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A SMALL SAMPLE CORRECTION FOR THE TEST
OF COINTEGRATING RANK IN THE VECTOR

AUTOREGRESSIVE MODEL

By Søren Johansen1

With the cointegration formulation of economic long-run relations the test for cointe-
grating rank has become a useful econometric tool. The limit distribution of the test is
often a poor approximation to the finite sample distribution and it is therefore relevant to
derive an approximation to the expectation of the likelihood ratio test for cointegration in
the vector autoregressive model in order to improve the finite sample properties. The cor-
rection factor depends on moments of functions of the random walk, which are tabulated
by simulation, and functions of the parameters, which are estimated. From this approx-
imation we propose a correction factor with the purpose of improving the small sample
performance of the test. The correction is found explicitly in a number of simple models
and its usefulness is illustrated by some simulation experiments.

Keywords: Bartlett correction, small sample properties, cointegration, rank determi-
nation, trace statistic.

1� introduction and summary

The formulation of long-run economic relations as cointegrating rela-
tions (see Engle and Granger (1987)) has lead to a widespread application of the
vector autoregressive model for analyzing economic data. The most frequently
used model is

�1 � �Xt =�Xt−1+�tnd +
k−1∑
i=1

�i�Xt−i+
nd−1∑
i=0


it
i+�t �t = 1� � � � � T ��(1)

If Xt is I�1� and � = ��′, then �′Xt −E��′Xt� is stationary, and Xt is said to
cointegrate with cointegrating vector �.
Under the assumption of Gaussian errors, the derivation of the likelihood ratio

�LR� test for the hypothesis � = ��′ and � = ��′, the so-called trace test, and
the estimation of the parameters are performed by the technique of reduced
rank regression (see Anderson (1951)). The asymptotic distribution of −2 logLR,
under the assumption of i.i.d. errors is derived by Johansen (1988, 1996) and

1 Discussions with Bent Nielsen and Henrik Hansen have been very useful for the results of
this paper, and Henrik Hansen and Stefano Fachin have helped me with the calculations involved
in the approximation of the moments using RATS and GAUSS. The results are available on
http://www.math.ku.dk/∼sjo/.
The referees have done an extremely good job with the first version of the paper. One of them

even found a mistake in the formulae, a fact for which I am very grateful. Their comments greatly
improved the presentation of the results.
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Ahn and Reinsel (1990). It is given by a nonstandard distribution expressed in
terms of a Brownian motion and the deterministic terms. It does not contain any
parameters and is tabulated by simulation as a function of n− r and nd because
it is analytically intractable.
There are many studies that show by simulation that the small sample proper-

ties of the trace test are different from the asymptotic properties; see for example
Cheung and Lai (1993), Toda (1995), Haug (1996), and Gonzalo and Pitarakis
(1999). Ahn and Reinsel (1990) and Reimers (1992) proposed a small sample cor-
rection based on degrees of freedom, which is now commonly used, and Hansen
and Rahbek (2002) employ ideas of profile likelihood to derive a correction of
the Dickey Fuller test.
The distribution of the likelihood ratio test statistic depends on T and �, where

� denotes the parameters under the null hypothesis. For T →� the dependence
on � disappears, but not uniformly in �. If � is close to the boundary where the
cointegrating properties change, the approximation can be very poor; see Nielsen
(1997b) for a discussion.
The trace test is widely used for making inference on cointegrating rank in

many econometric software packages. It is therefore of utmost importance to
have a reliable procedure, which improves the asymptotic results. The obvious
alternative at the moment is to check the inference by simulating the exact dis-
tribution, using for instance the estimated parameter values as representing the
DGP, and generating i.i.d. Gaussian errors or possibly resampling the errors from
the fitted model. This gives the same limit distribution but not necessarily an
improved approximation because of the nonuniformity in the convergence.
In this paper we suggest a correction factor to the likelihood ratio test that

improves the finite sample properties. The idea is that of the Bartlett correction;
see Bartlett (1937). Bartlett suggested finding the expectation of the likelihood
ratio test statistic and thereby correcting it to have the same mean as the limit
distribution.
A more precise formulation is as follows. We let � denote the parameters

of (1) under the assumption that � = ��′ and � = ��′. We want to derive an
approximation to E��−2 logLR�� = ��′, � = ��′��1 ], which is a function of �
and T under the assumption of Gaussian errors. The result is expressed in terms
of the LR test of �∗ = 0, � ∗ = 0 in the model for X∗

t , of dimension n− r ,

�0
1 � �X

∗
t =�∗X∗

t−1+� ∗tnd +
nd−1∑
i=0


∗
i t

i +�∗
t �(2)

It turns out that if �∗ = 0, � ∗ = 0, then

f �T �n− r�nd�= E�−2 logLR��∗ = 0�� ∗ = 0��0
1 �(3)

only depends on T , n− r , and nd and can therefore be tabulated by simulation.
We can find an approximation to E��−2 logLR�� = ��′, � = ��′��1 ] of the
form

f �T �n− r�nd��1+T −1b�����
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and therefore suggest use of

f �n− r�nd�

f �T �n− r�nd�

−2 logLR

�1+T −1b��̂��
= −2 logLR

a�T �n− r�nd��1+T −1b��̂��
�(4)

with f �n − r�nd� = limT→� f �T �n − r�nd� and a�T �n − r�nd� = f �T �n −
r�nd�/f �n− r�nd�. In this paper we derive an analytic expression for b���.
The calculation of a�T �n− r�nd� is difficult; see Larsson (1997, 1998), Nielsen
(1997a), Abadir, Hadri, and Tzavalis (1999), and Doornik, Nielsen, and Rothen-
berg (2002), so we suggest tabulating it by simulation as is done with the limit
distribution. We then propose a simplified version of the correction factor and
check its usefulness by simulation.
In many situations in classical statistics with i.i.d. observations, the Bartlett

correction gives a remarkable improvement of the fit; see Bartlett (1937) and
Lawley (1956), who prove that the approximations of higher order cumulants
are improved in the same way as the mean. In the unit root case, however, we
know that we cannot expect the same. In fact Jensen and Wood (1997) show
that the Dickey-Fuller test in a univariate situation cannot be Bartlett corrected,
even though Nielsen (1997a) shows that one in practice can get a better fit. This
idea is followed up by Bravo (1999) who shows that for the univariate Dickey
Fuller test it holds that for the cumulants of order 2, 3, and 4 the coefficient
of the T −1 term is decreased by correcting the mean. In Jacobson and Larsson
(1999) a correction factor is derived for a bivariate cointegration model for a
single equation cointegrating test. Again the null hypothesis is that there is no
cointegration, so that under the null hypothesis no parameters are present.
It should be noted that the calculation of the correction factor (4) is tied

to the particular model (1), using the idealized assumptions that the errors are
i.i.d. Gaussian, the lag length and cointegrating rank correctly specified, that
is, that the data generating process is contained in the statistical model. Thus,
when applying the correction, it is important to check the assumptions of the
model carefully. We believe that the calculation is useful as a complement to the
asymptotic analysis since it analyses the effect of the nuisance parameters and
demonstrates that an uncritical use of asymptotic tables can be misleading.
In the following we repeatedly find stochastic expansions of the form

QT =A0�T �+T −1/2A1�T �+T −1A2�T �+· · · �
where Ai�T � ∈OP�1�. We write

QT

1=A0�T �+T −1/2A1�T �+T −1A2�T �

to indicate that we have kept terms of order T −1, and similarly, QT

0=A0�T � to
indicate that we have kept terms of order T 0, when replacing QT by the right-
hand side. We apply these expansions to approximate E�QT � by the expectation
of the right-hand side and write therefore

E�QT �
1=E�A0�T ��+T −1/2E�A1�T ��+T −1E�A2�T ��
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or E�QT �
0=E�A0�T �� depending on the circumstances. Thus the expansions of

the expectations are formal in the sense that we do not prove that in fact the
difference between left and right-hand side of the expressions for the expecta-
tions is of smaller order than indicated in the approximation. In a few occasions
I have replaced a long calculation of a second moment by noting that some vari-
ables are asymptotically independent. This saves a lot of space and I still use the
notation

0=.
The next section gives the main analytic result and a suggestion for a correction

factor. Section 3 contains some examples where the correction can be worked
out explicitly and the results are illustrated by simulation. Section 4 concludes.
Appendix A contains the details of the proof, which rely on two previous papers
by Johansen (2000, 2002), where a correction factor is derived for hypotheses
on �.

2� the main result

In this section the main result is stated in Theorem 1, and the practical imple-
mentation of the correction is discussed in Section 2.5. Before formulating the
result we need a discussion of the deterministic terms, some notation for func-
tions of the parameters, and some product moment matrices derived from a ran-
dom walk.

2�1� The Models and the Deterministic Terms

Under the null hypothesis � = ��′, � = ��′ the model �1 becomes

�2 � �Xt = ���′Xt−1+�′tnd �+
k−1∑
i=1

�i�Xt−i +
nd−1∑
i=0


it
i +�t�(5)

where � and � are �n× r� and � is �1× r�. The models we get for nd = 0�1�
and perhaps even nd = 2, are used in practice and the notation is chosen to
cover such cases. This model corresponds to the trend tnd being restricted to
the cointegration space. We use the notation Dt = tnd , dt = �1� � � � � tnd−1�, and

dt =

∑nd−1
i=0 
it

i. We note that dt+1 = Ldt , where for nd = 3, say,

dt+1 =


1

t+1
�t+1�2

=


1 0 0

1 1 0

1 2 1



1

t

t2

= Ldt�(6)

Note that the eigenvalues of L are one and that tr�Lm = nd. Other determin-
istic terms can be treated in the same fashion but the formulae become more
complicated. It turns out that all the results remain valid for the model without
deterministic terms, and we shall give the formulae for the correction also for
this case. It is not difficult to see that the relation (6) implies that E��′Xt+�′tnd �
and E��Xt� are linear in dt; see Johansen (2002).
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2�2� Parameter Functions

Under the assumption that the process Xt , given by (5), is I�1�, we let Yt be
the process

�X ′
t���X

′
t��X

′
t−1� � � � ��X

′
t−k+2�

′(7)

corrected for its mean. The process Yt is a stationary AR(1) process of dimension
ny = r+ �k−1�n, given by the equations

