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LINEAR REGRESSION LIMIT THEORY FOR
NONSTATIONARY PANEL DATA!

By PeTER C. B. PHILLIPS AND HYUNGSIK R. MOON?

This paper develops a regression limit theory for nonstationary panel data with large
numbers of cross section (n) and time series (T ) observations. The limit theory allows for
both sequential limits, wherein T — « followed by n — =, and joint limits where T, n — o«
simultaneously; and the relationship between these multidimensional limits is explored.
The panel structures considered allow for no time series cointegration, heterogeneous
cointegration, homogeneous cointegration, and near-homogeneous cointegration. The
paper explores the existence of long-run average relations between integrated panel
vectors when there is no individual time series cointegration and when there is heteroge-
neous cointegration. These relations are parameterized in terms of the matrix regression
coefficient of the long-run average covariance matrix. In the case of homogeneous and
near homogeneous cointegrating panels, a panel fully modified regression estimator is
developed and studied. The limit theory enables us to test hypotheses about the long run
average parameters both within and between subgroups of the full population.

Keyworbps: Nonstationary panel data, long-run average relations, multidimensional
limits, panel cointegration regression, panel spurious regression.

1. INTRODUCTION

THERE HAS BEEN MUCH RECENT EMPIRICAL econometric work on economic
models that uses panel data for which the time series component is nonstation-
ary. Testing growth convergence theories in macroeconomics and estimating
long-run relations between international financial series such as relative prices
and exchange rates, and spot and future exchange rates are a few examples. This
work has been facilitated by the construction and availability of a number of
important panel data sets covering different individuals, regions, and countries
over a relatively long time period, a notable example being the Penn World
table. For such cases a new nonstationary panel data limit theory which allows
for large n and large T asymptotics is useful. Much past panel data research has
focused on identifying and estimating effects from stationary panels with a large
cross section data dimension (n) but with few time series (T) observations. In
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such cases a large n, fixed T limit theory is natural and Chamberlain (1984),
Hsiao (1986), Matyas and Sevestre (1992), and Baltagi (1995) review much of
this research.

The purpose of the present contribution is to investigate regressions with
nonstationary panel data for which the time series component is an integrated
process and where both T and n are large. In such cases, panel regressions can
behave very differently from time series regressions. It has long been recognized
by econometricians that panel data can distinguish effects that time series or
cross section data alone cannot identify, and nonstationary panels provide a
further instance of this phenomenon.

Suppose that we have two 1(1) random vectors, say Y; , and X; ,. When there
is no cointegrating relation between Y; , and X; , and a time series regression
for given i is performed, then the regression coefficient is well known to have a
nondegenerate limit distribution and the regression is characterized as spurious
(Granger and Newbold (1974) and Phillips (1986)). Now suppose that there are
panel observations of Y;  and X;, with large cross sectional and time series
components. In this case, even if the noise in the time series regression is strong,
the noise can often be characterized as independent across individuals. Hence,
by pooling the cross section and time series observations, we may attenuate the
strong effect of the residuals in the regression while retaining the strength of the
signal (X; ). In such a case, we can expect a panel-pooled regression to provide
a consistent estimate of some long-run regression coefficient.

The present paper is concerned with developing a limit theory that is helpful
in understanding and interpreting regressions of this type. In particular, we show
the existence of an interesting long-run relation between panel vectors like Y; ,
and X;, that have no individual time series cointegrating relation. The new
relation is a long-run average relationship over the cross section and it is
parameterized in terms of a matrix regression coefficient derived from the cross
section long-run average covariance matrix.

The following sections consider four possible panel structures for Y;, and
X; : (i) no cointegrating relation, (ii) a heterogeneous cointegrating relation, (iii)
a homogeneous cointegrating relation, and (iv) a near-homogeneous relation.
Our analysis shows that in all four cases the pooled estimator is consistent and
has a normal limit distribution. In the no cointegration and heterogeneous
cointegration cases, we also study a limiting cross section estimator and prove
that it is consistent and has a normal limit distribution, but that it is less efficient
than the pooled estimator. In addition, in the case of homogeneous cointegra-
tion and near-homogeneous cointegration, we can construct a consistent estima-
tor for the long-run regression coefficient, which we call a pooled FM (fully
modified) estimator. This estimator has a faster coefficient convergence rate
than the simple cross section and time series estimators.

Since the beginning of the 1990’s there has been some ongoing research on
nonstationary panel data that connects to our work here. Quah (1994), Levin
and Lin (1993), and recently Im et al. (1996) considered unit root time series
regressions with nonstationary panel data and proposed test statistics for unit
roots. In addition, Pedroni (1995) studied some properties of cointegration
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statistics in pooled time series panels, and Robertson and Symons (1992) studied
the biases that are likely to arise in practice with both stationary and nonstation-
ary panel data. More closely related to our work is Pesaran and Smith (1995),
who examined the impact of nonstationary variables on cross section regression
estimates. They showed that spurious correlation between two 1(1) variables
does not arise in the case of cross section regression with a finite number of
time series observations under conditions such as exogenous regressors and iid
disturbances. Our paper extends that result to a very general setting and
provides a limit theory as T — « and n — « in panel regressions. The long-run
relation defined in Pesaran and Smith (1995) is an average of randomly different
cointegrating coefficients and they suggested cross section regression with time
averaged data for consistent estimation. By contrast, our long run relation is the
regression relation associated with the long run average covariance matrix and it
is this regression that is the natural limit of a pooled panel regression. Further,
we show that both pooled panel regression and limiting cross section regression
estimators are consistent for this long-run average relation.

The limit theory developed here allows for both sequential limits, wherein
T — « followed by n— o, and joint limits where T, n — o simultaneously. A
detailed discussion of multi-index asymptotic theory is provided and some
general theorems for laws of large numbers and central limit theory are given.
Sequential limit theory is easy to derive and generally leads to quick results for a
variety of model configurations. Under some strengthening of the conditions,
the results obtained under sequential limits are shown to apply also when
T,n— o simultaneously. For a limit distribution theory we need the rate
condition n/T — 0. The latter condition indicates that the limit theory here is
most likely to be useful in practice when n is moderate and T is large. We can
expect such data configurations in multi-country macreconomic data, for exam-
ple, when we restrict attention to groups of countries like OECD nations or
developing countries. The limit theory enables us to test hypotheses about the
long-run average parameters both within and between such subgroups of the full
population.

The paper is organized as follows. Section 2 introduces the basic model, lays
out assumptions, and gives some preliminary results including a multidimen-
sional Beveridge Nelson (BN) decomposition. Section 3 develops a framework
for asymptotics for double indexed processes that is used in the paper for both
sequential and joint limit theories. Section 4 assumes that there is no cointegra-
tion among the 1(1) variable across all the individuals and gives asymptotic
theories for a pooled regression estimator and a limiting cross section estimator.
Section 5 assumes that there exists a cointegrating relation in the 1(1) variables
across all the individuals and derives limit theories for the pooled estimators in
three cases—heterogenous, homogeneous, and near-homogeneous cointegra-
tion. Section 6 indicates some extensions of this theory to allow for models with
individual specific effects. Section 7 concludes the paper. Five appendices are
included to develop the multidimensional limit theory, provide some technical
background, relevant lemmas, and proofs of results in the paper.
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Notation is fairly standard. The symbol “= " signifies weak convergence,

“:=" is definitional equivalence, “= signifies equivalence in distribution,

" is convergence in probability, and * Sis convergence almost surely. The
mequallty “>0" signifies positive deflnlteness when applied to matrices.
Stochastic processes such as Brownian motion W(r) on [0, 1] are usually written
as W, integrals such as [fW(r)dr as (W, and stochastic integrals like
JW(r) dW(r) as fWdW. Also vec( A) denotes vectorization of the matrix A by
stacking columns, and || A|| is the Euclidean norm (tr( A A))*/2.

2. ASSUMPTIONS, LARGE T ASYMPTOTICS, AND THE LONG-RUN
AVERAGE COVARIANCE MATRIX

We start with a panel data model based on the vector integrated process
1)  Z,=Z,,+U, (t=1,...,T;i=1,...,n)
with common initialization at t = 0 satisfying
(22)  Z;,isiid across i with E[|Z; ol|* < .

We partition the m-vectors Z; , and U, , in (2.1) into m, and m, components
(m=m,+m, as Z; =/, X{) and U, =y ,, i,t)l Condition (2.2) is
made for convenience and could be generalized to allow for remote past
initialization at the cost of some further complications (e.g., Phillips and Lee
(1996)). The error U, , is assumed to be generated by the random coefficient
linear process

(2.3) U Z |s|ts7

where: (i) {C; .} is a double sequence of (m X m) random matrices across i and
over t; (ii) the m-vectors V,, are iid across i and over t with E(V, ) =0,
EC(V, V) =1,, and, letting V,,; be the ath element of Vm, the V,;, are
assumed to be independent across a=1,..., m with E(V,'; ) =0v* for all i and
t; (iii) C;  and V; , are independent for all i, j, t, and s.

We make two further assumptions about the random coefficients in (2.3). The
first involves moment conditions and the second is a set of summability condi-
tions on the moments of the random coefficients.

AssumpTION 1 (Random Coefficient Conditions):
() {C; ) is iid across i for all s.
(i) EIICI JI* <o for all s.

Thus, C,; ¢ is assumed to be iid across individuals and to have finite fourth
moments that may vary over time. We allow C,  to be dependent over s. This is
important, because whenever U, , is generated by a finite-parameter time series
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model like an autoregression, the coefficients in the Wold decomposition (2.3)
will be nonlinear functions of these parameters that are lag (s) dependent and
will therefore inevitably be dependent over s. Let C, ; ; be the ath element of
vec(C, ;). Also let E(C¥, ) = o\ , .. Then we make the following assumption:

AssUMPTION 2 (Summability Conditions): The following hold for all a=
1 mZ.

(|) i 080, 45 <™

(i) T os“(a4 N S)l/4 < oo,

Suppose the U, in (2.1) are generated by a random coefficient ARMA
process whose characteristic equation has roots {)\ij: j=1,...,J}. Then the
coefficients C; ¢ in the Wold decomposition (2.3) are all linear combinations of
powers of these characteristic roots. Under weak conditions on the distribution
of the roots we can now verify Assumptions 1 and 2. Suppose, for instance, that
the support of the distribution of the moduli of these roots is a compact set
inside the stable region, so that [A;| <M, <1 as. Then all moments of |IC; I
are finite for all s, and series such as those in Assumptlon 2 are easily seen to be
majorized by convergent series. For example, ¥i_ (s, , { < MXi_(s*M?® <
for some constant M. Similar conditions will ensure the validity of the alterna-
tive Assumptions 4 and 5 that are used later on in the paper.

The following lemma establishes the integrability of terms that appear fre-
quently in our development.

~

LEmmA 1 Let C(D=X7_,C; s, Ci =27 .,:Cip, and U ,=X7_,C, V
Under Assumptions 1 and 2 the following hold:

(@) E[X 0sZIIC. JP1<

(b) E||UI JI% < M for some M < oo,

©) ElU |I* <M for some M < .

@ EICOI* <o,

i t—s*

The temporal shift operator generating the iid sequence {V, .}, defines a
measure preserving map on the product probability space induced by the
independent sequences {V; .}, and {C; J; and it generates the sequence {U, },.
Also the random coefficient sequence {C; }, is square summable as. since

—ollCi. JI? <0 as. by Lemma 1(a). Hence, the time series sequence U ) is
square integrable (Lemma 1(b)) and strictly stationary for all i. However, the
sequence {U, ;}, is not ergodic. This is because Fci=a-(ci,0"" v, the
sigma field generated by the sequence {C; Ji_,, is an invariant sigma field with
respect to the temporal shift operator and generates events with probability
between zero and unity.

The following lemma shows that, for each i, U, satisfies a time series BN
decomposition (see Phillips and Solo (1992)) almost surely.
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LEMMA 2 (Panel BN decomposition): Under Assumptions 1 and 2 the processes
=2-oCi Vi in (2.3) admit the following BN decomposition:

it—s

24 U=V, +0,,-0, as.

Note that C,(1) = X%_,C; < as. in view of Lemma 1(d), and U, , are well
defined square integrable random vectors by Lemma 1(c). Following Phillips and
Solo (1992), partial sums of U, ; can be written as

(Tr] [Tr] 1 1 -
(2.5) Zu,t 0(1) Zv,t+ﬁ ~ 7 Y

where [Tr] denotes the integer part of Tr and it is a simple matter to establish
that these partial sum processes satisfy functional laws. Indeed, we have the
following large T result.

LeEmMA 3 (Panel Functional CLT): Under Assumptions 1 and 2,

1 [Tr]
red YU =CMW(r)  asT—foralli.
t=1

Let M(r) = (Myi(r)’, Mxi(r)/)’ = C;(OW(r) = (Cyi(l)’, Cxi(l)/)’Wi(r). Here,
M,(r) is a randomly scaled (or mixed) Brownian Motion with conditional
covariance matrix C;(1)C,(1), whose expectation is well defined because
IEC,(1)C;(1)]| < ¢ in view of Lemma 1(d).

By the continuous mapping theorem and initial condition (2.2) we have

1 T
T2 Z Z Zi = Ci(l)fWiWi,Ci(l), = fMi M,
t=1
as T — « for all i. Then, averaging over i=1,...,n, we have
11 T 10 10
@8 - E,l FEZ“Z“ == iglc:i(l)fwiwi i = E,lfMiMi,

as T — o« for any fixed n. Integrability of the summands in (2.6) follows readily
under the given summability and moment conditions.

LEMMA 4: Under Assumptions 1 and 2, E|l [M;M/||* < .

In consequence, a strong law of large numbers applies to (2.6) as n — < and
o)

2.7) %_ifMiMi’a—'siE(fMiMi’).
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The limit here depends not on the covariance matrix of Z; ,, but on a parameter
matrix that measures the long-run (over t) covariance of Z; , averaged over i.
This parameter matrix is constructed as follows.

Let (2, be the long-run conditional covariance matrix of Z; =(Y,, X; Y
conditioned on Fci, i.e.,

c,(DC,( ¢, (C, 1)
C,(DC, (1) C (DT, |’

YiYi Qyixi

0 0

XiYi XiX;

0 =

= C|(1)C|(1), =

where the partitions of (2, and C;(1)C;(1) are conformable. By Lemma 1(d), £
is integrable and we denote

9y, 9y,
0 0

Xy XX

0= = E()) = E(C,(D)C;(1)).

