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Abstract

This paper develops a bootstrap theory for models including autoregressive time series with

roots approaching to unity as the sample size increases. In particular, we consider the

processes with roots converging to unity with rates slower than n�1. We call such processes

weakly integrated processes. It is established that the bootstrap relying on the estimated

autoregressive model is generally consistent for the weakly integrated processes. Both the

sample and bootstrap statistics of the weakly integrated processes are shown to yield the same

normal asymptotics. Moreover, for the asymptotically pivotal statistics of the weakly

integrated processes, the bootstrap is expected to provide an asymptotic refinement and give

better approximations for the finite sample distributions than the first order asymptotic

theory. For the weakly integrated processes, the magnitudes of potential refinements by the

bootstrap are shown to be proportional to the rate at which the root of the underlying process

converges to unity. The order of boostrap refinement can be as large as oðn�1=2þEÞ for any E40.

Our theory helps to explain the actual improvements observed by many practitioners, which

are made by the use of the bootstrap in analyzing the models with roots close to unity.
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1. Introduction

It is now widely understood that the standard bootstrap theory based on the
independent sampling extends well to the dependent time series model, if an
appropriate model is fit and the bootstrap samples are obtained by resampling
independent constituents of the model and reconstructing the data using estimated
parameters. For stationary AR processes, Bose (1988) shows that the bootstrap is
consistent and does provide the asymptotic refinement exactly as for the simple
independent and identically distributed model, once the correct model is fit and the
bootstrap samples are generated from the repeated samples of the fitted errors using
estimated AR coefficients. The idea of fitting a model and recovering bootstrap
samples based on the fitted model works even for an infinite order AR, as
demonstrated by Kreiss (1992), as long as we increase the order of the fitted AR with
the sample size at an appropriate rate. The procedure, which is often referred to as
the sieve bootstrap, was further investigated and developed by Bühlmann (1997).

It is, however, well known that such a method relying on the fitted model does not
work for nonstationary integrated processes. Indeed, Basawa et al. (1991) show that
for AR(1) model the bootstrap based on the fitted regression becomes inconsistent if
the process has a unit root, i.e., the resulting bootstrap distribution is different from
the sample distribution even asymptotically. Though the result itself is surprising, it
is not at all difficult to rationalize. We have a sharp discontinuity in the asymptotics
of AR regressions around the neighborhood of the unit root, and the estimated
model is not close enough to yield the same asymptotics. This is precisely the reason
that we have the bootstrap inconsistency for the unit root model. If the unit root is
imposed to generate samples, the bootstrap does what it is expected to do also for the
unit root models. As shown recently by Park (2003a), the bootstrap becomes
consistent and gives an asymptotic refinement if the presence of the unit root is
imposed in generating bootstrap samples.

For the model with a root in the neighborhood of unity, the validity/invalidity of the
bootstrap depends on whether or not the model can be estimated within the boundary
that permits the continuity of the asymptotics. For the unit root model, the
asymptotics are continuous in the opðn

�1Þ-neighborhood, while the estimated
coefficient is only in the Opðn

�1Þ-neighborhood. This would naturally lead to the
inconsistency of the bootstrap based on the estimated model. Though not mentioned
explicitly in the literature, it is also clear that the bootstrap becomes inconsistent for
the models with roots approaching to unity at the n�1-rate, which have been referred
to as models having roots local-to-unity, since the estimation error is of order Opðn

�1Þ.
For such models, the estimation error is of the same order as the rate at which the root
is approaching to unity. This, however, is not so for all models with roots approaching
to unity. As Park (2003b) shows, the processes with roots approaching to unity at a
rate slower than n�1, so called weakly integrated processes, have characteristics very
different from the near-integrated processes with roots converging to unity at n�1-rate.

This paper develops a bootstrap theory for the weakly integrated processes. The
error involved in estimating the weakly integrated process is of a smaller order of
magnitude than the rate of its root approaching to unity, and the estimation error
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therefore becomes negligible. It is thus well expected that we have the bootstrap
consistency for the weakly integrated processes. The estimated model generates the
bootstrap samples with roots approaching to unity at the same rate as the original
samples. Moreover, the bootstrap provides a refinement for the limiting distribution.
As we show in the paper, the bootstrap distribution more closely approximate the
distributions of sample statistics in finite samples. For the AR(1) model, the
refinement can be as large as oðn�1=2þ�Þ for some �40. Unlike the bootstrap for
stationary models, the primary refinement for weakly integrated processes comes
from utilizing the information on the estimated AR coefficients. For the weakly
integrated processes, the estimated AR coefficients contain useful information and it
is this information that provides the primary asymptotic refinement.

The theory developed in the paper helps to explain the actual improvements
observed by many practitioners, which come from the use of the bootstrap in
analyzing the models with roots close to unity. In fact, Nankervis and Savin (1996)
clearly demonstrates through an extensive simulation that there is a huge potential
for improvements, which can be achieved by using bootstrap in models with weakly
integrated processes. Their simulation evidence indeed makes it clear that the
potential for bootstrap refinement becomes larger as the root of the model gets closer
to unity. Nevertheless, none of the existing bootstrap theory is able to give an insight
to this observational fact. Our results provide some, if not all, obvious
reconciliations. They predict that the bootstrap for the weakly integrated processes
yields the distributions for sample statistics closer than their first order normal
asymptotics just as for the stationary processes, and that the magnitudes of
refinements become larger for the processes with the roots approaching to unity
faster as we observe in practice.

The rest of the paper is organized as follows. Section 2 introduces the model and the
main issues for the bootstrap of weakly integrated processes. Technical preliminaries
involving the probabilistic embeddings of the partial sum processes to the limit
Ornstein–Uhlenbeck processes are also given there with a discussion on the
distributional effects of approximation errors. The sample and bootstrap asymptotics
and their expansions are developed in Section 3. Also discussed there are the bootstrap
refinements. The extensions to the bootstrap for more general weakly integrated
processes driven by linear processes are made in Section 4. A sieve bootstrap based on
an approximated finite AR model is considered and the relevant asymptotics are
derived. Moreover, bootstrap refinements for more general models are also discussed.
Section 5 concludes the paper, and all the mathematical proofs are given in Appendix.

2. The model and preliminaries

2.1. The model and main issues

Consider the time series ðxtÞ generated as

xt ¼ axt�1 þ et, (1)

where we assume
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Assumption 2.1. Let

a ¼ 1�
m

n
,

where n;m!1 and m=n! 0.

Assumption 2.2. Let ðetÞ be iid random variables with Eet ¼ 0, Ee2t ¼ s2 and
Ejetj

po1 for some p42.

In our formulation of a in Assumption 2.1, m just controls the rate of convergence
for a to unity. Whenever it becomes more convenient to properly interpret our
subsequent results, we will set m explicitly as a function of n, i.e.,

m ¼ nðnÞ (2)

such as nðnÞ ¼ log n or nk with 0oko1. The condition for ðetÞ in Assumption 2.2 is
not necessary and will be relaxed to a more general stationary process later in Section
4. In particular, the iid assumption is not required for the subsequent development of
our theory. We may easily allow them to be a general martingale difference sequence.
The iid assumption is made just to make more meaningful the bootstrap of the
model, which we will discuss below.

Under Assumptions 2.1 and 2.2, the time series ðxtÞ represents a process that
behaves asymtotically as a random walk. If we let n be the sample size, our model
describes a time series that has a root approaching to unity as the number of samples
increases. Such a time series has been modelled previously by various authors using
the formulation similar to ours with m replaced by a constant ca0, and referred to
as a near-integrated process or a process with a near-unit root or a root local-to-
unity. Our model is different in that we let m grow as the sample size n increases.

For the formulation of a in Assumption 2.1, it is important how we set m in
relation to n. We consider three possibilities: m ¼ 0, m ¼ ca0 and m!1 such that
m=n! 0. The first specification with m ¼ 0 yields an exact unit root or integrated
process. Both the second and third cases generate processes with roots that are
asymptotically unity. The only difference between them is that the root for the
former converges faster than that for the latter. However, it turns out that the
distinction between the last two cases is much more meaningful than the one between
the first two cases. The specifications m ¼ 0 and m ¼ ca0 do generate processes
behaving differently in large samples. Nevertheless, the difference in their asymptotic
behaviors is of no qualitative nature and of no importance from the practical point
of view. The models with time series specified as above with m ¼ 0 and m ¼ ca0
have asymptotic properties that are largely comparable: They have estimators and
test statistics converging at the same rates and limiting distributions having similar
statistical properties. This is well known. On the other hand, as shown by Park
(2003b), the specifications m ¼ ca0 and m!1 such that m=n! 0 yield time series
having properties that are drastically different.

For this reason, we follow Park (2003b) and refer to the time series with each of
the specifications m ¼ 0, m ¼ ca0 and m!1 such that m=n! 0 respectively as
the exact, near and weakly integrated processes. Under this convention, the time
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series ðxtÞ in our model is a process having a weak unit root, and compares itself with
a process having a root in the n�1-neighborhood of unity, i.e., a near-unit root that
has frequently been considered in the literature.

Our main purpose is to show that the bootstrap of a weakly integrated process
does provide an asymptotic refinement, i.e., the bootstrap yields a distribution that is
closer to the finite sample distribution, relative to the first order asymptotic theory.
To bootstrap ðxtÞ, we first fit the model

xt ¼ âxt�1 þ êt (3)

and obtain bootstrap samples ðent Þ
n
t¼1 from the centered fitted residuals

êt �
1

n

Xn

t¼1

êt

 !n

t¼1

.

