 0.66 0.71 0.71 0.70 0.60 0.68 0.67 0.65 0.54 0.64 0.63 0.61
k=10 0.64 0.68 0.67 0.67 0.57 0.64 0.63 0.62 0.51 059 0.58 0.56
n =100 k=2 077 079 0.79 0.79 0.76 0.78 0.78 0.78 0.74 0.77 0.77 0.76
k=6 0.75 0.77 0.77 0.77 0.72 0.76 0.76 0.76 0.70 0.75 0.75 0.74
k=10 074 0.76 0.76 0.76 0.71 0.75 0.75 0.74 0.69 0.74 0.74 0.73
n =200 k=2 0.79 080 0.80 0.79 0.78 079 0.79 0.79 0.77 0.79 0.79 0.79
k=6 0.77 0.78 0.78 0.78 0.76 0.78 0.78 0.78 0.75 0.78 0.78 0.77
k=10 0.77 078 0.78 0.78 0.76 0.78 0.78 0.77 075 0.77 0.77 0.77
Marron— Wand density # 5 (outlier)
n=40 k=2 0.73 0.76 0.80 0.75 0.68 0.74 0.78 0.72 0.62 0.72 0.75 0.68
k=6 0.65 0.70 0.71 0.68 0.60 0.67 0.68 0.64 053 0.64 0.64 0.59
k=10 0.61 0.66 0.67 0.64 055 062 062 059 049 0.58 058 0.54
n=100 k=2 0.77 0.78 0.81 0.79 0.76 0.78 0.81 0.78 0.74 0.77 0.81 0.77
k=6 0.74 076 0.78 0.76 0.72 0.75 0.77 0.75 071 0.75 0.76 0.74
k=10 072 0.75 0.76 0.74 0.71 074 0.76 0.74 0.69 0.73 0.74 0.72
n =200 k=2 0.79 0.80 0.81 0.80 0.78 0.79 0.81 0.80 0.77 0.78 0.81 0.79
k=6 0.77 0.78 0.79 0.78 0.76 0.78 0.79 0.78 0.76 0.78 0.79 0.78
k=10 076 0.77 0.78 0.77 0.75 0.77 0.78 0.77 0.75 0.77 0.78 0.77
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Table 1 (continued)

Sample size  Forecast horizon Lag order / =2 Lag order / =6 Lag order / =10

R N C NP R S C NP R S C NP

Marron— Wand density # 6 (bimodal)

n =40 k=2 072 0.77 0.76 0.75 0.67 074 0.73 0.72 0.61 0.71 0.70 0.68
k=6 0.66 0.72 0.71 0.70 0.60 0.68 0.67 0.66 0.54 0.64 0.62 0.61
k=10 0.64 0.68 0.67 0.67 058 064 063 0.63 051 0.60 058 0.57
n =100 k=2 077 079 0.79 0.79 0.75 078 0.77 0.77 0.73 0.77 0.76 0.76
k=6 0.75 0.77 0.77 0.77 0.73 076 0.76 0.76 0.70 0.75 0.75 0.74
k=10 0.73 076 0.76 0.76 0.71 0.75 0.75 0.74 0.69 0.74 0.74 0.73
n =200 k=2 078 0.79 0.79 0.79 0.78 079 0.79 0.79 0.76 0.78 0.78 0.78
k=6 0.77 079 0.79 0.79 0.76 0.78 0.78 0.78 0.75 0.78 0.77 0.77
k=10 0.77 0.78 0.78 0.78 0.76 0.78 0.78 0.78 0.74 0.77 0.77 0.77

these estimates have standard errors of only 0.002, so the reported frequencies are
precise.

The cells in Table 1 report the frequency with which the forecast intervals
contained the out-of-sample realization. Ideally, they should have 80% coverage.
Deviations from 0.80 indicate inaccurate coverage.

As expected, the accuracy of the forecast intervals increases with sample size,
decreases with the forecast horizon, and decreases with the model order. In
particular, when n = 40 the accuracy is quite low unless k = 2. In general, the
forecast intervals have coverage less than the desired 80%. This appears to be due to
the large bias in autoregressive estimation in small samples with strong serial
correlation.

In all cases our three corrected intervals always perform better than the rough
intervals. While the coverage probabilities of the three corrected intervals are fairly
similar, the simple reference adjustment nearly always has the best coverage, with the
convolution adjustment second best. An exception to this rule arises for the Outlier
error distribution, where we see that the convolution adjustment yields the best
coverage.

For our second set of experiments, we introduce two forms of misspecification.
First, we generated e, from the MA(1)

e; =& + 0.8¢,_4

with ¢, iid N(0, 1). Equivalently, y, is an infinite-order autoregression so all finite-
order autoregressions are misspecified and have omitted dynamics. The results from
application of the same procedures are reported in the first panel of Table 2. The
performance are very similar to the simple AR(1) case. This form of misspecification
does not have a meaningful effect on coverage accuracy.