We call (2 the long-run average covariance matrix of Z, ,.
It is now apparent from (2.6) that E(/M;M/) = E[C,(DE(/W,W,/)C,(1)]. A
simple calculation reveals that E(/W.W,") = 11, so that (2.7) becomes

(2.8) 1% MM S Lo
' nizlf T

showing that the limit of the second moment matrix of the data depends on the
long-run average covariance matrix (2. Taken together, (2.6) and (2.7) give us an
instance of an asymptotic development in which T — o, followed by n — oo,
leading to the sequence of limits

(29 X, ;=

for the double indexed process X, . The next section discusses this type of
sequential asymptotic theory in relation to more general joint asymptotics.

3. LIMIT THEORY FOR MULTIDIMENSIONAL PROCESSES

Throughout this paper, attention is focused on deriving the limit behavior of a
double indexed process X, ;, such as that given in (2.9). In general, the limit of
X,.t depends on the treatment of the two indices, n and T, and the properties
that link the rows and columns of the process. Several approaches are possible.
One approach is to fix one of the indexes, say n, and allow the other (T) to pass
to infinity, giving an intermediate limit. By letting n pass to infinity subse-
quently, a sequential limit theory is obtained. We write this type of limit process
in the form (T,n — )., where the order of the indices is critical to the
meaning. While they often lead to tractable deviations, sequential limits can give
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asymptotic results that are misleading in cases where both indexes pass to
infinity simultaneously. A second approach is to pass to infinity along a specific
diagonal path (in the two dimensional array) determined by a monotonically
increasing function relation of the type T =T(n) while the index n — «. (This
approach really requires specificity about the functional dependence only in the
limit, so it includes cases such as those where we assume that (T/n) —c # 0, in
which case we simply have T(n) = cn.) We write this type of limit process in the
form (T(n), n — %),,,. This approach also simplifies the asymptotic theory by
replacing X, ; with the single indexed process X, ;. The drawback of
diagonal path limit theory is that the assumed expansion path (T(n), n) — « is
highly specific and may not provide an appropriate approximation for a given
(T,n) situation. Moreover, the limit theory can depend on the specific functional
relation T = T(n) that is used in the asymptotic development. (A recent econo-
metric example of this situation is analyzed in Phillips and Lee (1996).) A third
approach is to allow both indexes to pass to infinity simultaneously without
placing specific diagonal path restrictions on the divergence. We write this type
of limit process in the form (T, n — ). Generally speaking, such joint limit
theory requires stronger conditions (linking the rows and columns of the joint
array, and on the moments of the component variates) to establish than
sequential convergence or diagonal path convergence. But, by the same token,
the results are also stronger and may be expected to be relevant to a wider
range of circumstances, provided the conditions hold.

The asymptotic development in this paper will involve both sequential limit
theory and joint limit theory arguments. The sequential limits are especially
helpful in extracting quick asymptotics and they are useful because they bring
into play all of the key elements in our final limit theory in a straightforward
way. The joint limit theory is more difficult to derive and applies under stronger
conditions. Fortunately, these conditions do not seem to exclude cases of major
importance for the type of large T and moderate n empirical applications that
we have in mind for our methods.

The following subsections define the convergence concepts that we need and
give some conditions that assure joint convergence.

3.1. Definitions and Some Relations between Sequential and Joint Limits

A typical double index process of the type that occurs in this paper has the
linear form

-

1
D Xyr=i— 1

ni

Yi,T'

where Y, ; are independent m-component random vectors across i defined on a
probability space ({2, F, P). A typical Y, ; component in our case has the form
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of a standardized sum

(Zi,tz[Tr])l

\|M_|

(3.2) Y, L
: iT d_

where the Z; ., are random elements in the space® D[0, 1]", for some integer h,
within the space ({2, F, P), d; is a standardizing factor, and f is a continuous
functional from D[0,1]" to R™. We alert the reader that the meaning of the
notation X, and Y; 1 in (3.1) and (3.2) above is different from that of the
symbols Y; , and X;, which represent components of Z;, given in (2.1) that
appear in other sections of this paper. The differences in meaning should be
obvious from the context.

DerINITION 1: (a) A sequence of m-vectors {X, } on (£, F,P) is said to
converge in probability to X sequentially, written X ; —, X in sequential limit as
(T,n— )

seql

lim lim P{IX, ;- XI>&}=0  Ve>0.

nNn—o>ow Toow

(b) X, converges in distribution sequentially to the m-vector X, written

X+ = X in sequential limit as (T, n — %), if

lim lim [Ef(X, ) —Ef(X)I=0 vfeC,

nNn—>w T—ox

where C is the class of all bounded, continuous, real functions on R™.

In practice, we can find the sequential limits of X, 1 in (3.1) as follows. Using
time series limit theory we find the limit behavior of Y, ;. Suppose, for example,
thatas T —» «
(3.3) Y=Y,

or

p
(34 Y, —-Y, foralli.

Then, by the independence of Y; ; across i for all T, we have X, ;= X, or
Xo 1 —=p X, as T— o forall n, where X, =(1/k)X{_,Y,

By enlarging the underlying probability space if necessary, we can take it in
the case of (3.3) that all the Y;’s are defined on the same probability space.

®D[0,1]" is a product metric space of h independent copies of D[0,1], the space of the all real
valued functions on the interval [0, 1] that are right continuous and have finite left limits. D[0,1]" is
endowed with the metric p,(f, g) = max;{ p(f;, 9)): i€{l,..., h}, f;, g; €DIO, 1]}, where p is the
modified Skorohod metric (see Billingsley (1968, p. 112)) under which DI[0,1] is separable and
complete.
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Hence, the sum of the limit random variables ¥!_,Y; is well defined on the same
space. Next, we allow n — « and apply a limit theory to the standardized sum

1 n
(35  X,=— Y V.
kn i=1

Under some regularity conditions, we can now find the sequential limit, X, or
X,. For example, if k,=n, we can apply a law of large numbers (LLN) to X,

and if k, = vn we can use an appropriate central limit theorem (CLT).

The requirement that the Y;'s in (3.3) are defined on the same probability
space is important, especially when we apply an LLN to X, in the second stage
(3.5). The reason is as follows. The weak convergence X, =X, as T—®
involves only the implication that the distribution of the X, ; converges to the
distribution of the X, not any properties of the probability space where the X,
are defined. Indeed, if the weak convergence is mixing (e.g., see Hall and Heyde
(1980)), then X, escapes from the underlying probability space when T — .
However, to employ an LLN to the sequence of X, these variates need to be
defined on the same probability space. The requirement that the Y,’s in (3.3) are
defined on the same probability space can be accommodated by suitably enlarg-
ing the underlying space. The construction of such a probability space is
provided in Appendix B.

Next, we define the concepts of joint convergence in probability and joint
weak convergence.

DerFINITION 2: (&) Suppose that the m-vector random sequence X, ; and X
are defined on a probability space (£2,F, P). X, is said to converge in
probability jointly to X, written X ; =, X as (T, n — ), if
(3.6) lim P{|X,=X[[>&}=0 Ve > 0.

,N—>

(b) X, 1 is said to converge in distribution jointly to a (m x 1) random vector

X, written X, = X as (T, n — ), if

(3.7) lim |Ef(X, ) —Ef(X)|=0 VfecC,

T,n>x

where C is the class of all bounded, continuous real functions on R™.

ReEmARKS: (a) Evidently, joint convergence implies diagonal convergence on
all monotonic diagonal paths. Moreover, a version of the converse is also true,
namely that X, + -, X (or X, ;= X)as(T,n—>»)if X, ;) —, X as (T(n),n
— ®) 4i,q TOr all T(n) — o monotonically as n — .

(b) In some of our results, we need to place a condition on the indexes in
joint convergence of the form n/T — 0. Joint convergence as (T, n — «) is then
said to apply subject to this condition. The definitional limits given in (3.6) and
(3.7) above are naturally subject to the same condition regarding the passage of
the indexes to infinity in this case.
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Sequential limits are by no means always the same as joint limits or diagonal
path limits. Sometimes, different normalizations even are required to obtain
nondegenerate limits. PM® gives several examples. Nevertheless, under some
circumstances we can establish a relationship between sequential limits and
joint limits. The following two lemmas give some elementary conditions.

LEmMMA 5 (Conditions for Joint Convergence to Imply Sequential Conver-
gence): (a) Suppose there exist random vectors X,, on the same probability space as
X, 1 satisfying, for alln, X, ;—, X, asT— . If X, -, Xas(T,n— ), then
X1 =, X sequentially as (T, n — ©),.

(b) Suppose there exist random vectors X, such that, for any fixed n, X, = X,
as T If X, 1= Xasn,T— o, then X, + = X sequentially as (T, n — o).

LEmMMA 6 (Conditions for Sequential Convergence to Imply Joint Conver-
gence): (a) Suppose there exist random vectors X, and X on the same probability
space as X, ; satisfying, for all n, X, ; =, X, as T - and X, -, Xasn— o,
Then, X, ¢ =, X as (n, T — ) if and only if,

(3.8) limsup P{|| X, + = X,I> &} =0 Ve> 0.
nT

(b) Suppose there exist random vectors X, such that, for any fixed n, X, = X,
as T—oand X, = X asn—» Then, X, = Xas (n,T— ) if and only if,

(3.9 limsupl E(f(X, ) —E(f(X,)I=0 VfeC.
n,T
3.2. Joint Convergence in Probability

Consider a double indexed process X ; whose typical form is an average of
(m x 1) random vectors Y, 1,

1 n
(310) Xor==Y Y1,
ni—1

where the Y; ; are independent across i for all T. The concern is to establish
conditions under which a probability limit of X, ; in (3.10) exists and to develop
methods of finding this probability limit.

Suppose the X, ; are integrable and let

1 n
(311) py= lim EX,t= lim — ) EY,; be finite.

nT—-o® n,T-ow N i=1

By definition it is sufficient for X, r =, uy as (n, T — =) to show that

1 n
(312)  lim P{HH Y (Y, —EY; 1)
i=1

n,T—oow

>s}=0 forall £> 0.



1068 P. C. B. PHILLIPS AND H. R. MOON

In some applications (3.12) can be verified by showing that

(3.13) I|m E|l—

n,T—oow

Z (Yi,T - EYi,T)
Nzt

using the Markov inequality. Or, if the X ; are square integrable, (3.12) follows
by Chebychev’s inequality when

(3.14) I|m E|—

To» Tox

Z (Yi,T - EYi,T)
i=1

1 n
= lim_ Y EIY, ; —EY, 1II°=0
i=1

where the first equality holds because the Y; ; are independent across i for
all T.

Sequential probability limits can also be derived. From time series limit theory
we may obtain the limit behavior of Y; ; when T — . Suppose, for instance,
that as T — o0

(315) Y, ;=Y, Vi

or

p
(316) Y, —>Y, Vi

so that, by the independence of Y; ; across i for all T it follows X, = X, or
Xo1—p X, as T - forall n, where X, =Q/mx,;

Suppose also, in the case of (3.15), that the Y, are defined on the same
probability space for all i so that the sum of the limit random variables
(/X! .Y, is meaningful. Appendix B(1) provides a construction for doing this
and, hereafter, we assume that the random vectors Y; in (3.15) exist on the same
probability space whenever we use sequential limit arguments. By allowing
n — oo and applying a standard strong law for independent random variables to

1
317 X,= o Y'Y,
i=
under some regularity conditions,* we may find the sequential limit X. Let
1 n
(3.18) my=lim - Y EY..
n .
Then
n as 1 n
Xo== XY >R lim H Z

A fundamental question is whether the joint probability limit w, in (3.11) is
equivalent to the sequential probability limit &, in (3.18). Lemma 6 provides

*simple sufficient conditions are that the Y, are independent with sup; E||Y; — EYiIi2 < oo,
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one solution. According to Lemma 6, it is enough to verify condition (3.9) with
Xor=@/mME,Y;r and X, =(1/mX_,X{_,Y; to conclude that X, —, fx
as n, T — o, where y =lim (1/n)X{_, EY,. The following theorem gives a set
of sufficient conditions under which condition (3.9) is satisfied, so that the
probability limits wy in (3.11) and 1y in (3.18) are equivalent.

THEOREM 1 (Joint Probability Limits): Suppose the (m X 1) random wvectors
Y; ¢ are independent across i for all T and integrable. Assume that Y; 1 =Y; as
T — « for all i. Let the following hold:

() limsup, +(1/MEL ENY; 1l < oo

(i) limsup, +(1/MXI_,IEY, 1 — EY{[=0;

(i) limsup, +(1/MEL ENY; +I{llY; 1[I >ne} =0 Ve > 0; and

(iv) limsup,(1/NX  ENYIIL{IY;l[> ne} =0 Ve > 0.

(a) Then condition (3.9) holds.

() If lim,_ (1/mXI  EY,(:= ) exists and X, = iy asn— =, then X ¢
=, By as (n, T > o).

In establishing the existence of a joint probability limit of (1/mXl .Y, 1,
Theorem 1 requires only first moment assumptions on Y;; and is, in this
respect, less demanding than (3.14), which uses second moments of Y; ;.
Theorem 1 is particularly useful when the first moment condition (3.13) is not so
easy to establish.

An important special case arises when the Y, ; are a scaled version of some
iid random vectors Q; ;.°> Suppose that Y, 1 = C,Q; 1, where the {Q, 1}; are iid
for all T and the C, are (m X m) nonrandom matrices for all i. Suppose that
Qir=0Q; as T— for all i, so that Y,=C;Q;. In general, the Y;, are
heterogenous across i unless the C; are the same for all i. The source of the
heterogeneity of Y; ; is the scale effect C;, and then the heterogeneity from C,
is smoothed by letting n — «. We have the following result for this special case.

CoroLLARY 1. Suppose that Y; ; = C,Q; 1, where the Q, ; are iid across i for all
T, and the C; are (m X m) nonrandom matrices for all i. Assume that the Q; ; are
integrable for all T and Q; y = Q; as T — ». Assume that C = lim (1/n)L{_,C
exists. If [|Q; 1|l is uniformly integrable in T for all i, and if sup;l|C;ll <, then
1/mX,Y;+—, CE(Q) as (n, T — ).