We may then generate bootstrap samples ðxn
t Þ

n
t¼1 recursively by

xn

t ¼ âxn

t�1 þ ent
starting from xn

0 ¼ x0. Throughout the paper, we assume x0 ¼ 0 for expositional
simplicity.

It should be emphasized here that the suggested bootstrap procedure uses the
estimated coefficient â to generate bootstrap samples ðxn

t Þ. As will be shown in the
next section, we have

â ¼ 1�
m

n
þOp

ffiffiffiffi
m
p

n

� �
(4)

and therefore the bootstraps for models involving weakly integrated processes
become generally consistent. Note that, for the weakly integrated processes, the
bootstrap samples generated using the fitted AR coefficient behave again like weakly
integrated processes. As can clearly be seen from (4), the estimation error in â is of
order smaller than the distance of a from unity, and becomes negligible as the sample
size increases.

This is not so for the exact or near-integrated processes. For the exact unit root
model, the bootstrap samples roughly behave like near-integrated processes if the
estimated AR coefficient is used. Note that the estimated AR coefficient has an error
of order Opð1=nÞ in this case. As shown by Basawa et al. (1991), the use of estimated
AR coefficient would thus lead to bootstrap inconsistency. Likewise, it is easy to see
that such a problem also arises for the near-unit root model. Our result in (4) holds
in this case with m ¼ c, and the estimation error becomes nonnegligible and affects
bootstrap samples persistently even for large samples. The bootstrap samples from
the near-unit root model, if generated using the estimated AR coefficient, are near-
integrated processes just like the original samples, since the estimation error is of
order Opð1=nÞ. They, however, have differing local parameters c, and the bootstrap
becomes inconsistent just as for the exact unit root model.

For the weakly integrated process, the bootstrap refinement comes primarily from
utilizing the information on a in the sample that is revealed through â. The primary
source of refinement here is therefore somewhat different from that of the usual
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bootstrap, which is the empirical distribution estimating underlying distribution
nonparametrically and consistently. For the weakly integrated process, the estimated
AR coefficient â contains useful information on its weak unit root property, and it is
by utilizing this information that the bootstrap provides most significant refinement
over the first order asymptotics. Therefore, the way that the bootstrap samples ðent Þ
are obtained has only secondary importance, though it may well have nonnegligible
effects on the bootstrap distribution of ðxn

t Þ. Our theories are applicable to any
parametric, as well as the usual nonparametric, bootstrap. As long as the bootstrap
samples ðxn

t Þ are generated using the estimated AR coefficient â, they will have the
weak unit root property inherited from ðxtÞ and thus provide the asymptotic
refinement that we recognize and establish in the paper. This point will be made clear
in the next section.

2.2. Technical preliminaries

The sample and bootstrap asymptotics developed in the paper rely on the
probabilistic embedding

VmnðrÞ¼dn�1=2x½nr� (5)

for r 2 ½0; 1�, where ½z� denotes the largest integer not exceeding z. The process Vmn in
(5) is defined for each n and mX0. Recall that the root of ðxtÞ depends on m, as well
as on n. For any fixed m40, it is well known that as n!1

Vmn!dV m,

where Vm is an Ornstein–Uhlenbeck process. More explicitly, we let V 0 be Brownian
motion with variance s2, and define Vm as

VmðrÞ ¼

Z r

0

expð�mðr� sÞÞdV 0ðsÞ (6)

for r 2 ½0; 1�. Note that, if we set m ¼ 0 in (6), Vm indeed reduces to the Brownian
motion V 0.

As shown in Park (2003b), we may construct the processes V mn and V m in the
same probability space so that

Lemma 2.3. Under Assumptions 2.1 and 2.2, we have

VmnðrÞ ¼ V mðrÞ þOpðn
�1=2þ1=pÞ þOpðmn�1Þ

uniformly in r 2 ½0; 1� and m 2 Rþ.

Lemma 2.3 allows us to represent, up to negligible errors, the distributions of
various statistics of time series ðxtÞ by the integrals of the corresponding functionals
of continuous process V m. Furthermore, the magnitudes of the errors incurred by
the approximations can be given explicitly. For the special case of m ¼ 0, the result
in Lemma 2.3 is well known, and has been used extensively in the analysis of
nonlinear models with integrated processes. See, e.g., Park and Phillips (2001).
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Before we present the corresponding result for the bootstrap samples ðxn
t Þ, it is

necessary to introduce some notations that will be used in the paper for the
bootstrap samples and statistics. Note that we use the superscript ‘‘n’’ to signify the
bootstrap samples and statistics, following the usual convention. Likewise, Pn

denotes the bootstrap probability conditional on the realization of ðetÞ, and En is
used for the expectation taken with respect to Pn. As usual, !dn denotes the weak
convergence of distributions, and ¼dn denotes the distributional equality, conditional
on the realization of the samples. Moreover, ‘in P’ means ‘with probability close to
unity for all large n’, implying that the probability of ðetÞ being realized for which the
designated statement holds can be made arbitrarily close to unity by requiring n to be
sufficiently large. Our asymptotics in the paper involve the bootstrap stochastic
order symbols, which are introduced in Chang and Park (2003). In particular, we
denote by Zn

n ¼ On

pð1Þ in P if for any E40 there exists K such that

PfPnfjZn

nj4Kg4EgoE

for all sufficiently large n.
We now define

Vn

mnðrÞ¼dnn�1=2xn

½nr� (7)

for r 2 ½0; 1�, correspondingly as V mn introduced in (5). Then we have

Lemma 2.4. Under Assumptions 2.1 and 2.2, we have

Vn

mnðrÞ ¼ V mðrÞ þOn

pðn
�1=2þ1=pÞ þOn

pðmn�1Þ in P

uniformly in r 2 ½0; 1� and m 2 Rþ.

Lemma 2.4 implies that we may have the probabilistic embedding for the
bootstrap samples similarly as for the original samples. The distributions of various
statistics of the bootstrap samples ðxn

t Þ can also be approximated by the
corresponding functionals of Vm. Upon comparing the results in Lemmas 2.3 and
2.4, it is now well expected that the bootstrap would provide the asymptotic
refinement for models with weakly integrated processes. Note that Vmn and Vn

mn

have the common leading term V m. Therefore, various functionals of V mn and Vn
mn

are expected to be represented by the same functionals of V m up to the
approximation errors, which would become asymptotically negligible under
appropriate regularity conditions. This will be shown in later sections.

Lemmas 2.3 and 2.4 only provide the stochastic orders of the error terms, and
cannot be used directly to show the asymptotic refinement of the bootstrap tests. In
particular, our results in Lemmas 2.3 and 2.4 do not necessarily imply that Vmn can
be approximated by V m with an error which is distributionally of order Oðn�1=2þ1=pÞ

or Oðmn�1Þ. Therefore, we may not readily compare the rejection probabilities of the
bootstrap tests with those of the asymptotic tests. To investigate the distributional
orders of the approximation errors appearing in Lemmas 2.3 and 2.4, we need to
establish that
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Corollary 2.5. Under Assumptions 2.1 and 2.2, we have

P mk sup
0prp1

jV mnðrÞ � VmðrÞj4dmn

� �
pKdmnEjetj

p,

Pn mk sup
0prp1

jVn

mnðrÞ � VmðrÞj4dmn

� �
pKdmnE

njent j
p in P

for any ðdmnÞ such that

dmnXmaxðmkp=ð1þpÞnð2�pÞ=2ð1þpÞ;m1þkn�1þEÞ

with arbitrarily small E40, where K is an absolute constant depending only upon p.

We now let D½0; 1� be the set of cadlag functions defined on ½0; 1�, and let Gm be a
functional defined on D½0; 1� such that

jGmðV mnÞ � GmðV mÞjpKmk sup
0prp1

jVmnðrÞ � VmðrÞj,

where K is an absolute constant possibly depending only upon p, and such that
GmðVmÞ has a density bounded uniformly in m. Clearly, Gm may be viewed as a
Lipschitz functional defined on D½0; 1� endowed with the supremum norm. As a
direct consequence of Corollary 2.5, we have

PfGmðV mnÞpxg ¼ PfGmðVmÞpxg þ Rmn,

PnfGmðVmnÞpxg ¼ PfGmðVmÞpxg þ Rmn in P (8)

uniformly in x 2 R, where

Rmn ¼ oðmk=pð1þpÞnð2�pÞ=2ð1þpÞþEÞ þ oðm1þkn�1þEÞ

for any E40. This can be shown using the result in, e.g., Lemma A4 of Park (2003a).
As an illustration, we consider the kth sample moments of ðxtÞ and ðx

n
t Þ. It follows

directly from the embeddings in (5) and (7) that

mk=2

n1þk=2

Xn�1
t¼0

xk
t¼dmk=2

Z 1

0

V k
mnðrÞdr;

mk=2

n1þk=2

Xn�1
t¼0

xnk
t ¼dnmk=2

Z 1

0

Vnk
mnðrÞdr

Moreover, if we let Mk be the kth moment of Nð0;s2=2Þ distribution and given by

Mk ¼ 0 if k ¼ 2j � 1 and Mk ¼ ðs2=2Þ
jPj

i¼1ð2i � 1Þ if k ¼ 2j for j ¼ 1; 2; . . ., then

mk=2
R 1
0 Vk

mðrÞdr!a:s:Mk and m1=2ðmk=2
R 1
0 V k

mðrÞdr�MkÞ converges weakly to

normal law, as m!1. This is shown in Park (2003b). The kth sample moment

of ðxtÞ or ðx
n
t Þ may therefore be effectively analyzed if we consider

GmðV Þ ¼ m1=2 mk=2

Z 1

0

VkðrÞdr�Mk

� �
. (9)