Yt = PYt−1+Q�t

with

P =



Ir +�′� �′�1 · · · �′�k−2 �′�k−1

� �1 · · · �k−2 �k−1

0 In · · · 0 0
���

���
���

���

0 0 · · · In 0


� Q =



�′

In

0

���

0


�(8)

We use the identity

���′-−1��−1�′-−1+-�⊥��
′
⊥-�⊥�

−1�′
⊥ = In�(9)

to decompose �t into the permanent shocks Bt and transitory shocks Ut:

Bt = ��′
⊥-�⊥�

− 1
2�′

⊥�t� Ut = ��′-−1��−
1
2�′-−1�t(10)

of dimensions nb = n− r and nu = r , so that �B′
t�U

′
t �

′ are i.i.d. Nn�0� In�. We find
the representation

Yt =
�∑

m=0
PmQ�t−m =

�∑
m=0

��mUt−m+2mBt−m�= Y�t +Y2t�

with

�m = PmQ���′-−1��−
1
2 � 2m = PmQ-�⊥��

′
⊥-�⊥�

− 1
2 �(11)
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We define the variances and covariances

3� = var�Y�t�=
�∑

m=0
�m�

′
m�(12)

32 = var�Y2t�=
�∑

m=0
2m2

′
m�

3= var�Yt�=
�∑

m=0
��m�

′
m+2m2

′
m�=3� +32�

4��h�= cov�Y�t�Y��t+h�=3�P
′h�

42�h�= cov�Y2t�Y2� t+h�=32P
′h�

4�h�= cov�Yt�Yt+h�=3P ′h = 42�h�+4��h��

The variance 3 can be found from the linear equations 3 = P3P ′ +Q-Q′,
with solution vec�3� = �In2y −P ⊗P�−1vec�Q-Q′�. For numerical purposes it is
an advantage to diagonalize P and let P =KRK−1, where R= diag��1� � � � � �ny

�.
Then

K−13K ′−1 =RK−13K ′−1R+K−1Q-Q′K ′−1�

and hence 3=K��K−1Q-Q′K ′−1�ij/�1−�i�j� K
′. The long-run coefficients

� =
�∑

m=0
�m = �Iny

−P�−1Q���′-−1��−
1
2 �(13)

2 =
�∑

m=0
2m = �Iny

−P�−1Q-�⊥��
′
⊥-�⊥�

− 1
2 �

give the long-run variances ��′ and 22′ of Y�t and Y2t respectively. We normalize
these by 3, the variance of Yt , and define the matrices

V� = ��′3−1 = �Iny
−P�−1Q���′-−1��−1�′Q′�Iny

−P ′�−13−1�(14)

V2 = 22′3−1 = �Iny
−P�−1Q-�⊥��

′
⊥-�⊥�

−1�′
⊥-Q′�Iny

−P ′�−13−1�

Finally we need matrix

V = 2′3−1
�∑

m=0
2mtr�3

−14�m+1� +2′3−1
�∑

m=0
4�m+1�′3−12m�(15)
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The trace of V can be calculated as follows:

tr
{
2′3−1

�∑
m=0

2m

}
tr�3−14�m+1� 

=
�∑

m=0
tr�Q-�⊥��

′
⊥-�⊥�

−1�′
⊥-Q′�Iny

−P ′�−13−1Pm tr�Pm+1 

=
�∑

m=0
tr��Iny

−P�V2P
m tr�Pm+1 

=
�∑

m=0
tr���Iny

−P�V2 ⊗P��Pm⊗Pm� 

= tr���Iny
−P�V2 ⊗P��In2y −P ⊗P�−1 �

and

tr
{
2′3−1

�∑
m=0

4�m+1�′3−12m�

}

=
�∑

m=0
tr�Q-�⊥��

′
⊥-�⊥�

−1�′
⊥-Q′�Iny

−P ′�−13−1P 2m+1 

= tr��Iny
−P�V2P�Iny

−P 2�−1 = tr�V2P�Iny
+P�−1 �

Hence we find

tr�V  = tr���Iny
−P�V2 ⊗P��In2y −P ⊗P�−1 + tr�V2P�Iny

+P�−1 �(16)

Equivalently we can find an expression in terms of the eigenvectors and eigen-
values of P =KRK−1:

tr�V  =
ny∑
i=1

ny∑
j=1

�K−1V2K�ii
�j�1−�i�

1−�i�j

+
ny∑
i=1

�K−1V2K�ii
�i

1+�i

�(17)

2�3� Product Moments of Random Walks

We define the extended process At of dimension na = n− r+1,

At−1 =
∑t−1

i=1 Bi

1� � � � � tnd−1

tnd

 �

that is,
∑t−1

i=1 Bi and tnd corrected for 1� � � � � tnd−1, and the product moments

Maa =
T∑
t=1

At−1A
′
t−1� Mab =

T∑
t=1

At−1B
′
t� M+

ab =
T∑
t=1

At−1B
′
t−1�(18)

Mbb�j�=
T∑
t=1

Bt−jB
′
t�Mbb =Mbb�0��
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and use the notationMbb�d =Mbb−MbdM
−1
dd Mdb. We need a number of moments

defined from At−1 and Bt:

M =Mba�dM
−1
aa�dMab�d�(19)

M+ =Mba�dM
−1
aa�dM

+
ab�d�

M++ =M+
ba�dM

−1
aa�dM

+
ab�d�

M− =Mbb�1��T
−1Mbb�d�

−1M+�

K�j�= �Mbb�j+1�−Mbb�1���T
−1Mbb�d�

−1M+ �j = 1� � � � ��

The moments M�M+, and M++ converge to functionals of Brownian motion
as discussed in Lemma 2 in the Appendix, whereas K�j� and M− have to be
normalized by T −1/2 to converge.

2�4� The Correction Factor

We now formulate the main result about an approximation of the expectation
of the log likelihood ratio test for cointegration.

Theorem 1: Under the assumption that Xt is an I�1� process with cointegrating
rank r given by model �2, the expectation of the likelihood ratio test of � = ��′

and � = ��′ in model (1), that is, �2 in �1, has the expansion

E��−2 logLR��2��1��(20)
1=−TE�log �Inb

−M−1
bb�dMbaM

−1
aa Mab��

+T −1(tr�E�M� tr�2′3−12 

+ tr�E�M+� tr
{
Iny

−��′3−1−22′3−1})
+2T −1�tr�E�M+�V  +ndtr�E�M+�2

′3−12 �

+T −1tr�E�M ′
+M+−2M−+ �n− r�M++�2

′3−12 

−2T −1tr
{
2′3−1

�∑
j=0

2jE�K�j��

}
�

Here the moments M�M+�M++�M−, and K�j� are defined in (18) and (19)
and the coefficients 3���2�V are found in (12), (13), and (15).

The proof will be given in Appendix A based upon an expansion of the like-
lihood ratio statistic. We next derive the correction factor. Let nb = n− r be
the dimension of Bt or the number of common trends, and define the functions
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(see (4))

f �T �nb�nd�=−TE�log �Inb
−M−1

bb�dMbaM
−1
aa Mab��→ f �nb�nd��(21)

a�T �nb�nd�= f �T �nb�nd�/f �nb�nd��

g�T �nb�nd�= nbtr�E�M+� /tr�E�M� → g�nb�nd��

h�T �nb�nd�= tr�E�M ′
+M++nbM++−2M−� /�nbtr�E�M� �

→ h�nb�nd��

k�T �nb�nd� j�= tr�E�K�j�� /�nbtr�E�M� �→ k�nb�nd� j��

A consequence of Theorem 1 is the following corollary, which implements the
approximation to a correction factor for the likelihood ratio test.

Corollary 1: Under the assumption that Xt is an I�1� process with cointe-
grating rank r given by model �2, the correction factor for the test of �2 in �1 (see
(4)), that is, the test for cointegrating rank r in the vector autoregressive model (1),
is given by a�T �nb�nd��1+T −1b����, where nb = n− r and

b���= c1�1+h�nb�nd��+ �nbc2+2�c3+ndc1��
g�nb�nd�

n2b
(22)

−2tr
{
2′3−1

�∑
j=0

2j

}
k�nb�nd� j��

Here 3�2, and 2j are defined in (11), (12), and (13), and

c1 = tr�V2 = tr
{(
Iny

−P
)−1

Q-�⊥��
′
⊥-�⊥�

−1�′
⊥-Q′(Iny

−P ′)−13−1}�
c2 = tr

{
Iny

−V� −V2

}= tr
{
Iny

− (Iny
−P

)−1
Q-Q′(Iny

−P ′)−13−1}�
c3 = tr�V  = tr

{[(
Iny

−P
)
V2 ⊗P

][
In2y −P ⊗P

]−1}
+ tr{V2P

(
Iny

+P
)−1}

�

The functions a�T �nb�nd�� g�nb�nd��k�nb�nd� j�, and h�nb�nd� are defined by
(19) and (21), and the matrices V2�V�, and V are given in (14) and (15). The
formulae remain valid for the model without deterministic terms, where dt =Dt = 0,
with an obvious change of the moments.

Proof: Let the terms in (20) be L0�1+ T −1�L1+L2+L3+L4+L5+L6��.
The first term is L0 = f �T �nb�nd�; see (3). Because T −1Mbb�d

0= Inb
and

MbaM
−1
aa Mab =M ∈OP�1�, we have

L0 =−TE
[
log �Inb

−T −1�T −1Mbb�d�
−1MbaM

−1
aa Mab�

]
0= tr�E��T −1Mbb�d�

−1M� 
0= tr�E�M� �
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Hence we find

L1 = tr�E�M� tr�2′3−12 /f �T �nb�nd�
0= c1�

L2 = tr�E�M+� tr
{
Iny

−��′3−1−22′3−1}/f �T �nb�nd�

0= c2g�nb�nd�/nb�

It is shown in Lemma 2 in the Appendix, that the matrices M�M+�M++�
M−�K�j� have expectations that are proportional to the identity matrix, so that
for instance tr�E�M+�V  = n−1

b tr�E�M+� tr�V  . It follows that

L3 = 2�tr�E�M+�V  /f �T �nb�nd�
0= 2c3g�nb�nd�/n

2
b�

L4 = 2ndtr�E�M+�2
′3−12 /f �T �nb�nd�

0= 2ndc1g�nb�nd�/n
2
b�

L5 = tr�E�M ′
+M+−2M−+ �n− r�M++�2

′3−12 /f �T �nb�nd�

0= c1h�nb�nd��

L6 =−2tr
{
2′3−1

�∑
j=0

2jE�K�j��

}/
f �T �nb�nd�

0=−2tr
{
2′3−1

�∑
j=0

2j

}
k�nb�nd� j��

which is the result given in Corollary 1. Q.E.D.

