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BOOTSTRAPPING AUTOREGRESSIVE PROCESSES WITH
POSSIBLE UNIT ROOTS

By Atsushi Inoue and Lutz Kilian1

1� introduction

Several authors have investigated the asymptotic properties of the standard
residual-based bootstrap method for unrestricted autoregressions in the random walk
model (see Basawa et al. (1991a), Datta (1996)). In contrast, there are no theoretical
results for the properties of the bootstrap when the true model is a higher-order autore-
gressive process that is integrated of order one. The main contribution of this paper is to
show that in the latter case the bootstrap achieves the correct first-order asymptotic distri-
bution for the non-unit root parameters in the augmented Dickey-Fuller (ADF) represen-
tation, but not for the estimated unit root parameter (nor for the deterministic regressors).
This result is new because the presence of the estimated unit root parameter invalidates
conventional arguments for the asymptotic validity of the bootstrap approach such as the
sufficiency conditions presented by Beran and Ducharme (1991, Proposition 1.3).
Our results apply not only for bootstrapping models with known zero intercept, but also

in the practically more important case of an unknown intercept and possibly unknown lin-
ear time trend. Allowing for deterministic regressors introduces additional complications
into the theoretical arguments. It may also affect the properties of the bootstrap estima-
tor. For example, if the population model has a drift, the rate of convergence of the boot-
strap estimator of the unit root parameter in the regression model with time trend is T 3/2

compared to T for the ordinary least-squares (OLS) estimator. This difference is due to
the presence of the drift term, which induces a linear trend in the population model, but
a nonlinear trend in the bootstrap model. The latter dominates the asymptotic behavior
of the bootstrap estimator. This nonstandard result disappears if the drift is zero.
A direct implication of our main result is that the standard residual-based bootstrap

algorithm will recover the correct first-order asymptotic distribution of the slope param-
eters in the level representation of the autoregression, provided that the model includes
more than one lag. Sims, Stock, and Watson (1990) establish the asymptotic normality of
the OLS estimator of the level slope parameters in higher-order autoregressive models.
We show that the bootstrap estimator of the individual level slope parameters converges
to the same normal limit distribution as the OLS estimator. Thus, the standard bootstrap
approximation remains asymptotically valid for these parameters, even in the presence of
a unit root. This fact is important for applied work because it alleviates, at least asymp-
totically, the need for unit root pre-tests.
The intuition for this result is as follows. Note that the level slope parameters of higher-

order autoregressions can be expressed as linear combinations of the unit root parameter
and of coefficients on lagged differences. We show that the bootstrap estimator of the
latter coefficients is always

√
T consistent with a Gaussian limit distribution. Although

the bootstrap estimator of the unit root parameter under our assumptions converges to a

1 We thank Mehmet Caner, Jinyong Hahn, Alastair Hall, Bruce Hansen, Shinichi Sakata, the
co-editor, and two anonymous referees for helpful comments on earlier drafts of the paper.
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random distribution, it converges faster than the coefficients on the lagged differences and
its influence on the distribution of the level slope parameters is asymptotically negligible.
This fact ensures the

√
T consistency and asymptotic normality of the bootstrap estimator

of the individual autoregressive slope parameters in the level representation of the process.
Our results also imply the first-order asymptotic validity of the bootstrap for the distri-

bution of linear and smooth nonlinear functions of the level slope parameters in higher-
order models, provided the limit distribution is nondegenerate. For certain linear and non-
linear functions, however, the asymptotic validity of the bootstrap approximation breaks
down. For the latter case, several modified bootstrap algorithms of varying degrees of
generality and finite-sample accuracy have been proposed by Basawa et al. (1991b), Datta
(1996), Heimann and Kreiss (1996), and Datta and Sriram (1997), among others. Related
work also includes Hansen (1999).
The remainder of the paper is organized as follows. Section 2 contains the main results.

Section 3 concludes with further discussion and some Monte Carlo evidence. The proofs
are in the Appendix.

2� bootstrap asymptotic theory

In this section, we analyze the asymptotic properties of the residual-based bootstrap
method for higher-order autoregressive processes with an exact unit root in the autore-
gressive lag-order polynomial. For expository purposes, we focus on the case of autore-
gressions with drift when the regression model includes an intercept and a linear time
trend. Similar results may be obtained for other higher-order models with a unit root. We
will briefly summarize these results in Section 3.
We begin with a review of the standard residual-based bootstrap procedure for

autoregressions. Let ��̂1� � � � � �̂p� 	̂� 
̂�′ denote the ordinary least squares estimator of
��1� � � � ��p�	�
�

′ in the scalar AR�p� process ��L�yt = 	+ 
t + �t where ��L� =
1−�1L−�2L2−· · ·−�pLp. Let ��̂∗

1� � � � � �̂
∗
p� 	̂

∗� 
̂∗�′denote the corresponding bootstrap
OLS estimator of ��1� � � � ��p�	�
�′. We describe the bootstrap algorithm for the regres-
sion model with intercept and deterministic time trend. If the regression model does
not include a deterministic time trend, the same algorithm applies with 
 = 0 imposed
throughout.