Clearly, the functional Gm is Lipschitz and GmðV mÞ has a density bounded uniformly
in m. Our results in (8) are thus applicable for the functional Gm defined in (9) with
k ¼ ðk þ 1Þ=2.
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All the test statistics we will subsequently consider can be represented as simple
functions of the sample moments of ðxtÞ and ðx

n
t Þ. We may therefore directly

compare the rejection probabilities of the bootstrap tests with those of the
asymptotic tests as above using the functional Gm introduced in (9), and show that
the bootstrap provides the asymptotic refinement. This, however, will not be
formally pursued in the paper. The exact orders of the discrepancies in the rejection
probabilities depend upon m, which we do not observe. Therefore, the absolute
magnitudes of the orders are not very useful. In the subsequent lemmas, theorems
and corollaries, we simply provide the results as those in Lemmas 2.3 and 2.4,
identifying only the leading terms in the expansions with the stochastic orders of
magnitude for the approximation errors. However, it should be emphasized here that
all the error terms in our subsequent results can be made as small as opðn

�1=2þEÞ

stochastically and oðn�1=2þEÞ distributionally, for any E40, under stringent enough
moment conditions for ðetÞ and sufficiently slow divergence rates for m.
3. Sample asymptotics and bootstrap refinements

3.1. Sample asymptotics

As before, we denote by â the least squares estimator for the AR coefficient a in
regression (3). Let Smn be the normalized coefficient given by

Smn ¼
nffiffiffiffi
m
p ðâ� aÞ ¼

n
Pn

t¼1 xt�1etffiffiffiffi
m
p Pn

t¼1 x2
t�1

and Tmn be the t-ratio given by

Tmn ¼
â� a
sðâÞ
¼

Pn
t¼1 xt�1et

ŝ
Pn

t¼1 x2
t�1

� �1=2 ,
where ŝ2 is the usual error variance estimator and sðâÞ is the standard error for â.

Lemma 3.1. Under Assumptions 2.1 and 2.2, we have

m

n2

Xn

t¼1

x2
t�1¼dm

Z 1

0

V 2
mðrÞdrþOpðm

1=2n�1=2þ1=pÞ þOpðm
3=2n�1Þ,

ffiffiffiffi
m
p

n

Xn

t¼1

xt�1et¼d

ffiffiffiffi
m
p

Z1
0

VmðrÞdV0ðrÞ þOpðm
1=2n�1=2þ1=pÞ þOpðm

3=2n�1Þ,

as n!1, uniformly in m 2 Rþ.

Theorem 3.2. Under Assumptions 2.1 and 2.2, we have

Smn¼dSm þOpðm
1=2n�1=2þ1=pÞ þOpðm

3=2n�1Þ,
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Tmn¼dTm þOpðm
1=2n�1=2þ1=pÞ þOpðm

3=2n�1Þ,

where

Sm ¼

ffiffiffiffi
m
p R 1

0 VmðrÞdV 0ðrÞ

m
R 1
0 V 2

mðrÞdr
; Tm ¼

ffiffiffiffi
m
p R 1

0 VmðrÞdV0ðrÞ

sðm
R 1
0 V 2

mðrÞdrÞ1=2
,

as n!1, uniformly in m 2 Rþ, and

Smffiffiffi
2
p ; Tm!dNð0; 1Þ,

as m!1.

The role of m in our asymptotics should first be clarified to properly interpret the
results in Theorem 3.2 and the subsequent results. To do so, we let ðS;TÞ represent
the limit random variables of ðSm;TmÞ, and assume that ðSmn;TmnÞ is defined on the
same probability space as ðSm;TmÞ and ðS;TÞ. Then we write

Smn ¼ S þ ðSm � SÞ þ ðSmn � SmÞ,

Tmn ¼ T þ ðTm � TÞ þ ðTmn � TmÞ.

It now follows from Theorem 3.2 that

Am ¼ Sm � S or Tm � T

become small as m!1, and that

Bmn ¼ Smn � Sm or Tmn � Tm

can be made negligible uniformly in m 2 Rþ as n!1.
Unless m increases too fastly relative to n, we may well expect

jAmj4jBmnj ¼ Opðm
1=2n�1=2þ1=pÞ þOpðm

3=2n�1Þ. (10)

Indeed, this is what is likely to happen when

m ¼ oðminðn2=3�4=3p; n4=7ÞÞ,

since Am is of order at most Opðm
�1=4Þ, as one may see from proof of Theorem 3.2.

Here we should notice that Theorem 3.2 does provide asymptotic expansions for
ðSmn;TmnÞ, if Am and Bmn satisfy the condition given in (10). In such cases, Sm ¼

S þ ðSm � SÞ and Tm ¼ T þ ðTm � TÞ represent the two leading terms of the
expansions for Smn and Tmn, respectively.

The precision and usefulness of the expansions, of course, depend on how slowly
m increases relatively to n. Our expansions, in particular, are not valid when m

increases as fast as n, in which case ðxtÞ becomes a stationary AR process. Recall that
we assume m=n! 0. If m increases at a slower rate relative to n, the approximation
errors have reduced orders, and the leading terms in the expansions become more
dominant. As m increases slowly (fastly) relative to n, m=n diminishes fastly (slowly)
to zero, which in turn implies that a ¼ 1�m=n approaches fastly (slowly) to unity.
Therefore, our expansions are generally more useful for the time series with roots
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closer to unity. If, for instance, m ¼ log n and a ¼ 1�m=n ¼ 1� log n=n, the
expansions have the error terms of order opðn

�1=2þ1=p log nÞ. The order would further
be reduced to opðn

�1=2þEÞ for any E40, if all moments of ðetÞ are finite. The leading
terms in this case would thus provide reasonably good approximations for the finite
sample distributions of Smn and Tmn. Note that ðSmn;TmnÞ are asymptotically
pivotal, and the distributions of ðSm;TmÞ and ðS;TÞ do not depend upon any
nuisance parameter.

Under stringent enough moment conditions for ðetÞ, it readily follows from the
results in Theorem 3.2 that

PfSmnpxg ¼ PfSmpxg þ oðm1=2n�1=2þ1=pþEÞ þ oðm3=2n�1þEÞ, ð11Þ

PfTmnpxg ¼ PfTmpxg þ oðm1=2n�1=2þ1=pþEÞ þ oðm3=2n�1þEÞ, ð12Þ

which hold uniformly in x 2 R for any E40. The asymptotic expansions in (11) and
(12) are more comparable to the Edgeworth type expansions for the usual stationary
models, and also more directly applicable to investigate the asymptotic refinement of
the bootstrap as we will see later. Given Corollary 2.5, the results in (11) and (12) can
easily be derived exactly as in the proof of Corollary 3.8 in Park (2003a).

The usual asymptotics can also be easily derived from Theorem 3.2. Indeed, it can
be easily deduced from Theorem 3.2 that

Smnffiffiffi
2
p ; Tmn!dNð0; 1Þ

as long as n;m!1 such that m=n! 0. Alternatively, we may set m explicitly as a
function of n as in (2) with nðnÞ such that nðnÞ=n! 0 as n!1. Then it follows from
Theorem 3.2 that

SnðnÞnffiffiffi
2
p ; T nðnÞn!dNð0; 1Þ

as n!1, more conformably with the usual asymptotics. The models with weakly
integrated processes, if correctly specified, have normal asymptotics in sharp
constrast with the unit root and cointegrated models. The reader is referred to Park
(2003b) for more details on the asymptotics of models with weakly integrated time
series.

We also consider the estimators for a in the regressions with constant and linear
time trend as given by

yt ¼ m̂þ âmxt�1 þ êt, ð13Þ

yt ¼ m̂þ t̂tþ âtxt�1 þ êt, ð14Þ

in addition to regression (3). In what follows, we will only consider the least squares
estimators âm and ât of a in regressions (13) and (14). The least squares estimators of
other parameters can be analyzed similarly.
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Lemma 3.3. We have

1ffiffiffi
n
p

Xn

t¼1

et¼d

Z 1

0

dV0ðrÞ þOpðn
�1=2þ1=pÞ,

1

n3=2

Xn

t¼1

tet¼d

Z 1

0

rdV 0ðrÞ þOpðn
�1=2þ1=pÞ,

ffiffiffiffi
m
p

n3=2

Xn

t¼1

xt�1¼d

ffiffiffiffi
m
p

Z 1

0

VmðrÞdrþOpðm
1=2n�1=2þ1=pÞ þOpðm

3=2n�1Þ,

ffiffiffiffi
m
p

n5=2

Xn

t¼1

txt�1¼d

ffiffiffiffi
m
p

Z 1

0

rV mðrÞdrþOpðm
1=2n�1=2þ1=pÞ þOpðm

3=2n�1Þ,

as n!1, uniformly in m 2 Rþ.

Define ðSm
mn;T

m
mnÞ and ðSt

mn;T
t
mnÞ, respectively for regressions (13) and (14),

correspondingly as ðSmn;TmnÞ defined for regression (3). Moreover, denote by
ðSm

m;T
m
mÞ and ðS

t
m;T

t
mÞ the leading terms in the asymptotic expansions of ðSm

mn;T
m
mnÞ

and ðSt
mn;T

t
mnÞ, respectively, analogously as our notations ðSm;TmÞ for ðSmn;TmnÞ.