The matrix appearing in c2 is V� +V2 = ���′ +22′�3−1 which measures the
“ratio” of the long-run variance to the short-run variance of the process Yt .
We do not have an interpretation of the coefficient c3. Note that the parame-
ters c1� c2, and c3 do not depend on 
 or nd, but on the remaining parameters
������1� � � � ��k−1�-� and hence the dimensions n and r and lag length k.

2�5� Implementation of the Correction Factor

In order to implement the correction (22) in practice we need to cal-
culate the coefficients f �T �nb�nd��a�T �nb�nd�� g�T �nb�nd��h�T �nb�nd�, and
k�T �nb�nd� j�. These are complicated functions of a random walk, and we choose
to tabulate them by simulation for the most commonly used values of nd = 0�1�2,
as well as for the situation with no deterministic terms, denoted by nd = ∗.
We use 500,000 simulations and fit a polynomial in T −1 to f �T �nb�nd�

to determine the limit f �nb�nd�. Then a�T �nb�nd� = f �T �nb�nd�/f �nb�nd� is
described by a polynomial in nb/T and 1/T ; see Table I. This approximation
is correct to two decimals. A similar methodology is used to find g�nb�nd�
and h�nb�nd� (see Table II), and to describe them as a polynomial in 1/nb.
Finally it is seen by the same methods that k�T �nb�nd� j�→ 0�T →�, so that
k�nb�nd� j�= 0 is a good approximation.
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TABLE I
An Approximation of a�T �nb�nd�

a�T �nb�nd�
a

nd a1�nd� a2�nd� a3�nd� b�nd�

∗ 0�561 −0�016 2�690 −0�569
0 0�494 0�826 0�829 −0�200
1 0�541 0�625 1�077 −1�518
2 0�570 −0�024 2�645 −2�609

aThe approximation of a�T �nb�nd� is of the form 1+a1�nd�nb/T +a2�nd��nb/T �2 +
a3�nd��nb/T �3+b1�nd�T

−1
d , for nd = ∗�0�1�2, where ∗ denotes the model without deter-

ministic terms.

Details on the simulations can be found in Johansen, Hansen, and Fachin
(2002), where also a RATS program is given for calculating the correction factor
for given values of ���T �nb�nd�. We therefore propose to use the correction
factor a�T �nb�nd��1+b��̂�/T �, where

b���= c1�1+h�nb�nd��+ �nbc2+2�c3+ndc1��
g�nb�nd�

n2b
�(23)

where the approximations to the coefficients a�T �nb�nd�� g�nb�nd�, and
h�nb�nd� are given in Tables I and II, and the coefficients ci = ci��� are defined
in Corollary 1.
The next section contains some simulations to investigate if the correction

factor can improve the asymptotic tables for the likelihood ratio test to get more
accurate information on the size of the test. Here we briefly discuss the power.
It is obvious that when correcting the size of a nominal 5% test from the

actual value around 25%, say, to around 5% by the correcting factor, the power
is decreased correspondingly. In order to investigate if the correction factor also
improves the finite sample approximation under the alternative one would have
to calculate the expectation under the alternative, and the reformulations and
expansions found in this paper may have to be modified. We know, however,

TABLE II
An Approximation of h�nb�nd� and g�nb�nd�

h�nb�nd�
a g�nb�nd�

a

nd h1�nd� h2�nd� h3�nd� g0�nd� g1�nd� g2�nd� g3�nd�

∗ 0�000 0�000 0�000 −0�506 0�020 0�070 −0�144
0 0�000 0�197 0�036 −0�496 0�166 0�079 −0�076
1 0�000 3�218 −1�401 −1�499 1�663 −1�091 0�304
2 0�200 7�699 −4�214 −2�459 4�528 −4�848 2�049

aThe approximation of h�nb�nd� is of the form h1�nd�n
−1
b +h2�nd�n

−2
b +h3�nd�n

−3
b

and the approximation of g�nb�nd� has the form g0�nd�+ g1�nd�n
−1
b + g2�nd�n

−2
b +

g3�nd�n
−3
b for nd = ∗�0�1�2, where ∗ denotes the model without deterministic terms.
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that the likelihood ratio test is consistent in the sense that if the data generating
process has rank r+ r1, then −2 logLR is of the order of T and hence the power
tends to one. The asymptotic power against local alternatives has been studied in
Johansen (1991). The corrected test will be consistent with the same local power
properties if b��̂� is bounded. The coefficient b��� is a function of the parameters
as given in Theorem 1, and it is seen that as long as �Iny

−P� is a full rank
matrix, or equivalently P does not have a unit root, then the coefficients are well
behaved. In order to analyze this, assume that the DGP under the alternative
has the form

�Xt = ���′Xt−1+�′tnd �+�1��
′
1Xt−1+�′

1t
nd �(24)

+
k−1∑
i=1

�i�Xt−i +
nd−1∑
i=1


it
i +�t�

where � is �n× r� and �1 is �n× r1�. Under the local alternative we assume
that �1 is O�T −1�. Let P = P�r� be defined by (8) on the basis of only � and
�, whereas P�r + r1� is defined similarly on the basis of ����1� and ����1�.
The assumption that Xt is I�1� under the alternative means that P�r + r1� has
eigenvalues less than 1 in absolute value, and the assumption that X�t� is I�1�
under the null hypothesis means that P�r� has eigenvalues less than 1 in absolute
value. We want to estimate the parameters of the null hypothesis so that they
are consistent even under the local alternative. We therefore estimate them from
the unrestricted VAR by reduced rank regression. By the methods of Johansen
(1996, Chapter 14) it can be proved that these estimators are consistent even
under the local alternative.

3� some special cases

In this section we illustrate the results in some special cases, where the coeffi-
cients can be worked out explicitly, and which are therefore convenient for gain-
ing some intuition for the result.

3�1� The Test for No Cointegration in the Model with Two Lags

We consider the test of � = 0 and � = 0 in the model (1) with k = 2 and
nd = 1:

�Xt =�Xt−1+�1�Xt−1+�t+
+�t�(25)

Under the null hypothesis there is no cointegration, but parameters �1�
, and -.
The distribution of the test statistic does not depend on 
 and -, so in the DGP
we can take 
= 0 and -= In. We can find a simple expression for the correction
factor, if we consider the DGP given by �1 = <In�−1< < < 1, and hence see the
effect of the short term dynamics. In this case we have �= �= 0, �⊥ = �⊥ = In,
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TABLE III
Test for � = 0 and � = 0 in Model �25�a

n nd T \< 0 0.3 0.5 0.6 0.7 0.9

5 1 50 37�6
11�4 �1�14�

55�7
10�5 �1�22�

73�7
7�2 �1�34�

82�7
4�2 �1�43�

92�0
1�2 �1�60�

98�2
0�0 �2�94�

5 1 100 16�8
8�0 �1�07�

24�6
7�5 �1�11�

35�2
7�2 �1�16�

44�2
6�0 �1�21�

59�0
4�3 �1�30�

94�1
0�0 �1�95�

aFor the simulations we assume � = 0�� = 0��1 = <In , and -= In . Each entry shows the simulated rejection
probability of a nominal 5% test using asymptotic critical values, over the rejection probability for the corrected test
with the correction factor in parenthesis. The number of simulations is 10,000. The correction is calculated from (26).

and that Yt = �Xt −E��Xt� is autoregressive with coefficient P = <In, Q = In,
and Yt =

∑�
m=0 <

m�t−m. This gives

3= var��Xt�=
�∑

m=0
<2m-= 1

1−<2
-� V2 = 1+<

1−<
In� V� = 0�

so that c1 = n�1+ <�/�1− <�, c2 = −2n</�1− <�, c3 = n�n+ 1�</�1− <�. From
(23) we get the correction factor with k = 2� r = 0�nb = n�nd = 1:

a�T �n�1�
(
1+ 1

T �1−<�

[
n�1+<��1+h�n�1��+2 1

n
�2<+1�g�n�1�

])
�(26)

Some simulations were performed and are given in Table III to illustrate the use-
fulness of formula (26). Note that as < tends to 1, where Xt becomes I�2�, the
rejection probability of the test increases almost to one, and hence the asymp-
totic I�1� critical values (Johansen (1996, Table 15.4)) for the trace test are not
useful. Thus, it is important to test if the process is I�2� before determining the
rank of � . The correction factor manages to correct the rejection probability to
a reasonable level for < ≤ 0�6− 0�7, say. For < = 0�6 and T = 50 a nominal 5%
test, using the asymptotic critical values, has a rejection probability of 83%. The
correction brings the value down to around 4%. As the test becomes even more
distorted the correction factor overcorrects due to the singularity in the expres-
sion 1/�1−<�.
If we define the size of the test of � = 0�� = 0, using a critical region C, as

max�1 P�1
�C�, then by applying the asymptotic critical values the size of the test

is very close to 1, since this is the value we get for < close to 1. The corrected
test appears to attain the largest rejection probability of 7–9% around < = 0, but
the choice of DGP ��1 = <In� does not allow determination of the actual size.