Finally, we generated e, from the ARCH(1) model

e,~N(0,0.2 + 0.88?_] ).

Conditional heteroskedasticity violates the assumption of iid errors, and is thus a
form of misspecification. The results are presented in the second panel of Table 2.
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Table 2
Nominal 80% forecast interval coverage rates misspecified cases

Sample size Forecast horizon Lag order / =2 Lag order / =6 Lag order / = 10

R S C NP R S C NP R S C NP

MA(I)

n =40 k=2 0.71 076 0.76 0.75 0.66 0.73 0.72 072 0.60 0.70 0.69 0.68
k=6 0.64 070 069 068 058 0.66 065 064 051 062 060 0.59
k=10 0.61 0.66 0.65 065 055 062 061 060 048 057 055 0.54

n =100 k=2 0.77 079 0.79 0.78 075 0.78 0.78 077 073 0.77 077 0.77
k=6 074 077 0.77 0.77 072 076 076 075 070 075 074 0.74
k=10 072 076 0.76 075 070 0.74 0.74 074 0.68 073 073 0.72

n =200 k=2 0.79 079 079 0.79 077 079 0.79 079 077 0.79 0.79 0.78
k=6 077 079 079 079 076 078 078 078 075 0.78 0.78 0.77
k=10 0.76 078 0.78 0.78 075 077 077 077 074 077 077 0.77

ARCH(1)

n =40 k=2 0.58 0.63 0.64 062 053 062 062 060 049 0.60 060 0.57
k=6 0.55 061 0.61 060 050 059 058 057 045 057 055 0.54
k=10 0.54 060 0.59 059 049 0.57 056 0.55 043 054 052 0.51

n =100 k=2 0.59 062 0.63 062 058 062 063 062 057 061 063 0.62
k=6 0.61 0.64 065 064 059 0.63 064 063 057 063 063 0.63
k=10 0.61 0.64 0.65 064 059 0.63 064 063 057 063 064 0.63

n =200 k=2 0.60 0.61 062 062 059 061 062 062 059 061 062 0.62
k= 0.62 0.65 0.64 065 061 063 064 064 061 063 064 0.62
k=10 0.62 0.64 065 065 061 0.64 065 065 060 064 065 0.64

R = rough forecast interval; S = simple reference adjustment;
C = convolution adjustment; NP = nonparametric adjustment.

We observe that the coverage probabilities dramatically fall, in all cases. The
coverage rates do not even improve greatly with larger sample sizes, as the
forecasting model mis-specifies the conditional variance. While the corrected
intervals have slightly better coverage rates than the rough intervals, our assessment
is that this experiment highlights the critical role played by the independence
assumption.

In summary, one message from the simulation is that any of the corrections can
provide a useful improvement over the standard forecast intervals. A surprising
finding is that the simple reference adjustment (22) is generally the best performer.
This is an easy adjustment, only requiring the long-run variance estimation (12), and
is thus recommended for empirical practice.

A second message is that while the corrections make an improvement, the magnitude
of the improvement is often small compared with the size of the original discrepancy.
Methods which could yield further improvements would be quite desirable.

9. Unemployment rate forecasts

We examine a common forecasting target, the US monthly unemployment rate.
Our measure is the percentage of unemployed in the civilian labor force, which has
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Table 3
Empirical coverage rates US unemployment rate nominal 80% forecast intervals

Rough intervals Simple reference intervals

n =60 n=120 n=180 n =240 n =060 n=120 n =180 n = 240

k=1 0.73 0.80 0.83 0.83 0.77 0.81 0.83 0.84
k=3 0.63 0.75 0.81 0.83 0.71 0.79 0.84 0.85
k=6 0.54 0.72 0.79 0.83 0.65 0.79 0.82 0.85
k=9 0.39 0.67 0.74 0.80 0.51 0.75 0.78 0.82
k=12 0.32 0.59 0.70 0.78 0.42 0.67 0.77 0.81

an available sample from 1948:01 through 2004:07. We use the simple linear
forecasting model (3), with the number of lags determined by minimizing the AIC
(Calculated separately for each sample/horizon combination).

First, we calculate a series of 80% pseudo out-of-sample forecast intervals (10%
and 90% forecast quantiles) using rolling samples. We vary the sample size » among
60, 120, 180, and 240, and the forecast horizon k among 1, 3, 6, 9, and 12. For
example, for the n = 240, k = 12 combination, we start with the observations from
1948:01 to 1957:12 to generate a forecast interval for 1958:12. We then roll forward
one month, using the sample from 1948:02 to 1958:1 to generate a forecast interval
for 1959:1. We continue in this fashion, one month at a time, until a forecast interval
for the final observation 2004:01 is generated. We then calculated the frequency,
across forecasts, in which the forecast interval contained the actual unemployment
rate. These empirical coverage probabilities are reported in Table 3 for the rough and
simple reference intervals.

