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SUMMARY

A theory of testing under non-standard conditions is developed. By viewing the likelihood as a function
of the unknown parameters, empirical process theory enables us to bound the asymptotic distribution of
standardized likelihood ratio statistics, even when conventional regularity conditions (such as unidentified
nuisance parameters and identically zero scores) are violated. This testing methodology is applied to the
Markov switching model of GNP proposed by Hamilton (1989). The standardized likelihood ratio test
is unable to reject the hypothesis of an AR(4) in favour of the Markov switching model. Instead, we find
strong evidence for an alternative model. This model, like Hamilton’s, is characterized by parameters
which switch between states, but the states arrive independently over time, rather than following an
unrestricted Markov process. The primary difference, however, is that the second autoregressive
parameter, in addition to the intercept, switches between states.

1. INTRODUCTION

Applied econometrics is increasingly dominated by nonlinear models and estimation
techniques. The absence of a body of finite sample theory for nonlinear models means that
applied research must rely either on asymptotic theory or bootstrapping for inference. The
primary asymptotic distributional theory for nonlinear models runs roughly as follows. In a
sufficiently large sample the estimator nears the true parameter vector. Via a Taylor’s expansion
the parameter estimates are equal to their true value, plus the score evaluated at the true value,
divided by the second derivative matrix evaluated at median points.! The likelihood surface is
assumed to be approximately quadratic in this region, so the second derivatives are
approximately constant (that is, not a function of the parameters). Since the score is mean zero,
if it has positive variance, we can apply a central limit theorem, and conclude that the estimator
has an asymptotic multivariate normal distribution.

There appear to be two key assumptions to this argument. First, the likelihood surface must
be locally quadratic. We must interpret ‘locally’ to mean that the likelihood surface is
approximately quadratic over the region in which both the null hypothesis and the global
optimum lie (with high probability).? In fact this condition is routinely violated in many
applications. For example, if some parameters are not identified under the null hypothesis, then

' The rows of the matrix are not necessarily evaluated at the same points.

2The requirement that the global optimum lie in the locally quadratic region ‘with high probability’ is somewhat
circular, since the argument is designed to provide a distributional theory. The conventional proof circumvents this
problem by appealing to the consistency of the estimator.
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the likelihood function is flat (with respect to the unidentified parameters) at the optimum. In
other cases the likelihood surface has more than one local optima, and the null hypothesis may
not lie on the same ‘hill’ as the global optimum. In this case the likelihood surface is far from
quadratic in the region between the global optimum and the null hypothesis. The second key
assumption is that the score must have a positive variance. This condition is violated when the
score is identically zero under the null hypothesis, which occurs when the null hypothesis yields
a local maximum, minimum, or inflection point. Some of these problems have been outlined
in the literature before, and separate methods proposed for ‘handling’ the distributional theory
in these special cases.

Davies (1977, 1987) analyses the problem of unidentified nuisance parameters. He suggests
viewing the test statistic as a function of the nuisance parameter, in order to apply empirical
process theory. Davies bounds the maximum of the empirical process using a crossing-point
argument. Hansen (1991) extends the empirical process theory to a wider class of estimation
problems and test statistics, but instead of bounding the maximum, provides a direct method
to compute critical values, using the empirical covariance function of the empirical process.

Lee and Chesher (1986) study the Lagrange multiplier (LM) test in the case of identically zero
scores. They suggest examining higher-order derivatives at the null. This may be useful if the
higher-order derivatives are also not identically zero; but even if they are not, the power of their
test is not clear. For example, this test will have asymptotic zero power if the likelihood attains
a local maximum at the null.

Each of the above papers present methods which are useful in certain special cases. No
general results appear to exist. In an attempt to fill this void, this paper takes a new approach
to testing which does not require either that the likelihood be locally quadratic or that the scores
(or any other derivative) have positive variance. We work directly with the likelihood surface,
viewing the likelihood function as an empirical process of the unknown parameters. Empirical
process theory is used to derive a bound for the asymptotic distribution of a standardized
likelihood ratio statistic. The distribution depends upon the covariance function of the
empirical process associated with the likelihood surface, but we show that the distribution of
this empirical process can be easily obtained via simulation.

To my knowledge no-one has proposed a similar methodology before. An analogous bound,
however, was proposed by Horowitz and McAleer (1989) in the context of non-nested
hypothesis testing. Bounds for non-standard Wald tests have also been analysed in Kemp
(1991).

This new testing apparatus is set to work on the Markov switching model of output proposed
by Hamilton (1989). Hamilton modelled postwar US GNP growth rates as the sum of an AR(4)
process and a Markov process. This may be interpreted as a model where one of the parameters
(the mean) switches between two values according to a Markov transition process. Hamilton
argued that this model was a better description of the data than the traditional AR model with
a fixed mean. As recognized in his original paper, however, this model is plagued by not just
one, but all of the problems mentioned above. Two nuisance parameters (the transition
probabilities) are not identified under the null hypothesis. The null hypothesis also yields a local
optimum of the likelihood surface, and higher-order derivatives also appear to be zero. This
yields a singular information matrix under the null. Being highly nonlinear, the model produces
numerous local optima as well. Recognizing the inapplicability of standard theory, Hamilton
(1989) did not attempt a formal hypothesis test of the null of an AR(4) versus his Markov
switching model.