Algorithm: Let �̂t = �̂�L�yt − 	̂− 
̂t denote the residuals of the OLS estimate of
the process ��L�yt = 	+
t+�t given �yt�Tt=1−p. �̂t is mean zero by construction. Let F̂T
denote the empirical distribution function of �̂t . F̂T associates probability mass T −1 with
�̂t� t = 1� � � � � T . Treating F̂T as the bootstrap population distribution, random samples
��∗t �

T
t=1 may be drawn from F̂T . Thus, conditional on the data, the random variable �∗t is

iid with distribution function F̂T . Now construct the bootstrap sample �y∗t �
T
t=1−p recursively

from �̂�L�y∗t = 	̂+ 
̂t+ �∗t , given initial values y∗0 = y0� � � � � y∗1−p = y1−p. The bootstrap
estimator ��̂∗

1� � � � � �̂
∗
p� then may be obtained by OLS from �y∗t �

T
t=1−p.

Before stating the main results, we establish some notation. Let
d→ denote convergence

in distribution and
L→ denote convergence in law. Let �-a.s. denote weak convergence

almost surely conditional on the sample (see Giné and Zinn (1990)). 0m×n denotes an
m×n matrix of zeros. In denotes the n-dimensional identity matrix. Let �yt = �1−L�yt =
yt−yt−1.
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Consider an AR�p� data generating process (DGP)

��L�yt = 	+
t+�t�(1)

which satisfies the following set of assumptions.

Assumption 1: (a) ��z� = �1− z���z� with ��z� = 1− �1z− �2z2 − · · · − �p−1zp−1
and ���z�� �= 0 for all �z� ≤ 1.
(b) �t

iid∼ �0��2� with E��t�2+� < � for some � > 0 and �t is independent of
y0� y1� � � � � y1−p for t ≥ 1.
(c) The distribution of �t� F , satisfies supx �F ′�x��<�.
(d) yj = 0as�T 1/2� for j = 0�−1�−2� � � � �1−p.
(e) 	 �= 0 and 
= 0.

The process yt can be written as

yt = %yt−1+ �1�yt−1+ �2�yt−2+· · ·+ �p−1�yt−p+1+	+
t+�t(2)

= &′xt+�t�
where %= �1+�2+· · ·+�p = 1,

&=
{
�%� �1−%�'�
+%'�′ if p = 1�
�%� �1� �2� � � � � �p−1� �1−%�'�
+%'�′ if p > 1�

xt =


�yt−1−'�t−1��1� t�′ if p = 1�
�yt−1−'�t−1���yt−1−'�

�yt−2−'� � � � ��yt−p+1−'�1� t�′ if p > 1�

'=
{
	 if p = 1�
	/�1− �1− �2−· · ·− �p−1� if p > 1�

For notational convenience, we will often replace p− 1 by q. Let &̂ denote the OLS
estimator of & and

)T =
{
diag�T �T 1/2�T 3/2� if p = 1�
diag�T �T 1/2� � � � � T 1/2�T 1/2�T 3/2� if p > 1�

It is well known that for p = 1

)T �&̂−&� L→D1


∫ 1
0 B�r�

2dr
∫ 1
0 B�r�dr

∫ 1
0 rB�r�dr∫ 1

0 B�r�dr 1 1
2∫ 1

0 rB�r�dr
1
2

1
3


−1

(3)

×


1
2 �B�1�

2−1�
B�1�

B�1�− ∫ 10 B�r�dr

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and that for p > 1

)T �&̂−&� L→D2



∫ 1
0 B�r�

2dr 01×q
∫ 1
0 B�r�dr

∫ 1
0 rB�r�dr

0q×1 - 0q×1 0q×1∫ 1
0 B�r�dr 01×q 1 1

2∫ 1
0 rB�r�dr 01×q

1
2

1
3



−1

(4)

×


1
2 �B�1�

2−1�
-

1
2Wq�1�

B�1�

B�1�− ∫ 10 B�r�dr

 �

where B is a Brownian motion, Wq is a q-dimensional standard normal random vector, B
and Wq are independent, - = �Cov��yt−i��yt−j ��i� j=1�2� � � � �q ,

D1 =
1 0 0
0 � 0
0 0 �

 � D2 =


��1� 01×q 0 0
0q×1 �Iq 0q×1 0q×1
0 01×q � 0
0 01×q 0 �

�

and ��1�= 1− �1− �2−· · ·− �p−1. Let &̂∗ denote the bootstrap OLS estimator of &̂.
The standard bootstrap results for autoregressions by Bose (1988) do not cover this

model. In Theorem 1, we prove that the standard bootstrap is valid for the non-unit-root
parameters �j � j = 1� � � � �p−1, in the ADF representation (2), but not for %.

Theorem 1(Asymptotic Properties of the Bootstrap in Integrated AR(p) Processes
with Drift when the Regression Model Includes an Intercept and a Linear Time Trend):
Suppose that Assumption 1 holds. For p = 1,

)̃T �&̂
∗ − &̂� L→D1


∫ 1
0
�S�r� 0̃0�2dr

∫ 1
0
�S�r� 0̃0�dr

∫ 1
0 r

�S�r� 0̃0�dr∫ 1
0
�S�r� 0̃0�dr 1 1

2∫ 1
0 r

�S�r� 0̃0�dr 1
2

1
3


−1

(5)