3�2� The Test for Rank One in the Model with One Lag

The model with k = 1 and nd = 1 is

�Xt =�Xt−1+�t+
+�t�(27)
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and we test � = ��′, � = ��, where � and � are �n×1�. Under the null hypoth-
esis,

Yt = �′Xt −E��′Xt�=
�∑
i=0

�1+�′��i�′�t−i�

so that 3 = var��′Xt� = �′-�/�1− �1+�′��2� and P = 1+�′�, Q = �′�ny = 1.
We define the parameter

?= �′-�⊥��′
⊥-�⊥�−1�′

⊥-�

�′-�
= 1− ��′��2

�′-−1��′-�

(see (9)), and find the coefficients c1 = −�2+�′��?/�′�, c2 = 2�1+�′��/�′�,
c3 =−2�1+�′��?/�′�. From (23) we find the correction factor for testing r = 1
in the model with only one lag:

a�T �n−1�1�
(
1+ 1

T�′�

[
−�2+�′��?�1+h�n−1�1��(28)

+�2�1+�′���n−1�−2?�4+3�′�� 
g�n−1�1�
�n−1�2

])
�

In model (27) it is enough to consider DGP’s with - = In�� =
�1�0� � � � �0��� = �a1� a2�0� � � � �0� so that �′� = a1. The stationary process
�′Xt −E��′Xt� is autoregressive with parameter 1+�′�= 1+a1. If we consider
a sequence �@ → � = 0, then a1 = �′� → 0, and in the limit r = 0, so there is
no cointegration. If, however, we let �@ → � �= 0, but so that �′�= 0, then again
a1 = �′�→ 0 but the process is in the limit I�2�. Thus the interpretation of the
singularity at a1 = �′�= 0 depends on the direction it is approached.
We choose to tabulate the rejection probability as a function of �a1� a2� for

a1 = −0�1� � � � �−0�8� a2 = 0�0�−0�1� � � � �−0�8. The function is symmetric in a2,
so that Table IV suitably extended covers all possible simulation results for n=
5� r = 1. It is seen from Table IV that if we are close to an I�1� model with lower
rank �a1 → 0� a2 = 0�, then the distribution is shifted to the left, and the rejection
probability is less than 5%, and if we are close to an I�2� model �a1 → 0� a2 �= 0�,
the distribution is shifted to the right, and the rejection probability is greater
than 5%, as was also seen in Section 3.1.
By applying the asymptotic critical values the size of the test is at least 29.9%

for T = 50, since this is the value we get for the combination a1 = −0�1 and
a2 =−0�8. By applying the correction we get a test where the maximal simulated
value of the rejection probability is attained for a1 = a2 = −0�8, and further
simulations indicate a size around 9%.

3�3� The Dickey Fuller Test for Rank Zero in the Model with k Lags

We consider the test of � = 0 and � = 0 in the statistical model (1). We can
evaluate the expectation of the test statistic in the simple case of a DGP, where
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TABLE IV
Test for � = ��′, � = �� in Model �27�a

T = 50

a2\a1 −0�1 −0�2 −0�4 −0�8

0.0 2�1
0�4 �1�08�

2�2
0�9 �1�05�

3�8
2�3 �1�03�

8�5
6�9 �1�02�

−0�1 2�8
0�0 �1�30�

2�8
0�7 �1�10�

4�1
2�1 �1�04�

9�3
7�4 �1�02�

−0�2 6�3
0�0 �1�40�

4�7
0�5 �1�15�

5�3
2�6 �1�05�

9�0
7�0 �1�02�

−0�4 20�3
0�0 �1�45�

12�8
1�2 �1�20�

9�4
3�7 �1�07�

10�8
8�1 �1�03�

−0�8 29�9
0�2 �1�47�

23�7
2�7 �1�22�

17�5
6�8 �1�10�

13�3
9�2 �1�03�

T = 100

−0�1 3�1
0�2 �1�15�

2�8
1�3 �1�05�

6�1
4�7 �1�02�

8�5
7�6 �1�01�

−0�2 8�9
0�6 �1�20�

6�5
2�3 �1�07�

6�9
4�9 �1�02�

8�4
7�6 �1�01�

−0�4 18�3
1�5 �1�22�

12�9
4�3 �1�10�

9�3
6�2 �1�03�

8�4
7�5 �1�01�

−0�8 21�7
1�6 �1�23�

15�5
5�1 �1�11�

11�6
7�4 �1�05�

9�6
8�2 �1�02�

aFor the simulations we assume that � =��′ , � =��, where �= 0, �= �a1� a2�0�0�0�′ ,
� = �1�0�0�0�0�′ , 
 = 0, and - = I5. Each entry shows the simulated rejection probability
of a nominal 5% test using asymptotic critical values, over the rejection probability for the
corrected test with the correction factor in parenthesis. The number of simulations is 10,000.
The correction is calculated from (28).

we assume �1 = · · · = �k−1 =� = 0 and � = 0, in which case �Xt =
dt +�t , in
order to see the effect of lag length k. The stationary process Yt is of dimension
ny = �k−1�n, and when all �i = 0, it is given by

Y ′
t = ��X ′

t� � � � ��X
′
t−k+2�−E��X ′

t� � � � ��X
′
t−k+2�= ��′

t� � � � � �
′
t−k+2��

We find

3= var�Yt�=-⊗ Ik−1� P = In⊗Ek−1� Q = In⊗e1�

where ei is the ith unit vector in Rk−1 and Ek−1 is the �k−1�×�k−1� shift matrix
defined by

Ek−1 =


0 0 · · · 0 0
1 0 · · · 0 0
���
���

���
���

0 0 · · · 1 0

=
{∑k−1

i=1 ei+1e
′
i� k ≥ 3�

0� k = 1�2�

Note that �Ek−1�k−1 = 0, and that

PiQ = �In⊗Ei
k−1��In⊗e1�= �In⊗ei+1� �i = 0� � � � � k−1��(

Iny
−P

)−1
Q = In⊗ �1� � � � �1�′ = In⊗ B�

say, where B=∑k−1
i=1 ei. We find for �⊥ = In that V� = 0 and

V2 = (
Iny

−P
)−1

Q-Q′(Iny
−P ′)−13−1

= �In⊗ B�-�In⊗ B′��-−1⊗ Ik−1�= In⊗ BB′�
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and hence we get c1 = tr�V2 = n�k− 1� = ny , and since ny = tr�V2 , we find
c2 = tr�Iny

−V� −V2 = tr�Iny
−V2 = ny −ny = 0. Finally to find c3 we evaluate

tr
{[(

Iny
−P

)
V2 ⊗P

][
In2y −P ⊗P

]−1}
=

�∑
i=0
tr
{[(

Iny
−P

)
V2 ⊗P

]
�P i ⊗Pi�

}
=

�∑
i=0
tr
{(
Iny

−P
)
V2P

i ⊗Pi+1}
=

�∑
i=0
tr
{(
Iny

−P
)
V2P

i
}
tr�P i+1 = 0�

since tr�P i+1 = 0, and hence

c3 = tr
{
V2P

(
Iny

+P
)−1}= �∑

i=0
tr
{
�In⊗ BB′��In⊗Ek−1��In⊗ �−1�iEi

k−1�
}

=
�∑
i=0

�−1�itr{In⊗ BB′Ei+1
k−1
}= �∑

i=0
�−1�inB′Ei+1

k−1B

= n
k−2∑
i=0

�−1�i�k−2− i�= n

[
k−1
2

]
�

that is, n times the integer part of �k− 1�/2. Thus c1 = �k− 1�n, c2 = 0, c3 =
n��k−1�/2�. From (23) we get the result

a�T �n�nd�

(
1+ 1

T

[
�k−1�n�1+h�n�nd��(29)

+
{[

k−1
2

]
+nd�k−1�

}
2g�n�nd�

n

])
�

This coincides with (26) for k= 2, < = 0, and nd = 1. For k= 1 we just get the
correction factor a�T �n�nd�, corresponding to the normalization on the Dickey
Fuller test in the model with one lag.
The simulations in Table V show that as long as the number of parameters per
observation, kn/T , is less than 0.2, the formula gives a reasonable result. Thus
for instance for n = 5, k = 2, T = 50 the rejection probability of a nominal 5%
test using asymptotic critical values is in fact close to 37%. The correction gives a
test with rejection probability around 11%, which is much better than the direct
use of the asymptotic tables.
Note that if we set h= g = 0, the second factor becomes 1+ �k−1�n/T which

corresponds to multiplying the likelihood ratio test by �T −�k−1�n�/T , which is
the correction found by Hansen and Rahbek (2002) based on an argument involv-
ing a profile likelihood, whereas Ahn and Reinsel (1990) and Reimers (1992)
suggested use of �T −kn�/T . Both of these “degrees of freedom” corrections
capture part of the dependence on lag length, but not the dependence on the
parameters.
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TABLE V
Test for � = 0, � = 0 in Model �1�a

k\T 50 100 500

1 13�5
9�2 (1.03)

9�4
8�2 (1.01)

7�3
6�9 (1.01)

2 37�1
11�0 (1.14)

16�9
7�9 (1.07)

8�8
7�2 (1.01)

3 69�1
18�1 (1.23)

27�8
9�4 (1.11)

9�8
7�5 (1.02)

4 92�7
31�7 (1.34)

43�8
11�7 (1.16)

10�3
6�8 (1.03)

aFor the simulation we assume that n=nb = 5, nd = 1, and� = 0,
� = 0, �i = 0� i = 1� � � � � k, -= In . Each entry shows the simulated
rejection probability of a nominal 5% test using asymptotic critical
values, over the rejection probability for the corrected test with the
correction factor in parenthesis. The number of simulations is 10,000.
The correction is calculated using (29).

3�4� A Real Life Example

We illustrate the methods by a data set taken from Johansen (1996). We con-
sider the Danish data set consisting of the four variables mt (log real M2), yt

(log real income), ibt (bond rate), and finally idt (deposit rate) observed quarterly
from 1974:1 to 1987:3. We fitted a model with two lags, restricted constant term,
and seasonal dummies.
We decided in the book to take r = 1, to illustrate the methods, even though

the trace statistic (49.14) was below the 95% critical value 53.42 in the asymptotic
distribution. We here investigate by simulation the rejection probability of the test
that uses the asymptotic distribution, and the effect of applying the correction
factor in order to mimic an actual application.
In each simulation we use the estimated values of the parameters ��̂� �̂,

�̂1� �̂� -̂� from the Danish data to define the data generating process. We simu-
late 10,000 time series with 53 observations, which was the number of observa-
tions in the example. The processes are started at the actual initial values and,
to simplify, the seasonal dummies have been left out. In each simulation we esti-
mate the parameters and the correction factor.
We first let r = 0, and hence use only the parameters ��̂1� -̂� from the data

generating process. We next assume that r = 1 and simulate the data using the
estimated adjustment and cointegration vector �̂ and �̂ and ��̂1� -̂�. We com-
pare in Table VI the simulated 95% quantiles with the asymptotic ones. The
simulated quantiles are larger than the asymptotic ones and this is what is cap-
tured by the correction factor. There seems to be very little statistical evidence
of cointegration in the Danish data.
We also see that the direct use of the asymptotic tables gives for the test

of r = 0, a 19% rejection probability instead of the nominal 5%. The rejection
probability of the corrected test is 6%. For r = 1 we get 17% instead of 5%, but
the correction factor brings the rejection probability down to 4%.
When we simulate the DGP with r = 1, and use the corrected test statistic for

the hypothesis that r = 0, we find the power of the test. Using the 95% critical
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TABLE VI
The Danish Dataa

r n− r 95%(asym) 95%(sim)

0 4 53.42 61.85 19�2
6�4 (1.14)

1 3 34.80 40.79 17�5
4�2 (1.21)

aThe columns give the rank and common trends tested, the
asymptotic 95% quantiles and the simulated ones. Next follows the
simulated rejection probability of a nominal 5% test using asymptotic
critical values, over the rejection probability for the corrected test with
the correction factor in parenthesis. As DGP we use the estimated
values from the Danish data.

values from the asymptotic distribution we find the power 90.8%, and using the
correction factor we get 76.9%. Thus the power function is shifted down by the
correction factor. We get the same value whether we use the estimates under
the hypothesis r = 0 or the estimates from the unrestricted VAR.