®In many applications, an 1(1) process Z; , can be decomposed into a scaled random walk process
plus an error term, that is, Z; = C,(1)S; ,+ U, o — U, , where S; ,=S;,_, + U;, and C;(1) is the
long-run moving average coefficient of AZ; , (see Phillips and Solo (1992)). Then, the scale factor C;
is C;(1) and Q; 1 corresponds to f(SH/\/?), where f is a continuous functional on some metric
space.
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3.3. Joint Central Limit Theory

This section considers joint convergence in distribution of the vn -standard-
ized double sequence X, r,

1 n
(319) Xn,T: W ZYi,T'
i=1

where the Y; ; are independent (m X 1) random vectors across i with EY; ;1 =0
and EY, Y/ =4 ;.

One approach to the limit distribution of X ; is to attempt to use a
multivariate CLT directly. This approach is particularly appropriate in the case
of diagonal path limits where we have X, 1 =(1/Vn)Z,Y; 1, and a suit-
able multivariate CLT for triangular arrays can be applied. This idea was
employed by Quah (1994) and Levin and Lin (1993) in their work on panel unit
root tests. But, in general, when n and T go to infinity and no specific expansion
relation between n and T is assumed, we cannot use traditional CLT’s in this
way. In what follows, therefore, we develop a joint CLT for (n, T — «), using a
Lindeberg condition for a double indexed process.

First, take the case where the Y; ; in (3.19) are scalar random variables. Let
st =2X!_,0 ; and define & 1 =Y, /s, 1. Then we have the following result.

THEOREM 2 (Joint Limit CLT): Suppose that for Ve > 0,

n

(3200 lim Y E[£2 +1{& . I> )] =0.
1

nToowx =

Then, as (n, T — ),
n
Y & nr=N(O1).
i=1

There are some interesting special cases of this joint CLT. The following
result, which is related to a theorem of Eicker (1963), arises when the (m X 1)
random vectors Y; ; are scaled versions of iid random vectors Q; ..

THeorem 3 (Joint Limit CLT for Scaled Variates): Suppose that Y; ; = C,Q; ¢,
where the (m X 1) random vectors Q, ; are iid(0, 3;) across i for all T and the C;
are (m x m) nonzero and nonrandom matrices. Assume the following conditions
hold:

(i) Let of = A;,(27) and liminf; o2 > 0;

(i) max;_ ,IClI”/Apin(E0-,C,C/) = O(1/n) as n — oo

(iii) 11Q; +II* are uniformly integrable in T;
@iv) lim, +(1/MXL ,CX;C{=02>0.

Then,
X 1
T T
n ‘/ﬁ i

-

Y, +=N(0, 2) asn,T— oo,
1
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Sequential weak convergence of (1/vn)Z! 1Yi 1 can be derived in the same
way as the sequential probability limit of (1/n)X{_,Y;; considered earlier.
Suppose that, for each i as T — «, the random variables Y; ; converge in
distribution to Y;, where the Y; are independent with mean zero and variance

Q.. Then, (1/Vn)XM,Y,= N, Q) if forall £>0as n—x

Y2 (| Y2

(321) E—1{|—|>e} —0,
sn n

and
1,_19¢

(3220 — =HZ

In many econometric applications Y; is a Gaussian random variable or a
function of the Gaussian process. So the Y, usually possess higher moments.
Second moment requirements then follow automatically, and the Lindeberg
condition (3.21) for (1/vVn)X!_,Y, may be verified directly using a Liapounov
condition.

Additional Remarks

(a) Sequential weak convergence of (1/Vn)L!_,Y;; to N(O, £2) under con-
ditions (3.21) and (3.22) does not imply that (1/ V) 1Yit converges in
distribution jointly to N(0, £2) as (n, T — ). According to Lemma 6(ii), condi-
tion (3.9) is a necessary and sufficient condition for (1/vVn)L",Y; ; to converge
in distribution jointly to the sequential limit distribution N(0, £2). In this case,
therefore, condition (3.20) and the condition that (1/n)Z{_; 0, 1 »> 2 as (n,T
— o) provide sufficient conditions for condition (3.9).

(b) When Y; ; in (3.19) does not have mean zero, but instead has mean zero
asymptotically as T — o« for each i, joint CLT’s such as Theorem 2 or Corollary
3 cannot be applied. In this case, T needs to increase fast enough to make the
Vn -standardized sum of the biases small. That is, (1/vn)X!, EY; ; should go to
zero as (n, T —=). In this case, asymptotic normality of (1/vn)X! .Y, will
continue to hold provided the expansion rate between n and T allows the bias
to go to zero. The next section gives an example where this problem arises (e.g.,
see Theorem 4).

4. SPURIOUS PANEL REGRESSION

This section considers the case where the two component random vectors Y; ,
and X;, of Z; in (2.1) have no cointegrating relation for any i. This case is
covered by the following assumption.
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AssumpTION 3 (Spurious Regression): The random matrices (2; are positive
definite almost surely.

Suppose that we perform a time series regression of Y; , on X
41D Y..=BX .+,

where B =XI_,Y;, X! (ZT_,X; X/ )% As is well known (e.g., Phillips (1986)),
under Assumption 3 the regression coefficient estimator B; has the following
nondegenerate limit distribution, as T — oo:

-1
(4.2) @=/MyIM;|(fMXIM;|) for all i.

The weak convergence result (4.2) implies that regression (4.1) is spurious in the
sense that the regression of Y;, on X;, does not identify any fixed long-run
relation between Y; , and X; . By contrast, the main result in what follows is
that, in a panel data set, such regressions are no longer spurious and do, in fact,
distinguish a long-run average relation between Y, , and X; .

Consider the following linear least-squares regression of Y, on X; . with
pooled panel data:

(4.3) Yi,t:En,Txi,t+0\i,t’

where

- n T n T -1
(4.4) Bn,Tz (Z ZYi,tXi’,t)(_Z in,txi,,t) .

We now proceed to develop an asymptotic theory for B\nyT. The approach we
adopt is to derive the limit under sequential convergence of the indices (T, n),
and then show that the limit continues to hold under joint convergence (T, n —
) provided certain conditions hold. In many cases, this is the simplest way to
proceed.

Indeed, for estimators like ,Bn 1, asymptotic results are readily obtained using
sequential asymptotics such as (T n— w)seq According to (2.6) in first stage

asymptotics, the pooled estimator Bn + has the following limit distribution:

~ 10 -

Bn,T=>(H__Z fMy.M;.)( Z/MX. Xu)
as T — = for any fixed n. From Lemma 4 we know that /M, M, and /M, M{
have finite second moments. Also, as in (2.8) above, by direct calculatlon we get
E(/M;M)) = 3E(£2)) = 3. And then, applying the strong law of large numbers
as in (2.7), we have

1 cas. 1 1 Jas. 1
HZ fM'MXi_)EQ and H /MxiMxi_)E‘Qxx

u[\/];
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as n — . By Assumption 3, £2, , is positive definite a.s., and c'(2, , ¢ > 0 a.s. for
any ¢ # 0in R™«. Thus, Ec(2, , ¢ = c(2,,c> 0, which implies that £2,, is positive
definite. Hence (2, exists, and so we have as (T, n — o)

~ p
-1
Bn,T - “ny'Qxx '

Let B= .(Zyx_();xl. We will call the parameter B the long-run average regres-
sion coefficient. It is the matrix regression coefficient (of y on x) associated with
the long-run average covariance matrix (2. To find the limit distribution of Bn T
we rescale the centered estimator (Bn +—B) by Vn and let T — = for fixed n.
For all fixed n as T — o we have

(4.5) \/ﬁ(ﬁm—ﬁ)zi ([M My, — B[ M, M)(%i[MM)l

Note that

E(/MYiM;i_BfMXiM;i) = E[E(/MYiM;i_BfoiM),(i“:Ci)}
= 3E(Q,,, — 2,,2,10,,) =0,

where the conditional expectation exists because /M, M| — B/M, M, is square

integrable by Lemma 4. Thus, the numerator of (4.5) has mean zero. Also, we
know that the numerator has finite second moments from Lemma 4, and with a
straightforward calculation the variance matrix is found® to be

(4.6) E(veC(fMyiM;i - BfoiM;i)Vec(/MyiM;i - Bf'V'xi'V'ii)’)
= %E(Qxixi ® (“Qyiyi - B'Qxiyi - Qyixi B’ + ngixi Bl))
+EE((2, — 20 B ® (2, — B2, Kny )
+ %E(VGC( 'QYiXi - BQXiXi)(veC( ‘QYiXi - BQXiXi)),)
=0, say

where K,  is the (my,m, X m,m,) commutation matrix (e.g., see Magnus and

Neudecker (1988)). The sequence of random matrices {/M, M; — B/M, M, }; in
the numerator of the matrix quotient (4.5) is iid (0, ®) across i. From the
multivariate Lindeberg-Levy theorem, we then get as n — o

1 . ! !
“n = izzl (fMyi My, — B[ My, Mxi) = N(0,0).

®The calculations are given in Appendix C of PM®,
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Combining (4.7) with the limit

1 n s 1

HZ fMXiM;(ia—i EQXX as n— oo,

we have the following limit distribution of the pooled estimator Em as(T,n—-
oc)seq

48 Vn(Bur—B)=N[0.4(05 01, )0(2 el )).

Theorem 4 below shows that these results continue to hold in joint asymp-
totics as (T, n — «). For the limit distribution (4.8) to hold in this case we need
the additional requirement that n/T — 0. No additional condition is required
for consistency.

THEOREM 4. Suppose Assumptions 1, 2, and 3 hold.
(@) Then, as (n, T — ), we have B, r =, B.
(b) If (n,T > ) and n/T — 0, then

Vi (Bor—B)=N(0.4( 05 @1, )O(0 o1, ).

REMARKs: (@) The restriction (n/T) — 0 in Theorem 4 controls the effects of
bias in the panel regression. Under the assumptions on the DGP given in

Section 2, the expectation of the components in the numerator of v/n ( En,T -B)
is generally nonzero, i.e.,

# 0,

1 T
E(F Z (Yi,txi,,t_ﬁxi,txi’,t)
t=1
whereas
1 T
E(F Z (Yi,txi,,t_ﬁxi,txi’,t)) -0,

as T — o for all i. In this case, the condition (n/T) — 0 prevents the bias from
having a dominating asymptotic effect on the standardized quantity Vn (B, Bot—
). But, when (n/T) - 0, the bias can dominate and the asymptotic behavior
can be very different. For example, suppose that

1
\/— ZE( 2 Z(Yltx(t Bxi,txi,,t))_)b

along some diagonal limit (T(n), n — =),,. In this event, we can expect to have
a limit distribution with an asymptotic bias b. Further, the required restriction
on the expansion rate between n and T will change depending on the underly-
ing assumptions about the DGP. For example, if the shocks U, (= AZ, ) are iid
over tand Z; , =0 for all i, then our results hold as (n, T — <) without imposing
any restriction on the expansion rate between n and T.
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(b) Theorem 4 holds for any partition of Z; ,. If the panel data form a vector
unit root model such as (2.1), then we can estimate the average long-run relation
between any two subvectors. In effect, therefore, there is an average long-run
relationship between any two subvector components of an integrated process
over a cross section population.

(c) A key factor in determining these results is that panel data provide iid
cross section information that is unavailable in a simple time series context. In
consequence, we may expect some version of these results to apply when the
regression utilizes only a fraction of the time series data. Suppose we regress Y, ,
on X;, using the cross section observations at time period t={[Tr] with
0 <r<1. The cross section OLS estimator Bn (try 1S then defined by

n n -1
(49) En,[Tr] = ( Z Yi,txi,,t)( Z Xi,tXi,,t) '
i=1

i=1

Using similar arguments to those employed above, we can show that, in
sequential asymptotics as (T, n — «).,, we have

En,[Tr] i B, and
n(Bur—8) = N0 (201, )8(0; 01, ).
where
O=E(2,, ®0,, —B0,, -0, B +p2,B))
FE((Q,, - 0, B)® (2, ~ B2, K, )

(vec((lylxl — BQ,, ) (vec(2,, — ,B.QXIXI))’).

() since (2! ® 1,102 @1, ) - 402 e 1, )0 @1, )>0, the
cross section estimator En is asymptotically less efficient than the pooled
estimator B, ;. This is to be expected because the pooled estimator 8, ; uses all
the time series information while the cross section estimator B, 1., uses only
single time period information. It is therefore interesting to note that, although
time series regression may be spurious, use of all the time series data does
reduce the limiting variance in a panel regression. Heuristically, this is because
when we pool the data we average the limiting information and quantities like
/M, and [§M, M) have less variation than M (1) and M, (DM,(1). For
example, W(1) = N(0, 1), whereas [fW = N(0,

5. PANEL COINTEGRATION

This section considers the case where the variables in Z; , are cointegrated.
As discussed in Phillips (1986), there exists a cointegrating relation among the
variables in Z; , if the conditional long-run variance matrix (2; of Z; , has
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deficient rank. We will discuss three particular types of model: (i) heterogeneous
panel cointegration, where there exist different cointegrating relations among
the variables in Z; , across individuals; (ii) homogeneous panel cointegration,
where the cointegration relation is the same for all the individuals; and (iii)
near-homogeneous panel cointegration, where there exist slightly different coin-
tegrating relations across the individuals.

5.1. Heterogeneous Panel Cointegration

We start by strengthening the moment conditions of the random coefficients
C; ; in (2.3) and the summability conditions as follows. These conditions help to
ensure the existence of a valid BN decomposition for the equation errors in the
panel cointegration model (5.2) given below.

AssumPTION 4 (Random Coefficient Conditions'):
) Assumption 1(i) holds.

(i) EC% (=0, )< foralla=1,...,m%
AssUMPTION 5 (Summability Condition’): For alla=1,..., m?:
(D) X7 oty 0 <%

(i) I7_ot*(ay 5 )V* <o

(iii) Zt 0tz(a8 a8 <o

(iv) X¢_ (o a,t) Y18 < oo,

The previous section assumes that the conditional long-run covariance matrix
0, of the integrated vector Z; , in (2.1) is positive definite. When (), is singular,
important differences arise in the time series case, as is well known, and a
different large T time theory applies for each i.

