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ABSTRACT This paper investigates multistep prediction errors for nonstationary au-
toregressive processes with both model order and true parameters unknown. We give
asymptotic expressions for the multistep mean squared prediction errors and accumulated
prediction errors of two important methods, plug-in and direct prediction. These expres-
sions not only characterize how the prediction errors are influenced by the model orders,
prediction methods, values of parameters, and unit roots, but also inspire us to construct
some new predictor selection criteria that can ultimately choose the best combination of
the model order and prediction method with probability 1. Finally, simulation analysis

confirms the satisfactory finite sample performance of the newly proposed criteria.
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1. INTRODUCTION

Forecasting theory for stationary series with the true parameters known is well studied
but not much is known about the case for nonstationary models with estimated parameters.
To fill the gap, this paper investigates multistep prediction errors for autoregressive (AR)
processes with unit root. The plug-in and direct predictors are the two most frequently
used multistep prediction methods and comparing their relative performances has become
a major issue in forecast theory. In the case of squared error losses, the plug-in predictor
is obtained from repeatedly using the fitted (by least squares) AR model with an unknown
future value replaced by their own forecasts, and the direct predictor is obtained by estimat-
ing the coefficient vector in the associated multistep prediction formula directly by linear
least squares (see (1.2) and (1.3) below). Recently, many informative guidelines have been
proposed to choose between these two methods in various time series models; see Find-
ley (1983, 1984), Weiss (1991), Tiao and Tsay (1994), Lin and Tsay (1996), Stock and
Watson (2002), Kang (2003), Ing (2003, 2004), Chevilloh and Hendry (2005), Schorfheide
(2005), Massimilian, Stock, and Watson (2006), West (2006), White (2006), and Lin and
Wei (2007), among many others. However, a theoretical resolution to the problem of how to
select the optimal multistep predictor in nonstationary time series still seems to be lacking,
at least when the estimation uncertainty is taken into account. In this paper, we have de-
veloped some predictor selection criteria to choose the model order and prediction method
simultaneously and analyzed their theoretical properties rigorously. We consider this paper

a major step toward optimal multistep forecasts in unstable regressions.

Assume that observations 1, - - -, x,, are generated from a unit root AR model,
p+1
Tip1 = Z AT y1—i T €41, (1.1)

i=1
where 0 < p < oo is unknown, a,,1 # 0, £’s are white noises with zero means and

common variance o2; and the characteristic polynomial

A(z) = 1—ajz— - —apz’ —ap 2
= 1-2)1—-—agz— - —a,2P),
with a(z) = (1 —agz — -+ — p2P) # 0 forall |z| < 1. x, is called stationary or stable

if all roots of A are outside the unit circle and unstable or nonstationary if some roots of A
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are on the unit circle. For the sake of convenience, the initial conditions are set to x; = 0
for all t < 0. To predict x,, .5, h > 1, based on x1, - -, z, and a working model AR(k),

one may use the plug-in predictor, Z,,,(k), or direct predictor, &, (k), where

Bnan(k) = X, (k)an(h, k), (12)
and

Tuin(k) = X, (k)an(h, k), (1.3)
with x;(k) = (z;,...,2;_r+1) being the regressor vector and a,,(h, k) and a,(h, k) being

plug-in and direct estimators, respectively. Note that
{Z x;(k)x; (k) }a; (1, k) ZXJ )Tjt1,

ij k)}a;(h, k) ij )Tjtn,

and &,(h, k) = AP (k)ay(1, k), with A2(k) = I,

R Iy
Ai(k) = | a(1,k)

/
Oszl

and /,, and 0,,, respectively, denoting an identity matrix and a vector of zeros of dimension
m. To assess the prediction performances of z,,. (k) and %, ,(k), we consider their mean

squared prediction errors (MSPEs),
MSPEP, (k) = E (2pih — Engn(k))?,
and

MSPED,, (k) = E (Znsn — Znsn(k))”.

Theoretical investigations of MSPEP, ; (k) (or MSPED,, ;,(k)) in nonstationary AR
models date back at least to Fuller and Hasza (1981). When £ > p+ 1, an argument similar

to that used in their Theorem 3.1 yields the following asymptotic expressions,
MSPEP, 1 (k) = o} + E{Rpn(k)}, (1.4)
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and
MSPED,, (k) = o} + E{Rp.(k)}, (1.5)

where Rp,, (k) = Op(n™'), Rpn(k) = Op(n~t),and 0 = E(n},), withn,, = 3020 biern—j,
b; = ) ocico = 1,and ¢;,§ > 1, satisfying 1 + 3221 ¢2) = 1/a(z). The first term
on the right-hand sides of (1.4) and (1.5), originating from the random disturbances, {¢,},
is common for each multistep predictor, whereas the second terms on the right-hand sides
of (1.4) and (1.5), arising from the estimation uncertainty, can vary with different k, dif-
ferent prediction methods, and different parameter values. However, since only rates of
convergence of the second terms are reported, (1.4) and (1.5) fail to depict these features,
which are indispensable in performing predictor comparisons. To remedy this difficulty,
the constants associated with the terms of order n=" in E{Rp,,(k)} and E{Rp . (k)} need
to be characterized. Recently, Ing (2001) made a first step towards this goal. In the special
case where p = 0 in (1.1) (the random walk model) and £ = h = 1, he showed that
n(MSPEP, (1) —0®) = E {xinz(énu, 1) — 1)2} = 207 (1.6)

n

The main obstacle in dealing with the above expectation, as argued by Ing, is the fact that
the square of the normalized regressor, x% /n, and the square of the normalized estimator,
n?(a,(1,1) — 1)2, are not asymptotically independent, a situation somewhat different from
that encountered in the stationary case. While Ing was able to overcame this difficulty, his
approach, focusing only on the random walk model and the case of one-step-ahead pre-
diction, cannot be directly applied to more general nonstationary AR models or multistep

prediction cases.

Another subtle problem, related to the direct method, can be illustrated using the fol-

lowing special case of (1.1),
(1—-B)(1+0.1B+0.91B*2;41 = (1 —0.9B +0.81B% — 0.91B*) x4, = €141, (1.7)
where B is the back shift operator. Simple algebra yields
Tegp1 = 018149 + 0.81924_3 + €441 + 0.9¢;. (1.8)

As observed in (1.8), the direct method only requires two regressors to make a three-step-

ahead prediction, which indicates an interesting fact that the minimal correct order for the
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direct method, determined by the prediction lead time and unknown parameters, can be

strictly less than that for the plug-in method. In general, model (1.1) can be rewritten as
zeen = (A" (p+ Dalp + 1))xe(p+ 1) +men b > 1,

where a(k) = (a1, ---,a;)', witha; =0forj > p+1,

Iy

/
k—1

and A°(k) = Iy. Leta(h,p+1) = (a1(h,p+1), -+, aps1(h,p+1)) = A" Yp+1)alp+
1). The above example leads us to define the minimal correct order for the h-step direct
method, p, = max{j : 1 < j < p+1,a;(h,p+1) # 0}. When p, < p;, by utilizing
a more parsimonious prediction formula, the direct predictor can sometimes outperform
the plug-in predictor in the correctly specified case, which creates additional complexity in

predictor comparisons. For more details, see Examples 3 and 4 in Section 2.