Then we have

Corollary 3.4. Let ðSm
m;T

m
mÞ and ðSt

m;T
t
mÞ be defined analogously as ðSm;TmÞ with V m

replaced respectively by Vm
m and V t

m, where

Vm
mðrÞ¼dV mðrÞ �

Z 1

0

V mðsÞds,

V t
mðrÞ¼dV mðrÞ þ ð6t� 4Þ

Z 1

0

V mðsÞds� ð12t� 6Þ

Z 1

0

sVmðsÞds.

Then Theorem 3.2 continues to hold for ðSm
mn;T

m
mnÞ and ðSt

mn;T
t
mnÞ with ðSm;TmÞ

replaced respectively by ðSm
m;T

m
mÞ and ðSt

m;T
t
mÞ.

In particular, Corollary 3.4 implies that ðSm
mn;T

m
mnÞ and ðS

t
mn;T

t
mnÞ have the leading

expansion terms ðSm
m;T

m
mÞ and ðS

t
m;T

t
mÞ. Our earlier remarks on the interpretations of

the leading expansion terms ðSm;TmÞ for ðSmn;TmnÞ also apply to the leading
expansion terms ðSm

m;T
m
mÞ and ðS

t
m;T

t
mÞ respectively for ðSm

mn;T
m
mnÞ and ðS

t
mn;T

t
mnÞ.

Furthermore, the formal asymptotic expansions similar to those in (11) and (12) can
also be obtained for both ðSm

mn;T
m
mnÞ and ðS

t
mn;T

t
mnÞ under appropriate moment

conditions for ðetÞ.
We now turn to the distributions of the leading terms in our asymptotic

expansions. Note that they are dependent only on m, and converge in distribution to
normal distributions as m!1. Figs. 1 and 2 present the densities of ðSm;S

m
m;S

t
mÞ

and ðTm;T
m
m;T

t
mÞ, respectively, for the values of m ¼ 10; 100 and 1000, and compare

them with their limit normal densities. The distributions of ðSm;TmÞ are pretty close
to the limit normal distributions, even when m is fairly small. Even for m ¼ 10, their
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distributions are not significantly different from the limit normals. On the other
hand, the distributions of ðSt

m;T
t
mÞ are very distinct from their limit distributions

unless m becomes fairly large. When m is as small as 10, their discrepancies from the
limit normals are quite substantial. It also appears that the distributions of ðSm

m;T
m
mÞ

can be quite different from their normal limits, though the differences are not as
large as ðSt

m;T
t
mÞ. The distributions of Sm

m and St
m are noticeably skewed when m is

small. This is not the case for Tm
m and T t

m, whose distributions are mislocated but
remain to be symmetric even for very small m.
3.2. Bootstrap refinements

Let ân be the least squares estimator for the AR coefficient a in regression (3)
obtained using bootstrap samples ðxn

t Þ. Define the bootstrap version of Smn by

Sn

mn ¼
nffiffiffiffi
m
p ðân � âÞ ¼

n
Pn

t¼1 xn
t�1e

n
tffiffiffiffi

m
p Pn

t¼1 xn2
t�1
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and the bootstrap version of Tmn by

Tn

mn ¼
ân � â
sðânÞ

¼

Pn
t¼1 xn

t�1e
n
t

ŝn
ð
Pn

t¼1 xn2
t�1Þ

1=2
,

where ŝn2 is the error variance estimator computed from bootstrap samples ðxn
t Þ, and

sðânÞ is the standard error for ân. Moreover, define ðSmn
mn;T

mn
mnÞ and ðS

tn
mn;T

tn
mnÞ for the

bootstrap versions of the regressions (13) and (14), respectively, analogously as
ðSn

mn;T
n
mnÞ for the bootstrap version of regression (3).

Lemma 3.5. Under Assumptions 2.1 and 2.2, we have

m

n2

Xn

t¼1

xn2
t�1¼dnm

Z 1

0

V2
mðrÞdrþOn

pðm
1=2n�1=2þ1=pÞ þOn

pðm
3=2n�1Þ in P

ffiffiffiffi
m
p

n

Xn

t¼1

xn

t�1e
n

t¼dn

ffiffiffiffi
m
p

Z 1

0

VmðrÞdV0ðrÞ þOn

pðm
1=2n�1=2þ1=pÞ þOn

pðm
3=2n�1Þ in P

as n!1, uniformly in m 2 Rþ.
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Lemma 3.6. Under Assumptions 2.1 and 2.2, we have

1ffiffiffi
n
p

Xn

t¼1

ent¼dn

Z 1

0

dV 0ðrÞ þOn

pðn
�1=2þ1=pÞ in P,

1

n3=2

Xn

t¼1

tent¼dn

Z 1

0

rdV0ðrÞ þOn

pðn
�1=2þ1=pÞ in P,

ffiffiffiffi
m
p

n3=2

Xn

t¼1

xn

t�1¼dn

ffiffiffiffi
m
p

Z 1

0

V mðrÞdrþOn

pðm
1=2n�1=2þ1=pÞ þOn

pðm
3=2n�1Þ in P,

ffiffiffiffi
m
p

n5=2

Xn

t¼1

txn

t�1¼dn

ffiffiffiffi
m
p

Z 1

0

rVmðrÞdrþOn

pðm
1=2n�1=2þ1=pÞ þOn

pðm
3=2n�1Þ in P,

as n!1, uniformly in m 2 Rþ.

Theorem 3.7. Under Assumptions 2.1 and 2.2, we have

Sn

mn¼dnSm þOn

pðm
1=2n�1=2þ1=pÞ þOn

pðm
3=2n�1Þ in P,

Tn

mn¼dnTm þOn

pðm
1=2n�1=2þ1=pÞ þOn

pðm
3=2n�1Þ in P,

where Sm and Tm are defined in Theorem 3.2.

Corollary 3.8. Theorem 3.7 continues to hold for ðSmn
mn;T

mn
mnÞ and ðStn

mn;T
tn
mnÞ with

ðSm;TmÞ replaced respectively by ðSm
m;T

m
mÞ and ðS

t
m;T

t
mÞ.

Lemma 3.5 and Theorem 3.7 are completely analogous to Lemma 3.1 and
Theorem 3.2, and provide the asymptotics for regression (3). Lemma 3.6 and
Corollary 3.8 correspond to Lemma 3.3 and Corollary 3.4, and are for regressions
(13) and (14) with intercept and linear time trend.

Theorem 3.7 shows that the bootstrap distributions of ðSn

mn;T
n
mnÞ are asympto-

tically identical to those of ðSmn;TmnÞ as n;m!1 such that m=n! 0. Both
have limit normal distributions. The bootstrap consistency is thus established.
More importantly, however, Theorem 3.7 shows that the bootstrap
provides the asymptotic refinements for ðSmn;TmnÞ. The asymptotic expansions
for ðSmn;TmnÞ and ðSn

mn;T
n
mnÞ have the same leading terms ðSm;TmÞ, which

approximate the finite sample distributions of ðSmn;TmnÞ and ðSn

mn;T
n
mnÞ up

to the errors that become negligible if m increases slowly enough. Note that the
leading terms in the asymptotic expansions of ðSn

mn;T
n
mnÞ have distributions

not depending upon the sample realizations. Due to Corollary 3.8, all these
discussions on the asymptotic refinement of the bootstrap for ðSmn;TmnÞ

extend to ðSm
mn;T

m
mnÞ and ðS

t
mn;T

t
mnÞ for the regressions with intercept and linear

time trend.
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Analogously as (11) and (12), we may deduce from the results in Theorem 3.7
that

PnfSn

mnpxg ¼ PfSmpxg þ opðm
1=2n�1=2þ1=pþEÞ þ opðm

3=2n�1þEÞ, ð15Þ

PnfTn

mnpxg ¼ PfTmpxg þ opðm
1=2n�1=2þ1=pþEÞ þ opðm

3=2n�1þEÞ, ð16Þ

uniformly in x 2 R for any E40. Similarly as (11) and (12), the bootstrap asymptotic
expansions in (15) and (16) can be derived in a straightforward manner from
Corollary 2.5 as in the proof of Corollary 3.11 in Park (2003a), under stringent
enough moment conditions for ðetÞ. The bootstrap asymptotic expansions for
ðSmn

mn;T
mn
mnÞ and ðS

tn
mn;T

tn
mnÞ corresponding to those in (15) and (16) can be obtained

similarly.
Let an

l and bn

l denote, respectively, the bootstrap critical values for the size l tests
based on the statistics Smn and Tmn, which are given by

PnfSn

mnpan

lg; P
nfTn

mnpbn

lg ¼ l.