×


∫ 1
0
�S�r� 0̃0�dB�r�
�S�1� 0̃0�

�S�1� 0̃0�−
∫ 1
0
�S�r� 0̃0�dr

 �-a�s�
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and for p > 1

)̃T �&̂
∗ − &̂� L→D2



∫ 1
0
�S�r� 0̃0�2dr 01×q

∫ 1
0
�S�r� 0̃0�dr

∫ 1
0 r

�S�r� 0̃0�dr
0q×1 - 0q×1 0q×1∫ 1

0
�S�r� 0̃0�dr 01×q 1 1

2∫ 1
0 r

�S�r� 0̃0�dr 01×q
1
2

1
3



−1

(6)

×



∫ 1
0
�S�r� 0̃0�dB�r�
-

1
2Wq�1�

�S�1� 0̃0�
�S�1� 0̃0�−

∫ 1
0
�S�1� 0̃0�dr

 �-a�s�

where q = p−1,

)̃T =
{
diag �T 3/2�T 1/2�T 3/2� if p=1�
diag �T 3/2�T 1/2� � � � � T 1/2�T 1/2�T 3/2� if p>1�

�S�r� 0̃0�= 	
[∫ r

0
exp�0̃0s�ds− r

]
�

and 0̃0 in (5) and (6) denote the first elements of the random vectors on the right-hand side
(RHS) of (3) and (4), respectively.

The fact that the bootstrap fails to mimic the limiting distribution of the OLS estimator
for %, but that it recovers the limiting distribution of the OLS estimator for the non-unit-
root parameters ��1� �2� � � � � �p−1�′ has important implications for the distribution of the
level slope parameters of the autoregressive process. The slope parameters of the level
representation (1) can be expressed as linear combinations of % and of �i� i= 1�2� � � �p−1.
Specifically, �1 = %+�1��j = �j−�j−1 for j = 2� � � � �p−1, and �p =−�p−1. Although the
bootstrap estimator of % converges to a random limit distribution, it does so at a rate so
fast, that any linear combination of bootstrap estimators involving coefficients on lagged
differences will be

√
T consistent and will converge to the usual Gaussian limit distribu-

tion. Hence, for p > 1 the bootstrap provides an asymptotically valid approximation to the
marginal distribution of the autoregressive slope parameters in the level representation,
even in the presence of a unit root. This result is generalized in Corollary 1.

Corollary 1 (Validity of the Bootstrap for Slope Parameters in Integrated AR�p�
Processes with Drift when the Regression Model Includes an Intercept and a Lin-
ear Time Trend): Consider a linear combination of slope parameters c′� where c =
�c1� c2� � � � � cp�

′ �= �2�2� � � � � 2�′ for all 2 and �= ��1��2� � � � ��p�′. Let �̂ and �̂∗ denote
the OLS estimator and the bootstrap estimator in Theorem 1, respectively. Suppose that
Assumption 1 holds with p > 1. Then (a):

T 1/2c′��̂−�� d→N�0� c′4c��(7)

T 1/2c′��̂∗ − �̂� d→N�0� c′4c� �-a�s��(8)
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and (b):

T 1/2c′��̂−��/�c′4̂c�1/2 d→N�0�1��(9)

T 1/2c′��̂∗ − �̂�/�c′4̂∗c�1/2
d→N�0�1� �-a�s��(10)

where

4=D
[
0 01×q
0q×1 �2- −1

]
D′�

D =



1 1 0 0 0 · · · 0 0
0 −1 1 0 0 · · · 0 0
0 0 −1 1 0 · · · 0 0
���

���
���

���
���

0 0 0 0 0 · · · −1 1
0 0 0 0 0 0 0 −1


�

4̂ is �̂2�1/T �
∑T
t=1 �̂

2
t times the upper-left p×p submatrix of ��1/T �

∑T
t=1wtw

′
t�

−1, 4̂∗ is
�̂2∗ = �1/T �∑T

t=1 �̂
2∗
t times the upper-left p×p submatrix of ��1/T �

∑T
t=1w

∗
t w

∗
t
′�−1, and

wt =
{
�yt−1�1� t�′ if p=1�
�yt−1� yt−2� � � � � yt−p�1� t�′ if p>1�

w∗
t =

{
�y∗t−1�1� t�

′ if p=1�
�y∗t−1� y

∗
t−2� � � � � y

∗
t−p�1� t�

′ if p>1�

Corollary 1 validates the application of the standard nonparametric bootstrap to indi-
vidual slope parameters, �j , for j = 1�2� � � � �p, and to linear combinations of slope
parameters except to those proportional to %=�1+· · ·+�p. When c = �2�2� � � � � 2�′ for
some 2 �= 0� c′� = 2% and thus the bootstrap will be invalid. This result parallels similar
results for the OLS estimator by Sims, Stock, and Watson (1990) and West (1988). Our
results also provide the basis for bootstrap inference on smooth nonlinear functions of
�%� �1� � � � � �p−1�′ such as impulse responses and half-lives, provided the limiting distribu-
tion is nondegenerate.
Note that we do not claim to have solved the unit root problem. Rather Corollary 1

shows that the bootstrap invalidity for % is irrelevant for many statistics of interest. The
assumption p > 1 is crucial for Corollary 1. For p = 1��1 = % will have a nonstandard
limiting distribution and the bootstrap will not be valid, similar to Datta’s (1996) result
for the AR(1) model without intercept. Specifically, T �%̂∗ − %̂� will converge to a random
distribution.
The ultimate purpose of our bootstrap procedure is the construction of bootstrap confi-

dence intervals (see Efron and Tibshirani (1993) for further discussion). Corollary 2 states
the conditions under which the percentile interval and the equal-tailed percentile-t inter-
val yield asymptotically correct coverage probabilities.