In Section 2, we derive asymptotic expressions for MSPEP, ;,(k;) and MSPED,, j,(k»)
up to terms of order n~!, where k; > p; = p + 1 and ky > p;,. The constants associated
with the terms of order n! in these expressions characterize how the prediction error is
influenced by the orders, methods (plug-in or direct), values of parameters, and even the
unit roots. In addition, they illuminate that to find the asymptotically optimal (from the
MSPE point of view) multistep predictor among candidate plug-in and direct predictors,
prediction orders and prediction methods must simultaneously be taken into account. The
traditional order selection criteria can no longer serve the purpose. Section 3 is devoted
to alleviating this difficulty. Our strategy is to find a statistic for each MSPEP, (k) and
MSPEP, »(k),k = 1,---, K, and show that the ordering of these statistics coincide with
the ordering of their corresponding multistep MSPEs. Here, K > p; is a known integer.
Inspired by Ing (2004), the statistics adopted in Section 3 are the multistep generalizations
of accumulated prediction errors (APEs) based on sequential plug-in and direct predictors,
namely,

n—h

APEP, (k) = Y (@irn — dipn(k))?, (1.9)

1=my,



and

n—h

APED, (k) = 3 (win — Zin(k))?, (1.10)

i=mp

where my, denotes the smallest positive number such that a;(h, K') and a;(h, K) are well
defined for all ¢ > my,. Note that APEP, ; was first proposed by Rissanen (1986). A
complete asymptotic analysis of APEP, ; was given by Wei (1987, 1992) under a model
more general than (1.1). However, due to some “nice” algebraic (or probability) structures
in APEP, ; are missing in its multistep counterparts (see Remarks 1 and 2 in Section 3),
asymptotic properties of (1.9) and (1.10) in nonstationary AR processes still remain un-
known. We propose a resolution of this problem, which shows that every APEP, j,(k;)
and APED,, ;,(k2), with k; > p; and k2 > pj,, can be asymptotically decomposed into two
terms, one of which, due to estimation uncertainty, is of order log n, and the other, due to
the random disturbances, is of order n and common for each predictor. More importantly,
the constant associated with the term of logn in APEP, ;, (APED,, ) is exactly the same
as the one associated with the term of n~! in its corresponding MSPEPF, , (MSPED,, 1,).
This special feature enables us to show that Ing’s (2004) asymptotically efficient predic-
tor selection procedure (based on APEPF, ;, and APED,, ;) in stationary AR processes is
also asymptotically efficient in the presence of unit roots, and hence leads to a unified ap-
proach. Note that a predictor selection procedure is said to be asymptotically efficient if
with probability 1, it can choose the order/method combination with the minimal MSPE

for all sufficiently large n; see Section 3 for the exact definition.

Despite its theoretical advantage, Ing’s procedure suffers from unsatisfactory finite-
sample performances, as explained at the beginning of Section 4. To fix this flaw, a new
predictor selection method is proposed in Section 4. This new method not only shares
the same asymptotic advantage as Ing’s procedure, it also has satisfactory finite-sample
performances, which are illustrated at the end of Section 4 through a simulation experiment.
Concluding remarks are given in Section 5. Appendices A, B, and C contain the proofs of

the theorems in Sections 2, 3, and 4, respectively.
2. MSPEs of plug-in and direct predictors in the presence of unit roots

Throughout this section, it is assumed that in model (1.1) the ¢;’s are independent ran-



dom variables with zero means and variances o> > 0. Moreover, there are small positive

numbers «; and ; and a large positive number M, such that for 0 < s — v < ¢,

sup | Frmvin () = Frmv,, (V)| < Mi(s —v)™, (2.1)
1<m<t<oo,||vm||=1
where v, = (v1,- -+, v) € R™, [|[vi||* = X2, 05, and Fy ., (-) denotes the distribu-

tion of > Vg1t

In the case where ¢;’s are i.i.d., the following lemma provides sufficient conditions
under which (2.1) is fulfilled.

Lemma 2.1 (Ing and Sin (2007, Lemma 4)). Let <;’s be i.i.d. random variables satisfy-
ing E(1) = 0, E(2) > 0, and E(|e1]*) < oo for some o > 2. Assume also that for some

positive constant My < 00,
| letlde < s, 22)

where p(t) = E(e) is the characteristic function of 1. Then, for all —oo < t < oo,
m > 1, v, € R™ and |r,,|| = 1, there is a finite positive constant M3 such that
SUP  frmr, () < Ms,
—oo<r<oo

where fi nx, (+) is the density function of 377" 1j€ri1—j, with (1, -+, 7))

result, (2.1) follows.

=T, Asa

Since (2.2) is satisfied by most absolutely continuous distributions, (2.1) is flexible
enough to accommodate a wide range time series applications. Note that (2.1) is given
to ensure that the inverses of the normalized Fisher’s information matrices, 2" (k) and
R;}l(k), have finite positive moments in the senses of (A.1) and (A.19) (in Appendix A),

where

Rulk) = D) 3%, (K (D),



with

1 -1 0 0
0 1 -1
D,(k) = 0 :
0O ... 0 1 -1
1 - —Qk—1
vno/n Vn
and
_ 1 _ n—h _
Ron(k) = 5Dn(k)ZXj(k)X§(k)Dn(/f)’,
ji=k
with
1 -1 0 0
0 1 -1
D,(k) = 0
0O ... 0 1 -1
1
Tn 0 0

These moment results will be used to deal with the asymptotic properties of MSPEFP, ,,
and MSPED), ,,; see the proofs of Theorems 2.2 and 2.3 for details. Theorems 2.2 below
provides an asymptotic expression for MSPEP, j, (k) with & > p,. Before stating the result,
we need to define SY,(k) = I, and

I
Su(k) = a(k)

01
where a(k) = (aq, - -+, ax) with o; = 0 for j > p.

Theorem 2.2. Assume that {z,} satisfies model (1.1). Also assume that {¢;} satisfies
(2.1) and

E(|51|9h) < 00,

where 6, = max{8, 2(h + 2)} + J for some 6 > 0. Then, for k > p; and h > 1,

h—1
n (MSPEP, (k) — 07) = 20%(3_ b;)* + fun(k — 1) + o(1), (2.3)

J=0
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where f1 ,(0) = 0 and for k£ > 2,
funlk = 1) = tr (D(k = DMy (k — DI (k = )Mp(k — 1) ) o

with My (k — 1) = Y20 0809 (k — 1), T(k — 1) = lim; oo E(s;(k — 1)s)(k — 1)),

Sj(l{? — 1) = (S], s ,S]_k+2) , and S =Tj — Tj-1-
An asymptotic expression for MSPED,, ,(k), with k > pj, is given as follows.