4� conclusion

A detailed analysis of the Taylor’s expansion of the trace statistic for cointe-
grating rank gives an approximation of its expectation. This is used to suggest
a correction factor to the trace statistic of the form a�T �nb�nd��1+T −1b��̂��,
where � denotes the parameters under the null hypothesis, and a�T �nb�nd� is
the correction factor needed for the test of no cointegration in the model with
one lag and dimension nb = n− r . A numerical approximation to a�T �nb�nd� is
found by simulation and a computable formula for b��� is given.
A general conclusion from the simulation experiments is that as � approaches

a boundary point, where the process is almost I�2�, the rejection probability of
a nominal 5% test grows in some cases to almost one, meaning that a nominal
5% test can have very large size. The correction factor also grows and manages
to capture part of the size distortion.
Throughout, however, the corrected rejection probability is closer to the nom-

inal value, so there seems to be a large area of the parameter space where the
correction appears to be a useful supplement to the tool box for the analysis of
cointegrated systems.
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APPENDIX A

This Appendix contains the proof of Theorem 1. We first show that by introducing a model with a
simple hypothesis on the cointegrating space, we can exploit previous results (Johansen (2000, 2002))
and simplify the derivations. Then we introduce a convenient reparameterization of model �1 and
use it to derive an expansion of the test statistic in Theorem 2. Section A.4 contains some asymptotic
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results on the moment matrices and the detailed evaluation of the terms in the expansion is left to
Section A.5.

A�1� A Simple Hypothesis on the Cointegrating Space

We define model �3 by specifying the cointegration space sp��0� and sp��0�, that is �= �0C��=
�0C� C�r× r�. In this case the model equations are

�3� �Xt = �C��0′Xt−1+�0′Dt�+
k−1∑
i=1

�i�Xt−i +
dt +�t�(30)

Note that the parameter C can be absorbed in �, and that �3 ⊂�2 ⊂�1, in the sense of inclusion
of parameter space.
The test for cointegrating rank is the test of �2 in �1, but it is convenient to use the usual trick

(see Lawley (1956)) and compare the two models by introducing �3. Let L��i� denote the maximized
likelihood in model �i; then

L��2�

L��1�
= L��3�

L��i�

/
L��3�

L��2�
�

and hence

E��−2 log LR��2��1��= E��−2 log LR��3��1��+E��2 log LR��3��2���

The purpose of this expression is that we can use results for −2 log LR��3��2� from Johansen
(2000), which deals with the correction factor for a simple hypothesis on � in the cointegration model
�2. Here we find a correction to the joint test of rank and �, −2 log LR��3��1�, by deriving an
expansion of the expectation and finally we find the required approximation to the expectation of the
test for cointegrating rank by subtraction. The reason for introducing the model �3 is that under the
null hypothesis, estimation of (30) is a simple regression that facilitates the calculations.

A�2� A Reparameterization of �1

It is of course easy to derive the test statistic of �3 in �1, applying the usual regression formulae
based upon equations (1) and (30). We find with an obvious notation

−2 log LR��3��1�=−T log
�M��·x��x�D�d�

�M��·�0′x+�0′D��x�d�
�(31)

We want to calculate the expectation of (31) for a given value of the parameters �0��0, etc. which we
call the true value. In order to get more manageable expressions we introduce a new parameterization
and new regressors using the true value of the parameters, as described in detail in Johansen (2000,
2002).
We use �̄0 =�0��

′
0�0�

−1 and � 0 = In−
∑k−1

i=1 �
0
i �C

0 =�0
⊥��

0′
⊥�

0�0
⊥�

−1�0′
⊥ and define new parameters

2 and E= �E′
1� E

′
2�

′ as functions of the old ����� by

2′ =��In −C0� 0��̄0 �n× r��

E′
1 =��0

⊥ �n× �n− r���

E′
2 = � −��In −C0� 0��̄0�0′ �n×1��

The old parameters are given in terms of the new by

� = E′
1

(
�0′

⊥�
0�0

⊥
)−1

�0′
⊥�

0+2′�0′� � = E′
2+2′�0′�

The hypothesis �����= ��C ′�0′��C ′�0′� is then expressed as E= 0.
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Model equation (1) with the new parameters is

�Xt = 2′(�0′Xt−1+�0′Dt

)+E′
1

(
�0′

⊥�
0�0

⊥
)−1

�0′
⊥�

0Xt−1+E′
2Dt(32)

+
k−1∑
i=1

�i�Xt−i +
dt +�t�

Under �3, it holds that E��0′Xt−1+�0′Dt� and E��Xt� are linear in dt ; see Johansen (2002). We
therefore introduce the stationary regressors

Vt−1 = �0′Xt−1−E0��
0′Xt−1��

Zt−1 = ��X ′
t−1−E0��X

′
t−1�� � � � ��X

′
t−k+1−E0��X

′
t−k+1��

′�

by modifying 
 suitably. Note that Yt = �V ′
t �Z

′
t�

′; see (7).
We replace the regressors

(
�0′

⊥�
0�0

⊥
)−1

�0′
⊥�

0Xt−1 and Dt by

At−1 =
 (�0′

⊥-
0�0

⊥
)−1/2

�0′
⊥

t−1∑
i=1

�i

Dt

dt

=


t−1∑
i=1

Bi

Dt

dt

 �(33)

and model equation (32) in the new variables, with suitably redefined parameters G and 
, becomes

�Xt
�n�

= 2′Vt−1
�r�

+E′At−1
�na�

+G Zt−1
��k−1�n�

+
 dt
�nd�

+ �t
�n�

�(34)

where the dimensions are indicated below each variable. The test for �3 in �1 is the test for E = 0
in (34). The estimators for the parameters 2�E�G�
, and - are found by regression of �Xt on
�Vt−1�At−1�Zt−1�dt�, and under the hypothesis E = 0 the parameters can be found by regression of
�Xt on �Vt−1�Zt−1�dt�.
Similarly the model �2 can be reparameterized as

�Xt
�n�

= �Vt−1
�r�

+�E′At−1
�na�

+G Zt−1
��k−1�n�

+
 dt
�nd�

+ �t
�n�

(35)

(see equation (14) in Johansen (2000)) and the test for �2 in �1 is the test for E= 0 in (35).

A�3� The Likelihood Ratio Test and its Expansion

We define the product moment matrices M•• for the variables �Xt��t , and dt at time t but
Vt−1�At−1, and Zt−1 lagged one period. Thus for instance

T∑
t=1


�Xt

Vt−1

�t



�Xt

Vt−1

�t


′

=


M00 M0v M0�

Mv0 Mvv Mv�

M�0 M�v M��

 �

We use the notation for any three process Xt�Ut , and Vt , say,

�Ut �Xt�= Ut −MuxM
−1
xx Xt� Muv·x =

T∑
t=1

�Ut �Xt��Vt �Xt�
′ =Muv −MuxM

−1
xx Mxv�

and in particular we use a notation for the moment matrices corrected for the lagged differences Zt−1
and dt , since many results look a bit simpler this way, and some results can be taken from Johansen
(2000):

Suv =Muv·z�d =Muv −MudM
−1
dd Mdv −Muz·dM

−1
zz·dMzv·d�(36)
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These moment matrices appear naturally when the likelihood function is concentrated with respect
to G and 
.
The likelihood ratio test of �3 in �1 is the test that E= 0, which is expressed in terms of product

moments as

LR−2/T ��3��1�=
�S00·a�v�
�S00·v�

= �S��·a�v�
�S��·v�

= �S��·v −S�a·vS
−1
aa·vSa�·v�

�S��·v�
�

which is just another expression for (31), but given in terms of processes that are normalized. Hence
with N = TS−1

��·vS�a·vS
−1
aa·vSa�·v , which is OP�1�, we find

−2 log LR��3��1�=−T log �In −T −1N � 1= tr�N + 1
2T

tr�N 2 �(37)

indicating that we have kept terms of order OP�T
−1�.

Theorem 2: The likelihood ratio test for cointegrating rank in model (1) has the expansion

−2 logLR��2��1�

1= T tr
{
Sab·vS

−1
bb·vSba·vS

−1
aa·v
}+ 1

2
T tr

{
�Sab·vS

−1
bb·vSba·vS

−1
aa·v�

2
}

−2T tr{S−1
bb Sba·vS

−1
aa Sau·v�b?S

−1
vv Svb

}− tr{?S−1
vv ?SuaS

−1
aa SabSbaS

−1
aa Sau

}
− tr{SbaS

−1
aa SabSbvS

−1
vv ?

2S−1
vv Svb

}+ tr{SuaS
−1
aa Sau?S

−1
vv SvbSbvS

−1
vv ?

}
+2tr{SbaS

−1
aa Sau?S

−1
vv Svu?S

−1
vv Svb

}
�

where ?= ��′-−1��−
1
2 .