AssumpTION 6: The following conditions hold almost surely.
() 0, has rank m,.

(ii) Each (m, X m,) leading submatrix 2, , is positive definite.

In this case the generating mechanism (2.1) has a deficient set of unit roots
and the vector Z, , is cointegrated almost surely. To see this, take an arbitrary
element of the probability space for which (i) and (ii) of Assumption 6 hold.
Then we have 2, =0 Q. 0, . Let « =(Im ,—B) and Bi=0,, 0.
The (m, X m) random matrix «; is well defined because Q,,, s positive
definite. Since ;= C,(1)C(1), the equality Q,, — 0, O} Q —0 can be
written as

(5.0  «C(DC, (1) =0,
so that «; is in the row null space of the matrix C;(1).

Define E;,=a;Z;=Y;,— B X;,. Note that AE,=a; AZ;,= U, =
o;C(DV, , — A, U,yt, where the last equality comes from the BN decomposition
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of U, Then, since «;C{(1)=0, AE; = _Aailji,v that is E; = —ailj;'t=
—aiZfzoé'i,sVi,t,s. Lemma 15 in Appendix D shows that E;, is square inte-
grable and that the random coefficients {—«;C; JJ; are summable. Hence,
Assumption 6 implies the existence of the following panel cointegration model
with probability one:

(52) Y, = BX  +E
X = Xi,t—l + Uxi,t'

where
Ei,t =
(5'3) Fi,l: U = ZGi,SVi,t—S’
Xi, t s=0
—o,C,
is Féi,ls’s , and F=(Ozlmx)(mx><m).

The coefficient B; in model (5.2) is random. This means that g, differs
randomly across i and so the cointegrating relation between Y;  and X, is
heterogenous. Also, the random coefficients G;  in the linear process generat-
ing (E{ ,U, J in model (5.2) each involve the cointegrating matrix «; whose
main component is B; = 'Qv.xigx_.i.’ which depends on the inverse of (2, , . From
Assumption 6, ()X‘iil exists almost surely. But, additionally, we need some
moment conditions on Qyixi!);iii to ensure the existence of moments of the

random coefficients G; , which help in establishing the validity of a panel BN
decomposition. Assumptions 1 and 2 alone do not assure the existence of
moments of Q;iii. Hence, to avoid heavy tails in the density of Q;iii, we make

the following assumption about the distribution of (2, , .

AssUMPTION 7: The random matrix (2, , has continuous density function f with
the following properties.

(i) f(N2)=0(etr(—cN)) for some ¢>0 when tr(2) — «©, where etr(—c{2)
denotes exp{tr(—c£)}.

(i) f(£2)=0((det 2)7) for some y> 7 when det(2) — 0.

RemARKs: (a) Condition (i) implies that the tail of the density f is exponen-
tially small as tr(£) — . Condition (ii) restricts the behavior of the density f
when det £ — 0. Taken together (i) and (ii) ensure that (det 2)°f(£2) is inte-
grable for s> —8.

(b) An example of a density f satisfying conditions (i) and (ii) is the Wishart
distribution W, (J, 1, ) whose probability element is

f(2)(dQ) =

1
PLRE etr( - E.(Z)det NO=m=D2(d0),
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with degrees of freedom parameter J> m, + 15 and where

J

rm(—)=[ etr(—2)det 2™ /2(d ).
2 0>0

In this case, 27 has an inverse Wishart distribution with (J + m, + 1) degrees

of freedom and (m, X m,) parameter matrix I, ,W;*(J+m,+1, 1, ) (e.g., see

Muirhead (1982, p. 113).

In view of Lemma 15(a) in Appendix D, X7_,;s2lIG; (I <. as. Then, as in
Lemma 2, it follows from Phillips and Solo (1992) that F, ; has a valid panel BN
decomposition of the form

(54) F =GV, +F . ,—F,

where G;(1)V, , and FI . are well defined square integrable random vectors in
view of Lemma 15. Using (5.4), the partial sum process of F, ; can be written as

[Tr] 1 1 -

(5.5) \/_ Z F, = G(l) Zv, + ﬁ FF"””'

With this BN decomposition in place, we can use the Phillips-Solo approach to
deduce a functional law for partial sums of F; .. In particular, we have the
following lemma:

LEMMA 7: If Assumptions 4-7 hold, then

[Tr]

1
— ) F =G, OW(r) as T — o foralli,
i R

where W;(r) is a standard vector Brownian motion independent of F .

(5.6)

Thus, (1/\/—)XI[T”FIt converges in distribution to a randomly scaled (or
mixed) Brownian motion G(DW(r)as T - for all i. Let S; \ = X{_,F ( +S; o,
where S, , are iid across i with E|IS; l|I* <. The next lemma shows that
(1/T)L{_,S; F/ converges in distribution to a matrix stochastic integral plus
an F -measurable random matrix.

LEMMA 8: Suppose the assumptions in Lemma 7 hold. Then,

(5.7

1 T
?Z,t’t=>G(1)deWG(1)+A as T — oo,

where Ai = ZOI::O E(Fi,kFi,,O“:ci) = 025 oG i, s+kG
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Partition G;(1), A;, and G;(1DW,(r) conformably as follows:

Gei(l) lf-ny Aeiei Aeixi
C;l(l) - le(l) m, ' Ai N Axle. AXiXi ’
G (DW(N)| [ M, (1)
Gi(DW(r) = Gxi(l)Wi(r) B Mxi(r) .

Consider the time series regression of Y;, on X;,. Using (5.6), (5.7), and the

continuous mapping theorem, we find the following large T limit distribution for
the OLS estimator of the (random) coefficient g;:

a.s.

~ 1
(5.8) T(B-B)=|=

T

T 1 T -1
Z Ei,txi,,t)(ﬁ Z Xi,txi’,t)
t=1

t=1

-1
= (Gel(l) f dw, WG, (1) + AEIXI) (le(l) f WiWi’GXI(l)')

-1
=(fdMei M;i+AeiXi)(foiM;i) as T — o for all i.

The bias term A, arises in the usual way from the temporal correlation
between E;, and U, , (c.f., Phillips and Durlauf (1986)). Thus, time series
regression produces a consistent estimator of the cointegrating matrix B;, and
thereby distinguishes the randomly differing individual long-run relations be-
tween Y;  and X ,.

When both dimensions of the panel data are utilized, a long-run average
coefficient B is also identified. This can be accomplished as in the previous
section, by means of a pooled panel regression or a limiting cross section
regression. The following sections concentrate on pooled panel regression and
discuss limiting cross section estimators only briefly.

__In the heterogeneous panel cointegration model (5.2) the pooled estimator
B, has the same form as that defined in (4.4). The limit theory for this pooled
estimator is as follows.

THEOREM 5: Let the assumptions of Lemma 15 hold. Then:
(@ as (n,T— ), Bn,T b B= ny‘Q;xl;
(b) as (n, T — ) with n/T — 0,

Vi (Bor-B)=N(0.4(2 81, )0(05 01, ),

where
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REMARKs: (a) Define E't =(B;— B)X;  + E; . Then the heterogeneous panel
cointegration model (5.2) becomes

(59 Y, =BX +E ..

The pooled estimator ,Bn + Is a least squares estimator of the regression
coefficient in (5.9) and con5|stently estimates the long-run average coefficient g
between Y; , and X, ,. Note that the noise, E,,t, in this regression involves the
integrated random vector X;,. By the same logic as that of the spurious
regression case, the long-run coefficient B is consistently estimated by pooling
the panel data because cross section pooling attenuates the strength of the noise

¢ relative to the signal in the regression (5.9).

(b) As seen in Theorem 5, the pooled estimator ,Gn . is Vn consistent for the
average long-run regression coefficient 8 and has a normal limit distribution.
Observe that the limit variance matrix for the heterogeneous pooled panel
regression estimator in Theorem 5, viz., 4(02, ! ® 1, )(.(2XX1 1, ) has precisely
the same form as the limit variance matrix of the spurlous regressmn pooled
panel regression estimator in Theorem 4. This equivalence in form is especially
interesting because the individual long-run covariance matrix (2, is singular in
the heterogeneous cointegration case but nonsingular in the spurious regression
case, so that these individual component matrices must be different between the
two models. Nevertheless, and in spite of these differences, the average long-run
covariance matrix (2 may well be nonsingular in the heterogeneous cointegra-
tion model, in which case there is a basis for direct comparison between the two
results. Obviously, the effect of the heterogeneity in the cointegration parameter
is to slow down the rate of convergence of the pooled estimator. In particular,
the convergence rate is Vn and, interestingly, this rate is uninfluenced by the
time series sample size in spite of the fact that the individual time series
regressions are themselves T-consistent (see (5.8)). Thus, there is a correspon-
dence in the limit theory between the heterogeneous cointegration model and
the pooled spurious regression model after pooling the data.

(c) In general, of course, E[, , 2,51+ E[Q , I(E[2,, D", so there is no
reason why the limit of the average of the cointegrating relatlon A/mxl, B
should equal B, the average long-run regression coefficient. As we have seen, it
is the latter parameter that is the limit of the pooled regression estimator in the
heterogeneous cointegration model. One situation where lim,_, (1/nNX]_, B, =
B does hold is when (2, , has a degenerate distribution, namely, 2, , = (2,
almost surely. Thus, in the heterogeneous panel cointegration case, the parame-
ter being estimated is not the average cointegrating coefficient, but the average
long-run regression coefficient, just as in the spurious panel regression case.
Again, the two models are much closer than they might appear.

(d) As discussed in (a), the heterogeneous panel cointegration model can be
reinterpreted in the form of the panel model (5.9). As such, we may be
interested in constructing statistical tests about the long-run coefficients 8. For
example, to test Hy: ¢(B) =0, where ¢(-) is a p-vector of smooth functions on
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a subset of R™ ™™~ such that d¢/dB" has full rank p(<m m,), we may use the
Wald statistic

W(p = nQD( En,T),\’/:p_lqo( B\n,T)’

where V, = (9¢( B, 1)/ 9B X ¢ By 1) /9B), Vy = 4t @ 1, )OO @1, ),

y

~ 1" 1 T

@=HZ{F Z xllxl/,S®EltEl’S}’
i=1 s, t=1

~ 10 (2T -

Qxxlz[ﬁigl{?tgxi,tx(t} )

and I'E\it =Y — ,§an X; - Some simple manipulations in the case of sequential
asymptotics show that this statistic leads to a standard asymptotic y? test as
(T,n—> OC)seq. This limit theory also holds very generally under joint limits as
(T, n — ) as the next result reveals.

THEOREM 6. Under Hy: ¢(8) =0 and Assumptions 4-7, W, = sz, as(n, T—
) with n/T — 0.

(e) We may also be interested in testing hypotheses about the coefficients in
generalizations of model (5.9) of the following form:

B.= B, foriel,,

(5.10) Y, =B, X +E, with B, =B, foricl,
where I, and 1, are index sets corresponding to subgroups of the cross section
population for which the long-run average covariance matrices are (2, and (2,
respectively, leading to long-run average regression coefficients g, = (2, ny;lxx
and B, =, ,, (2", that may differ between the two populations. Models like
(5.10) can be readily extended to multi-category models and will be empirically
relevant, for example, in cross country panel regressions where countries are
partitioned into classes of similar category like developed (OECD) nations and
developing and undeveloped nations. Note that in such cases the model (5.10)
allows for intra-class variation (i.e., the regression coefficients 8, for i 1, will
differ) but our primary interest lies in the inter-class difference 8, — B,. A
natural hypothesis is then: Hy: B, = B,. Let n, = #(1,) and n, = #(l,), respec-
tively. Suppose that n,/n, - k < as n, n, - c. The null hypothesis can be
tested by constructing pooled regression coefficients S,, 8, in each class and
computing the Wald statistic

~ \/ ~

Wa b= nb{Vec( Ea - ﬂb) Vol Vec( Ea - ﬁb)}*
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where V., , = (n,/nV, + V,,V. =4({2% ® Imx)@ﬂ(fl\’1 ® 1, ),

- M XX L XX

n}LiEIM T4st:l
-1
~ 1 1 T
= _Z _thx/t} )
o [nmel {th—l h

and é\it:Yi,t_ﬁp, X; ( with u € {a, b}. Again, this leads to an asymptotic x?
test. The following result gives the limit theory under joint limits as (n,, n,, T —
) and can be obtained in a simple way from Theorems 5 and 6.

THEOREM 7: Under H,: B,= B, and Assumptions 4-7, W, = X,ﬁymx, as
(n,,n,, T—o) withn,/T,n,/T = 0.

5.2. Homogeneous Panel Cointegration and Pooled FM Estimation

This section considers a homogeneous panel cointegration model, where the
cointegrating relations are the same across individuals, and develops an asymp-
totic theory for a pooled FM estimator. We start with the following simplifying
assumption.

AssumPTION 8: C; =, C,, where C, is an (m X m) nonrandom matrix for all t.

Then, under Assumption 6, the panel cointegration model (5.2) becomes

a.s.
(5.11) Yit :Bxi,t'f'Ei,tl
Xi,tz Xi,tfl +U

Xi, t?

where
-1 Ei,t >
B=ny‘gxxv a=(|my’_B)l U = GV -,
X, t s=0
G —aC. ~ <
GS=( “l=| %], ad €= ¥ c.
Gys vCs j=s+1

In this model the same long-run relation between Y; , and X; , applies for all i.
Unlike previous models, the error term in model (5.11) is generated by a linear
process with nonrandom coefficients {G}, on which we impose the following
summability condition.
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ASSUMPTION 9: ¥7_s3||C || < o=

~

Define G, = Xi_;,,G;. Under Assumption 9, G(l) Y G, <> and
Y7 ,s2IG =T 0S?IE_ ¢ 1G)lI* <oo. Write F, = (Ej U/ ). Then, as T -,
we have the functional law (1/\/_)Z[tT’1]FI .= B,(r)=BM(;), where Q=
G(1)G(1) (Theorem 3.4 in Phillips and Solo (1992)). The following assumption is
conventional in time series cointegration analysis, although it could be relaxed
with some consequential changes in the asymptotics, including changes in
convergence rates in directions determined by the singularity.