Corollary 2 (Asymptotic Coverage Probabilities of Percentile and Percentile-t
Intervals): Suppose that Assumption 1 holds with p > 1. Consider a linear combina-
tion of slope parameters c′� where c = �c1� c2� � � � � cp�

′ �= �2�2� � � � � 2�′ for all 2 and
�= ��1��2� � � � ��p�′. Let �̂ and �̂∗ denote the OLS estimator and the bootstrap estimator
in Theorem 1, respectively.
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(a) Let q∗T �a� denote the 100a% quantile of the distribution of c′�̂∗. Define the 100�1−
a�% percentile bootstrap confidence region for c′� by

KT = �c′� ∈� 7 q∗T �a/2�≤ c′�≤ q∗T �1−a/2���(11)

Then

lim
T→�

P�c′�0 ∈KT �= 1−a�(12)

where �0 denotes the true value of the parameter vector.
(b) Let t∗T �a� denote the 100a% quantile of the distribution of the studentized estimator√
T c′��̂∗−�̂�/�c′4̂∗c�1/2 and define the 100�1−a�% percentile-t bootstrap confidence region

for c′� by

K̃T =
{
c′� ∈� 7 t∗T �a/2�≤

√
T c′��̂−��
�c′4̂c�

1
2

≤ t∗T �1−a/2�
}
�(13)

Then

lim
T→�

P�c′�0 ∈ K̃T �= 1−a�(14)

Extensions of this result to smooth nonlinear functions are straightforward, provided
the limit distribution is nondegenerate.

3� discussion and conclusion

The theoretical results of Section 2 imply that in higher-order models the standard boot-
strap algorithm will provide an asymptotically valid approximation to the marginal distri-
bution of the autoregressive slope parameters �1� � � � ��p even in the presence of a unit
root. This result is important because it alleviates, at least asymptotically, the need for unit
root pre-tests. Analogous results hold for the population model without drift (whether the
regression model includes an intercept, an intercept and deterministic time trend, or no
deterministic regressors) with the important difference that the bootstrap estimator of %
converges at the same rate T as the usual OLS estimator (see Inoue and Kilian (2000)).
Finally, the bootstrap is also asymptotically valid for slope parameters in the population
model with drift when the regression model includes an intercept but no time trend. In
the latter case the bootstrap estimator of the unit root parameter converges at rate T 3/2.
In this section, we provide some preliminary Monte Carlo evidence of the accuracy

of the proposed bootstrap approximation in finite samples and contrast it with the usual
asymptotic first-order approximation. We focus on second-order autoregressive models as
the leading example of higher-order autoregressive processes. Table I shows the effec-
tive coverage probabilities of nominal 90% percentile and percentile-t bootstrap confi-
dence intervals for �1 and �2 in selected integrated and near integrated AR(2) models.
Both intervals yield asymptotically correct coverage probabilities under our assumptions
as shown in Corollary 2. Analogous results for the stationary case may be derived based
on Bose (1988). We also include intervals based on the conventional asymptotic normal
approximation.
The simulation results are based on 4000 Monte Carlo trials with 1000 bootstrap repli-

cations each. We begin with the case of models with a known zero intercept. Although
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the assumption of a known zero intercept is clearly unrealistic, it provides a useful bench-
mark. Panel (a) suggests that the first-order asymptotic approximation is highly accurate
even for sample sizes as small as T = 100 and works equally well for integrated and near-
integrated processes. There is little to choose between the bootstrap approach and the
conventional approach.
As an intercept is added to the regression model, the finite-sample coverage accu-

racy of both the percentile interval and the conventional asymptotic interval deteriorates
somewhat. Panel (b) shows that for T = 100 the coverage probabilities may drop as low
as 0.84 for the percentile interval and 0.85 for the conventional interval. The reason is

TABLE I
Effective Coverage Rates of Nominal 90% Bootstrap Confidence Intervals

Integrated and Near-Integrated AR(2) Processes

(a) Regression Model without Deterministic Regressors

DGP: yt = �1yt−1+�2yt−2+�t� �t ∼N�0�1�
T = 100 T = 300 T = 500

PER PER-t ASY PER PER-t ASY PER PER-t ASY

�1 = 0�80 0�91 0�90 0�90 0�89 0�89 0�89 0�90 0�90 0�90
�2 = 0�20 0�90 0�89 0�89 0�89 0�89 0�89 0�90 0�90 0�90
�1 = 0�79 0�91 0�90 0�90 0�89 0�89 0�89 0�90 0�90 0�90
�2 = 0�20 0�90 0�89 0�89 0�89 0�89 0�89 0�90 0�90 0�90
�1 = 0�78 0�91 0�90 0�90 0�89 0�89 0�89 0�90 0�90 0�90
�2 = 0�20 0�90 0�89 0�89 0�89 0�89 0�89 0�90 0�90 0�90