Theorem 2.3. Let the assumptions of Theorem 2.1 hold, with 6, replaced by 8 + § for
some 0 > 0. Then, for kK > p, and h > 1,

h—1

n (MSPED,, (k) — 0} ) = 20%(3_ b;)* + fon(k — 1) + o(1), (2.4)

J=0

where f5,(0) =0, for k > 2,

for(k—1)=1tr { (k- hm cov (Z bisiy;(k ) } o,
and for random vector y, cov(y) = E{(y — E(y))(y — E(y))'}.

Theorems 2.2 and 2.3 show that each n(MSPEP, ;,(k1) — o7) and n(MSPED,, ,(k2) —
o7), with k; > p; and ky > pp, can be asymptotically decomposed as a sum of two
terms. The first term, 202(2?;3 b;)?, arising from predicting the nonstationary component
in model (1.1), is common for each predictor, whereas the second term, f; ,(k — 1) (or
fan(k—1)), arising from predicting the stationary component in model (1.1), can vary with
different orders and methods. The following examples help provide a better understanding
of Theorems 2.2 and 2.3.

Example 1. When p; = 1 (the random walk model) and k£ = 1, (2.3) and (2.4) imply
that Z,,. (1) and %, (1) are asymptotically equivalent in the sense that

i MSPEP,(1) — o}

=1.
=00 MSPED,, (1) — o2

Example 2. When £ > max{2,p; } and h = 2, by (2.3) and (2.4), it is straightforward
to show that

fiok—1) ={(k—2)+ai_, +2a1b; + bi(k — 1)}o?, (2.5)
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and
fao(k —1) = {(k — 1)(1 +b}) + 201, }o?, (2.6)

which yields
foolk—1) = fio(k—1)=(1—ai_)o* > 0. (2.7)

Moreover, by an argument similar to that used to prove (17) of Ing (2003), it can be shown
that for £ > max{2,p;} and h > 2,

fon(k —1) = fin(k —1) > foo(k = 1) = fia(k—1) >0, (2.8)
and hence &, (k) is asymptotically more efficient than Z,,, (k) in this case.

As shown in Section 1, it is possible that p, < p;. In this case, it would be more
interesting to compare n(MSPEP, ,(p;) — o7) and n(MSPED,, »,(p,) — o}) rather than
those MSPEs of the same order. The following example shows that the advantage of the

plug-in predictor illustrated in Example 2 vanishes in this kind of comparison.
Example 3. Assume
(1 — B)(l + CLlB + 4 apo)xt = €,

where p > 2, 1 4+ a1z + - -+ + a,2” # 0 for |2| < 1, and a, # 0. If a; = 1, then it is not

difficult to see that p; = p; — 1 = p and fo2(p) — f22(p — 1) = o*. In addition, (2.7)

implies f2(p) — fi2(p) = (1 — a;)o®. As aresult,

n{MSPEP, »(p1) — 0°} — n{MSPED,, 5(ps) — 0} — azo” > 0,
as n — oo. Hence Z,,.2(p2) is asymptotically more efficient than Z,,,»(p; ) in this case.

When h = 2 and p; > 2, Examples 2 and 3 together suggest a simple rule that Z,,, 2 (p1)
is asymptotically more efficient than Z,,,2(p2) if p1 = po; and the conclusion is reversed if

p1 > po. This rule, however, fails to hold for h > 3, as detailed in the following example.
Example 4. Consider the following AR(4) model
(1= B)(1+ a1 B)(1 + ayB*)x,

= {1-(1—-a)B— (a1 —ay)B*> — ay(1 — a1)B* — ayayB*} 1, = ¢y,
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where 0 < a; < 1 and ay = a% — a; + 1. It is straightforward to show that p3 =
3 = p1 — 1. By numerical calculations, we obtain the values of f>3(2) — f13(3), with
a; = 0.1,0.2,---,0.9; see Table I. According to Table I, &, 3(p3) is asymptotically more
efficient than z,,,3(p;) in cases of a; = 0.1,0.2,0.9, and less efficient than z,,3(p;) in all
other cases.

Consequently, when h > 3, the rankings of Z,,,,(p1) and &, (py) are determined not
only by whether p, < pi, but also by the values of the unknown parameters. Simply de-
termining p; or py through certain consistent model selection techniques cannot guarantee
optimal multistep prediction (from the MSPE point of view) in situations where plug-in
and direct predictors are simultaneously taken into account. To fundamentally solve this
problem, some ideas that go beyond the conventional model (order) selection are required.

Our proposals toward this problem are given in the next two sections.
3. Multistep accumulated prediction errors

Let &, p(k),k=1,--+, K,and Z,,,4(k),k = 1,- - -, K, be candidate plug-in and direct
predictors, where A > 1 and K > p;. For convenience, we use (k, 1) to denote &, (k) and
(k,2) to denote i, (k). Instead of identifying p; or py, this section attempts to choose the
order/method combination having the minimal MSPE, at least when n is sufficiently large.
To this end, the loss function of (k, 1) and (&, 2) are defined to be

. _ 2 . < <
Lu(k) = { lim 1 (MSPEP, (k) — o} if g <k<K G
00 if k<py,
and
. . 2 . < <
Lan(k) = { lim 1 (MSPED, (k) — 07 it i<k <K 42
o0 if &k <pp,

respectively. Note that the existence of the above limits are ensured by Theorems 2.2 and

2.3; and to have the prediction loss due to underspecification be much larger than the one

TABLE I
THE VALUES OF Diff = f53(2) — f1,3(3)

a; 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Diff -0.378 -0.013 0.197 0.310 0.354 0.336 0.247 0.051 -0.321
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due to overspecification, the loss function values of (k, 1) with k& < p; and (k,2) with
k < py are set to oco. A predictor selection criterion, (l;;n,jn), with 1 < k, < K and

1 < j, <2, is said to be asymptotically efficient if
P ((icn,jn) € Chx, eventually ) =1, (3.3)
where

Chxe = {(k,j) 1<k<K1<j<2 and Lip(k)=  min ijh(ko)}.

1<ko<K,1<jo<2

Therefore, with probability 1 (/;;n,jn) can choose the predictor having the minimal loss

function value for all sufficiently large n.
The goal of this section is to show that (3.3) is fulfilled by (l%n, j'n). Here, (l%n, j’n), first
proposed by Ing (2004), is obtained through the following procedure.
Step 1. Define I%an = arg 1£?KAPED"’1(I{:)'
Step 2. Define
n.(h) :
kp), = arg 1£?KAPED””‘<I€)’
and define

KM = arg  min - APEP, (k).
k) <k<K

Step 3. If APED,, ;,(k$y),) > APEP, ,(k{""), then (kn, jn) = ({7, 1); otherwise (kn, jn) =
(k5 2).