AssuMPTION 10: (2 is positive definite.

Partition B,(r) =(B,(r), B,(r)) conformably with F, . Set S, ,=X{_;F  +

s=1"1,s
S, Where S;, are iid across i with ElIS; oll* <. Then, in the usual way

(Phillips (1988)), as T —

1 T
T ; it :t:de Bi + A,
where Ap=Yi_ E(F (F o) =X (X;_,G,, (G.. Again, conformably partition
0O and Ap as
2, 0, g [ A el
0, 0, an A, A respectively.

For each i, model (5.11) is a time series cointegrating regression. The
least squares estimator

ZY.tX’

t=1

as. T T o
=B+ ZEi,tXi’,t in,txil,t)
t=1

has the following asymptotic distribution (Phillips and Durlauf (1986)):

(5.12) T(@—B)=>(deei B’Xi+Aex)(fBXiB;i) as T oo

The time series estimator ['3\I is therefore consistent for 8, the common long-run
coefficient for all i, although there may be a second order bias effect entering
through the term A, in (5.12) arising from the correlation between E; , and
X

[
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When the panel observations are pooled, as in the estimator ﬁn,T defined in
(4.4), we get

~ a.s T
Bn,T = ;

HM:

When A,, =0, the limit theory of this estimator is as follows.

THEOREM 8: Suppose that Assumptions 6, 8-10 hold. If A,, =0, then as
(n, T — ) with n/T -0,

InT(Bor—B)=N(0,2(2;! ® 2,)).

Thus, if E;, and U, , are uncorrelated, so that the one sided long-run
covariance A,, =0, the pooled estimator BnT is VYnT consistent and has a
limiting normal distribution in joint asymptotics as (n, T — <) when n/T — 0.

When A, #0, we do not attain VnT consistency with the pooled least
squares estimator B, ., because of the persistence of bias effects. However, we
may ‘fully modify’ the regressor Y;, to eliminate the serial correlation A,
Originally, the fully modified (FM) regression method was introduced in Phl||IpS
and Hansen (1990) to correct for the presence of endogeneity (the correlation
between B, and B,) and serial correlation in the OLS estimator B, of the
individual comtegratlon regression model. Their construction calls for consistent
time series estimators .(2 and A of 2 and A.. In our case, consistent
estimates may be constructed using averages (over i=1,...,n) of the usual
consistent (as T — =) nonparametric kernel estimates of the corresponding
long-run quantities for each i. More specifically, let I}(j) = (1/T)L, FioriFio
where the summation is over 1 <t,t+j<T, and define the averaged kernel
estimators

= 1 n = T-1 J -
613 D-—Y 0., B,- ¥ w(—)l‘i(j),
Nioy j=-7+1 \K
~ 11 .
AF=H2AFJ! ZW( )F(J)

where w(x) is a lag kernel for which w(0) = 1, w(x) = w(—x), [*_ w(x)? dx < ,
and with Parzen’s exponent g € (0,) such that k, = lim, _, (1 —w( X)) /1x]% < oo
(e.g., see Hannan (1970) or Andrews (1991)). As is well know in the nonpara-
metric literature, the choice of the bandwidth K is important in the limit

"In determining asymptotic properties of kernel estimates of the long-run variance we usually
also impose a smoothness restriction on the spectral density at the origin. This smoothness condition
can be formulated as a summability condition on the autocovariance sequence I'(h) = E(F; (F/ (, 1,).
The summability conditions in Assumption 9 ensure that X _ ,h?|| I'(h)|| < %, and provide sufficient
smoothness for our results here.



NONSTATIONARY PANEL DATA 1085

behavior of ﬁ Under the summability condition given in Assumption 9, it is
known that _QF i — O if K, T —%with K/T — 0. However, later in this section
(e.g., for Theorem 9) we need the stronger result that \/_(.(2 0p), \/_(A -
Ag) =0, as (n, T - ) with n/T — 0. The following Assumption about band-
width choice is made so that these conditions apply.

AssUMPTION 11: The lag kernel w(+) in (5.13) has Parzen exponentq > 1/2, and
the bandwidth parameter K tends to infinity with K/T — 0 and K29/T — > 0.

Define
(5.14) YithYi,t_ ‘Qex‘Qx_x1 Axi,t
and
(5.15) /Teer = A\ex - ﬁe><“(2\><7><1/’1\><><
Equation (5.14) gives the endogeneity correlation and equation (5.15) gives the
serial correlation correction.

Using these corrections, a pooled FM (PFM) estimator can be defined as
follows:

n T n T -t
(5.16) B\pFM = (Z Z Yi,+tXi,,t - nT/’l\;)( Z Z Xi,tXi,,t)

where Ef,=E; ,— 2,0, AX; . Rescaling By —B by VnT and letting
T — « for fixed n, we have

T ( Boew = B) = (%é]d% B;,)( Z . /8.8 )

where B, () =BM(£,,) and 0, =2, — 2,00,
Note that B, ,(r) and B,(r) are independent, so EfdB, , B} =0 and

(vec/dBe N )(vecdeei_Xi B’Xi) =1(0n,00,,).
Thus, applying the multivariate Lindeberg-Levy theorem to
(l/\/a)zinzldeei.xi B;i
and combining this with the limit of (1/n)X[_, /B, B} , we find that as n — o

Ly dB, , B, Ly B, B; B N(0,2(02;!'® 0, )
(WI_Zlf €i-X; Xi)(ﬁi—zlf X Xi) = (’ xx ® L2 « )
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Thus, Vn T( Bepy — B) = N(0,2(2; 1 ® £, ) in sequential limit as (T, n — %) seq-
The following theorem shows that these asymptotics also hold for joint limits.

THEOREM 9: Under Assumptions 6, 8—11 we have
T (Bern—B) =N(0, 202} ® 2, ,))
as (n, T — ) withn/T — 0.

REMARKS: (@) The pooled FM estimator gy is Vn T consistent and has a
normal limit distribution. N N

(b) When A, =0, observe that Byr,, is more efficient than B, ; because
0, <, The efficiency gain in EPFM is obtained from the endogeneity
correction that adjusts Y;, in the fully modified estimator. This effectively
reduces the long- run variance of the noise in the panel cointegrating equation.

(c) Asymptotic y? tests follow from Theorem 9 in the usual way. A consistent
estimate of the covariance matrix, Z(QXX1®Q“) can be constructed from
@ in (5.13) by defining _(2 .Q _Q Q 1_(2 . A 'Wald test of H,: ¢(B) =
where ¢(-) is a p-vector of smooth functlons such that d¢/dB’" has full rank p,
can then be formulated in the usual way as

(5.17) W¢=nT2€0( :gpFM),\’/:;l@( EPFM)’

where
\'/; = (07@( :é\PFM )/0",8’)[2 ﬁ;xl ® ﬁe_x](ago( ﬁPFM )’/(9,3)_

(d) As in Remark (e) following Theorem 6, it may be of interest to generalize
model 5.11 to allow for subgroups of the population in which the regression
coefficient is the same. In effect, we may replace model (5.11) with

B.= Ba foriel,,

a.s. R
(518) Y, =B, X +E, with b—p foricl,

Xit=Xj -1+ Uxi,t'

It is then possible to test hypotheses about the vectors B, and B, in the
generalized model (5.18). For example, to test H,: B, = By, letting n, = #(1,)
and n, = #(1,), respectively, and assuming that n,/n, - k = as n,, n, - =,
we may construct pooled FM regression coefficients B, pey, By pev IN €ach
class and then the Wald statistic

~ ~ !
- 2
Wa b, pem = NpT {Vec( Ba pem — By, PFM)

~ ~ ~
XVa b, pEm Vec( Ba,pem — By, PFM)}'
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~

Here, Vo_p pem = KV pem + Vo pems Vi, pEm = 20,:,1” ®0, .and Q ., 0 .,
are the respective estimates of the long-run conditional covariance matrices of
the regressors and the fully modified error processes in the classes 1, with
n,= #( I“) where u € {a, b}. As in the earlier case of heterogeneous cointegra-
tion, this leads to an asymptotic x? test based on the null distribution W, _, p¢y,

= X,ﬁymx, which follows in a manner analogous to that of Theorem 7.

5.3. Near-Homogeneous Panels

The homogeneous panel model (5.11) discussed above is somewhat unrealistic
because it assumed that each individual has exactly the same cointegrating
relation. Here we study briefly a panel cointegration model with nearly homoge-
neous cointegrating vectors of the form

0,
(5.19) pB=B+ T

where the sequence of (m, X m,) random matrices 6, is iid across i with mean
0 and finite variance.

AssumpTION 12: 6, is independent of (E; ,U, ) for all i and t.

We again consider the pooled FM estimator EPFM given in (5.16) and the limit
theory follows in Theorem 9 above.

THeEOREM 10: Suppose there exists near-homogeneous panel cointegration of the
form (5.19). Let Assumptions 9-12 hold. Then, as (n, T — «) with n/T -0

(5200 VnT(Borw—B) = N(6,2(2} ® 0, ).

Theorem 5.20 is useful in calculating the asymptotic local power of the test
statistic for the null hypothesis

(5.21) Hy: B=p, Vi

According to remark (c) of the previous subsection, the Wald statistic in (5.17)
for the null hypothesis in (5.21) is W, with ¢(B)=vec(B— ;) and its limit
distribution is er21ymx' A sequence of local alternatives to the null (5.21) can be
formulated as

0i
(5.22)  Hya: Bi=Bo+ T

where the 6; are iid across i with mean 6+ 0, have finite variance and satisfy
Assumption 12. In this case, under the local alternative hypothesis (5.22) and the
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assumptions of Theorem 5.20, the Wald statistic W, has an asymptotic non-
central chi-square distribution as (n, T — ) with n/T -0, i.e.,

W(p = Xr121ymx( )\)7

where the noncentrality parameter is A = vec(6)V, * vec(6) /2.

6. MODELS WITH INDIVIDUAL EFFECTS

Much of the preceding asymptotic theory can be extended in a straightforward
way to panel models with individual specific effects and time trends. We
illustrate what is involved in these extensions by taking the case of primary
importance where the panel regression equation involves individual special
effects. To motivate the analysis, consider the following model of heterogeneous
panel cointegration in place of (5.2):

a.s.
(6.1) Yii =vit+tBX +E,
X t=xi,tfl+Uxi,t'

I,
Here, the v, are individual effects in the cointegrating equation. They could be
fixed or random effects. We can also allow for individual effects in the equation
for X;, in (6.1). In that case, the X;, have individual deterministic trends as
well as stochastic trends and in what follows we would proceed using detrended
rather than demeaned data in the pooled panel regression, with some associated
change in the final formulae.

The individual effect in (6.1) can be eliminated in the usual way by removing
individual specific means, ie., Y, =(1/T)X{_,Y;, and X; =(1/T)]_,X;,.
Then pooled panel regression leads to the estimator

-1

n T
Bn,T = ( Z Z Yi,tXi/,t Z Z Xi,txil,t

i =1t=1
where V. =Y, — Y, ,and X; =X; — X; . 5
As in our earlier theory, some quick asymptotic results for B, ; can be
obtained using sequential limits. First consider the case where there is no
cointegration and the true data generating mechanism is (2.1), even though it is
model (6.1) that is estimated. Define the demeaned limiting process l\7ﬂ(r)=
(M} (1), My (r)) = M;(r) = [M;(s) ds. According to (2.6) and the continuous map-
ping theorem, under Assumptions 1-3, the pooled estimator B, has the

following limit distribution as T — « for any fixed n:

~ 10 N1 T
ﬁn,T:> Hi;fMyiMxi HiglfoiMxi .

A simple calculation shows that E([M,M!)=E(/M,M/) —E(/M,/M)) = 0.
Thus, applying the strong law of large numbers to (1/n)2?=1fMy,M§, and
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(1/nNL" M, M’ we get (1/mXi ]I\’/VIyi M;i .5 542, and (1/n)2{‘:1fl\7lxil\7l;i
. 10, It follows that B, >, B= 0,0, as (T, n— o).

The asymptotic normality of Bn 1 follows by arguments analogous to those of
Section 4. Rescaling the centered estimator (Bn +—B) by Vn and letting T — o

for fixed n, we have

Vﬁ(@;—ﬁ)z%é(/l\ﬁy.m - B[N M )( Z/Mx, )

Note that E([l\'/Tyl I\'/T;I - B[l\?TXI I\7I1) =0, so demeaning the data does not affect
the asymptotic centering. After some lengthy calculations, we find the variance
matrix

E(vec( [ T, — VT, W, Jvec{ [, T, — o, i, )
= %E(‘QX.X. ® (0, = By, — 0y, B+ By, B,))
+ %E((‘Qx,y, - ‘Qx,xI B,) ® (‘lexi - B‘Qx,x,)Kmymx)
+ %E(VGC(QYW - B_Qxixi)(vec( QYiXi - B‘Qxixi))l)
= 6, say.
Note that this covariance matrix differs in the coefficients of its components
from the earlier matrix @ given in (4.6) for the case where there is no
demeaning to remove possible individual effects. As is clear from the formulae
for these two cases (see (6.2) below), @, < @, so one effect of demeaning is to
reduce time series variability.
Applying the multivariate Lindeberg-Levy Theorem to (1/vn \/_)Z 1(fM M’i

—,BfM M ) and combining this with the limit of ((1/n)X 1]M M, - 1 as
n— o, we have

%é(ﬁ\ﬁyil\ﬂ B/MXI XI)(%éfl\inM;i)_l
~N(0.36(2; 1 @1, )02} 1, ).
Hence, as (T, n — ), we have
Vi (Bor—B) = N(0,36( 051 @1, )Or( 21 @1, ).

These sequential limit results can be extended to joint limit results, just as in the
proof of Theorem 4, and we merely state the final results here.
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THEOREM 11: Suppose Assumptions 1, 2, and 3 hold and the data generating
mechanism is (2.1). Then: _

(@ as (n, T — =), we have B, + =, B;

(b) if (n,T—>)andn/T —0,

Vi (Bor—B) = N(0,36( 01 @1, o (21 @1, ).