The standardized LR test, which is a valid statistical test to discriminate between these
models, fails to reject the null of an AR(4) in favour of the Markov switching model.
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Apparently, the presence of the two nuisance parameters gives the likelihood surface sufficient
freedom so that we cannot reject the possibility that the apparent ‘significant’ coefficients could
simply be due to sampling variation.

A series of Monte-Carlo studies are also presented. It is found that the test has virtually no
size distortion in this application. Thus the failure to reject the null appears not to be a
consequence of the use of a bound for the asymptotic distribution. The simulations also reveal
that the power of the test is quite good, especially when no autoregressive component is
included in the estimated specification.

Hamilton’s Markov switching model, however, is quite restrictive in only allowing one
parameter to vary with the Markov state. We find strong evidence for an alternative model,
in which growth rates are modelled as an AR(2), with the intercept and second AR parameter
varying between states. Further, there is no persistence in the states, as the model accepts the
restriction that the probability of being in one state or the other is independent of the current
state. That is, we find that GNP is characterized by a simple switching model, rather than a
Markov switching model for GNP. The standardized LR test rejects the null hypothesis of an
AR(4) in favour of this alternative switching model around the 1 per cent level.

Section 2 presents the main theoretical results in a simplified environment without nuisance
parameters. Technical details are de-emphasized in favour of intuition. Section 3 outlines the
theory more completely, allowing for nuisance parameters (both identified and non-identified).
These sections develop the apparatus to analyse the likelihood function as an empirical process.
Sections 4 and 5 use these methods to analyse postwar quarterly US GNP. Section 4 analyses
Hamilton’s Markov switching model, and section 5 proposes an alternative simple switching
model. A conclusion follows.

Concerning notation, the symbol ‘=" is used to denote weak convergence of probability
measures with respect to the uniform metric, and ‘|| - ||’ is used to denote the Euclidean metric.
All limits are taken as the sample size, n, tends to positive infinity.

2. THE LIKELIHOOD SURFACE AS AN EMPIRICAL PROCESS

Let us start with a relatively simple problem. Take a likelihood function which is a function
of an unknown parameter o € A where A is some compact metric space. Suppose that the
log-likelihood can be written in the form:

La(e) = 3" h(@),

with the null and alternative hypotheses:
Hy: o=, Hi: o # ap.

It will be very useful to define the likelihood ratio (LR) function:
LRx(a) = Ln(t) — Ln(o0) = Zl [i(ee) — Li(co)] -

This function gives the sequence of Neyman—Pearson likelihood ratio test statistics for the test
of the null against each simple alternative hypothesis. This is not a function which is commonly
used, but it has a number of useful features. Since the likelihood ratio surface is simply a
level-shift of the likelihood surface, the maximum likelihood estimator (MLE) is given by the
parameter value which maximizes the likelihood ratio surface. It follows as well that the
likelihood ratio test statistic for Hp against H, is given by the supremum of the likelihood ratio
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surface:

LR, = sup LR,(a).
a€A

The LR surface can be decomposed into its mean, and deviation from mean:
LRn(a) = Rn(a) + On(a) 1)

where
Ru(o) = E[LRA(a)],

is the mean, and
n
Qn(a) = 21: gi(a),
is the deviation from the mean, where

qi(a) = [li(e) — li(0)) — E [li() — li(o)] .

It is useful to reflect upon decomposition (1). Under standard regularity conditions,
n~'Ru(a) = pR(a) for all a, where R () = E [li(e) — li(c0)] . The function R,(cr) is maximized
precisely at the true parameter vector (which is ao under the null). It follows that under the
null hypothesis, R,(«) is nonpositive, and strictly negative for o # ao.

If the econometrician could actually observe R,(«) there would be no uncertainty. In the real
world, however, an econometrician observes LR,(«), which contains the influence of the
random function Qn(c). Indeed, the existence of random fluctuations in the function Q.(«x)
is why the likelihood is maximized at some value of « other than . We can therefore find some
insight into the behaviour of the optimization problem by studying the stochastic process
On(a).

When properly standardized, we find

1
I

where Q(«) is a mean zero Gaussian process with covariance function
K(ou, a2) = E[gi(a1)gi(e2)]. (3)

The empirical process result (2) is a natural generalization of the classical central limit
theorem. For each value of o, Q(«) is a normal random variable with mean zero and variance
K(o, ). The function K (-, -) describes the covariances between Q(«) at different values of a.

The decomposition (1) can be rewritten as an asymptotic approximation:

1 1
LR, (a) = I Ry(a) + = Qn(a)

n n

=% Ra(@) + Q@) + 0p(1)
where the 0,(1) term holds uniformly in «. (4) states that the LR surface equals (in large
samples) the mean function plus a Gaussian process. The Gaussian process Q(«) is completely
determined by the covariance function K(+) in (3), which can be estimated from the data (we
will discuss this in section 3.2). The mean function, R.(«) is unknown. Standard asymptotic
theory requires that R,(c) is well-behaved. We can avoid this requirement by instead appealing

On(@) =in ; gi(a) = Q(@), @)

1
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