Proof: We start by expanding the matrix N (see (37)) by introducing the variables Ut and Bt

(see (10)) and finding

tr�N = T tr
{
Sa�·vS

−1
��·vS�a·vS

−1
aa·v
}

= T tr
{(

Sua·v
Sba·v

)′ (
Suu·v Sub·v
Sbu·v Sbb·v

)−1(
Sua·v
Sba·v

)
S−1
aa·v

}
= T tr

{
Sab·vS

−1
bb·vSba·vS

−1
aa·v
}+T tr

{
Sau·v�bS

−1
uu·v�bSua·v�bS

−1
aa·v
}

= tr�N1+N2 �

where N1 and N2 are OP�1�. From (37) we find

−2 logLR��3��1�
1= tr�N1+N2 +

1
2
T −1tr��N1+N2�

2 �(38)

The term N2 can be rewritten as follows

N2 = TSau·v�bS
−1
uu·v�bSua·v�bS

−1
aa·v(39)

= TSau·v�bS
−1
uu·v�bSua·v�bS

−1
aa·v�b +TSau·v�bS

−1
uu·v�bSua·v�bS

−1
aa·v�Ina −Saa·vS

−1
aa·v�b�

=N21+N2�Ina −Saa·vS
−1
aa·v�b�=N21+N22�

where Saa·v�bS
−1
aa·v = �Saa·v −Sab·vS

−1
bb·vSba·v�S

−1
aa·v = Ina −T −1N1, so that

Saa·vS
−1
aa·v�b =

(
Ina −T −1N1

)−1 1= Ina −T −1N1�



1950 søren johansen

Hence the term N22 in (39), becomes

N22 =N2

(
Ina −

(
Ina −T −1N1

)−1) 1=−T −1N2N1�

which cancels the double product from 1
2T

−1�N1 +N2�
2 in (38). We next find N 2

2
0= �SauSuaS

−1
aa �

2,
where we keep only terms of order OP�1�. Thus

−2 logLR��3��1�(40)

1= tr�N1 + tr�N21 +
1
2
T −1tr�N 2

1  +
1
2
T −1tr�N 2

2  

1= T tr
{
Sab·vS

−1
bb·vSba·vS

−1
aa·v
}+T tr

{
S−1
aa·v�bSau·v�bS

−1
uu·v�bSua·v�b

}
+ 1
2
T tr

{
�Sab·vS

−1
bb·vSba·vS

−1
aa·v�

2
}+ 1

2
T −1tr

{
�SauSuaS

−1
aa �

2
}
�

In Johansen (2000, Theorem 3) it is shown that

−2 logLR��3��2�

1= T tr
{
S−1
aa·v�bSau·v�bS

−1
uu·v�bSua·v�b

}+ 1
2
T −1tr��SuaS

−1
aa Sau�

2 

+2T tr{S−1
aa Sua·v�b?S

−1
vv SvbS

−1
bb Sba·v

}+ tr{?S−1
vv ?SuaS

−1
aa SabSbaS

−1
aa Sau

}
+ tr{SbaS

−1
aa SabSbvS

−1
vv ?

2S−1
vv Svb

}− tr{SuaS
−1
aa Sau?S

−1
vv SvbSbvS

−1
vv ?

}
−2tr{SbaS

−1
aa Sau?S

−1
vv Svu?S

−1
vv Svb

}
�

Subtracting this result from (40), we have finished the proof of the expansion in Theorem 2. Q.E.D.

A�4� The Moments and Their Asymptotic Properties

Lemma 1: The moments (19) are invariant to any full rank linear transformation of At, and for any
such moment M̃ we have

E�M̃�= tr�E�M̃� n−1
b Inb �(41)

Proof: The process At−1 enters the moments through the factor

A′
t−1

( T∑
u=1

Au−1A
′
u−1

)−1
As−1�(42)

which is clearly invariant under nonsingular linear transformations of At−1. For any orthogonal matrix
O�nb ×nb� �O′O = Inb � define KO = diag�O′�1 . Replacing Bt by O′Bt , replacing At−1 by KOAt−1,
which by (42) does not change M̃ , and we have

M̃�O′B�=O′M̃O�(43)

Taking expectations, we find that E�M̃� is invariant under all orthogonal transformations and
hence proportional to Inb . This proves (41). Q.E.D.
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In order to find the asymptotic properties of the moments we define the processes

T − 1
2

�Ts�∑
t=1

Bt

w−→Wb�s�=W�s��(44)

T − 1
2

�Ts�∑
t=1

Ut

w−→Wu�s��

T − 1
2

�Ts�∑
t=1

�Bt−iB
′
t −Ei0Inb �

w−→Wbb
i �s� �i = 0�1� � � � ��

T − 1
2

�Ts�∑
t=1

BtU
′
t−i

w−→Wbu
i �s� �i = 0�1� � � � ��

T − 1
2

�Ts�∑
t=1

�UtU
′
t−i −Ei0Inu �

w−→Wuu
i �s� �i = 0�1� � � � ��

It is seen that all these processes are mutually independent. Suitably normalized the process A�Ts�

(see (33)) converges to a limit F , which depends on W and the deterministic terms. The limit of the
moments can be expressed in terms of W�Wbb

i , and F .

Lemma 2: Let At−1 be given by (33); then normalizing by DT = diag�T −1/2Inb � T
−nd  we find

DTA�Ts�−1 =
 T − 1

2

�Ts�−1∑
i=1

Bi

��Ts�/T �nd

dt

 w−→ F �s�=
(
W�s�

snd
1� � � � � snd−1

)
�(45)

It follows (see (19)) that

M
w−→
∫ 1

0
�dW�F ′

(∫ 1

0
FF ′ ds

)−1 ∫ 1

0
F �dW�′�(46)

M+
w−→
∫ 1

0
�dW�F ′

(∫ 1

0
FF ′ ds

)−1(∫ 1

0
F �dW�′ + �Inb �0�

′
)
�

M++
w−→
(
�Inb �0�+

∫ 1

0
�dW�F ′

)(∫ 1

0
FF ′ ds

)−1(∫ 1

0
F �dW�′ + �Inb �0�

′
)
�

T −1/2M−
w−→Wbb

1

∫ 1

0
�dW�F ′

(∫ 1

0
FF ′ ds

)−1(∫ 1

0
F �dW�′ + �Inb �0�

′
)
�

T −1/2K�j�
w−→ �Wbb

j+1−Wbb
1 �

∫ 1

0
�dW�F ′

(∫ 1

0
FF ′ ds

)−1(∫ 1

0
F �dW�′ + �Inb �0�

′
)
�

Note that the limits of T −1/2M− and T −1/2K�j� have expectation zero because Wbb
i is independent

of W .

Proof: The results (45) and (46) follow from standard results about Brownian motion. Q.E.D.

In the calculations in the proof of Theorem 1 we often replace
∑T

t=1At−1A
′
t−1−k by Maa since it

holds that ( T∑
t=1

At−1A
′
t−1

)−1 T∑
t=1

At−1A
′
t−1−k

P−→ Ina � for all k�

and similarly we replace
∑T

t=1At−1B
′
t−1−k by M+

ab =
∑T

t=1At−1B
′
t−1, if k ≥ 0 and by Mab , for k < 0.
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Lemma 3: The variable T −1/2�@′MybO�P
′�Myy −T3�<� is asymptotically Gaussian with mean zero

and variance matrix given by

var�T −1/2@′MybO�→ @′3@O′O�(47)

cov
[
T −1/2@′MybO�T

−1/2P′�Myy −T3�<
]

−→
�∑

m=0
@′4�m+1�PO′2′

m<+@′4�m+1�<O′2′
mP�

var
[
T −1/2P′(Myy −T3

)
<
]−→ �∑

m=−�
P′4�m�P< ′4�m�<+P′4�m�<< ′4�m�P�

It follows that

T −1E
[
Mby3

−1Myb

]−→ nyInb � T −1E�MybMby�−→ nb3
−1�(48)

E
[(
T −1Myy −3

)
3−1Myb

]−→ �∑
k=0

4�k+1�′3−12k +2ktr
{
3−14�k+1�}�

Conditional on B = �Bt the distribution of M−1/2
aa May is Gaussian with the same limit distribution as

Nna×ny
�M−1/2

aa M+
ab2

′� Ina ⊗��′��(49)

It follows that

E
[
M−1/2

aa May3
−1MyaM

−1/2
aa �B] 0=M−1/2

aa M+
ab2

′3−12M+
baM

−1/2
aa + Ina tr��

′3−1� �(50)

E
[
MyaM

−1
aa May �B

] 0= 2M+
baM

−1
aa M

+
ab2

′ +na��
′�(51)

Finally T −1/2�@′MybO�P
′�Myy −T3�<� is asymptotically independent of M−1/2

aa May .

Proof: The Central Limit Theorem shows that T −1/2�@′MybO�P
′�Myy −T3�<� is asymptotically

Gaussian with mean zero. We apply in the following the well known formula for the moments of a
multivariate Gaussian distribution X with mean zero and variance 3� cov�XiXj�XkXl� = 3ik3jl +
3il3jk, from which it follows that for any linear processes St�Ht�Kt , and Lt with exponentially
decreasing coefficients and independent identically distributed Gaussian errors we have

T −1cov�@′MshO�P
′Mkl<�−→

�∑
m=−�

@′4sk�m�PO′4hl�m�<+@′4sl�m�<O′4hk�m�P�(52)

where for instance 4sk�m� is the covariance function for the processes St and Kt .
The formula (52) implies the results in (47) and (48). As an example we find the covariance in

(47) and the corresponding moment in (48). Because 4by�m�= cov�Bt�Y
′
t+m�= 0�m < 0 and 2′

m for
m≥ 0 we get

cov�T −1/2@′MybO�T
−1/2P′�Myy −T3�<�

= T −1∑
t�s

cov�@′Yt−1B
′
tO�P

′Ys−1Y
′
s−1<�

= T −1∑
t�s

(
@′4�s− t�PO′4by�s− t−1�<+@′4�s− t�<O′4by�t− s−1�P)

= T −1
T∑

m=−T

�T −�m���@′4�m�PO′4by�m−1�<+@′4�m�<O′4by�m−1�P�

−→
�∑

m=0
@′4�m+1�PO′2′

m<+@′4�m+1�<O′2′
mP�

which is the limiting covariance in (47).
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From this it follows that for 3−1 =∑ny
k=1 �kOkO

′
k we find the moment

E�P′�T −1Myy −3�3−1MybO�

= T −1 ∑
k�t�s

�kcov�P
′Yt−1Y

′
t−1Ok� O

′
kYs−1B

′
sO�

−→∑
k

�k

�∑
m=0

O′
k4�m+1�PO′2′

mOk +O′
k4�m+1�OkO

′2′
mP

=∑
k

�k

�∑
m=0

O′2′
mOkO

′
k4�m+1�P+ tr�OkO

′
k4�m+1� O′2′

mP

=
�∑

m=0
O′2′

m3
−14�m+1�P+ tr�3−14�m+1� O′2′

mP

=
�∑

m=0
P′4�m+1�′3−12mO+ tr�3−14�m+1� P′2mO�

which is the second expression in (48). To show (49) we find that

M−1/2
aa May =M−1/2

aa

∑
t� i

At−1�U
′
t−i−1�

′
i +B′

t−i−12
′
i�(53)

conditional on the variables B = �Bt (and hence A= �At ) has a Gaussian distribution with mean

E�M−1/2
aa May �B�=M−1/2

aa

∑
t� i

At−1B
′
t−i−12

′
i

0=M−1/2
aa M+

ab2
′�

The variance can be found from

var�@′M−1/2
aa MayP�B�= @′M−1/2

aa

∑
t� s� i� j

At−1E�U ′
t−i−1�

′
iPP

′�jUs−j−1�A
′
s−1M

−1/2
aa @�

We only get a contribution for t− i = s− j , and for M−1/2
aa

∑
t At−1A

′
t−i+j−1M

−1/2
aa

0= Ina we find

var
[
@′M−1/2

aa MayP�B
] 0= @′@

∑
i� j

tr��′
iPP

′�j = @′@P′��′P�

This proves (49). The expressions for E�M−1/2
aa May3

−1MyaM
−1/2
aa �B� and E�MyaM

−1
aa May �B� are found

as above. Finally it follows from (53) that the limit distribution is determined by the Brownian
motions Wu and Wb , whereas similar expressions for T −1/2�Myy − T Iny � and T −1/2Myb show that
their limits are determined by �Wuu

i �Wub
i �Wbb

i � i = 0� � � � �� which are independent of Wu and Wb ;
see (44). Q.E.D.