RemARrks: (a) Comparing the limit variance of Bn t in Theorem 11 to that of
Bn + in Theorem 4, we find that Bn + has the smaller asymptotic covariance. In
fact, it is apparent from the formulae that

(6.2)  40-360; = ;5( 0, ® (2, = B, — 0y, B'+ B2, B))

+E((2,, - 2, B) 8 (02, — B2 Ky 1 )
- £E{(c & (C, (D - BC, D)) (Iy: + Kp)
x(c e (c,m-pc,W)))

(6.3) > 0.

As remarked above, this reduction in variance occurs because demeaning the
data by removing individual effects reduces time series variability. Similar effects
occur when higher order time trends are removed from the data in the
construction of pooled panel estimators.

(b) In the heterogenous panel cointegration case, the data are gener-
ated by (6.1). The individual effects y; can now be con5|stently estimated by
time series regression on (6.1) leading to ¥ =Y, - B X i and B =
(ZL 1Y|tX| XL x,,tx,,t) L. These least squares estimates and their fully
modified variants have asymptotic properties that are well known (Phillips and
Hansen (1990)). Following the same line of argument as in Section 5.1, the
pooled panel estimator 3, + can be shown to have the same limit distribution as
that given in Theorem 11 for the spurious regression case, although the long run
covariance matrices (2; are now singular, just as in Section 5.1. Under the
assumptions of Theorem 5, the asymptotic theory holds for joint limits as
(n,T—>=)and n/T -0, as well as sequential limits. Again B, ; estimates the
long run average coefficient g= (2,0, Wald tests like those discussed in
Section 5 can now be constructed with obvious modifications to the estimated
covariance matrix formulae that allow for elimination of the individual effects by

demeaning.
(c) In the homogeneous panel cointegration case, the data are generated by
(6.1) with ;=B =10, ;! as. We can eliminate individual effects by removing

individual specific means as above, and may proceed with FM estimation as in
Section 5.2. The data are now corrected according to the formula YI = YI ‘
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0,0} A)'("i’t rather than as in (5.14). The pooled FM estimator in this case is
given by

-1

n T
Brem = Z b fe Xl nTAS

Under the same assumptions as Theorem 9, we find that vn T( EPFM -B)=
N(0,6(0;! ® 02,,)) as (n,T —» =) with n/T — 0. Note that in this case, the
effect of eliminating individual specific means is to increase the limit variance
matrix in comparison with Theorem 9. Wald tests can be constructed as
described in Section 5.2 with obvious modifications for the use of demeaned
data, and a noncentral limit theory follows as in Section 5.3.

7. CONCLUSION

This paper has developed a linear regression limit theory for nonstationary
panel data with large numbers of cross section and time series observations. A
central result is the existence of interesting long-run relations between two
integrated panel vectors where there is no individual time series cointegration or
where there are heterogeneous cointegrating relations. The new relations are
characterized as long-run average relationships over the cross section and are
parameterized in terms of the matrix regression coefficient, 2,0, of the
cross section long-run average covariance matrix, (2. They are analogous to
population regression coefficients in conventional cross section regression of iid
variates. The limit theory can be used to construct tests of hypotheses about the
long-run average regression coefficients and to compare these coefficients in
subgroups of the cross section population. These tests are given explicitly for the
two cases of heterogeneous panel cointegration and homogeneous panel cointe-
gration, which seem to be the important cases for empirical applications. The
local asymptotic power function for these tests is also derived.

The limit theory developed in this paper is designed for two dimensional
arrays where both time series and cross section sample sizes pass to infinity. It
allows for both sequential limits as T — o« and n — « in that sequence, and joint
limits where T,n — oo jointly. As the proofs in the Appendices demonstrate,
convergence for joint limit is more difficult to obtain. However, apart from some
stricter moment and summability conditions, the only additional requirement we
use in the development of this theory is the rate condition that n/T — 0. This
condition indicates that the limit theory given herein is likely to be most useful
in cases where T is large and n is moderately large. The usefulness of this
asymptotic theory in describing finite sample behavior in panel regressions now
needs to be systematically explored in simulation experiments.

An important assumption that is common in panel data work and is used here
in deriving asymptotics is cross section independence. For many nonstationary
panel data applications, this independence condition is restrictive and it is an
important limitation of our theory. For instance, multi-country GDP series,
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exchange rates, and financial assets prices all involve cross section dependence
arising from global shocks and complicated interdependencies among the vari-
ables. As is apparent from our approach, certain strong laws and central limit
results will continue to apply when the cross sectional dependence is of the weak
memory variety, but in this case the limit variance matrices will change accord-
ing to the dependence. More significantly, when there are strong correlations in
a cross section (as there will be in the face of global shocks) we can expect
failures in the strong laws and central limit theory arising from the nonergodic-
ity. However, even in this event, theorems like the ergodic theorem will still
apply but the limits will be random and measurable with respect to the invariant
algebra generated by the global shocks.

In the present case and, indeed, quite commonly in panel data theory, cross
section independence is assumed in part because of the difficulties of character-
izing and modeling cross section dependence. In general, finding a natural
ordering for cross section indices in economic data is not easy, and this has been
a serious obstacle in the development of a satisfactory approach. While some
recent research has attempted to resolve the difficulty by employing a frame-
work for spatial data based on the economic distance between individuals (e.g.
Conley (1997)), the successful simultaneous modeling of both cross section
dependence and time series dependence remains a challenging problem and is a
major area for future research in multi-index asymptotics of the type considered
here.
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APPENDICES

APPENDIX A: PRELIMINARY LEMMAS AND PROOFS
We start with some lemmas that are useful in following arguments. The results are straightfor-
ward and proofs are omitted here, but are available in PMP.

LEmMMA 9: (a) For any p>1 and any m X n matrix A, there exists a constant M > 0 such that
m n
(8.1) IAIP <MY Y la "
i=1j=1

where a; ; is the (i, j)th element of A.
(b) For any m X m matrix A

(8.2) (tr( A))* < m] AJl%.
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) and B (={b; }; ;) are (m X m) matrices and K, is the

Lemma 10: Suppose that A (={a; j} i i

commutation matrix. Then,
tr[(A® B)K, 1<l AllBII.
If A is symmetric, then

trl(A®AK, 1=IAl

LEMMA 11: () Under Assumptions 1 and 2

4

(8.3) E < o0,

Zci,t
t=0

(b) Under Assumptions 4 and 5

o 8

(8.4) E| 1 1C | <.

(c) Under Assumptions 4 and 5

o 16

(8.5) E[ X Ciof <o

1. PROOF OF LEMMA 2: The panel BN decomposition

(8.6) U, =GV, +0 .-G, as

follows directly from Phillips and Solo (1992) provided Y; = zgzosznci,suz < as. This condition

holds if E(Y;) <, which holds by Lemma 1(a). Q.E.D.
2. PROOF OF LEMMA 1: See PMP. Q.E.D.

3. PROOF OF LEMMA 2: It is enough to show that

L g B0 and
—U,io/—0 an
/—T a,i,0
16 %0 asT for all a, i
sup|—=U, 1| >0 asT—oeforall a,i.
C VT

But, these follow because Ja,m is strictly stationary in t and square integrable by Lemma 1, so that
the results hold by the same argument as that given in Phillips and Solo (1992, p. 978). The
functional law follows directly. Q.E.D.

4. PROOF OF LEMMA 4: Substituting M; = C;(L)W,, we have

2

2 2
EH[MiM{H -E vechiMi’H = EH(Ci(l) ® C;(1)vec [WW

2

<Elc @ CIPE| vee [wwy
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where the last inequality holds because || AB|| < || Alll|Bll and because C;(1) is independent of W,
We know Elvec fWW/[|* <= and E[IC{(1) ® C;(DII> = EIIC;(DII* <% by Lemma 1. Therefore,
Ell /M; M{H2 < o0, as required. Q.E.D.

APPENDIX B: PROOFs FOR SECTION 3—MULTIDIMENSIONAL LIMIT THEORY

1. CONSTRUCTION OF RANDOM VECTORS Y; IN (3.3) TO EXIST ON THE SAME PROBABILITY SPACE:
According to Skorohod’s Theorem in R™, Theorem 29.6 in Billingsley (1986),® we can construct a
probability space (2, F*, P*) where there exist random vectors Y;’; and Y;* such that Y, 1 = Y/’7,
Y, =Y/*, and Y% —,¢ Y;* as T — o for all i. Also, we can choose independent Y;* because the Y; +
are independent across i for all T. Now we define 2* =TT;_, /", the Cartesian product of ;*, and
let m; be the natural projection of Q* onto Q for each i. Let F* be the smallest o-field
containing all the sets #; 1(F) for all i and F € F*. Define R to be the collection of all finite
dimensional rectangles, I'Ti_,F; where F; € F* for all i and F; = Q, except for at most finite many
values of i. Now define P*(IT{_F)=TII7_{P*(F). Then, by Theorem 8.2.2 (p. 201) in Dudley
(1989), P* on R extends uniquely to a probability measure on F*. Let Y;(w) = Y;* (7] X)) for all
w € O*. By the way of their construction, the Vi(w) are random vectors on the probability space

(2*,F*, P*)and \7, =Y;* =Y;. Choose Y; in (3.3) to be \7, and we have the desired result. Q.E.D.

2. PROOF OF LEMMA 5: We prove part (b). Then part (a) holds by the same principle. Suppose
that f € C is given. From X, + = X as n, T — =, for any given &> 0, we can chosen n, and T, such
that whenever n>n, and T > T,, the following inequality holds:

&

8.7 |Ef(X, 1) — EF(X)] < >

From X, =X, as T -« ¥,, we can choose T, depending on n and & such that
& -

(8.8) IEf(><n,T)—Ef(><n)|<E ifT>T,.

For each n > n, choose T,(n, &), and choose a fixed T, greater than both T, and T,. Then both
(8.7) and (8.8) hold and therefore

[Ef(X,) —Ef(X)I<e ifnzn,
and X, = X sequentially as (T, n = ). Q.E.D.
3. PROOF OF LEMMA 6: We show part (b). Part (a) can be established by similar arguments.

Suppose that fe C is given. Assume that (3.9) holds. From (3.9) and X, = X as n — o, for any
given &> 0, we can choose n, and T, such that whenever n>n, and T > T,, we have

&
sup  |Ef(X, 1) —Ef(X,)] < 2>

n=ng, T>Tg

and

|Ef(Xn)—Ef(X)|<§.

8For Skorohod’s theorem on function spaces refer to the representation theorem in Pollard
(1984) or Theorem 4 on p. 47 in Shorack and Wellner (1986).
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Thus, if n>ny and T > T,

[Ef(X, 1) —Ef(X) < sup  |EF(X, 1) — EFCX ) +IEF(X,) —Ef(X)| <e.

n=ng, T>=Tg

Hence, X, 1= X as (n,T - ).
Now assume that X, =X and X, =X as (n,T — »). The necessity of the condition follows
because

limsup | EF(X, 1) — Ef(X,)I
n,T

< limsup | Ef (X, 1) — EF(X)| + IlmsuplEf(X ) — Ef(X)| =0. Q.E.D.
nT

Before starting the proof of Theorem 1 we give the following lemma.

LEMMA 12: Suppose Y; + are independent across i. Assume that Y; 1 = Y; as T — « for all i. Then,
limsup, ., .(1/MX{, ElY; 1| <o implies limsup, _, .(1/MX{ ElY;| <.

Proor: Note that, since |Y; +|=[Y;| as T — o by the continuous mapping theorem, it follows that
ElY;| < liminf; E|Y; ;| (see Theorem 5.3 in Billingsley (1968)). Thus,

1 1
limsup — Z EIYi| < limsup lim inf — Z EIY; 1|

n— o |_l n—,w T |_1
1 n
< limsup — Y EIY, 1| <. Q.E.D.
nT-e i=1

4. PROOF oF THEOREM 1: Part (b) follows easily from Lemma 6 and part (a). In particular, from
the assumptions of the theorem we know that X, + =(1/mMX[_,Y; 1= X, =1/nMEL Y, as T —
forall nand X,=(1/nL,Y;—>, x =lim(1/n)X{_,EY; Then, since condition (3.9) holds from
part (a), the desired result X, ; =, iy as (n, T — =) follows by Lemma 6.

Now, we prove part (a). First, we establish condition (3.9) in the scalar class. It is sufficient for
condition (3.9) to restrict C to C*, the class of all the bounded, continuous real functions with
bounded, continuous derivatives of all orders (see Theorem 7.1 in Billingsley (1968) or Theorem 12
in Pollard (1984)). Without loss of generality, let the functions be such that | f((x)| < 1, Yk, where
£()(x) denotes the kth derivative function of f(x).