In the sequel, the above procedure will be referred to as Procedure 1. We begin by
investigating the asymptotic properties of APEP, (k) and APED,, , (k) in the correctly
specified case. Note that for £ > py,

n—h

APEP, (k) = 3 { i — XUk Lia(k) (a:(1, k) — a(k) ) (3.4)

i=mp
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where L; (k) = >'2 b; A7 (k); and for k > p,

APED,, (k) = nz—: {nin—xi(k)(a;(h,k) —ap(h,k)) }2 , (3.5)

i:mh

where ap(h,k) = (ai1(h,p+ 1), -+, ar(h,p+ 1)), with aj(h,p +1),1 < 57 < p+1,
defined in Section 1 and a;(h,p+1) =0if j > p+ 1.

Theorem 3.1. Assume that {x,} satisfies model (1.1) and {;} is a sequence of inde-
pendent random noises with zero means and common variance o > 0. Moreover, assume

supE(|ed]*) < oo, for some o > 2. Then, for k > py and h > 1,
t

n—h
APEP, z(k) — > n}, = {20° Zb + fin(k —1)}logn +o(logn) a.s.

i=mp

= LLh(k;) logn+o(logn) a.s. (3.6)

Remark 1. As shown in (B.26),

n—h n—h

APEP,(K) = 3 ma)® = 3 {x(R)Lan(k) (8(1.k) = a(k)} (14 o(1)
+ O(1) as.

Therefore, the main task of proving (3.6) is to explore the almost sure properties of the
first term on the right-hand side of the above equality. Through a recursive expression for
Qn(1, k), where with V; 1 (k) = 3, x;(k)x(k),

Q1) = 5 (I (a1 1)~ al0) Y
_ (zx S (Zx<k>)

is the (second-order) residual sum of squares for one-step predictions, Lai and Wei (1982)

established a connection between (),,(1, k) and its sequential counterpart,

ni {xi(k) (&(1,k) —a(k))}* = ni {Xé(k)‘/él(/f) (ng(k)qﬂ)} SN EN)

i=m i=mp,
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Based on this connection and some strong laws for martingales, Wei (1987, 1992) sub-
sequently obtained an asymptotic expression for the left-hand side of (3.6) in the case of
h = 1. However, it is extremely difficult to obtain an analyzable recursive formula for the
multistep analog of Q,,(1, k), Qu(h, k) = P {x!(k) Loy (k) (&, (1, k) —a(k))}2, h > 2,
due to the appearance of in, rn(k). Hence, Wei’s approach is not easy to be extended to the
case of multistep predictions. By observing

n—1 n—1

Qi) = (5 X B)zis1) S0V (03, (BT X (B0,
where . .
Sulk) = (5 %00 L (1) (3 xR, 0)
Ing (2004), under stationar;:j;R processes, adoptedl B
Qi) = (5 KBS Vi) K00

to replace Q),,(h, k), where S(k) is the almost sure limit of S, (k) that is a nonrandom
matrix. He then obtained a recursive formula for Q)% (h, k) and established a connection be-
tween Q7 (h, k) and X7 {x! (k) L; 1 (k)( &;(1, k) —a(k))}?, which further yields an asymp-
totic expression for the latter. Unfortunately, when model (1.1) is assumed, S,(k), with
k > 2, no longer has an almost sure and nonrandom limit, which makes it hard to apply
Ing’s (2004) approach to the nonstationary case. To obtain (3.6), extra effort is made to

overcome the above difficulties; see Appendix B for details.

Theorem 3.2. Let the assumptions of Theorem 3.1 hold. Then, for k > p, and h > 1,

n—h
APED, (k) — > ni, = {20%( Zb + fon(k —1)}logn + o (logn) a.s.

=myp,

= ngh(k:) logn + o (logn) a.s. (3.8)

Remark 2. As indicated in (B.43),

APED, n(k) — ni: mn = (1+0(1)) ni {Xé(k)‘/m(/ﬂ) (éxj(/f)m,h)}

i:mh i:mh

+ O(1) as.
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While

n—h i—h 2
> {Xi(k)‘/%—h(k’) (ij(k)nj,h)}
=my, Jj=k

looks very similar to (3.7), Wei’s approach for the one-step APE still cannot be applied to
it because Z;;},; x;(k)njn, h > 2, is not a martingale transformation. While Ing (2004)
resolved this difficulty in stationary AR model, his method, which is highly reliant on the

stationary assumption, is not applicable to the unit root processes.

Remark 3. Theorems 2.2, 2.3, 3.1, and 3.2 together disclose a fascinating fact that
the constants associated with the terms of order n~! in MSPEP, ;,(k1) and MSPED,, ,(k2),
with k; > p; and ks > pp, are exactly the same as the constants associated with the
terms of order logn in their corresponding multistep APEs. While MSPEP, ;,(k;) and
MSPED,, ,,(ks) are unobservable, this special property allows us to preserve their asymp-
totic rankings through the values of the associated multistep APEs, which can be easily
obtained from the data. This is also the driving motivation for constructing (lz:n,jn) in
model (1.1).

Before showing the asymptotic efficiency of (/%n, }n), we need to investigate the asymp-
totic properties of APED,, (k) in misspecified cases.

Theorem 3.3. Let the assumptions of Theorem 3.1 hold. Then, for 1 < k < pp, and
h>1,

1 n—h
lim inf — (APEDn,h(k) - > n?,h) >0 a.s. (3.9)

n—oo n, .
J=mp

We are now in a position to state the main result of this section.

Theorem 3.4. Let the assumptions of Theorem 3.1 hold. Then, for K > py, (l;:mjn) is
asymptotically efficient in the sense of (3.3).

Remark 4. Since Ing (2004) showed that (/%n,jn) is also asymptotically efficient in
stationary AR models, Theorem 3.4, together with Ing’s result, provides a unified approach

for choosing the (asymptotically) optimal multistep predictor for AR processes with or
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without unit roots. While it is possible to select multistep predictors after unit root tests
are performed (which means that the selection procedure will be carried out based on the
differenced data if the unit-root hypothesis is rejected), all unit root tests suffer from low
power when the process is near unity. One can hardly expect a reliable selection/prediction

result once the process is erroneously differenced.