Lemma 4: The moments Mbd are independent of MbaM
−1
aa Mab and MbaM

−1
aa M

+
ab .

Proof: We construct a statistical model in which MbaM
−1
aa Mab and MbaM

−1
aa M

+
ab are ancillary and

Mbd is minimal sufficient and boundedly complete so that they are independent by Basu’s theorem;
see Basu (1955).
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If nd = 0, then dt = 0 and Mbd = 0, and there is nothing to prove. For nd ≥ 1 we consider the
statistical model for the nb dimensional process B̃t with parameters 
 � B̃t =
dt +Bt , t = 1� � � � � T ,
where Bt are i.i.d. Nnb

�0� Inb �. We define the statistic

Mb̃d =
T∑
t=0

B̃td
′
t =

T∑
t=0


dtd
′
t +

T∑
t=0

Btd
′
t =
Mdd +Mbd�

which is distributed as Nnb×nd
�
Mdd� Inb ⊗Mdd�, which is boundedly complete. Let

Ãt−1 =


t−1∑
i=0

B̃i

tnd

dt

=
(
Inb 
nd−1/nd

0 1

)
t−1∑
i=0

Bi

tnd

dt

 �

We define the functional M̃ =Mb̃ãM
−1
ãã Mãb̃ and note that by the invariance under multiplication

by nonsingular matrices we have M̃ =Mb̃ãM
−1
ãã Mãb̃ =Mb̃aM

−1
aa Mab̃ but we also have that

Mb̃a =
∑
t

B̃tA
′
t−1 =

∑
t

�
dt +Bt�A
′
t−1 =

∑
t

BtA
′
t−1�

since Mad = 0. Thus M̃ =M , and similarly M̃+ =M+. Therefore the statistics M and M+ are ancillary
and hence independent of Mbd by Basu’s theorem. Q.E.D.

A�5� Proof of Theorem 1

Proof: We apply the expansion from Theorem 2, and we find that the expectation of the last
five terms are calculated in Johansen (2000, proof of Theorem 4, p. 775). It is shown there that the
total contribution of these terms is

−�n− r��n− r+1�v��(54)

where v� = tr��′3−1� ; see (14). What remains are the two terms

TE
[
tr
{
Sab·vS

−1
bb·vSba·vS

−1
aa·v
}]+ 1

2
TE

[
tr
{(
Sab·vS

−1
bb·vSba·vS

−1
aa·v
)2}]

(55)

= E
[
tr
{
Sab·v�T

−1Sbb·v�
−1Sba·vS

−1
aa·v
}]

+ 1
2
T −1E

[
tr
{(
Sab·v�T

−1Sbb·v�
−1Sba·vS

−1
aa·v
)2}]

�

We start with the second term in (55). The factor T −1 in front means that we can replace matrices
by their limit. From the definition of Saa·v (see (36)) we find with Yt = �V ′

t �Z
′
t�

′ that because At−1 is
orthogonalized on dt we have Maa·d =Maa and Mya·d =Mya and then get

M−1/2
aa Saa·vM

−1/2
aa =M−1/2

aa Maa·v�z�dM
−1/2
aa =M−1/2

aa Maa·y�dM
−1/2
aa

= Ina −M−1/2
aa May·dM

−1
yy·dMya·dM

−1/2
aa

= Ina −T −1M−1/2
aa May�T

−1MMyy·d�
−1MyaM

−1/2
aa

= Ina +OP�T
−1��

Similarly we find the evaluations

M−1/2
aa Sab·v =M−1/2

aa Mab·y�d

=M−1/2
aa Mab −T −1/2M−1/2

aa May·d�T
−1Myy·d�

−1T −1/2Myb·d

=M−1/2
aa Mab +OP�T

−1/2��
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T −1Sbb·v = T −1Mbb·y�d

= T −1Mbb·d −T −1�T −1/2Mby·d�T
−1Myy·d�

−1T −1/2Myb·d�

= T −1Mbb·d +OP�T
−1��

so that

(
Sab·v�T

−1Sbb·v�
−1Sba·vS

−1
aa·v
)2 0= (

�T −1Mbb·d�
−1MbaM

−1
aa Mab

)2
�

in the sense that the difference tends to zero in probability. We now replace the expectation of the
right-hand side by the expectation of the left-hand side and write therefore

E
[
tr
{(
Sab·v�T

−1Sbb·v�
−1Sba·vS

−1
aa·v
)2}] 0= E

[
tr
{(
�T −1Mbb·d�

−1MbaM
−1
aa Mab

)2}]
�(56)

What remains is the first term of (55). We expand it as follows:

Sab·v�T
−1Sbb·v�

−1Sba·vS
−1
aa·v =Mab·y�d�T

−1Mbb·y�d�
−1Mba·y�dM

−1
aa·y�d

= (
Mab −MayM

−1
yy·dMyb·d

)(
T −1Mbb·d −T −1Mby·dM

−1
yy·dMyb·d

)−1
× (Mba −Mby·dM

−1
yy·dMya

)(
Maa −MayM

−1
yy·dMya

)−1
�

where we have used that Mad = 0, since At−1 has been orthogonalized on dt . We get a number of
different terms when expanding and keeping terms of order T −1:

Sab·v�T
−1Sbb·v�

−1Sba·vS
−1
aa·v(57)

1=Mab�T
−1Mbb·d�

−1MbaM
−1
aa

− (MayM
−1
yy·dMyb·d

)
�T −1Mbb·d�

−1MbaM
−1
aa

−Mab�T
−1Mbb·d�

−1(Mby·dM
−1
yy·dMya

)
M−1

aa

+T −1Mab�T
−1Mbb·d�

−1(Mby·dM
−1
yy·dMyb·d

)
�T −1Mbb·d�

−1MbaM
−1
aa

+T −1Mab�T
−1Mbb·d�

−1MbaM
−1
aa

(
May�T

−1Myy·d�
−1Mya

)
M−1

aa

+T −1(MayM
−1
yy·dMyb·d

)
�T −1Mbb·d�

−1(Mby·d�T
−1Myy·d�

−1Mya

)
M−1

aa

=K0+T −1�K1+K2+K3+K4��

The expectation of the trace of the first term is

E�tr�K0 �= E
[
tr
{
Mab�T

−1Mbb·d�
−1MbaM

−1
aa

}]
�

which we combine with (56) to the term

TE
[
tr
{
MabM

−1
bb·dMbaM

−1
aa

}]+ 1
2
TE

[
tr
{(
M−1

bb·dMbaM
−1
aa Mab

)2}]
1=−TE

[
log �Inb −M−1

bb·dMbaM
−1
aa Mab�

]
�

which is the main term in Theorem 1.
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For the remaining terms in (57) we can prove

E�tr�K1 �=−2E[tr{(May�T
−1Myy·d�

−1Myb·d
)
�T −1Mbb·d�

−1MbaM
−1
aa

}]
0= tr�E�M� �−v� +v2 −ny�+ tr�E�M+� �−v� −v2 +ny�

−2tr
{
2′3−1

�∑
j=0

2jE�K�j��+2′3−12E�M−�

−ndE�M+�2
′3−12−E�M+�V

}
�

E�tr�K2 �= E
[
tr
{
Mab�T

−1Mbb·d�
−1(Mby·dM

−1
yy·dMyb·d

)
× �T −1Mbb·d�

−1MbaM
−1
aa

}]
0= �r+ �k−1�n�tr�E�M� �

E�tr�K3 �= E
[
tr
{
Mab�T

−1Mbb·d�
−1MbaM

−1
aa

× (May�T
−1Myy·d�

−1Mya

)
M−1

aa

}]
0= tr�E�M� v� + tr

{
E�M ′

+M+�2
′3−12

}
�

E�tr�K4 �= T −1E
[
tr
{(
May�T

−1Myy·d�
−1Myb·d

)
�T −1Mbb·d�

−1

× (Mby·d�T
−1Myy·d�

−1Mya

)
M−1

aa

}]
0= �n− r+1��n− r�v� + �n− r�tr�E�M++�2

′3−12 �

where 2′3−12 is given by (14) and V by (15). Adding these contributions we note that the first term
in E�tr�K4 � cancels (54) and we find the result in Theorem 1.
The final part of this proof contains an evaluation of E�tr�K1 �� � � � �E�tr�K4 �, in order to prove

these relations. Inspecting the expressions for K1� � � � �K4, one can see that one can normalize Yt so
that 3= Iny , and At−1 so that Maa = Ina . This simplifies the notation.