In all cases, the simple reference forecast intervals have higher coverage rates than
the rough forecast intervals. In most cases the rough intervals have insufficient
coverage and the corrected intervals have coverage rates closer to the desired 80%.
In a few cases (large sample sizes and small forecast horizon) the rough intervals
have approximately correct coverage rates and the corrected intervals are somewhat
overcovering. For the small sample size of n = 60, even the corrected intervals have
insufficient coverage except for one-step-ahead forecasts (k = 1). For n = 180 their
coverage rates are good at all horizons. The coverage rates were also calculated for
the convolution and nonparametric intervals and their performance was similar to
the simple reference intervals so are not reported.

In Fig. 1 we plot the forecast quantiles for the case of n = 180 and k = 3. We plot
the 10% and 90% simple reference forecast quantiles, as well as the actual series.

Fig. 2 plots a fan chart, displaying out-of-sample simple reference forecast
intervals for August 2004 through January 2006. It is calculated using the most
recent 180 observations. The lines represent the forecast deciles. The forecast
intervals are asymmetric with a thick upper tail. The forecast distribution fans out as
the horizon increases, reflecting uncertainty, while the median drifts downwards over
the first 12 months and then slightly turns upwards.
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10. Extensions
10.1. Multiple-horizon multi-step forecasts

Our theoretical analysis has been confined to the case of a single model used for
forecasting at a specific horizon. Yet in many contexts, including the construction of
fan charts, the actual goal is to produce forecasts at multiple horizons. The methods
described in this paper can be used to construct such forecast intervals, horizon by
horizon, but we have not examined the properties of such joint forecasts.



B.E. Hansen | Journal of Econometrics 135 (2006) 377-398 393

Furthermore, how should we simultaneously construct forecasting models for
multiple horizons? In this paper we have confined attention to direct estimation
techniques, which require the construction of an explicit forecasting equation for
each separate horizon. When multiple horizions are simultaneously considered, how
should these models be related? This issue is not explored here, and the answer is
uncertain.

Finally, we have confined attention to forecasts computed from direct estimation.
An alternative is one-step plug-in forecasting. It would be useful to extend our
analysis to this setting. However, while plug-in point forecasts are straightforward to
generate, interval forecasts are quite difficult and would require more sophisticated
calculations.

10.2. Bootstrap methods

The methods presented here are asymptotic. It would be fruitful to explore
alternative distributional approximations such as the bootstrap. The simulation
results of Section 8 suggest that there is considerable room for improvement in small
samples. However, it is unclear how to use the bootstrap to construct accurate
forecast intervals. There are several issues which require careful treatment, including
the following.

First, forecasts are conditioned on the final values of the time series. Thus
bootstrap samples must have the same final values. Construction of such bootstrap
samples is tricky. Standard time-series bootstrap methods (e.g. the block bootstrap)
do not satisfy this requirement.

Second, since the forecast error is non-Gaussian, conventional studentization
techniques cannot be used as required for good bootstrap performance. Percentile
methods may need to be employed.

10.3. Estimation bias

Our approximations utilize the asymptotic approximation that parameter
estimates are approximately unbiased in large samples. Our methods and
adjustments focus on estimation variance exclusively. However, it is well-known
that autoregressive estimates are highly biased in moderate sample sizes. It is quite
reasonable to expect that this is an important factor in the spotty performance of our
forecast intervals. Investigation of the impact of parameter estimation bias on
forecast interval accuracy may be a fruitful avenue for research. Bootstrap methods
may be necessary to estimate and correct for this bias.

10.4. Smooth distribution estimators

This paper follows the conventional literature and estimates the distribution
function of the equation error using the discrete empirical distribution function.
Alternatively, a kernel estimator could be used, resulting in a smooth distribution
estimate. See Hansen (2004) for a description of such methods for univariate data.
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It should be possible to modify the methods discussed here to allow for a smooth
distribution estimator, but that is left for future research.
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Appendix

The proof of Theorem 1 is facilitated by a technical lemma. Define

1:(B)
my(0) = ( 1 <n(x,,0)) — o ) ’

m,(0) = %Z’,:Ol m,(0), and m(0) = Em,(0). Let ©® C R™! be compact.
Lemma 1. /n(7,(0) — m(0)) = S(0), a Gaussian process over 0 € 6.