Then we may easily deduce, by comparing (11) with (15) and (12) with (16), that

PfSmnpan

lg; PfTmnpbn

lg ¼ lþ opðm
1=2n�1=2þ1=pþEÞ þ opðm

3=2n�1þEÞ (17)

for any E40. The results in (17) show that the bootstrap provides the asymptotic
refinements for Smn and Tmn as long as (10) holds. In this case, the tests relying on
the bootstrap critical values an

l and bn

l, in place of their asymptotic values, have the
actual rejection probabilities that are closer to their nominal values. Of course,
similar results hold for ðSm

mn;T
m
mnÞ and ðS

t
mn;T

t
mnÞ for the regressions with intercept

and linear time trend.
The orders of the bootstrap refinements here depend on how fast

a ¼ 1�m=n approaches to unity. If m increases slowly relative to n and a ¼
1�m=n coverges to unity fastly, the magnitudes of the error terms become
smaller and the common leading terms ðSm;TmÞ in the asymptotic
expansions of ðSmn;TmnÞ and ðSn

mn;T
n
mnÞ more precisely represent their finite

sample distributions. If we set m ¼ log n so that a ¼ 1�m=n converges to the
unity nearly as fast as in the case for the quasi-integrated process, then the
orders of the bootstrap refinements can be made as large as on

pðn
�1=2þEÞ for

any E40. This rate can actually be attained if the innovation has moments
finite at all orders. The magnitudes of bootstrap refinements also depend upon
how far away are the distributions of the leading terms from the limit
normal distributions. Of three regressions (3), (13) and (14), we may expect
most substantial bootstrap refinements for the regression with linear time
trend, since as shown in Figs. 1 and 2 the distributions of the leading
terms are most distinct from the limit normal distributions. This is indeed
exactly what was found by Nankervis and Savin (1996) through an extensive
simulation.
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4. Extensions

4.1. A sieve bootstrap

Now we consider more general model

xt ¼ axt�1 þ vt, (18)

where a is specified as in Assumption 2.1, and ðvtÞ is a general linear process given by

vt ¼ pðLÞet,

with pðzÞ ¼
P1

i¼0 piz
i.

Assumption 4.1. We assume that
(a)
 ðetÞ are iid random variables such that Eet ¼ 0, Ee2t ¼ s2 and Ejetj
po1 for some

pX4, P

(b)
 pðzÞa0 for all jzjp1, and 1

i¼0jij
qjpijo1 for some qX1.
Let

VmnðrÞ¼d

x½nr�

pð1Þ
ffiffiffi
n
p

and V m be defined as in Section 2. Then we have

Lemma 4.2. Under Assumptions 2.1 and 4.1, we have

VmnðrÞ ¼ V mðrÞ þOpðn
�1=2þ1=pÞ þOpðmn�1Þ

uniformly in r 2 ½0; 1� and m 2 Rþ.

Under Assumption 4.1, we may write ðvtÞ as an infinite order AR. In what follows,
we will write

bðLÞvt ¼ et (19)

with bðzÞ ¼ 1�
P1

i¼1 biz
i. Consequently, ðxtÞ is generated as

ð1� aLÞbðLÞxt ¼ et,

i.e., an infinite order AR process with a weak unit root. If we define
bkðzÞ ¼ 1�

Pk�1
i¼1 biz

i, then we may write

ð1� aLÞbkðLÞxt ¼ ek;t.

We assume that k satisfies

Assumption 4.3. Let

maxðm1=2q;minðn1=2q�1=pq;m�1=qn1=qÞÞpkpn1=p

as n;m!1 such that m=n! 0.
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The time series ðxtÞ is now approximated by a kth order autoregression. The
approximation order k is assumed to increase with the sample size n at a controlled
rate. Note that we may allow k to increase slowly for larger values of q. If ðvtÞ is
generated as an invertible ARMA process, then q ¼ 1. In this case, we may permit k
to grow at a logarithmic rate.

Bootstrap samples for the weakly integrated process ðxtÞ can be obtained similarly
as before by first fitting ðxtÞ using an autoregression of order increasing with the
sample size. For the fitted autoregression, we may use the linear specification

xt ¼ â1xt�1 þ � � � þ âkxt�k þ êk;t (20)

or the nonlinear specification

xt ¼ âxt�1 þ
Xk�1
i¼1

b̂iðxt�i � âxt�i�1Þ þ êk;t (21)

with order k set to increase as the sample size. The fitted parameters in (20) and (21)
are related each other by

â1 ¼ âþ b̂1,

âi ¼ b̂i � âb̂i�1; i ¼ 2; . . . ;k� 1,

âk ¼ �âb̂k�1 ð22Þ

and the fitted residuals are identical.
We may then obtain bootstrap samples ðent Þ from the centered fitted residuals

êk;t �
1

n

Xn

t¼1

êk;t

 !n

t¼1

and generate the bootstrap samples ðxn
t Þ recursively using

xn

t ¼ â1xn

t�1 þ � � � þ âkxn

t�k þ ent (23)

or

xn

t ¼ âxn

t�1 þ
Xk�1
i¼1

b̂iðx
n

t�i � âxn

t�i�1Þ þ ent (24)

correspondingly as the fitted models (20) and (21), given the intinial values xn
t ¼ xt

for t ¼ 0; . . . ;�kþ 1. The bootstrap samples ðxn
t Þ generated using the fitted models

(20) and (21) are identical. The simple linear regression (20) may therefore be
preferred to use in practise.

For the asymptotic analysis of the bootstrap sample ðxn
t Þ based on (20) or (21), it

will be convenient to look at the fitted regressions

xt �
Xk�1
i¼1

bixt�i

 !
¼ ~a xt�1 �

Xk�1
i¼1

bixt�i�1

 !
þ ~ek;t, (25)
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ðxt � axt�1Þ ¼
Xk�1
i¼1

~biðxt�i � axt�i�1Þ þ ~ek;t. (26)

Of course, these regressions are not feasible since a and ðbiÞ are unknown. They are
introduced here simply to analyze the fitted regressions (20) and (21). From now on,
we will concentrate on the estimation of the parameters in regression (21). The
estimates of the parameters in regression (20) can be obtained using the relationships
in (22). The next lemma shows that â and ðb̂iÞ in regression (21) are asymptotically
equivalent to ~a and ð ~biÞ in regressions (25) and (26).

Lemma 4.4. Under Assumptions 2.1, 4.1 and 4.3, we have

nffiffiffiffi
m
p ðâ� aÞ ¼

nffiffiffiffi
m
p ð~a� aÞ þOpððm=nÞ1=2Þ

and for any k fixedffiffiffi
n
p
ðb̂i � biÞ ¼

ffiffiffi
n
p
ð ~bi � biÞ þOpððm=nÞ1=2Þ

uniformly in i ¼ 1; . . . ; k� 1 and m 2 Rþ.

Lemma 4.5. Under Assumptions 2.1, 4.1 and 4.3, we have

nffiffiffiffi
m
p ð~a� aÞ¼d

ffiffiffiffi
m
p R 1

0 V mðrÞdV0ðrÞ

m
R 1
0 V2

mðrÞdr
þOpðn

�1=2þ1=pÞ þOpðmn�1Þ

as n!1, uniformly in m 2 Rþ.

The asymptotic properties of ð ~biÞ are well known. In particular, if we define
~bkðzÞ ¼ 1�

Pk�1
i¼1

~biz
i, then we have

~bkð1Þ ¼ bkð1Þ þOpðkn�1=2Þ þ oðk�qÞ

¼ bð1Þ þOpðkn�1=2Þ þ oðk�qÞ

as shown in the proof of Lemma 3.1 in Park (2002). Due to the condition on k in
Assumption 4.3, and the result in Lemma 4.4, it therefore follows that

b̂kð1Þ ¼ bð1Þ þOpðn
�1=2þ1=pÞ þOpðmn�1Þ (27)

where b̂kðzÞ ¼ 1�
Pk�1

i¼1 b̂iz
i. The approximation error incurred by using b̂kð1Þ for

bð1Þ would thus become negligible within our error bound.
We now let

p̂ð1Þ ¼
1

b̂kð1Þ

and define

Vn

mnðrÞ¼dn

xn
½nr�

p̂ð1Þ
ffiffiffi
n
p .

Then we have analogously as in Lemma 4.2 that
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Theorem 4.6. Under Assumptions 2.1, 4.1 and 4.3, we have

Vn

mnðrÞ ¼ V mðrÞ þOn

pðn
�1=2þ1=pÞ þOn

pðmn�1Þ in P

uniformly in r 2 ½0; 1� and m 2 Rþ.

Our results in Lemma 4.2 and Theorem 4.6 make it clear that we may expect, also
for the weakly integrated time series generated by general linear processes, the
asymptotic refinements similar to those in the previous section established for the
simple weakly integrated processes. We are only required to fit an approximated
autoregression of order increasing with the sample size, and to obtain the bootstrap
samples based on the fitted regression. The error bounds are exactly the same as for
the first order autoregressive processes with weak unit roots.
4.2. Bootstrap refinements for general models

It follows rather straightforwardly from Lemma 4.2 and Theorem 4.6 that

Corollary 4.7. Under Assumptions 2.1, 4.1 and 4.3, we have

m

n2

Xn

t¼1

x2
t¼dm

Z 1

0

V2
mðrÞdrþOpðm

1=2n�1=2þ1=pÞ þOpðm
3=2n�1Þ,

m

n2

Xn

t¼1

xn2
t ¼dnm

Z 1

0

V 2
mðrÞdrþOn

pðm
1=2n�1=2þ1=pÞ þOn

pðm
3=2n�1Þ in P

as n!1, uniformly in m 2 Rþ, which extends the results in Lemmas 3.1 and 3.3 to

general weakly integrated time series driven by linear processes.