K1: If 3= Iny , then

V� = ��′ =
�∑

h=−�
4��h�=

�∑
h=0

4��h�+
�∑

h=1
4��h�

′�

V2 = 22′ =
�∑

h=−�
42�h�=

�∑
h=0

42�h�+
�∑

h=1
42�h�

′�

so that with C� = tr�4��0� and C2 = tr�42�0� we find

2tr
{ �∑

h=1
4��h�

}
= tr

{
V�

}− tr{4��0�
}= v� −C��(58)

2tr
{ �∑

h=0
4��h�

}
= tr

{
V�

}+ tr{4��0�
}= v� +C��

2tr
{ �∑

h=1
42�h�

}
= tr

{
V2

}− tr{42�0�
}= v2 −C2�

2tr
{ �∑

h=0
42�h�

}
= tr

{
V2

}+ tr{42�0�
}= v2 +C2�
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Note that C� +C2 = tr�4��0�+42�0� = tr�3 = ny . We find that

tr�K1 =−2tr{May�T
−1Myy·d�

−1Myb·d�T
−1Mbb·d�

−1Mba

}
=−2 tr{May

(
Iny −

(
Iny −T −1Myy·d

))−1(
Myb −MydM

−1
dd Mdb

)
× �T −1Mbb·d�

−1Mba

}
0=−2 tr{MayMyb�T

−1Mbb·d�
−1Mba +May

(
T −1Myy·d − Iny

)
×Myb�T

−1Mbb·d�
−1Mba

}
+2tr{MayMydM

−1
dd Mdb�T

−1Mbb·d�
−1Mba

}
=K11+K12+K13�

K11:

E�K11�=−2E[tr{MayMyb�T
−1Mbb·d�

−1Mba

}]
=−2E

[
tr
{ ∑

t� s� i� j

At−1�U
′
t−i−1�

′
i +B′

t−i−12
′
i�

× ��jUs−j−1+2jBs−j−1�B
′
s�T

−1Mbb·d�
−1Mba

}]
=−2E

[
tr
{ ∑

t� s� i� j

At−1U
′
t−i−1�

′
i�jUs−j−1B

′
s�T

−1Mbb·d�
−1Mba

}]

−2E
[
tr
{ ∑

t� s� i� j

At−1B
′
t−i−12

′
i2jBs−j−1B

′
s�T

−1Mbb·d�
−1Mba

}]
=K111+K112�

Note that the second term is OP�T
1/2�, but the expectation turns out to be O�1�. In the first term

we get a contribution for t− i−1= s− j−1 because of the independence of U and B. The term is
O�1� and we replace �T −1Mbb�d�

−1 by Inb , and find

E�K111�
0=−2E

[
tr
{∑

t� i� j

At−1B
′
t−i+jMba

}]
tr��′

i�j 

0=−2E�tr�MabMba �
∑
i≤j

tr��′
i�j −2E�tr�M+

abMba �
∑
i>j

tr��′
i�j �

where we have replaced
∑

t At−1B
′
t−i+j with Mab if i ≤ j and M+

ab if i > j . We then get (see (58))

E�K111�
0=−2tr�E�M� 

�∑
h=0

tr�4��h� −2tr�E�M+� 
�∑

h=1
tr�4��h� 

=−tr�E�M� �v� +C��− tr�E�M+� �v� −C���

In the term K112 we write At−1 =At−i−1+
∑t−1

j=t−i �Aj and find

E�K112�=−2E
[
tr
{ ∑

t� s� i� j

At−i−1B
′
t−i−12

′
i2jBs−j−1B

′
s�T

−1Mbb�d�
−1Mba

}]

−2E
[
tr
{ ∑

t� s� i� j

( i∑
m=1

�At−m

)
B′

t−i−12
′
i2jBs−j−1B

′
s�T

−1Mbb�d�
−1Mba

}]
=K1121+K1122�
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In K1121 we replace
∑

t At−i−1B
′
t−i−1 by M+

ab and find (see (19))

K1121
0=−2E

[
tr
{
2
∑
j

2j

(∑
s

Bs−j−1B
′
s

)
�T −1Mbb·d�

−1MbaM
+
ab

}]

=−2tr
{
2′∑

j

2jE�K�j�+M−�
}

=−2tr
{
2′∑

j

2jE�K�j��

}
−2tr�2′2E�M−� �

The terms K�j� and M− are O�T 1/2� (see Lemma 2) but the expectation is of the order of 1. For
the next term K1122 we find a contribution for t−m = s and t− i− 1 = s− j− 1, so that i = m+ j ,
that is i > j . We then get, replacing �T −1Mbb·d�

−1 by Inb ,

E�K1122�=−2E
[
tr
{ ∑

t� s� i� j

( i∑
m=1

�At−m

)
B′

t−i−12
′
i2jBs−j−1

×B′
s�T

−1Mbb�d�
−1Mba

}]
0=−2E

[
tr
{∑

i>j

∑
s

�AsB
′
s−j−12

′
i2jBs−j−1B

′
sMba

}]
0=−2E

[
tr
{∑

s

�AsB
′
sMba

}]∑
i>j

tr�2′
i2j 

0=−2E[tr{�M+
ab −Mab�Mba

}]
tr
{ �∑

m=1
42�m�

}
=−�v2 −C2��tr�E�M+� − tr�E�M� ��

Adding the contributions we find, using C2 +C� = ny (see (58)),

E�K11�
0=−2tr

{
2′∑

j

2jE�K�j�+M−�
}
− tr�E�M� �v� −v2 +ny�(59)

− tr�E�M+� �v� +v2 −ny��

K12: We can replace T −1Myy�d by T −1Myy and �T −1Mbb�d�
−1 by Inb and find

E�K12�
0= 2E

[
tr
{
May

(
T −1Myy − Iny

)
MybMba

}]
�

Because MbaMay is asymptotically independent of �T −1Myy −Iny �Myb (see Lemma 3), we replace the
expectation by the product of the expectations and write

E�K12�
0= 2tr

{
E
[(
T −1Myy − Iny

)
Myb

]
E�MbaMay�

}
�

From (48) and (49) we then get that it equals

E�K12�
0= 2tr

{ �∑
k=0

�4�k+1�′2k +2ktr�4�k+1�′ �E�MbaM
+
ab2

′�
}

(60)

= 2tr�E�M+�V  �

where V is defined in (15).
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K13: Again we replace �T −1Mbb�d�
−1 by Inb and find

E�K13�= 2E
[
tr
{
MayMydM

−1
dd MdbMba

}]
= 2E

[
tr
{ ∑

t� l� i�m

At−1�U
′
t−i−1�

′
i +B′

t−i−12
′
i���mUl−m−1+2mBl−m−1�

×d′
lM

−1
dd MdbMba

]
= 2E

[
tr
{ ∑

t� l� i�m

At−1U
′
t−i−1�

′
i�mUl−m−1d

′
lM

−1
dd MdbMba

]

+2E
[
tr
{ ∑

t� l� i�m

At−1B
′
t−i−12

′
i2mBl−m−1d

′
lM

−1
dd MdbMba

]
=K131+K132�

For K131 we find a contribution for t− i−1= l−m−1:

E�K131�= 2E
[
tr
{∑

t� i�m

At−1U
′
t−i−1�

′
i�mUt−i−1d

′
t−i+mM

−1
dd MdbMba

}]
0= 2E

[
tr
{ ∑

t� l� i�m

At−1d
′
t−i+mM

−1
dd MdbMba

}
tr��i�m 

]

= 2E
[
tr
{ ∑

t� l� i�m

At−1d
′
tL

′m−iM−1
dd MdbMba

}
tr��′

i�m 

]
= 0�

since Mad = 0. We have used the relation d′
t−i+m = d′

tL
′m−i , for a matrix that is lower triangular with

1 in the diagonal, which holds for dt = �1� � � � � tnd−1�′ (see (6)). For K132 we get

E�K132�
0= 2E

[
tr
{
M+

ab2
′∑
l�m

2mBld
′
l+m+1M

−1
dd MdbMba

}]
0= 2E

[
tr
{
M+

ab2
′∑

m

2mMba�L
′�m+1M−1

dd MdbMba

}]

= 2tr
{
2′∑

m

2mE
[
Mbd�L

′�m+1M−1
dd Mdb

]
E
[
MbaM

+
ab

]}
�

because Mbd is independent of MbaM
+
ab (see Lemma 4). We therefore evaluate

E
[
Mba�L

′�m+1M−1
dd Mdb

]=∑
t

E
[
Btd

′
t�L

′�m+1M−1
dd dtB

′
t

]
=∑

t

d′
t�L

′�m+1M−1
dd dtInb

= tr��L′�m+1 Inb = ndInb �

since tr�Lm = nd . We then find

E�K13�
0= 2ndtr�E�M+�2

′2 �(61)

Collecting terms we find from (59), (60), and (61) the expression for E�tr�K1 �.
K2: We have

E�tr�K2 �= E
[
tr
{
Mab�T

−1Mbb·d�
−1Mby·dM

−1
yy·dMyb·d�T

−1Mbb·d�
−1Mba

}]
�
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and since T −1Mbb·d
0= Inb and Mby·dM

−1
yy·dMyb·d

0=MbyM
−1
yy Myb

0= T −1MbyMyb , we get since MbaMab is
asymptotically independent of MbyMyb that from (48)

E�tr�K2 �
0= tr

{
E�MbaMab�E�MbyMyb�

} 0= nytr�E�M� �

K3: The term K3 is given by

K3 =Mab�T
−1Mbb�d�

−1MbaM
−1
aa �May�T

−1Myy�d�
−1Mya�M

−1
aa �

Again we can drop the conditioning on dt and replace T −1Myy by Iny and T −1Mbb�d by Inb and find

E�tr�K3 �
0= tr�E�MabMbaMayMya� �

We condition on B = �Bt and use Maa = Ina and 3= Iny to find from (50)

E�tr�K3 �
0= tr

{
E
[
MabMba

(
M+

ab2
′2M+

ba + Ina tr��
′� 
)]}

0= tr�E�M ′
+M+�2

′2 + tr�E�M� v�

with M =MabMba, M+ =MbaM
+
ab , and v� = tr��′� .

K4: The expression for K4 is

T −1May�T
−1Myy�d�

−1Myb�d�T
−1Mbb�d�

−1Mby�d�T
−1Myy�d�

−1Mya�

We drop the conditioning on dt and replace T −1Myy by Iny and T −1Mbb�d by Inb , and find from
Lemma 3, by conditioning on B = �Bt ,

E�tr�K4 �
0= T −1tr�E�MayMybMbyMya� 

0= tr�E�T −1MybMby�E�MyaMay� 

0= tr
{
nbIny �2M

+
baM

+
ab2

′ +na��
′�
}

= nb�nav� + tr�E�M++�2
′2 ��

This concludes the proof of Theorem 1. Q.E.D.
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