4. New Criteria

In view of (3.4) and (3.5), for k1 > p; and ks > py,
n—h

APEP, 1,(ki) — APED,, (k) = ,Z {Xi(k1) Lin(k) (831, k1) — a(k)) }2
— Z {X ]{}2 az h ]{32) — aD(h ]{'2 }2 — 2iz_: X;(k‘l)ii7h(kf1) (él(l, kl) — a(k:l) ) i,
+ 2 Z (&;(h, k) — ap(h, ko) Y min = (1) — (I1T) — (I11) + (1V)). (4.1)

i=mp,

Although the cross-product terms, (I77) and (/V'), in (4.1) are almost surely of order
o(logn) and asymptotically negligible compared to (1) and (/1) (see Appendix B), we
have found that the finite sample effects of (//7) and (V') can differ remarkably. This
“nonuniformity” feature causes “rank-distortion” when we perform cross-method compar-
isons. Simulation results show that the rankings of APEP, ;(k;) and APED,, (k) are
often inconsistent with the rankings L, 5 (k) and Ly (k) even when n > 500, which
leads to unsatisfactory selection results in finite samples. (Recall that the rankings of
Ly (k1) and Ly (ko) almost surely coincide with the “limiting” rankings of APEP, (k1)
and APED,, ,(k2).)

To overcome the above difficulty, we consider using PMIC,, 5, (k) and DMIC,, ;,(k) to
replace APEP, ,(k) and APED,, ,(k) in Procedure I, where

PMIC,, (k) = 6%,,(h, k) +

tr {(ni Xj(k)X}(k))ih,n(’f)(i Xj(k)XQ(k))liZ,n(k)} 6.Cn,  (42)

j=k j=k

and

DMIC,, (k) = 63 (h, k) +
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n—h n—2h+1
tr{(Zxxk)x;(k:))‘l( > zAk)z}(k))}c?iOm (4.3)
j=k j=k

where lim,, o C, = 0 and liminf, .., C,,n/logn > 0. Note that 63, (h,k) = (n —
= )V Syl — ), (R) Y and o, (. F) = (n — b — K)~ SS3f g —
a,(h, k)x;(k)}? are the h-step residual mean squared errors obtained from the k-regressor
plug-in and direct methods, respectively, 5. = 63,(1,K) = 65,(1,K) is the one-
step residual mean squared error obtained from the largest candidate model, z;(k) =
S binXj (k). and Ly, (k) = >heg bjm Al=179(K), where by, = 1, and for j > 1,
bjm = 201 bj_inl (1, K), with (ay,,,(1, K), - -+, agn(1, K)) = a,(1, K) and 4;,,(1, K) =
0ifl > K.

First observe that

PMIC,, 5 (k1) — DMIC, 5 (k2)
= 6123,n(h7 kl) - a-%)(ha k2)
+ i {(nZ Xj(/fl)xé(’fl))ih,n(kl)(i Xj(kl)xg(kl))_liﬁl,n(kl)} 52Cp

Jj=Fk1 Jj=Fk1

— tr{(ni xj<kz)x;<kz))‘1<n_2 zj(k2>z;(kz>)}6,%0n- (4.4)

J=k2 J=k2

It is shown in Appendix C that when k; > p; and ky > pp,

ir {(”Z s (k)5 () o () (3 xj<k1>x;<k1>>—liz,n<k1>} 52

j=k1 Jj=k1
n—h n—2h+1
— (D] xj(ka)X(ke)) (Y z(ko)2(ks)) ¢ T
J=ks J=k
= Ll,h(kl) — L27h(k’2) + 0(1) a.s. (45)
Therefore, the trace terms in (4.2) and (4.3) play roles in keeping the rankings of their
corresponding loss functions. On the other hand, for k; > p; and ks > pj, the weight
associated with the trace terms, C.,, asymptotically dominates 63, (h, k1) — 03 (h, k2)

(see (C.2)), which helps to protect the trace term effects in (4.4) from being distorted

by 6%,,(h, k1) — 63 (h, kz). In fact, our simulations reveal that this domination usually
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occurs quite early (particular when C), is relatively large), and hence considerably alle-
viate the dilemma encountered by Procedure I in finite samples. (Note that &1%7”(}1, k) and
é%m (h, k) cannot be dropped from (4.2) and (4.3) because they are necessary for preventing
underspecification; see, e.g., (C.1).) The following is the new predictor selection procedure

(which is referred to as Procedure II) and its asymptotic property.
(1) — i
Step 1. Define O} = arg 1;1}1€1SHKDMIC%1(/€).
Step 2. Define
() — ;
0, = arg 1£EHKDMIC””‘(]€)’
and define

O™ — arg  min  PMIC,, 4 (k).
O <k<k

Step 3. If DMIC,, ,(O™) > PMIC, ,(O{M), then (O,, M,) = (O{" 1); otherwise
(On, M) = (O, 2).

Theorem 4.1 Let the assumptions of Theorem 3.1 hold. Then, for K > p, (On, Mn) is

asymptotically efficient in the sense of (3.3).

Remark 5. Although (4.5) holds, it is worth mentioning the trace terms in (4.5) are not
consistent estimators of their corresponding loss functions L; (k1) and Lo ,(k2); see (C.5)
and (C.6) in Appendix C.

Remark 6. Following an argument similar to that used in the proof of Theorem 4.1,
it is not difficult to show that (On, Mn) is also asymptotically efficient in stationary AR

models.

To illustrate the asymptotic results obtained in Theorem 4.1, we conduct a simulation

study. The data generating processes (DGPs) are given by
DGP 1. Ty = —0.8317,5_2 + &4,
DGP 11 Ty = 0.35[),5,1 — 0.833',5,2 + &4,
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DGPIII z; = 0.2x;_5 + 0.8x;_3 + &4,

DGPIV 2, =0.32;_1 — 0.1x4_5 + 0.82,_3 + &4,
DGPV z; =09z, 1 — 0.81xs_5 + &4,

DGP VI z; = 0.6x4_1 — 0.36x;_2 + &4,

DGP VII z; =0.92;,_1 — 0.81x;_9 + 0.91x;_3 + &,
DGP VIII z; = 092,71 — 0.56x4_5 + 0.66x;_3 + &4,

where ¢,’s are independent and identically N (0, 25) distributed. We aim to select two-step
(h = 2) predictors for DGPs I-1V and three-step (h = 3) predictors for DGPs V-VIII using
Procedure II with C,, = logn/n,2logn/n, and 3log n/n, which will be referred to as Pro-
cedures A, B, and C, respectively. The candidate predictors are set to (i,7),7 = 1,---,10
and j = 1, 2. According to Section 2 and Section 2 of Ing (2004), the asymptotically opti-
mal multistep predictors (or the order/method combinations with the minimal loss function
values) for DGPs I-VIII are listed in Table II. We generated 100 replications for each of
these DGPs and carried out predictor selection for each replication. The frequency of these
combinations selected by Procedures A, B, and C are shown in Table III for n = 150, 300,
500, 1000, and 2000.