Before proceeding, we need to ensure that the probability space on which the variates are defined
is large enough to permit the arguments that follow. Limits such as X, 1 = (1/mMX_ Y, = X, =
(1/mX{_,Y; as T — o involve the joint distributions of the random vectors (Y, 1,...,Y, 1) and
(Yy,...,Y,), not any properties of the probability space on which they are defined. However, we
need to ensure that we can relate these variates on the same space. This can be accomplished by
passing to a new probability space, using Skorohod’s Theorem in R™ (e. g., Theorem 29.6 in
BlIIlngsIey (1986)), in which they are defined new random variables (Y1 Teeens Yn Y.....,YY such

that Yi,T—Yi,T and Yi_Yi for all i and the 2n random variables YLT,... YnYT,Yl,...,\?;1 are
independent. Without loss of generality, we can assume that \7” =Y, and \7, =Y, forall iand T.°

°As in Appendix B(1) above, we can construct an infinite dimensional probability space where the
two independent random vectors (Y ,...,Y, t) and (Y,...,Y,) coexist. However, the argument
given is enough for the proof that follows.
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Now we can define the quantities £, , + =Xk~ i>1Yi1+ Zk<i<nYi for L<k<n, all on the same
probability space. By virtue of the definitions of X, ¢, X, and ¢ , 1, we have

(AN e

f ! f !
(H(fn,n,T"‘Yn,T)) - (H(gl,n,T+Y1))

n 1 1
Z {f(ﬁ(gk.n.T"—Yk,T)) —f(ﬁ(gk,n,T"‘Yk))}-
k=1

It follows that

(8.9) limsup | EF(X,, 1) — Ef(X,)I
n,T—-o©
10 10
= limsup Ef(— Yy, T) —Ef(— ZY,)
nT—o Ny ni
1 1
n f(ﬁ(évk,n,T+Yk‘T))_f(ﬁgk‘n‘T)
= limsup| }_ E 1 1
mTo k=1 +f(;§k,n,T)—f(;(fk,n,T+Yk))

Let g(h)=sup,|f(x+h)—f(x)—f'(x)hl. Take x={¢, ,7/n and h=Y, ;/n in the case of
(@Mt + Vi) —f((A/M)¢ 1), and take x={, ,1/n and h=Y,/n in the case of
(@ /MLy n1 + YD) —F((1/N) 7). By the triangle inequality, it follows that (8.9) is bounded
(8.10) limsup

above by
{InT iT Yi
n,T—- o |X;LE{ ( n )( n _F)}‘

. Yit . Yi
+ limsup Y, Eg(T’) + limsup ), Eg(;).

nT—-oj=1 nT-woj=1

By the triangle inequality, the first term in (8.10) is less than

sz )
ol
{0

The first line above uses the fact that ¢; , +/n, Y; r/n and Y;/n are independent, the inequality in
the second line holds because | f'| < 1, and the third line follows directly from condition (ii).

n
limsup )

nT-oj=1

limsup Z

nT-o®j=1

< limsup Z

nT-owj=1

A
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For the second term in (8.10), note by the mean value theorem that g(h) <M, min{/h|, h?} for
some constant M; which depends on f alone. Then, for any ¢ >0

) . Yir
limsup Y Eg(T')

<timap 3 e of 7 ){ =<
I|msupZE[ 'nT >g}]

nTo® j=1
Y;
+ M, limsup ZE[ InT

nT-ooj=1

Yit
< &MZlimsup Z E|—

nT-w®j=1

\7
1{ —T >s}} =eM,,
n

where the first inequality holds by applying g(h) <M;h? on 1{lY; r/nl< &} and g(h) < M,|h|
on Y, ;/nl> ¢} and the last inequality holds by conditions (i) and (iii) with M, =
MZ limsup, + 21—, EIY; ¢ /nl.

By Lemma 12, condition (i) implies

1 n
limsup — Y ElY;| <,
nT n i=1

and by condition (iv) we have

1 n
limsup = Y EIY[1{lY;| > en} < .
nT Mo

Thus, applying the same arguments as those used for limsup, X{_,Eg(Y;/n) to
limsup, + Z1_; Eg(Y;/n), we have limsup, + Z_, Eg(Y;/n) = 0. It follows from (8.9) and (8.10) that
condition (3.9) holds.

When the Y; ; are m-vectors, the Cramér-Wold device can be used. That is, using the above
argument, we obtain s'X, ; =, skiy as (n,T—>) Vs€R™, and it follows that X, —, &y as
n,T— oo, Q.E.D.

5. PrRoOF oF CoroLLARY 1: Define X,;=@Q/mXlL Y,+=00/nMLZ_,CQ;r and X, =
1/nX,Y;=(1/nX_,C,Q;. Assume sup;lIC;ll> 0, for if this does not hold, the result is trivial.
We know that X, ;=X as T — o for all n by the conditions in the corollary. By assumption the
Q; + are uniformly integrable and Q; 1 = Q;, so E[|Q;ll <. Also, C = lim (1/n)L{_,C; exists, so we
have X, —, CE(Q;) as n— . Hence, if we establish conditions (i)—(iv) of Theorem 1, then
Xn 1 =, CE(Qp as (n, T — =),

By the uniform integrability of [|Q; 1|l and sup;|IC;|| <, we have

n

1
limsup = Y EIlY; rll< (supllcill) SUp ENQ; 71l <os,
n,T i=1 i T

verifying condition (i), and

l n
limsup — ) lIEY;  — EYill < (supIICiH) limsupl EQ; 1 — EQill =0
n,T i=1 i T
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Condition (iii) is satisfied since

(8.11)

S|

n ne
i; ELNY, 1 IL01Y; 11> ne] < (Sl:pIICiII) slipE[nQi,Tu{nQi,Tn > W}}

which converges to zero as n — , again by virtue of uniform integrability and sup;||C;|l < c.
Condition (iv) of Theorem 1 holds because

Ly EllYIIL{lY E 1 —
> L Emin> ne) < (seici) [|Qi|| {||Qiu> SUpiIICiII}] o

by sup;lIC;|l < = and dominated convergence since E||Q;ll < . Q.E.D.

6. PRooF oF THEOREM 2: The proof follows that of Lindeberg’s theorem given in Billingsley
(1968, Theorem 7.2). The only change is that the additional index T appears in the component
variates & ¢ and limits are taken as (n,T — ). The fact that T passes to infinity with n is
incidental to the main argument. For example, we still have

iT

<e? +E[& 1 HI& o 71> )]
sn,T

and, as a consequence of the Lindeberg condition (3.20),

i, T
max —— — 0

i<n Sy 1

as(n, T - ). Q.E.D.
7. PROOF oF THEOREM 3: Define
fi,n,T = ‘Q;,IT/ZCiQi,T'

where (), ;=X[_,C;3;C{. By the Cramér-Wold device, ¥{_; & ,+=N(O, 1) as (n, T — ), if
Vte R™ with [[t]=1

n
(8.12) Y &ar=N0O1 a nToox
i=1

Then, by condition (iv) (1/nmX_Y; + = N(0, 2) as (n, T — ).
To establish (8.12), it is sufficient to verify condition (3.20). For given ¢>0 and t€ R™ with
lItll= 1, we have

n
(8'13) t Z E[ gi,n,T fi,,n,Tl{ltEi‘n‘Tfil,n,Ttl > 8}]t
i=1

n
=0, ¥? Z E[CQ; + Q; 1 Ci1{It2, ¥?CiQ; + Q, 1 Ci 2, Y2t > £}102, %t
i=1
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Take the indicator function first. Note that
110, ¥?CiQ; 1 Q1 Cl 02, Y2t > &}
< 1{Hméﬁlt,{)r;]"l/zciQi‘TQ;,TCi,'QrT,]:I'/Ztl > ‘9}

= 1{/\max(‘Qr:,lT/2CiQi,TQ(i,ch‘QrT,]i/z) > ¢}

< 1{Amaxm,;})( maxucjn?)HQi,Tnz > a}
j<n

Amin(25 1) T2 Apin(Z"_,C,C))
= 1{1Q 717> e b <1 {JIQ 7112 > LT
max||C;|]| max (IC;11°)
<n j<n

Next, expression (8.13) is bounded above by

n o2\ (X"_.C.C)
®14)  max [t0;Y? Y E|CQi r Qi rCiLd Q¢ > e | 0n d%
lltl=1 i—1 max||C; |
j<n

- a2 (E"_.C.C!)
< Anin( 20 1) X E[ICiQ 7P 1{11Q; 71 > o

i-1 max (/IC;/1%)
j<n
rllcil? T A min(ZP-1C;C))
ik LY 1Qy 7 I121{ 11Q, 112> ng'”—'lzll
)‘min(‘Qn,T) maX(”C]H )
j<n
2
nr‘niaXHCi” 2 2 O"I?)‘min(leciCi,)
< 5o~ ElIQ 1 IF Q1 P> e——
o7 Amin(Zi=1CiCP) max (IIC;lI*)
=<n
By conditions (i) and (ii),
nmax;|IC;|I® T Amin(Z_1C;CD)
> |n | - =O(1) and T *min i=1 |2 I N
oF Amin(Zi 1 CiCD) max; _ ,(IC;II*)

as (n, T — ). Then, since HQi,TII2 is uniformly integrable in T by condition (iii), it follows that
(8.14) > 0as(n, T — ). Q.E.D.

APPENDIX C: PROOFS FOR SECTION 4—SPURIOUS PANEL REGRESSION LIMIT THEORY
The next lemma gives the joint limit theory needed for Theorem 4.

LEmmA 13: Suppose that Assumptions 1-3 hold.
@ As(n,T- ),

1 ,op 1 1
F{;zmzm hd EE.Qi = E.Q

X

n
=1

S|
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() 1f (n,T—> =) and n/T — 0, then
noq T
Z ? Z (Y5, X = BX 1 X, ) = N(0, @),
PROOF OF LEMMA 13: (a) From the BN decomposition of U , in (2.4) we have

a.s. ~ ~
Zi =GP (+U o — U +Z,,

where P, (= X{_,V, ,, which leads to

11 T 61_5,1 n .
sz_l_—zz = Hizzl(Qi.T"‘ i)
where
Qir ZC(l)P,IP’tC(l),
t=1

Rit=Ruyit+Ryit+RaiT
1 ’
Riit*+ = T2 ZC(l)PI r(Ulo Ui,t+zi,0)v and

1
T2

t=1
T
Rayir= Z o~ U +Zi o)U o — U (+Z o).

We show that as (n, T — ), (1/MX{_;Q; 1 =, 2 and (1/MI{_,R, ;1 =, 0, for k=1,2.
The Q;r are iid across i for all T. Also, as T—o, Q;;=Q;=Ci(L)/WW/C(1) and
(1/MXE1Q; =45 742 That is, in sequential asymptotics such as (T, n — %), (1/ME_1Q; + =, 3£2.

According to Corollary 1 (set C; = I, so that the second condition is automatically satisfied), if we
show that [|Q; ¢l is uniformly integrable in T, then it follows that

1 n p 1
(8.15) =Y Q-0
n.= 2

as (n, T — ).
By || AB|l <[l AlllIBll and the triangle inequality

1 T
(8.16) IIQi,TllgIIci(l)IIZF Y UP 2.
t=1
Also,as T — o
T
= LIPIE= Wiz,
t=1
and we have
1 T 1 T 1
E(? Z ”Pi,tllz) = (_z Z | t Pi’,l)) - E(fllwil‘z) = Etr(lm)-
t=1 =
It follows (e.g., Billingsley (1968, Theorem 5.4)) that (1,/T2)L]_,|IP; /I* is uniformly integrable in T.

Since EJIC;(DII” < = by Lemma 1, we deduce that [|C;(DII*(1/T2)XT_,lIP; /I is uniformly integrable
in T. Thus, ||Q; ¢l is uniformly integrable in T, and (8.15) follows.
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Next, (1/mX_;R,;; and (1/mX{_,R,;; converge in probability to zero if E[IR,; ¢l
ElIR,; ¢ll— 0 as (n, T — »). Note that

1 T
(8.17) EllRyi.7ll< =5 Z ELIC P, 11T o= G+ Z; ol
117 P
S_T?tzzl C(l)‘/l— E”UI[) It+zl 0||2
L o)
- =0,

where the first inequality holds by the triangle inequality and || AB|| < || All | BIl, the second inequality
holds by the Cauchy- Schwarz inequality and the last line holds because E[IC{(1XP; /VT VDI = o),
EllZ; o2 <M, and E||UI JI? <M, Yt and for some M,, M, < o by Lemma 1(c). Thus, E|| Ryitll—=0,
as (n, T — ).

Similar arguments show that E|IR, ; +|/=(1/T)O(1). So, all the desired results hold and part (a)
is proved.

(b) Write C;(1) =(C,(1), C, (1)), and Ui (Uy o Ux/.,t)/x conformably with the partition of Z, ,
into Y, , and X, ;. Using the BN decomposition of U; ; in (2.4), we have

11 d
W Z ; Z (Yi,txi/,t_BXi,txi,,t)'
i—1 ' t=1
1 n
=WZ(Q|T+R1|T+R2|T+R3|T+R4|T+R5|T)
i=1
where
1 T
Qr=17 Y {Cc, (P, P/ C, (1) — BC, (DP; (P} C, (1)}
t=1
1T ~ ~ ,
Riir= T2 )y {Cyi(l)Pi,l(Ux,,O - Ux,,1+xi,o) }
t=1
18~ - }
Roir= =2 21 (G0 =Ty i+ Yi0) PG, ),
t=
1~ ~ ~ ~ ,
Ry it= Tz > {(in,o - in,t+Yi,O)(Uxi,0 - Uxi,t+xi,0) }
t=1
1 d ~ , ~ ~
R4,i,T = T_ Z {BC (1)P| l( - Ux,,t+ Xi,O) +:B(Uxi,0 - Uxi,t+Xi,O)Pi’,th,(l),}'
t=1
1T ~ ~ ~ ~ ,
Rsit= T2 P {B(Uxi,o - Uxi,t+xi,0)(uxi,0 Uit Xi,O) }
t=1

We show that as (n, T — o)

n

1
(8.18) v Y Qi+ =N(0,0)
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and as (n, T — o) with n/T — 0,

n
(8.19) Z k,Teo (k=1,...,5).
Note that
1 T
EQ = T2 Yt ElC,(DC, (1)1~ BE[C, (1)C, (1) =0.
t=1
Also,
1 T T
(8.20) — Y Y Elvec(P, P/ )vec(P; (P} Y]
T t=1s=1
1 T T
T Y. Y E[P P ®P P ]
t=1s=1
(Ms 2(I + K, + vec 1 (vec 1))
1 T T ?) m2 m T vec I(vec |, 1
=F§§ tAs)((tVs tAs +o(?)
t=1s=1 +(—)((—)—(—))veclm(vec I
T T T
=_T+O(—), say,
and
(8.21) E(vec(Q; r)vec(Q; 1))
[ 1 T T
=E|(C, (W& (C, (1) - BC, (1)) = Z Y Elvec(P; (P! Jvec(P; (P! )]
t=1s=1

(€, (1) @ (C,, (1) — BC, (1))

X

1
—E|(C, (D) & (C, (1)~ chi(l)))( =+ o(?))

X (€, (1) ® (C, (1) - chiu))')}

=5:, say.
It is easy to see that @1 — @ as T — . So {Q; 1} is an iid sequence with mean zero and covariance
matrix Oy.

Next, apply Theorem 3 with C; = I, i, to establish that @/ymxh 1Qi 1 =N(@0,0)as(n, T — ).
Conditions (i), (ii), and (iv) of the theorem are obviously satisfied in view of the fact that C; = I,
and O; — @ as T — . For the uniform integrability of [Q; (1%, note by the continuous mapplng
thatas T —

2

Qi +1I* = lIQilI* = H J{e, ww/c, (1) - BC, (HWW,C, (1)}
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Then, IIQi'TII2 is uniformly integrable in T because
EIQ; 11> = tr(E(vec(Q; 1)vec(Q; 1)) = tr(O7)
- tr(0) = tr(E(vec(Q;)vec(Q;))) = EIIQ;|*.