(b) Regression Model with Intercept

DGP: yt = �1yt−1+�2yt−2+�t� �t ∼N�0�1�
T = 100 T = 300 T = 500

PER PER-t ASY PER PER-t ASY PER PER-t ASY

�1 = 0�80 0�84 0�89 0�85 0�88 0�89 0�88 0�89 0�90 0�89
�2 = 0�20 0�88 0�89 0�89 0�89 0�89 0�89 0�90 0�90 0�90
�1 = 0�79 0�85 0�89 0�86 0�88 0�90 0�89 0�90 0�90 0�89
�2 = 0�20 0�87 0�90 0�89 0�89 0�89 0�89 0�89 0�89 0�90
�1 = 0�78 0�86 0�89 0�87 0�89 0�90 0�89 0�89 0�90 0�89
�2 = 0�20 0�87 0�90 0�89 0�88 0�89 0�89 0�89 0�89 0�90

(c) Regression Model with Intercept

DGP: yt = 1+�1yt−1+�2yt−2+�t� �t ∼N�0�1�
T = 100 T = 300 T = 500

PER PER-t ASY PER PER-t ASY PER PER-t ASY

�1 = 0�80 0�90 0�89 0�90 0�90 0�89 0�89 0�90 0�90 0�90
�2 = 0�20 0�90 0�89 0�89 0�90 0�89 0�89 0�90 0�90 0�90
�1 = 0�79 0�89 0�89 0�89 0�89 0�89 0�89 0�90 0�90 0�90
�2 = 0�20 0�90 0�89 0�90 0�90 0�89 0�89 0�90 0�90 0�90
�1 = 0�78 0�87 0�89 0�87 0�89 0�89 0�89 0�90 0�90 0�90
�2 = 0�20 0�89 0�90 0�89 0�89 0�89 0�89 0�89 0�90 0�90
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TABLE I—Continued

(d) Regression Model with Intercept and Linear Time Trend

DGP: yt = 1+�1yt−1+�2yt−2+�t� �t ∼N�0�1�
T = 100 T = 300 T = 500

PER PER-t ASY PER PER-t ASY PER PER-t ASY

�1 = 0�80 0�69 0�87 0�77 0�82 0�89 0�85 0�85 0�90 0�88
�2 = 0�20 0�80 0�89 0�87 0�87 0�88 0�88 0�88 0�89 0�89
�1 = 0�79 0�73 0�88 0�80 0�87 0�89 0�88 0�89 0�90 0�89
�2 = 0�20 0�82 0�89 0�87 0�89 0�89 0�89 0�90 0�90 0�90
�1 = 0�78 0�74 0�88 0�81 0�86 0�89 0�88 0�88 0�90 0�89
�2 = 0�20 0�81 0�89 0�87 0�87 0�89 0�89 0�88 0�89 0�89

Notes: Simulation results based on 4000 Monte Carlo trials with 1000 bootstrap replications each. ASY: conventional asymp-
totic interval. PER: Efron’s percentile interval. PER-t: equal-tailed percentile-t interval. For details, see Efron and Tibshirani
(1993).

the increase in OLS small sample bias associated with the estimation of the intercept. As
the sample size increases, this bias shrinks and coverage rates improve. We also find that
for T = 100 the percentile interval is not working as well as the conventional asymptotic
approximation. For larger sample sizes the two intervals are about equally accurate. This
finding is not surprising. It is well known that the percentile interval as originally devised
is more susceptible to OLS small-sample bias than the conventional asymptotic normal
approximation (see Kilian (1998)). In contrast, the percentile-t interval is designed to
allow for small-sample bias. This fact explains its consistently high coverage accuracy for
all three sample sizes.
For the population model with drift in panel (c), the differences between the conven-

tional asymptotic interval and percentile interval are minor, and both intervals are rea-
sonably accurate for all but the smallest sample sizes. The reason is the faster rate of
convergence of % in the unit root case. This difference in convergence rates also explains
why the accuracy of the percentile and conventional asymptotic intervals actually improves
for T = 100, as the root approaches unity. As in panel (b), the percentile-t interval works
equally well for all parameter values and sample sizes.
The advantages of the percentile-t interval over both the conventional asymptotic inter-

val and the percentile interval are most pronounced if the regression model also includes
a linear time trend as in panel (d). Similar results hold if the model with trend is fitted to
data from the population model without drift. The reason is the further increase in small-
sample bias that comes with the inclusion of a deterministic time trend in the regression.
For example, in the first row of panel (d) the coverage probability of the percentile-t
interval for T = 100 is 0.87 compared with only 0.69 for the percentile interval and 0.77
for the delta method. For larger sample sizes the differences in coverage accuracy are
less pronounced, but the percentile-t interval is the only interval with consistently high
coverage accuracy.
We tentatively conclude that the percentile-t interval works quite well in nearly all

cases analyzed. This result is in sharp contrast to results for the parameter �1 in the
AR(1) model. In the latter case, the coverage accuracy of the percentile-t interval tends
to deteriorate sharply, not just in the random walk case, but also for models with roots
near the unit circle (see Hansen (1999), Kilian (1999)). The percentile interval also is
more accurate than in the AR(1) model, but may work poorly in small samples especially
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for the model with fitted time trend. In fact, its accuracy is often inferior to that of
the conventional asymptotic normal approximation. Additional simulation evidence will
be needed to assess the practical relevance of the theory we presented for nonlinear
transformations of level slope parameters such as impulse responses and to explore further
the relative merits of alternative bootstrap confidence intervals (see Kilian (1999) for
related discussion).
There are two natural extensions of our analysis. One extension involves generalizing

the results of this paper to possibly integrated and/or cointegrated vector valued processes.
The other extension is a study of the conditions under which the bootstrap approximation
described in this paper provides asymptotic refinements for the studentized estimator of
the slope parameter (or smooth functions thereof). Both extensions are nontrivial and
more appropriately dealt with in a separate paper.
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APPENDIX