The simulation results are summarized as follows.
(1) Two-step predictions. Procedures A, B, and C can efficiently select the best order/method
combination (listed in Table II) regardless of whether the DGP is stationary or nonstation-
ary. (Note that DGPs I and II are stationary, but DGPs III and IV are not.) In particular,
the proportion of the best combination selected by Procedure C often exceeds 95 percent
even when n = 150. Note that while the differences between the parameter values of DGPs

I and II (or III and IV) are not sizable, different order/method combinations are required

TABLE II

OREDER/METHOD COMBINATION WITH THE MINIMAL LOSS FUNCTION VALUE

h=2 h=3
DGP I II 11 v \" Vvl VII VI
Combination (1,2) (2,1) (2,2) (3,1) (1,2) 2,1) 22) 3,
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to attain the minimal loss function value (defined in (3.1) and (3.2)). Table III shows that
these procedures are sensitive to small parameter changes and can efficiently switch to the
“right track”. However, we also notice that the finite sample performances of Procedure A

seem to be slightly worse than those of Procedures B and C.

(2) Three-step predictions. Note that DGPs V and VI are stationary AR(2) models with
AR coefficients satisfying 0 < a; < 1 and af + a; = 0. Ing (2004, Section 2) recently
showed that (1, 2) is asymptotically more efficient than (2, 1) in DGP V, whereas (2, 1) is
asymptotically more efficient than (1, 2) in DGP VI. Procedures A, B, and C perform quite
well in this subtle case. More specifically, for (a;,az) = (0.9, —0.81), they can correctly
choose (1, 2) over 90 percent of the time for all sample sizes (except for Procedure A in
the sample size of 150). On the other hand, when (a;,a2) = (0.6, —0.36), Procedures
B and C successfully select another combination, (2, 1), with rather high frequency for
n > 300. While Procedure A performs slightly worse than the other two procedures, it
can still choose (2,1) with over 90 percent frequency as n > 1000. DGPs VII and VIII
are unit root processes. In DGP VII, the direct method only requires two regressors to
perform three-step predictions, and according to Section 2, (2, 2) can attain the minimal
loss function value. On the other hand, (3, 1) is the best combination for DGP VIII. Table
III shows that the performances of Procedures A, B, and C in DGPs VII and VIII are similar
to theirs in DGPs V and VI.

Finally, we note that the choice of C), in Procedure II does influence its finite-sample
results. While we do not intend to suggest the best C,, in finite-sample cases, the C',’s used
in this paper may serve as good “initial values” for pursuing better performances based on

Procedure II.

5. Conclusion

This paper provides asymptotic expressions for the MSPEs (up to terms of order 1/n)
and the multistep generalizations of APE (up to terms of order log n) for the plug-in and
direct predictors in correctly specified AR processes with unit roots. These asymptotic re-
sults, which are new to the literature, enable us to show that Ing’s (2004) predictor selection

procedure is asymptotically efficient regardless of whether there exist unit roots or not. The

19



finite-sample performances of Ing’s procedure, however, are not as good as expected. In-
spired by the asymptotic analysis, we have constructed a new predictor selection criterion
which shares the same asymptotic properties as Ing’s criterion, but also has satisfactory
finite sample performances as illustrated by various simulation experiments. As a final
remark, we believe Procedures I and II are also asymptotically efficient in AR processes
with several unit roots (e.g., Chan and Wei (1988)). Further investigation to verify this

conjecture would be of interest.

APPENDIX A

TABLE III

FREQUENCY OF CHOOSING PREDICTORS WITH MINIMAL LOSS FUNCTION VALUES
IN 100 REPLICATIONS

h=2 h=3
Procedure Procedure
n Model(Unit Root) A B C Model(UnitRoot) A B C
150 I(No) 86 94 96 V(No) 83 92 95
300 88 94 99 90 96 99
500 95 99 100 91 98 98
1000 93 96 99 93 97 98
2000 93 98 99 97 100 100
150 II(No) 84 92 94 VI(No) 67 75 73
300 84 89 95 84 90 96
500 88 95 98 86 97 100
1000 91 95 99 90 98 100
2000 94 99 99 93 98 99
150  III(Yes) 8 94 97 VII(Yes) 8 93 95
300 8 92 97 87 98 98
500 91 95 99 91 96 99
1000 97 100 100 91 97 99
2000 94 99 100 94 97 99
150  IV(Yes) 80 87 91 VIII(Yes) 62 77 75
300 87 96 97 83 91 91
500 90 96 100 86 94 98
1000 90 94 97 86 97 98
2000 90 96 100 93 99 100
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Throughout this section, we only consider the case k& > 2 (recall that k is the order of
the AR model under consideration), since the results for the case k = 1 can be verified
similarly. We start with some useful lemmas.

Lemma A.1. Assume that {z,} satisfies model (1.1) with {¢;} obeying (2.1). Then, for
any q > 0 and k > py,

E||R (k)||? = O(1), (A.1)

where }A%n(k’) is defined after (2.2) and for a matrix A,

denoting Euclidean norm for vector z.

A|l* = supy, =, 2 A’ Az with ||z||

PROOF. (A.1) can be verified by an argument similar to that used in the proof of Lemma
1 in Ing and Sin (2006). The details are omitted. O

Lemma A.2. Assume that {x,} satisfies model (1.1) with {e,} obeying (2.1) and for
some g1 > 2, SUp_ o 4o oo FBlei|*™ < 00. Then, forany 0 < ¢ < q and k > p + 1,

1

E||R (k) — R, (K)||* = O(n~9/?), (A.2)

where
- T.(k—1) 0,_
R (k) = n k-1 ,
o= (U5 i)

Do(k—1) = (1/n) X0t s;(k — 1)s)(k — 1), and N; = x; — S~ ajjy.

J

PROOF. First note that Lemma 1 ensures for any ¢ > 0,
E||R; " (k)|* = O(1). (A3)
We also have

IR (k) — B ()| < | R RN R (k) ||| R (k) — REs(K)|®
n—1
< OHIRRRE (K202 s(k — 1)N|9, (A4)
j=k

where (] is some positive constant. By analogy with Lemma 2 in Ing and Sin (2006),

n—1
En =23 s;(k — 1)N;||*" = O(n~/?). (A.5)

j=k
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Consequently, (A.2) follows from (A.1), (A.3)-(A.5), and Holder’s inequality.

Lemma A.3. Assume that {x,} satisfies model (1.1) with sup

E’Et‘q

—oo<t<oo

where q > 2. Then, fork > p+ 1,

n—1
Elln™2D, Y. x; (ke = O(1).

j=k

a

< 00,

(A.6)

PROOF. (A.6) can be shown by an argument similar to that used in the proof in Ing and
Wei (2003, Lemma 4). We skip the details.

a

Lemma A.4. Assume that {x,} satisfies model (1.1) with sup_ ., Ele|” < oo, for

some r > 4. Then, for k > p,

lim E(F,;) =0,

n—oo

n(k = )My (k = DI (k= D550 s, (k = 1)1 )N, 52 Njgja

n—1 2
Zj:k Nj

PROOF. Omitted.