One of the immediate implications of the results in Corollary 4.7 is the bootstrap
refinement for the model

yt ¼ bxt þ ut. (28)

Let b̂ be the least squares estimator for b. If the errors ðutÞ are iid and independent of
ðxtÞ, we have

nffiffiffiffi
m
p ðb̂� bÞ ¼

m

n2

Xn

t¼1

x2
t

 !�1 ffiffiffiffi
m
p

n

Xn

t¼1

xtut,

¼d

ffiffiffiffi
m
p R 1

0 VmðrÞdUðrÞ

m
R 1
0 V2

mðrÞdr
þOpðm

1=2n�1=2þ1=pÞ þOpðm
3=2n�1Þ, ð29Þ
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where U is Brownian motion independent of Vm. Similarly, we have in this case

nffiffiffiffi
m
p ðb̂

n

� b̂Þ ¼
m

n2

Xn

t¼1

xn2
t

 !�1 ffiffiffiffi
m
p

n

Xn

t¼1

xn

t un

t

¼dn

ffiffiffiffi
m
p R 1

0 V mðrÞdUðrÞ

m
R 1
0 V2

mðrÞdr

þOn

pðm
1=2n�1=2þ1=pÞ þOn

pðm
3=2n�1Þ in P, ð30Þ

where ðxn
t Þ are bootstrap samples of ðxtÞ obtained as described in the previous

subsection, and ðun
t Þ are resamples of the centered fitted residuals ðût � ð1=nÞ

Pn
t¼1 ûtÞ.

Therefore, the bootstrap for regression (28) provides the refinement up to the order
given by the maximum of oðm1=2n�1=2þ1=pþEÞ and oðm3=2n�1þEÞ for arbitrarily small
E40, just as in the case of simple autoregression. The leading terms of the
standardized b̂ and b̂

n

all have normal limit distributions, as shown in Park (2003b).
The model given above in (28) may represent a quite general weak cointegrating

regression, if we specify ðutÞ as a linear process jointly with ðvtÞ generating ðxtÞ. To
consider such a general model, we define

wt ¼ ðut; vtÞ
0

and let ðwtÞ be a linear process given by

wt ¼ PðLÞet,

where ðetÞ are now iid random vectors and PðzÞ ¼
P1

i¼0Piz
i. We impose conditions

on ðetÞ and ðPiÞ comparable to those in Assumption 4.1. Under this specification, the
usual least squares method is not efficient. An efficient way of estimating b is to run
the regression

yt ¼ bxt þ
X
jijpk

bivt�i þ uk;t. (31)

Of course, ðvtÞ are not observed and should be replaced for the practical
implementation by the fitted residuals ðv̂tÞ from the regression

xt ¼ âxt�1 þ v̂t

and the number k of leads and lags is assumed to satisfy Assumption 4.3.
To bootstrap the general weak cointegrating regression, we first let

ẑt ¼ ðût; xtÞ
0,

where ðûtÞ are the fitted residuals from regression (28), and fit

ẑt ¼ Â1ẑt�1 þ � � � þ Âkẑt�k þ êk;t. (32)

We may now obtain resamples ðent Þ from the centered residuals ðêk;tÞ and construct
the bootstrap samples ðznt Þ using the fitted vector autoregression in (32). The order k
needs not be the same for regressions (31) and (32). We just use the same symbol,
since they are required to satisfy the same conditions.
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Both the sample and bootstrap asymptotics for the general weak cointegrating
regressions are quite similar to those for the simple weak cointegrating regressions
driven by iid errors, if we fit the augmented regression (31) to estimate b. For the
general weak cointegrating regressions, we indeed have exactly the same representa-
tions as in (29) and (30), only with reduced variance for the process U. We do not
provide the details of the proofs here, because they are quite straightforward from
our results in the previous section and the sample and bootstrap asymptotics
developed in Chang et al. (2005) for the similar cointegrating regressions augmented
with leads and lags of differenced regressors. The models with fitted mean and trend
can be analyzed similarly. The finite order autoregressive model can also be
considered as a special case within our framework. In particular, it is rather
straightforward to show that the result by Inoue and Kilian (2002) continues to hold
for weakly integrated processes. Undoubtedly, the bootstrap would provide
refinements for more general models as well. It is indeed obvious from Park
(2003b) that the bootstrap yields distributions closer to finite sample distributions
compared to the first order asymptotics for nonlinear, as well as linear, regression
models.
5. Conclusions

In this paper, we consider the bootstrap for weakly integrated processes with roots
approaching to unity as the sample size increases at rates slower than n�1. As shown
in Park (2003b), models with such processes yield normal asymptotics, in sharp
contrast to those with the exact unit roots or the roots converging to unity at rates
equal to or faster than n�1. For such models, the relevant asymptotic theories are
generally nonstandard and nonnormal. We establish the bootstrap consistency and
asymptotic refinement for models with weakly integrated processes. That is, it is
shown that the usual bootstrap is not only first order equivalent to the asymptotics,
but also yields the distributions that are closer to the finite sample distributions than
the first order asymptotics if applied to the asymptotically pivotal statistics. It is well
known that the bootstrap becomes inconsistent for models with exact unit roots,
unless the unity of the root is imposed when we generate bootstrap samples.

We consider relatively simple models in the paper. This is, however, just for the
concreteness of the arguments and by no means implies that the bootstrap works
only for such simple models. The bootstrap theory presented here and the
asymptotic theory developed in Park (2003b) indeed make it very clear that the
bootstrap works for much more general models, including nonlinear and
nonparametric models, with weakly integrated processes. The general conclusion
drawn by our theory is also well expected to hold for more general models. Outside a
certain proximity of the unit root, the bootstrap provides better approximations for
finite sample distributions and therefore the bootstrap correction becomes more
important, as the root approaches faster to unity. Inside an immediate neighborhood
of the unit root, however, the bootstrap samples fail to mimic even the first order
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asymptotics unless the exact information on the root is utilized when we generate the
bootstrap samples.
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Appendix A. Mathematical proofs

Let f be the density for Nð0; 1=2Þ, which is given by

f ðxÞ ¼
1ffiffiffi
p
p e�x2

.

As shown in Park (2003b), we have

Lemma A.1. For kX0, we have

mk=2

Z 1

0

Vk
mðrÞdr!a:s:sk

Z 1
�1

xkf ðxÞdx,

mk=2

Z 1

0

rVk
mðrÞdr!a:s:

1

2
sk

Z 1
�1

xkf ðxÞdx

as m!1.

Proof of Lemma 2.3. The stated result follows as a special case of Lemma 2.3 in Park
(2003b). The proof of Lemma 2.3 in Park (2003b), however, does not show how we
may establish the corresponding result for the bootstrap samples. Here we give
a more detailed proof to motivate the bootstrap version of the result given in
Lemma 2.4 below.

It follows as in the proof of Lemma 2.3 in Park (2003b) that

VmnðrÞ ¼ V 0nðrÞ �m

Z r

0

expð�mðr� sÞÞV 0nðsÞdsþ RmnðrÞ,

where the remainder term Rmn is bounded by a constant multiple of

m

n
m

Z r

0

expð�mðr� sÞÞV 0nðsÞds

����
���� (33)
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uniformly in r 2 ½0; 1�. However, due to Sakhanenko (1980), we may choose V0n up
to the distributional equivalence such that it is defined in the same probability space
as the Brownian motion V 0 and

P sup
0prp1

jV 0nðrÞ � V0ðrÞj4cn

� �
pKc�p

n n1�p=2Ejetj
p, (34)

where K is an absolute constant depending only upon p. In particular, we have for
cn ¼ n�1=2þ1=pM with some large M40

P sup
0prp1

jV 0nðrÞ � V0ðrÞj4n�1=2þ1=pM

� �
oE, (35)

where E40 is arbitrary. The stated result therefore follows directly from (33)
and (35). &

Proof of Lemma 2.4. We first apply the result by Sakhanenko (1980) in (34) to Vn
0n to

deduce

Pn sup
0prp1

jVn

0nðrÞ � V 0ðrÞj4cn

� �
pKc�p

n n1�p=2Enjent j
p. (36)

Then we show

Enjent j
p ¼

1

n

Xn

t¼1

êt �
1

n

Xn

t¼1

êt

�����
�����
p

¼ Opð1Þ.

The stated result would then follow immediately, analogously as in the proof of
Lemma 2.3. Note that

â ¼ aþOpðm
1=2n�1Þ ¼ 1þOpðmn�1Þ

as we show in Theorem 3.2.
We write

1

n

Xn

t¼1

êt �
1

n

Xn

t¼1

êt

�����
�����
p

pcpðAn þ Bn þ CnÞ,

where cp is a constant depending only on p, and

An ¼
1

n

Xn

t¼1

jetj
p; Bn ¼

1

n

Xn

t¼1

jêt � etj
p; Cn ¼

1

n

Xn

t¼1

êt

�����
�����
p

.

It will be shown below that An;Bn;Cn ¼ Opð1Þ.
By the strong law of large numbers, An!a:s:Ejetj

p ¼ Oð1Þ. To show that
Bn ¼ Opð1Þ, we note that

1

n

Xn

t¼1

jêt � etj
p ¼

m

n

	 
p=2 m

n2

Xn

t¼1

x2
t�1

 !�p ffiffiffiffi
m
p

n

Xn

t¼1

xt�1et

�����
�����
p

1

n1þp=2

Xn

t¼1

jxt�1j
p

 !
.
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As shown in Lemma 3.1 and Theorem 3.2, we have

m

n2

Xn

t¼1

x2
t�1

 !�1
;

ffiffiffiffi
m
p

n

Xn

t¼1

xt�1et ¼ Opð1Þ.