Proof of Theorem 1: We adopt the following additional notation. Let ⇒ denote the weak
convergence of probability measures and 9x: denote the integer part of x. ;p×1 is a p-dimensional
column vector of ones and I�·� is the indicator function. Op�m×n9op�m×n: is an m×n matrix of order
Op9op:, and Op and op are with respect to the bootstrap conditional probability unless noted other-
wise. Let ��X� denote the space of probability measures on X topologized by weak convergence.
Given an m×n matrix A = �aij�, for '�@ ∈ -r = �0 ∈ ���s� 7

∫ �x�r0�dx� < ��, let dr�'�@� be
the infimum of �E�X−Y �r �1/r , over all possible joint distributions of two random vectors X and
Y , whose marginal distributions are ' and @, respectively. The notation LX�Y stands for the joint
distribution of X and Y , and a∨b denotes the maximum of a and b.
First, consider the triangular array:

yT � t = %T yT �t−1+ �T �1�1−%T L�yT � t−1+· · ·+ �T �p−1�1−%T L�yT � t−p+1+	T +
T t+�t�(15)

where %T = 1+ 00T −1 + o�T −1�� �T � j = �j + 0jT −1/2 + o�T −1/2� for j = 1�2� � � � �p − 1�	T = 	+
0pT

−1/2 + o�T −1/2�� 
T = 0p+1T
−3/2 + o�T −3/2��0 = �00�01� � � � � 0p+1�

′ is fixed, yT �0 = y0� yT �−1 =
y−1� � � � � yT �1−p = y1−p and �t ∼ iid�0�� 2� for t ≥ 1. Without loss of generality, we assume p > 1
throughout the proof.
Let

zT � t = 9CT � t−1 uT � t−1 · · ·uT � t−p+1 1 t:′�

�T � t = �T �L�yT � t = %tT CT �0+
t−1∑
j=0
%
j
T �t−j +	T

t−1∑
j=0
%
j
T +
T

t−1∑
j=0
%
j
T �t− j�−	T t�

uT � t = �1−%T L�yT � t− �	T +
T t�/�T �L��
By Propositions 1, 4, and 5 of Jeganathan (1991),

T − 1
2

[
%
9Tr:
T CT �0+

9Tr:−1∑
j=0

%
j
T �9Tr :−j +
T

9Tr:−1∑
j=0

%
j
T �t− j�

]
(16)

L→ B�r�+00
∫ r
0
exp��r− s�00�B�s�ds+0p+1

∫ r
0
exp�s00��r− s�ds�
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T −1
[
	T

9Tr:−1∑
j=0

%
j
T −	T 9Tr:

]
→ 	

[∫ r
0
exp�00s�ds− r

]
≡ �S�r� 00��(17)

and thus

T −1CT � 9Tr: ⇒�S�r�00��(18)

By applications of the continuous mapping theorem

)̃−1
T

T∑
t=1
zT � tz

′
T � t )̃

−1
T

L→


� 2
∫ 1
0
�S�r�00�2dr 01×q �

∫ 1
0
�S�r�00�dr �

∫ 1
0 r

�S�r� 00�dr
0q×1 - 0q×1 0q×1

�
∫ 1
0
�S�r� 00�dr 01×q 1 1

2

�
∫ 1
0 r

�S�r� 00�dr 01×q
1
2

1
3

�(19)

)̃−1
T

T∑
t=1
zT � t�t

L→


� 2
∫ 1
0
�S�r� 00�dB�r�
�-

1
2Wq

��S�1�00�
���S�1� 00�−

∫ 1
0
�S�r�00�dr�

 �(20)

In other words,

lim
T→�

P

(
)̃T

( T∑
t=1
zT � tz

′
T � t

)−1 T∑
t=1
zT � t�t ≤ x

)
=H�0�x�(21)

where H�0�x� is the joint distribution function of the p+2-dimensional random vector V −1
0 U0 and

V0 and U0 are the random vectors on the RHS of (19) and (20), respectively.
Next, we shall derive the limiting distribution of the bootstrap OLS estimator when %T ,

�T �1� � � � � �T �p−1�	T �
T in (15) are replaced with their OLS estimates. Let �∗t
iid∼ F̂T and

z∗t = 9C∗t−1 u∗
t−1 · · ·u∗

t−p+1 1 t:′�

Let HT denote a random measure on �p+2 defined by

HT �S�=
∫
S
HT �dx�

where S is a Borel set in �p+2�HT �x�= P ∗�)̃T �
∑T
t=1 z

∗
t z

∗′
t �

−1∑T
t=1 z

∗
t �

∗
t ≤ x�, and P ∗ is the probability

measure induced by the bootstrap conditional on the original data. In other words,

HT �S�= P ∗
(
)̃T

( T∑
t=1
z∗t z

∗′
t

)−1 T∑
t=1
z∗t �

∗
t ∈ S

)
�

Noting that H�0�x� is continuous in 0 for each fixed x, we define a random measure H on �p+2 by

H�S�=
∫
S
H�0̃�dx�

where 0̃ is the p-dimensional random vector given by the RHS of (4). We will show that, as T →�

HT ⇒ H �-a.s.(22)
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As Datta (1996, Remark 2.2) points out, HT is not a function of &̂ alone, but also a function of F̂T ,
and thus it is difficult to prove (22) directly. In order to circumvent this difficulty, we follow a strategy
similar to that adopted by Datta (1996) for the random walk model. Recall that in the population
��L�yt = 	+
t+�t where �t iid∼ F . First, consider a thought experiment in which we bootstrap the
slope parameters under the counterfactual assumption that the true error distribution is known, i.e.,

�̂�L�ỹ∗t = 	̂+ 
̂t+ �̃∗t �t = 1�2� � � � � T ��(23)

where �̃∗t
iid∼ F , and ỹ∗0 = y0� � � � � ỹ∗1−p = y1−p . The bootstrap analogue of HT under this resampling

scheme is given by

H̃T �S�=
∫
S
H̃T �dx�

where H̃T �x�= P ∗�)̃T �
∑T
t=1 z̃

∗
t z̃

∗′
t �

−1∑T
t=1 z̃

∗
t �̃

∗
t ≤ x�,

z̃∗t =
[
C̃∗t−1 ũ∗

t−1 · · · ũ∗
t−p+1 1 t

]′
�

C̃∗t = �̂�L�ỹ∗t = %̂t C̃∗0 +
t−1∑
j=0
%̂j �̃∗t−j + 	̂

t−1∑
j=0
%̂j + 
̂

t−1∑
j=0
%̂j �t− j�− 	̂t�

ũ∗
t = �1− %̂L�ỹ∗t − �	̂+ 
̂t�/�̂�L��

Next, consider the standard bootstrap resampling scheme

�̂�L�y∗t = 	̂+ 
̂t+�∗t �t = 1�2� � � � � T ��

where y∗0 = y0� � � � � y∗1−p = y1−p . Let

C∗t = �̂�L�y∗t = %̂tC∗0 +
t−1∑
j=0
%̂j�∗t−j + 	̂

t−1∑
j=0
%̂j + 
̂

t−1∑
j=0
%̂j �t− j�− 	̂t�

u∗
t = �1− %̂L�y∗t − �	̂+ 
̂t�/�̂�L��

Keeping the difference in notation between these two resampling schemes in mind, let Ũ ∗
T =

)̃−1
T

∑T
t=1 z̃

∗
t �̃

∗
t �U

∗
T = )̃−1

T

∑T
t=1 z

∗
t �

∗
t � Ṽ

∗
T = )̃−1

T

∑T
t=1 z̃

∗
t z̃

∗′
t )̃

−1
T , and V ∗

T = )̃−1
T

∑T
t=1 z

∗
t z

∗′
t )̃

−1
T .

We will proceed as follows. First, in Lemma 1 we will provide bounds for the difference between
Ũ ∗
T and U

∗
T and between Ṽ

∗
T and V

∗
T . We show that this difference vanishes asymptotically for %̂ close

to unity. This fact allows us to substitute Ũ ∗
T and Ṽ

∗
T for U

∗
T and V

∗
T , respectively, and to proceed

as though F were known. Thus, in the subsequent analysis we can treat U ∗
T and Ũ

∗
T and V

∗
T and

Ṽ ∗
T , respectively, as interchangeable. Second, in Lemma 2, we will prove that the distance between
the bootstrap innovation and the true innovation vanishes asymptotically. This result will be used in
proving Lemma 3. Third, in Lemma 3, we will derive the limit distribution of U ∗

T and V
∗
T and show

that it is of a known form, corresponding to the numerator and the denominator of (6). Finally,
we will apply the continuous mapping theorem to show that V ∗−1

T U ∗
T indeed converges to the limit

distribution of the bootstrap estimator in (6).

Lemma 1: The following three statements are true:

d1�Ṽ
∗
T �V

∗
T �(24)

≤
[
5+6q

( �∑
j=0
Î2j

) 1
2 +q2

�∑
j=0
Î2j

]
�1∨�%̂�2T �9T −1�� + �̂�+2�	̂�+T �
̂�:d2��1� �∗1�

+o��1∨�%̂�2T �d2��1� �∗1�� �-a.s.�
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d1�Ũ
∗
T �U

∗
T �(25)

≤
[
2+q

( �∑
k=0
I2k

) 1
2 + �T

− 1
2 +T �1− %̂2���1∨�%̂�2�T−1��

2�%̂�
]
91+� + �̂ +4�	̂�+2T �
̂�:

×d2��1� �∗1�+o��1+T �1− %̂2���1∨�%̂�2�T−1��d2��1� �∗1�� �-a.s.�

and

d1��Ũ �
∗
T � Ṽ

∗
T �� �U

∗
T �V

∗
T ��≤ RHS of �24�+RHS of �25� �-a.s.(26)

where Îj is the jth moving average coefficient of the moving average representation �̂−1�L�.

For the proof of Lemma 1 see Inoue and Kilian (2000). In the rest of the proof, we treat
LŨ

∗
T
� Ṽ ∗
T �LU

∗
T
�V ∗
T and LU�V as ���p+2×M�p+2�×�p+2��-valued random elements, where M�p+2�×�p+2� is a

set of �p+2�× �p+2� real matrices. Lemma 2 shows that the distance between the bootstrap inno-
vation and the population innovation vanishes asymptotically. This result will be used in the proof of
Lemma 3.