PROOF OF THEOREM 2.2. Some algebraic manipulations give

Lotn = Tun(k) = Mup — X, (k) Loa (k) (81, k) — a(k)),

where ﬁn,h(k‘) is defined after (3.4). We also have

W {, () (L () — Ln(k))(@n (1, ) — a(k)) |

E {X/n(kxin,h(k) - Lh(k))D;(k)f?;l(k)\/lﬁDn(k) ng(/f)fm}

E{G(K)},

22
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where Ly, (k) = ") b;A""'7I(k), with A(k) defined in Section 1. Let

—1 0 0
0 1 -1
Dn<k) = : . . . 0 )
0 0 1 —1
1 —a(n,1) —a(n,k—1)
Tr TR e e T
where (&(n, 1), -+, &(n,k—1)) =&, (k—1) = ¥(k)a,(1,k),and ¥(k)isa(k—1) x k

matrix, with the (

1, 7)th component equal to 0 if ;7 < 7 and equal to -1 if j > 7. By observing
A(k) D, (k) = Dy, (k

th
A(k) and A, (k) D!, (k) = D’ (k) A% (k), where

I S e |

It
)
k-1 1

A*(k) _ ( S’M,n(k_l) Okfl )7

" 05, 1
and
R Iy
Sun(k—1) = an(k—1) ,
0},_»
we have
Ly(k)D;, (k) = D, (k)Ly(k), (A.11)
and
Ly (k) D), (k) = D;, (k)L , (k) (A.12)
where



and M, ,(k — 1) = >3 0,840/ (k — 1), with S, (k — 1) = I)_;. (A.11) and (A.12)
yield
(Lnn(k) = Li(k) D}y (k) = L p(k) (D, (k) = D;,(k))
+ (D}, (k) = Dy, (k) Ly, (k) + D, (k) (L, (k) — Li(k)),
and hence
|Gn(F)| < G (R), (A.13)
where G} (k) = (I) + (1), with
(1) = I xa(B)llldn(k = 1) = alk = DI Laoa®)] + 1L a (k) DG (),
(1) = (Isalk = Dl + [0 2N DL (k) — La(R)IGT . (R),

and G ,(k) = | R, (K)|||ln~ 2D, (k) Yrh x;(k)ejal. By (A10), (A.13), Lemmas 1-3,
and Holder’s inequality, it can be shown that

nE {x, (k) (Lo (K) = Lu(k)) (a(1F) — a(k)} = B(GL(K)? = O(n ™). (A14)

Similarly, we have

E{X%(k)Lh(k)D;(’f)(Rnl(k) - Ril(k))\/lﬁDn(k) 2 Xj(/f)é‘m} =0(n").(A.15)

By (A.11) and some algebraic manipulations,

E {x;<k>Lh<k>D;<k>R;” <k>jﬁDn<k> Z xjac)ajﬂ}

— Bin(k) + Ban(k) + Esn(k), (A.16)
n—1 2
Eia(k) = F {SZ(’f — 1) My(k— DMk — Dn~ V2 si(k — 1)€j+1} ,

=k
= {nNi(Z?:_/i Nj5j+1)2}
(i N2
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By an analogy with Ing (2003, Theorem 1),

lim Ey,(k) = fin(k—1). (A.17)

n—oo

In view of Ing (2001), it is straightforward to show that

h—1
lim By (k) = 20%(3_ b;)*. (A.18)
j=0

Consequently, the desired result follows from (A.9), (A.14)-(A.18), and Lemma A.4. 0O

PROOF OF THEOREM 2.3. By analogies with Lemmas A.1-A .4, for & > py,

B\ R, (F)[* = O(1), (A.19)
E||R, (k) = By, (B)]|* = O(n™?), (A.20)
B n—1
Elln 2D, Y x;(k)nyall* = O(1), (A21)
j=k
and
lim E(F,x) =0, (A.22)
where ¢ > 0,
1 n—h
- w2k Sj(k = 1)sj(k — 1) 0 )
k) = J=r n— ;
) = ” L
and
£ Sk DS s (k= DSk~ D) l{z] sk = Db S5k s
(A.23)
In addition, according to (1.9) and (3.5) of Ing and Sin (2007), it can be shown that
2 n—h 2 h—1
lim F {n%(z]nkh%gjh) } =20"(>_b;)*. (A.24)
n—oo Z] A T =0
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As a result, Theorem 2.2 follows from (A.19)-(A.22), (A.24), and arguments similar to
those used in the proofs of Theorem 2 in Ing (2003) and Theorem 2.1 above. a

APPENDIX B

Lemma B.1 below provides (almost sure) asymptotic bounds for | T, (k—1)—T'(k—1)||,
IR, (k) — R:(k)||, and || R;;* (k)| under a minimal moment condition, sup___,_.. E|e;|®
for some o > 2. As will be seen later, these bounds play subtle roles in our asymptotic

analysis.

Lemma B.1. Assume that the assumptions of Theorem 3.1 holds. Then,

(i) for k > 2, k > p1, and some 1 > 0,

IDn(k = 1) =Tk = 1) = o(n™*) a.s; (B.1)

(ii) for k > p1 and some n > 0,

|Ra(k) — R (K)|| = o(n™") a.s; (B.2)
(iii) for k > py,
IR (k)| = O(loglogn) a.s. (B.3)
PROOF. First note that
. k—2 k—2
ITa(k—1) =Tk =1 <> [n~ Z 8§-18j—m = Viml;
=0 m=0

where 7y, ., is the (I, m)-th component of I'(k — 1). Therefore, (B.1) is ensured by showing
thatforany 1 <[/ <k—land1 <m <k —1,

1= 1
\— Z Si—1Sj—m — Ym| = 0(n7") a.s. (B.4)
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In the following, we only prove the case of [ = m = 0 since the proofs of other cases can

be similarly obtained. For [ = m = 0, the left-hand side of (B.4) can be rewritten as

1 n—1 ) 1 n—1 ) kﬁ% 0
=~ D005 =)+~ D060 — o) + 2. (B.5)
i=k i=k

) = 62 52921 2 with ¢;’s defined in Section 1. By observing 7,0 = 02 52, ¢2 and

where 5o
e, | < Cle 17 for all r and some C1, 51 > 0, we have (1/n) 37~ k('yéa Y0,0) = O(1/n)
and kvp0/n = O(1/n). In addition, straightforward calculations yield that

jola—1

- 7(%?()) = Z C‘?—l(g? - 02) +2 Z Z Cj—13Cj—15€1,€ly- (B6)