Moreover, we have

1

n1þp=2

Xn

t¼1

jxt�1j
p¼dmp=2

Z 1

0

jVmnðrÞj
p dr ¼ Opð1Þ

and it follows that Bn ¼ Opððm=nÞp=2Þ. Finally,

1

n

Xn

t¼1

êt ¼
1

n

Xn

t¼1

et �
1ffiffiffi
n
p

m

n2

Xn

t¼1

x2
t�1

 !�1 ffiffiffiffi
m
p

n

Xn

t¼1

xt�1et

 ! ffiffiffiffi
m
p

n3=2

Xn

t¼1

xt�1

 !

from which we may easily deduce that Cn ¼ Opðn
�1=2Þ. The proof is therefore

complete. &

Proof of Corollary 2.5. The stated results can easily be deduced from (34) and (36)
with

cn ¼ m�kdmn.

Note that

ðm�kdmnÞ
�pn1�p=2 ¼ dmn

yields

dmn ¼ mkp=ð1þpÞnð2�pÞ=2ð1þpÞ

as was to be shown. &

Proof of Lemma 3.1. Write

m

n2

Xn

t¼1

x2
t�1¼dm

Z 1

0

V 2
mnðrÞdr.

We haveZ 1

0

V 2
mnðrÞdr�

Z 1

0

V 2
mðrÞdr

¼

Z 1

0

ðV mnðrÞ � V mðrÞÞ
2 drþ 2

Z 1

0

VmðrÞðV mnðrÞ � V mðrÞÞdr

and, by Cauchy–Schwarz inequality,

Z 1

0

VmðrÞðVmnðrÞ � VmðrÞÞdr

����
����p

Z 1

0

V 2
mðrÞdr

� �1=2 Z 1

0

ðVmnðrÞ � VmðrÞÞ
2 dr

� �1=2

.
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The first result now follows directly from Lemma 2.3. Note thatZ 1

0

V2
mðrÞdr ¼ Oðm�1Þ a:s.

due to Lemma A.1.
To derive the second result, we first construct Vmn through the Skorohod type

embedding, i.e., the embedding of the partial sum of ðetÞ directly into a Brownian
motion with properly chosen stopping times, as in Park (2003a). Then it follows thatffiffiffiffi

m
p

n

Xn

t¼1

xt�1et¼d

ffiffiffiffi
m
p

Z 1

0

V mnðrÞdV0ðrÞ þOpððm=nÞ1=2Þ.

Now we note thatZ 1

0

VmnðrÞdV 0ðrÞ �

Z 1

0

VmðrÞdV0ðrÞ ¼

Z 1

0

ðV mnðrÞ � V mðrÞÞdV0ðrÞ

has quadratic variation

s2
Z 1

0

ðVmnðrÞ � VmðrÞÞ
2 dr ¼ Opðn

�1þ2=pÞ

whose order is given by Lemma 2.3. The proof is therefore complete. &

Proof of Theorem 3.2. It follows from Lemma A.1 that

m

Z 1

0

V2
mðrÞdr!a:s:s2

Z 1
�1

x2f ðxÞdx ¼
s2

2
.

Moreover, if we define a continuous martingale

MmðrÞ ¼
ffiffiffiffi
m
p

Z r

0

VmðsÞdV0ðsÞ

it follows immediately that

½Mm�ð1Þ ¼ m

Z 1

0

V 2
mðrÞdr!a:s:

s2

2

as m!1, and that

½Mm;V 0�ð1Þ ¼
ffiffiffiffi
m
p

Z 1

0

VmðrÞdr!a:s:s
Z 1
�1

xf ðxÞdx ¼ 0

as m!1, due to Lemma A.1. We have thus shown that Mm is a continuous
martingale such that it is asymptotically independent of V0 and hence of Vm for all
m, and it has the quadratic variation which converges to 1=2. Therefore, we may now
deduce that

Mmð1Þ!dN 0;
s2

2

� �
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as m!1. Finally, note that

ŝ2 ¼
1

n

Xn

t¼1

e2t �
1

n

m

n2

Xn

t¼1

x2
t�1

 !�1 ffiffiffiffi
m
p

n

Xn

t¼1

xt�1et

 !2

¼
1

n

Xn

t¼1

e2t þOpðn
�1Þ

¼ s2 þOpðn
�1=2Þ

which completes the proof. &

Proof of Lemma 3.3. The first two results are straightforward from (35). The third
result can also be easily deduced from Lemma 2.3, sinceffiffiffiffi

m
p

n3=2

Xn

t¼1

xt�1¼d

ffiffiffiffi
m
p

Z 1

0

VmnðrÞdr.

Finally, we haveffiffiffiffi
m
p

n5=2

Xn

t¼1

txt�1¼d

ffiffiffiffi
m
p

Z 1

0

rV mnðrÞdrþ Rmn,

where the remainder term Rmn is bounded by

ffiffiffiffi
m
p

Z 1

0

r�
½nr�

n

����
����jVmnðrÞjdrp

1

n

ffiffiffiffi
m
p

Z 1

0

jV mnðrÞjdr

� �
¼ Opðn

�1Þ

and the fourth result follows immediately from Lemma 2.3. &

Proof of Corollary 3.4. Given Lemma 3.3, the stated results follow exactly as in
Theorem 3.2. The proof is therefore omitted. &

Proof of Lemma 3.5. Given Lemma 2.4, the proof is entirely analogous to that of
Lemma 3.1. The proof is therefore omitted. &

Proof of Lemma 3.6. Given Lemma 2.4, the proof is entirely analogous to that of
Lemma 3.3. The proof is therefore omitted. &

Proof of Theorem 3.7. Given Lemma 3.5, the stated results follow exactly as in
Theorem 3.2. The proof is therefore omitted. &

Proof of Corollary 3.8. Given Lemma 3.6, the stated results follow exactly as in
Corollary 3.4. The proof is therefore omitted. &

Proof of Lemma 4.2. The stated result follows exactly as in the proof of Lemma 2.3,
only with the inequality (34) due to Sakhanenko (1980) replaced by the
corresponding inequality extended by Akonom (1993) for linear processes. &

Proof of Lemma 4.4. For given k, we consider the model

xt ¼ axt�1 þ ðxt�1 � axt�2ÞðkÞ
0bðkÞ þ ek;t,



ARTICLE IN PRESS

J.Y. Park / Journal of Econometrics 133 (2006) 639–672666
where

bðkÞ ¼ ðb1; . . . ; bk�1Þ
0,

ðxt�1 � axt�2ÞðkÞ ¼ ðxt�1 � axt�2; . . . ;xt�kþ1 � axt�kÞ
0.

In the subsequent proof, we regard bðkÞ and ðxt�1 � axt�2ÞðkÞ as scalars, and simply
denote by b and xt�1 � axt�2, respectively. This is purely for expositional brevity.
The proof for the vector-valued bðkÞ and ðxt�1 � axt�2ÞðkÞ are essentially identical,
requiring only some obvious changes in notation.

Define

Qða; bÞ ¼
Xn

t¼1

ðxt � ðaþ bÞxt�1 þ abxt�2Þ
2

and denote by _Qða;bÞ and €Qða;bÞ the first and second derivatives of Qða;bÞ. Also, we
let

nn ¼ diag
nffiffiffiffi
m
p ;

ffiffiffi
n
p

� �

and consider

0 ¼ n�1n
_Qða;bÞ þ ðn�1n

€Qðā; b̄Þn�1n Þnnðâ� a; b̂� bÞ0,

where ðā; b̄Þ lies on the line segment connecting ðâ; b̂Þ and ða;bÞ.
For the subsequent proof, we will use the fact

Xn

t¼1

x2
t�i;

Xn

t¼1

xt�ixt�j ¼ Opðn
2=mÞ, (37)

Xn

t¼1

xt�ivt�j ¼ OpðnÞ, (38)

Xn

t¼1

xt�iek;t ¼ Opðm
�1=2nÞ, (39)

which hold uniformly for i; j ¼ 1; . . . ;k� 1. The result in (37) follows immediately
from Lemma 4.2 as in the proof of Theorem 3.1. To deduce the result in (38), see the
Proof of Lemma 4.1 in Park (2002) and the proof of Lemma 3.2 in Chang and Park
(2002). To prove the result in (39), we first write

Xn

t¼1

xt�iek;t ¼
Xn

t¼1

xt�iet þ
Xn

t¼1

xt�iðek;t � etÞ

and write

xt�i ¼
Xt�i

j¼1

vj �
1� a
a

Xt�i�1

j¼1

at�i�j
Xj

k¼1

vk

 !
.
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Following the proof of Lemma 3.1 in Chang and Park (2002), we may deduce

Xn

t¼1

Xt�i

j¼1

vj

 !
ðek;t � etÞ ¼ opðk�qnÞ,

Xn

t¼1

Xj

k¼1

vk

 !
ðek;t � etÞ ¼ opðk�qnÞ,

uniformly in i and j. We therefore have

Xn

t¼1

xt�iðek;t � etÞ ¼ opðk�qnÞ,

uniformly in i. The result in (39) now follows immediately upon noticing

nk�q ¼ Oðm�1=2nÞ,

since kXm1=2q, and

Xn

t¼1

xt�iet ¼ Opðm
�1=2nÞ,

which holds uniformly in iX1.
It is easy to check that the conditions AD1–AD4 in Park and Phillips (2001) hold.