Proof of Lemma 1. By Doukhan et al. (1995) Theorem 1, Application 1, under our
Assumption 1 it is sufficient to show fol H(u)l/2 du<oo, where H(u) denotes the
entropy with bracketing with respect to the L norm. Andrews (1994) Theorem 5
shows that the latter is satisfied if for all 0

E sup |m(0) —m,(0))* <Co. (28)
9[2‘079]|<5

for some C<oo. We can ignore the /,(f) component of m,(6) as trivial under
Assumption 1.6.
Under Assumption 1.7, for all |0 — 0| <0

1my(0) — m(OD* = 11y, <nxr, 0) — 140 <n(xp, 01)))>
< 1(|J’r+k —n(x;, 0)] <alx)d).
Thus,

E sup  [m(0) =m0 <P(y . — n(xi, 0)| <alx)d)
0, 2‘970||<5

= EG(n(x;,0) + a(x,)o|x;) — G(n(x;, 0) — a(x,)d|x;)]

<2gEa(x,)

using the bound g(y|x)<jg.

Proof of Theorem 1. Assumption 1 is a standard set of conditions for 0— »00. By a
Taylor expansion,

0 = m(0y) = m(0) + OOy — 0) + 0,(n~"/?), (29)
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where

0

Up(x)
Np(x) = (’Iq(x) ) .
By (7), a second Taylor expansion, (29), the fact that ﬁm,,(é) = 0,(1), Lemma 1 and
the consistency of 6 for 0, and the central limit theorem,
V(& = &) = /(. 0) = n(x, 00))
= 19(x)' /(0 — 0p) + 0,(1)
= ny(x) Q™' Vum(0)) + 0,(1)
= 19(x)' Q" /n(m() — m,(0)) + 0,(1)
= ny(x) Q' /n(m(6) — Mn(00)) + 0p(1)
4N, 0?),

0=

Set

where aé is defined in (9) with u, = no(x)'Q_lm,(Go). It remains to simplify ;.
First, observe that

0 0
— Bl <n(x,0))| == ENh(y 4, x1, H)<q)
aq t+k t 9=t aq t+-k t

0=0,

0
= El(e,<q)
Oq

4=40
= f(q).
Second, since G(y|x) = F(h(y,x, p)),

GOyly) = = G(VIX) =1y, x.B) 5 h(y x, B).

Thus,

0
57 Bl <in(x:, 0))

p —E2 G(n(xi, 0)]x,)

0=0, op 0= 00

= Ef(h(n(x.,0), Xr,lf)) h(ﬂ(Xr, 0), xf,ﬂ)

n(x:, 0)

op 0=0y

(f (qo) h(n(xr, 0), x1, ﬁo)n,;(xz)>
=f(q0)-
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Hence
iEl(ﬁ) 0
0= op _< Iy 0 )
=1 o d =\ ray 1
5 B0 <a0) 5 B0, <. 0) Saon’ 1 (@)
0=0,
and thus
—1
o o I 0
—“/'lﬁl flg)™ )
Together,

= ( )/ () ZEI ’ th -
.= (Mp(x ey
u (s ) —V'IEI f(%)il <1(el< o) oc)

1(e:<q) —oc)' -

= 1y =, + nq(x>< e

Proof of Theorem 2. By sequential conditioning

P,k <EIE, X = x) = P(n(x, B, en) <EIE, 3y = )
= P(e, <h(&,x, By)IE, X, = )
= F(h(¢,x, By))
= F(qp) + [ (g9 (& = &)
+ 1 @) + £ (g)h1(E — &
+0(E - &),

where the final equality is a Taylor expansion of & about & and we have used
qo = (&, x, By). Taking expectations conditional on x,, = x alone

P(y, 5 <Elxy = x) = E[P(y, , <EIE x4 = X)|x, = x]
= F(qy) + /(g0 EE — &) +1(f(g)h2 + 1 (qo)hDEE — &)
+0 ) = F(gy) + 1 (F(g0)h2
+/(g)h)sy: + O ™1?),

where the final equality uses the asymptotic distribution for 2 O
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Proof of Theorem 3. First, using (24),

1 !
E@y — a0 > =3 (hz +hi }}((ZS)) ) Sa

and thus,
E(E,, — &) = E((x, B.4;,) — &)
0
~ @ n(xs ﬂa qO)E(é:p - qO)

~ _il 2f/(90)> 2
h 2 (h2 h S () Snt:

since (0/0q) n(x, f, qy) = hl_1 by the implicit function theorem.
By an expansion,

P (et <Ep 10 = ) = Plew <y 3, Bo)I )0 50 = 1)
= F(h(, .. By))
= F(q0) + f(g)hi(E,, — &) + L/ (g2
+ 1 (g1, — &) + Oy,

Taking expectations conditional on x, = x,

ot Sl |~ 5 (1 + )2

A%
P(y)1+k < énplxn = X)

: S (q0)
+3[(go)h2 + 1 (@o)hilsye + Op(n=?)
= o+ 0,(n?)
as stated. [
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