Next, to prove (1/yn)L 1Ry it —p0 as (n, T—>) with n/T—0, we simply show that
\/_EIIRk,TH—>OasnT—>ooW|th n/T—>Ofork 1,...,5. Note that

.
VNEIR,; 7l <V Z E{llc, P 10, 0 = Oy, o+ Xi o}

_ n
= "/ ?0(1)4’0,

where the first inequality holds by the triangle inequality and || ABJ| < || All | Bll and the last line holds
in view of (8.17) above. Similarly we can show that VnE[IR, i ¢ll, VN ElIR, i +Il=1/n/T O(1) and
\/HEIIRMTII, \/FEHRMTH:(\/F/T)O(D. So we have the desired limits and part (b) follows.

Q.E.D.

PrROOF oF THEOREM 4: By Lemma 13(a), it is easy to see that as (n, T — «)

T 101 T o
ZYi,txi,,t(__Z_in,txi,,t) _’nyg;xl=ﬁ-

Also, when (n, T — «) with n/T — 0, from Lemma 13(a) and (b) we have

~ 101 I , , 10 ,
‘/H(Bn,T_B): Wi;-r_t;(Yltxlt Bxi,txi,t))(ﬁigﬁt_zlxi,txlt
= N(0,4(_(2;X1 ®l, )0( 2 ® |my)),
giving the required result. Q.E.D.

8.4. APPENDIX D: PROOFS FOR SECTION 5.1—HETEROGENEOUS PANEL COINTEGRATION
LimiT THEORY

The following two lemmas give some useful results on the existence of moments of the
heterogeneous coefficients g; in (5.2) and the random coefficients in the linear process representa-
tion (5.3). Both results are proved in PM®.

LEMMA 14: Under Assumptions 4, 5, and 7, E|l g;lI® < o.

Lemma 15: Let G(D=X;_, G, Gj=2{_s:1G; and FIt Zf:oévi,svi,t,s. Suppose that
Assumptions 4-7 hold. Then

(@ E(L s, ") <=

(b) ElF; I# < M for some constant M < .

© EIGQOII* <<

(d) EIIFMH < M for some constant M < e,
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2. PROOF OF LEMMA 7: As in the proof of Lemma 3, since {Ei,t}t is strictly stationary and |~:~i’t is
square integrable from Lemma 15(d), it follows that

1 - P
(8.22) sup |—=F, ; -0 asT-wx foralla,i,
O<r<1 \/? i
where 'E;l,i,[Tr] is the ath element of "E;,[Tr]' The functional law follows directly from (5.5) and
Donsker’s theorem applied to (1/ VTV, .. Q.E.D.

3. PRoOF oF LEMMA 8: The proof follows the same lines as Phillips (1988) and is omitted here
(details are available in PMP). Q.E.D.

4. PrRooF oF THEOREM 5: The proof follows similar lines to that of Lemma 13 and Theorem 4
above but makes use of the bounds established in Lemmas 14 and 15 and the panel BN
decomposition (5.4). The details are lengthy and to save space they are not repeated here. They are
given in full in PMP. Q.E.D.

5. PROOF OF THEOREM 6: The proof proceeds by showing that as (n, T — «) with n,T - 0,

3||—\

n 1 T T R p
Z {—4 Y X Xi,lxi,,s®Ei,tEi’,x} -0,
= —1s5=1

and

n 2 -1 p
Y LR v

Then, by Theorem 5 and the delta method, the proof is complete. From Lemma 13, we know that
A/MEL {@/THEL X, (X ) =, 2,, as (n, T - ). In consequence, ;! >, 2! as (n,T - )
since (2, > 0. Again, full details are available in PMP®. Q.E.D.

6. PRoOF oF THEOREM 7: Under the null hypothesis, using the cross section independence and
applying Theorem 5, we have

Vo (Ba = By) = Ya (/)" (B — Ba) — /y (B — By)
= N(O, KV, + Vb),

n )02, 5 ® 1, ) for u=

when (T, n,, n, —» ) and n,/T,n,/T =0, and where V, = 4(£2, %, ® e X

a,b.
As in the proof of Theorem 6, we can show that as (T, n,, ny, — %) with n_/T,n, /T — 0, we have

~ 1 1 T ~ o~ | P
@p.=n_z FZ in,tx E i,s _)@pu
uiel, t=1s=1
and
-1
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Consequently, \'/;L -, V,, and V,_p=(ny /N )V, + V, =, kV, + V. It follows that
W, p = npfvec( Ea - ﬁb)\z;—lb vec( Ea - Eb)} = Xéymxr

giving the required result.

APPENDIX E: PROOFS FOR SECTION 5.2—HOMOGENEOUS PANEL
COINTEGRATION LIMIT THEORY

Before we start the proof of Theorem 9, we give the following useful lemma.

THEOREM 16: Let Fy = (Ej , Uy ) = X{_oG,V; ,_, be the panel process defined in Model (5.11).
Also, let S, =X[_,F (+S;,. Where S;o are iid with E[S; ollf <o, 0p =GGAY, Ap=

0 e—0Gs+G!, and G(1) = X5_,G,. Then, under the summability condition Assumption 9 and
positive definiteness condition Assumption 10, as (n, T — ) with n/T — 0,

1 T

‘/_Z( 2 Fi.(Si AF)=N(O,%QF®QF).

ProoF oF LEMMA 16: Using the BN decomposition as in the proof of Lemma 8, we have

1 (1 X _
_nig ?tgFi,tSm F
1 0 (1T ) }
=) T Y GV, (P~ 1,)G(1)
n -1 t=1
AL O Lt © N
+_Z (? Z (Fi,lFil,H—l_ ZGSG§+1)) ? ZG 5+1
n -1 t=1 s=0 s=0
1 (1 X
-— Y= X Gy, F,-GcLGE)
nio\T{<
1 0 (1T
+_Z _ZG(DV ((Fio+Sio)
nio\T<

n
== Z (Qui,r Ry i, 7+ Ry, + Ry i1+ Ry iv+Rsi 1)
3

Vn
+0 - a.s., say.

We show that (1/vn)I{;Q; 1= N, 502 ® Q¢), and (1/Vn)L!_ ;R ;1 —,0 k=1,..5, as
(n, T - ) with n/T - 0.
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Note that
1 (1 X

=— — ), GV, P G
‘/ﬁii:l(-l-tzzz ()I,l it—1 ())
1 n
*ﬁ?(

1 n
:W Z(Qi,i,T"'Qz,i,T), say.

i=1

_.MD
.o}

.
Z GV, VW — 1,)G()

e

Since E((1/T)ZL_ ,GAXNV; V/ — 1,)G(1)) =0, we have

2

1 n
E|l|— .
\/ﬁ ig:lQZ,l,T

1 T
~E|= Y GV, (Vi — 1,)G(L)

t=1

1
T2

T T
sllG(l)||4t[ Z YOE(V, V@V, V) — vee(l ) (vec( 1))}
t=1s=1

1
B O ( T ) .
T
Thus, (1/Vn)ZL;Q, ;1 = 0,(1). Next, observe that

E[VEC(Q]_ i T)(VEC(Q]_Y in))/]

T T
Y Y (G @ GME(P (1Pl _1®V; V/ NG ® G(1))
t=2s=2

‘LIH

—

-1
(?)(G(l)G(l) ® G(HGW)) = 5F (say)
2

-

=l =

t

—(G(l)G(l) ®G(1)G(1))——((Z ®0)=F%  say.

Also, note that (2 ® Q) > 0. These verify conditions (i), (ii), and (iv) of Theorem 3. Condition
(iii) of Theorem 3 holds because

Qi 7117 = IQyl1° = “

and

21 =tr(5F) > tr(5%) = EQl

so that the QI

are uniformly integrable in T. By Theorem 3, (1/‘/E)Z?=1Q1,i,Ti'
N, 302 ® Qp).
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Next, we show that (1/ \/H)Z?:lRL i,r —p 0 by proving E[(1/ \/F)Z{‘:IRL i,TIIZ —0as(n,T— o).

Note that
10 2
El—= Z Ryt
\/ﬁ ~ i,
=tr[E(vec(Ry ; 1 )(vec(Ry ; t)))]since E(Ry ;1) =0
(Z Zéjvi,t_jvitwl_ke'k)
j=0k=0
1 T-1T-1 © o '
=tr —22 Y E x | vec ZZ AV VNN c 4
t=1 s=1 p= =
—vec Z Gl., (vec ZGSGQH)
= s=0
1 T=2 (T-1-1h
Th-TTe2 T
Y Y X YGe6)
j=0k=0 p=0qg=0
X XEMV i1 Mitene1-9 @ Vi Ve p) (G ® Gp)
—vec( é"s Ggyq || vec ZGSG;+1))
s=0 =
If we show

s

DY

j=0 k=

Y (Gy®G)
0p=0q=0
EMVi s 1k th+1-q @ Vio Vi 10— p) (G ® Gp) | < o0,
Vec( Z @Gé+1 vec( Z 65G§+1))
s=0 s=0
then, by Cesaro summability, it follows that E[(1/Vn)Z_ iR, ; 1II> = O(1/T). Observe that

(8.23) =) ( ¥ tr(GkG’Hh@GJG;M))

X
k=l
Il

try

h=0

h=0\j=0k=0

)

—

Z Z tr(Gk@k+h1®c’§jGJ{+h+l)Km)

h=0\j=0k=(0v(1—h)
0o o - m _
+(*=-3) ) Ztr((GjH@Gj)(Ze|,|®e|,|)(Gf+h+1®Gf+h))
h=0j=0 I=1

=1+1+11, say.
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Since tr( A ® B) = tr( A)tr(B) and tr( A) < rows(( A))*/2|| Al| from (8.2) in Lemma 9, we have

Il
M
o
—
=

IA
[ ——
O
10

k=0 k=0
By Lemma 10
< Y YIG G, MGG I+ Y ( Y ZIGKIIGKM1|||§,-|||G,-+h+1||)
k=1j=0 h=1\k=0j=0

8

4 o0 o0
( Y Y GG, Wl

h=0k=0

Y IGl

j=0

( i i ||é}||ej+h|)

h=0j=0

8

Y lIGl

j=0

4 o 2/ o 2
(Z i|Gj|) Z|Gj|) <
j=0 j=0

Similarly, we can show that for some M >0

<M

. 4
Z|G,-|) <o
j=0

Also, we can show by modifying the arguments used above that
2

o)

2

1 n
E||— R, ;
‘/H i:Z:L 2,i, T

1 n
E||— Rj ;
‘/E i:Z]_ 3,i,T

and
1 N n n Vn
E|—= 2 Rai ofy/ = | R =ol—].
FEr|-o(V3) e B -e()
so all the desired results are proved and the lemma follows. Q.E.D.

PrRooF oF THEOREM 9: To establish joint limit normality of the PFM estimator EPFM, it is
enough to show that, as (n, T — =) with n/T — 0,

1

.

HM:

15 . -
(? Z (EiJ,rt xi,,t_A;rx)) = N(O'%(‘Qxx‘g QeAx))'
t=1
and
-1
1 n p
[ Z{Tz letxlt}} _)2(2;)(1.

The proof of the latter result is similar to the proof of Lemma 13(a), so we concentrate on the
former.
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Let AJ, = A, — 2,,2.A,, and Ef =

1%(

i=1

— £ {2 AX; . Then

Fﬂﬂ

EI tX|’t Aex))
1

l n
“RL|Fl

.
Z X :o)

A A 1 0 10
_(Qexnxx 'Q ‘Qxxl) ‘/ﬁ Z (? Z (Axi,t Xil,t_Axx)
i=1 t=1

7\/5(/’1\9( - Aex) + ﬁexﬁ;xl‘/ﬁ(ﬁxx - Axx)'

First, (2,25 — 2, Q5 DA/ VI (/T ((AX; X[ — A, ) =0,(1) because O, 2}, -
2,2 =0,(1) and (1/Vn)Z ,(1/ T (AX; X[ — A,,)) = O,(1) by Lemma 16 and EI|X; oll*
< M for some constant M. Next, according to Theorems 9 and 10 in Hannan (1970, pp. 280— 283) (or

Proposmon 1 in Andrews (1991)), we know that E||.()F Pi— E_(ZF I =(K/T)0(), and ||E.(2IE i
Qcl” = (1/K?9)O(1). Thus,

2

ElVn (8, — ool =E

1 ~ ~
T > (D —EOp (+ED: - 0)
i=1

=Ell0  — EQ: 1P +nlEQ: - O

K n
= ? + ﬁ o).
Since the bandwidth parameter K — o with K/T—0 and K29/T —>e>0 for some ¢q>3 by

Assumption 11, it follows that EIVn (2 — 217 >0 as (n, T — ) with n/T—0. The same
argument can be applied to Ag. In consequence, we have

‘/ﬁ(/’iex - Aex)1 ﬁex‘é;xl\/ﬁ(/’ixx - Axx) = c'p(:l-)'

The remainder of the proof involves showing that

\/_.Z( Z(E,tx,’t ex)) ( (oxxemex))

and this is entirely analogous to the proof of Lemma 16. The main contribution of (1/vn)Z!_,((1/

TZL(Ef X (= AJ,)) from the BN decomposition is
1 (10 n
> (; L (G- nexa;:cxu»vi,tp{,t1cx<1>’) Qs
i=1\ ' t=1 -

and it is easy to see that

) 1L t-1
E[VEC(Qi’T)(Vec(Qi’T))]= ? Z ? ('Qxx@‘ge.x)

t=1

1
N E(Q” ® 0, ) = E[vec(Q,)(vec(Q))) ],
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where Q; = (G,(1) — 2,, 25,1 C,(1))[ dW;, W/ C,(1). Thus, by Theorem 3, we have the desired result.
All the remainder terms in the BN decomposition of (1/yn)Zi QML (B X — AL
converge in probability to zero by Lemma 16 and the moment bound EIIXi,OIIA <M, for some
constant M. Q.E.D.
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