Lemma 2:

d2��1� �
∗
1�→ 0 �-a.s.(27)

Lemma 3: Let U and V be the RHS of (19) and (20), respectively, with 00 replaced by the first
element of the random vector on the RHS of (4). Then

LU
∗
T
�V ∗
T

L→ LU�V �-a.s.(28)

For the proofs of Lemma 2 and Lemma 3 see Inoue and Kilian (2000). Note that U ∗
T and V

∗
T cor-

respond to the numerator and the denominator of the limiting expression of the bootstrap estimator
in (6). Thus, we can derive the limit distribution of the estimator by analyzing the limit distribution
of the ratio V ∗−1

T U ∗
T .

It follows from Lemma 3 that

)̃−1
T

T∑
t=1
z∗t z

∗′
t )̃

−1
T

L→ V �-a.s.(29)

)̃−1
T

T∑
t=1
z∗t �

∗
t

L→ U �-a�s�(30)

Since V is nonsingular with probability one by Lemma 1 and Proposition 4 of Jeganathan (1991), it
follows by the continuous mapping theorem that

)̃T

(
T∑
t=1
z∗t z

∗′
t

)−1
T∑
t=1
z∗t �

∗
t

L→ V −1U �-a�s�(31)

Let

x∗t = 9y∗t−1− '̂�t−1� �y∗t−1− '̂ · · ·�y∗t−p+1− '̂ 1 t:′�

NT =



�̂�1�
∑p−1
j=1 �̂j

∑p−1
j=2 �̂j · · · �̂p−1 '̂

∑p−1
j=1 j�̂j 0

1− %̂ %̂ 0 · · · 0 0 �1− %̂�'̂
1− %̂ %̂−1 %̂ · · · 0 −�1− %̂�'̂ �1− %̂�'̂
���

���
���

� � �
���

���
���

0 0 0 · · · 0 1 0
0 0 0 · · · 0 0 1


�
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where '̂= 	̂/�̂�1�. Then y∗t = &̂′x∗t +�∗t and

z∗t =NT x∗t +



0

̂�t−1�/�̂�L�

���


̂�t−p+1�/�̂�L�
02×1

=NT x∗t +
 0
Op��p−1�×1�

t

T 3/2
�

02×1

 �-a.s.(32)

Thus, )̃T �&̂∗
T − &̂� can be expressed in terms of z∗t as

)̃T �&̂
∗
T − &̂�= )̃T

(
T∑
t=1
x∗t x

∗′
t

)−1
T∑
t=1
x∗t �

∗
t(33)

= )̃T N ′
T

(
T∑
t=1
z∗t z

∗′
t

)−1
T∑
t=1
z∗t �

∗
t +op�1�� �-a.s.

Therefore, (6) follows from (31) and (33). Q.E.D.

Proof of Corollary 1(a): Since

�1 = %+ �1�
�j = �j − �j−1 for j = 2� � � � �p−1�
�p =−�p−1�

(7) and (8) follow from (4) and Theorem 1, respectively. Q.E.D.

Proof of Corollary 1(b): The additional result required for proving Corollary 1(b) is the
consistency of the bootstrap estimator of the variance of %� �1� � � � � �p−1. By arguments similar to
(32), it suffices to show that the upper-left p×p submatrix of ��1/T �

∑T
t=1 z

∗
t z

∗′
t �

−1 converges in
probability to[

0 01×q

0q×1 - −1

]
(34)

�-a.s. and that �̂∗2 converges in probability to � 2�-a.s. By (30), one can show that the upper-left
p×p submatrix of ��1/T �∑T

t=1 z
∗
t z

∗′
t �

−1 is[
Op�T

−1� Op�1×p�T
−1/2�

Op�p×1�T
−1/2� - −1+op�q×q

]
�-a.s.(35)

Thus, the upper-left p×p submatrix of ��1/T �∑T
t=1 z

∗
t z

∗′
t �

−1 converges in probability to (34) �-a.s. It
remains to be shown that

�̂∗2 = � 2+op�1� �-a.s.(36)

By definition,

�̂∗2 = 1
T

T∑
t=1
�̂∗2t(37)

= 1
T

T∑
t=1
�∗2t − 1

T

T∑
t=1
�∗t x̄

∗′
t

( T∑
t=1
x̄∗t x̄

∗′
t

)−1 T∑
t=1
x̄∗t �

∗
t

= 1
T

T∑
t=1
�∗2t − 1

T

T∑
t=1
�∗t z

∗′
t

( T∑
t=1
z∗t z

∗′
t

)−1 T∑
t=1
z∗t �

∗
t �
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By equation (55) of Inoue and Kilian (2000),

1
T

T∑
t=1
�∗2t = E∗��∗2t �+o�1�= �̂ 2+o�1� �-a.s.(38)

From equations (73) and (74) of Inoue and Kilian (2000), it follows that

1
T

T∑
t=1
�∗t z

∗′
t

( T∑
t=1
z∗t z

∗′
t

)−1 T∑
t=1
z∗t �

∗
t = op�1� �-a.s.(39)

Therefore, (37), (38), and (39) imply (36). By the Slutsky Theorem, this result implies the asymptotic
validity of bootstrapping the studentized estimators of linear combinations of level slope parameters,
provided the limit distribution is nondegenerate. Q.E.D.

Proof of Corollary 2: For the proof of Corollary 2, see Inoue and Kilian (2000). Q.E.D.
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