Moreover, with the choice of mn ¼ n1�dn for small d40, the condition AD7 in Park
and Phillips (2001) is satisfied. We now let

ā ¼ aþ
ffiffiffiffi
m
p

n
; b̄ ¼ bþ

1ffiffiffi
n
p

and define

€Qðā; b̄Þ � €Qða; bÞ ¼
D11 D12

D21 D22

 !
,

where

D11 ¼
1

n

Xn

t¼1

x2
t�2 �

2ffiffiffi
n
p

Xn

t¼1

ðxt�1 � bxt�2Þxt�2 ¼ Opðn
3=2=mÞ,

D22 ¼
m

n2

Xn

t¼1

x2
t�2 �

2
ffiffiffiffi
m
p

n

Xn

t¼1

ðxt�1 � axt�2Þxt�2 ¼ Opðm
1=2Þ,

D12 ¼ �

ffiffiffiffi
m
p

n
xt�2ðxt�1 � b̄xt�2Þ �

1ffiffiffi
n
p ðxt�1 � axt�2Þxt�2

�

ffiffiffiffi
m
p

n
ðxt�1 � b̄xt�2Þxt�2 �

1ffiffiffi
n
p ðxt�1 � axt�2Þxt�2

¼ Opðn=m1=2Þ,
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which follow from (37) and (38). Consequently, we have

n�1n ð
€Qðā; b̄Þ � €Qða;bÞÞn�1n ¼ Opðn

�1=2Þ.

Moreover, if we denote by €Q0ða;bÞ the diagonal matrix whose diagonal entries are
the same as those of €Qða;bÞ, then

n�1n
€Qða;bÞn�1n ¼ n�1n

€Q0ða;bÞn
�1
n þOpððm=nÞ1=2Þ.

Note that the off-diagonal entry of n�1n
€Qða;bÞn�1n is given byffiffiffiffi

m
p

n

1ffiffiffi
n
p

Xn

t¼1

xt�2ek;t þ
Xn

t¼1

ðxt�1 � axt�2Þðxt�1 � bxt�2Þ

 !

¼

ffiffiffiffi
m
p

n

1ffiffiffi
n
p Opðm

�1=2nÞ þ

ffiffiffiffi
m
p

n

1ffiffiffi
n
p OpðnÞ

¼ Opððm=nÞ1=2Þ

as was to be shown.
We now have

nnðâ� a; b̂� bÞ0 ¼ �ðn�1n
€Q0ða;bÞn

�1
n Þ
�1
ðn�1n

_Qða;bÞÞ þOpððm=nÞ1=2Þ.

However, as can be easily shown,

nnð~a� a; ~b� bÞ0 ¼ �ðn�1n
€Q0ða;bÞn

�1
n Þ
�1
ðn�1n

_Qða;bÞÞ

and the proof is complete. &

Proof of Lemma 4.5. It follows from the proof of Lemma 3.2 in Park (2002) that

sup
0prp1

X½nr�

t¼1

ðek;t � etÞ

�����
����� ¼ Opðk�qn1=2Þ.

We therefore have

1ffiffiffi
n
p

X½nr�

t¼1

ek;t ¼
1ffiffiffi
n
p

X½nr�

t¼1

et þOpðk�qÞ

uniformly in r 2 ½0; 1�. Consequently, if we define

yk
t ¼ bkðLÞxt

and

Vk
mnðrÞ ¼ n�1=2yk

½nr�

then it follows that

Vk
mnðrÞ ¼ V mðrÞ þOpðn

�1=2þ1=pÞ þOpðmn�1Þ þOpðk�qÞ.

The stated result may now be derived easily. Note that

k�qpmaxðn�1=2þ1=p;mn�1Þ
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under the condition in Assumption 4.3, and the Opðk�qÞ error term is of order
smaller than either the Opðn

�1=2þ1=pÞ term or the Opðmn�1Þ term. &

Proof of Theorem 4.6. The fitted residual ðêk;tÞ from regression (20) or (21) can also
be obtained from the fitted regression

xt ¼ āxt�1 þ
Xk�1
i¼1

b̄iðxt�i � axt�i�1Þ þ êk;t, (40)

which is just a reparametrized version of (20). Define

vk;t ¼ ðvt�1; . . . ; vt�kþ1Þ
0

and denote by b̄ ¼ ðb̄1; . . . ; b̄k�1Þ
0 and ~b ¼ ð ~bi; . . . ; ~bk�1Þ

0 the least squares estimates
of b ¼ ðb1; . . . ; bk�1Þ

0 from regressions (26) and (40), respectively. It follows that

ā� a ¼
Xn

t¼1

x2
t�1 �

Xn

t¼1

xt�1v
0
k;t

 ! Xn

t¼1

vk;tv
0
k;t

 !�1 Xn

t¼1

vk;txt�1

 !0
@

1
A
�1

�
Xn

t¼1

xt�1ek;t �
Xn

t¼1

xt�1vk;t

 !
ð ~b� bÞ

 !

and

b̄ ¼ ~b� ðā� aÞ
Xn

t¼1

vk;tv
0
k;t

 !�1 Xn

t¼1

vk;txt�1

 !
.

Moreover, we have

êk;t ¼ xt � āxt�1 � v0k;tb̄

¼ ððxt � axt�1Þ � v0k;t
~bÞ � ðā� aÞxt�1

þ ðā� aÞ
Xn

t¼1

xt�1v
0
k;t

 ! Xn

t¼1

vk;tv
0
k;t

 !�1
vk;t

¼ ~ek;t � ðā� aÞxt�1 þ ðā� aÞ
Xn

t¼1

xt�1v
0
k;t

 ! Xn

t¼1

vk;tv
0
k;t

 !�1
vk;t,

where ð~ek;tÞ are the fitted residuals from regression (26).
Let k � k denote the usual Euclidean norm if applied to a vector, and the standard

operator norm if applied to a matrix. We have

Xn

t¼1

vk;tv
0
k;t

 !�1������
������ ¼ Opðn

�1Þ, (41)

Xn

t¼1

vk;txt�1

�����
����� ¼ Opðk1=2nÞ, (42)
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which follows from Lemma 3.2 of Chang and Park (2002) and our earlier result in
(38). Moreover, we have

k ~b� bk ¼ Opðk1=2n�1=2Þ þ oðk�qÞ, (43)

which follows as in the proof of Lemma 3.5 in Chang and Park (2002a). We may
have the corresponding ‘in probability’ result from e.g., Proposition 3.1 in Shibata
(1980). As he himself noted, the normality assumption is not necessary there as long
as sufficient moments exist.

It follows from (37), (39), (41)–(43) that

ā� a ¼ Opðm
1=2n�1Þ þOpðkmn�3=2Þ þ opðk1=2�qmn�1Þ if kpn=m

¼ Opðk�1m�1=2Þ þOpðn
�1=2Þ þ opðk�1=2�qÞ if kXn=m.

We may now easily deduce that

ā� a ¼ Opðminððm=nÞ1=2;k�1ÞÞ (44)

For kpn=m, we have

m1=2n�1; kmn�3=2; k1=2�qmn�1 ¼ Oðmn�1Þ,

since m!1; kp
ffiffiffi
n
p

and k1=2�q ! 0 with qX1, respectively, and

m=n ¼ Oððm=nÞ1=2Þ; Oðk�1Þ

in this case. On the other hand, if kXn=m,

k�1m�1=2; n�1=2; k�1=2�q ¼ Oðk�1Þ,

since m!1; kp
ffiffiffi
n
p

and qX1, respectively, and

k�1m�1=2; n�1=2; k�1=2�q ¼ Oððm=nÞ1=2Þ,

since k�1pm=n, m!1, k�1pm=n and qX1, respectively.
We have

Xn

t¼1

jxt�1j
p ¼ Opðm

�p=2n1þp=2Þ (45)

for pX0. Moreover, since

Xn

t¼1

ðu2
t�1 þ � � � þ u2

t�kþ1Þ
p=2

 !2=p

p
Xk�1
i¼1

Xn

t¼1

jut�ij
p

 !2=p

¼ Opðkn2=pÞ

by Minkowski’s inequality, we also have

Xn

t¼1

vk;t �
1

n

Xn

t¼1

vk;t

�����
�����

p

¼ Opðkp=2nÞ (46)

for pX2.
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Now write

Enjent j
p ¼

1

n

Xn

t¼1

êk;t �
1

n

Xn

t¼1

êk;t

�����
�����
p

pcpðAn þ Bn þ CnÞ,

where cp is a constant depending only upon p, and

An ¼
1

n

Xn

t¼1

~ek;t �
1

n

Xn

t¼1

~ek;t

�����
�����
p

,

Bn ¼ jā� ajp
1

n

Xn

t¼1

jxt�1j
p þ

1

n

Xn

t¼1

xt�1

�����
�����
p !

,

Cn ¼ jā� ajp
Xn

t¼1

vk;tv
0
k;t

 !�1������
������

p Xn

t¼1

vk;txt�1

�����
�����

p
1

n

Xn

t¼1

vk;t �
1

n

Xn

t¼1

vk;t

�����
�����

p !
.

It is shown by Park (2002) that An ¼ Opð1Þ in the proof of Lemma 3.2. Also, we have
from (44) and (45) that Bn ¼ Opð1Þ. Finally, it follows from (44) and (46), together
with (41) and (42) that Cn ¼ Opð1Þ. We therefore have

Enjent j
p ¼ Opð1Þ

and the stated result now follows as in the proof of Lemma 2.4. &

Proof of Corollary 4.7. The stated result follows immediately from Lemma 4.2 and
Theorem 4.6, exactly as in the proofs of Lemmas 3.1 and 3.3. The details are
therefore omitted. &
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