=1 lp=211=1

In view of (B.6), one obtains, through changing the order of summations, that

no 8? _ ’Y(% B ny  n2 C? l ] l n1 lo—1 ng iy Ci—ty
Z -0 - Z( Z 7]1 + Z Z m + 2 Z{Z Z 7)611}512
j=m J = o 7 M e A o R A

lo—1 no

2 Y (Y ZCﬂ@“)eh}slzz<f>+<n>+<m>+uv>7

lo=n1+1 l1=1 j=l2

where 7, = €2 — 02, 0 < 1 and fa/2 > 1. If we can show that for any 1 < n; < ny < o0,

no 1
E|(@)"” <C(X )® (B.7)
J=n1

where G = [,II,II] and IV; and C' > 0,& > 1,& > 1 are some positive constant
independent of n; and n, (but they can vary with (), then by Méricz (1976) (see, also, Ing
and Wei (2006)), for all sufficiently large n4,

©) -
'7 ,0 a/2 * 1 €
B, ljZm <Oy B3)

where C* > 0, &§ > 1 and & > 1 are some positive constant independent of n; and n..

(B.8) and Kronecker’s lemma yield
— S - 700 =o(1) a.s. (B.9)

As aresult, (B.1) holds with . = 1 — 6.
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Without loss of generality, assume 2 < « < 4. Then,

E|(I)*? < CQE{Z Z ; y2y2y0/4

ll]n1

1 (7
Cy Z Z WZ!% A U

Ji=ni1 j2=n1 J1

IN

IA

ng 1 no—1 1 no 1 NS
03 Z B2 + Z Baj4 Z 904/4<‘7 _jl) ’

Jj=n1 J a=n1 1 je=j1+1 J2

&2
n2 1 nz
Cy (Z j(’a/Q) <y (Z 1) ; (B.10)

13
Jj=n1i Jj=n1 J

IN

where C; > 0,7 = 2,---,4, and s > 1 are some positive constant independent of n; and
ng, 1 < & < 0a/2, & = 0a/2&y, the first inequality follows from Burkholder’s inequality,
the second one follows from the fact that «v/4 < 1 and changing the order of summations,
the third one is ensured by sup, Fle;|® < oo and ¢; < Cye ", which implies for all
ny < g1 # ja < na, Py lej i, 1% < Cslji — ja| %, for some C5 > 0. As a result,
(B.7) holds with G = I. The proof of (B.7) for the case of G = I is similar. The details
are omitted. To show (B.7) for the case of G = I11, note that

niy lo—1 no

BIS (X (3 #25en Jau

l2=2 l1=1 j=m

ny lo—1 no

B3 {3 (3 =) Jen) )

1o=2 l1= 1] =ni

IN

loa—1 no

- a/d
= |o|° (Z STy Gy ) . (B.11)

12=211=1 j=n3 j
By arguments similar to those used to verify the second to fifth inequalities in (B.10), the
desired result follows. Similarly, it can be shown that (B.7) holds for the case of G = I'V.

To show (B.2), first observe that
X A k=2 1 n-l
1R (k) = Ry (k)| < V2 |57 22 5Nl
=0 j=k
Therefore, it suffices to show that for [ = 0, .-,k — 2 and some n > 0,

1 n—1

peYes > sjuN; =o(n") as. (B.12)
=k
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We only verify (B.12) for the case [ = 0 since the proof of the case [ > 0 can be similarly
obtained. Let max{1, (1/2) + (2/«a)} < 6; < 3/2. Some algebraic manipulations yield

"2 5N 5 & 1 J 2 m
SUN - Py S S
j=n1 Jj=n1 m=1 m=1j=ny m=n1+1 j=m
ny m—1 ng Ciy m—1 no Ci
+ > > e + Z >y ]—aem
m=2 [=1 j=n; j m=n1+1 =1 j=m
ny =1 no Ciy n2 -1 no Ci
+ Z Z j ———€mél+ Z Z Zj—smsl
1=2 m=1 j= nlj l=n14+1m=1 j=1 J
= (D + TN+ (III)+ (IV)+ (V) + (VI) + (VII). (B.13)
It is clear that
<\ a2 nz o q c
|(1)] < C6<j§1 jz) , (B.14)

where &; = 6, and & = «/2. By an argument similar to that used in (B.10),

BIW)P2 < o3

13
> ]&) 2 (B.15)
Jj=n1

where W = I1,I11,1 < & < 01/2, and & = 61/2&;. An argument similar to that used
in (B.11) yields

E|(W)|*? < Cs( 3 )%, (B.16)

where W = IV, V,VI,VII and 1 < & < (20, — 1)a/4 and & = (20, — 1)a/4&,.
Consequently, (B.12) (with n = (3/2) — 6;) follows from (B.13)-(B.16), Méricz (1976),

and Kronecker’s lemma.

To show (B.3), observe that ||[R; (k)| < ||R;*(k)||||Rn(k) — RE(E)||R: (k)| +
|R*™" (k)]||. By Lai and Wei (1982, (3.23); 1983, (3.2)),

IR: ()| = O(loglogn) a.s

This and (B.2) yield (B.3). O
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Remark 7. Since
1T (k= 1) =T (k= Dl < [IT, (k= DIHITa(k — 1) = T(k = DT (k = DI,
by Lai and Wei (1983, (3.2)) and (B.1), for some ¢ > 0,

IT-Yk—1) =T (k=1)|| = o(n™) a.s.

Lemma B.2. Assume that the assumptions of Theorem 3.1 hold. Then, for k > 2 and
k> p,

n—h
Z F,, =o(n) a.s., (B.17)

1=my,
where I, is defined in Lemma A.4.

PROOF. We only prove (3.9) for k = 2 since the proof of the case £ > 2 is similar. As
noted in the proof of Lemma B.1, there are positive numbers C', 3; such that |¢;| < C e P
for all j > 0. Define s} = >-%_ ¢;e;_;, where g; = [(1/31)logi]| + 1 and |a] denotes the

largest integer < a. Also define

1 izl 1 i~Mgi—1
J— * —
Ly, = 7 E SjEj+1, Ll,i = 7 E : SjEj+1s
v j=2 v =2
1 1 i—Mg;
LQZ — \/—.NZ7L277; \/— 8]7
1 =1 1 i—Mgi—1
_ *
L3,z’ = - E Nj5j+17 L3,i == E : Nj5j+1v
iz L)
-2 -2
1 )
Ly, = <= L1, =

i—1 pr20 HAi T Mg pr2°
i—a N; S5 YN
where M > 1.

By (B.4), the Cauchy-Schwarz inequality, Burkholder’s inequality, Minkowski’s in-
equality, and the Borel-Cantelli lemma, it can be shown that, all with probability 1,

n—1
Z |si| = O(n), s, — s, = o(n_1/2), and Ly, — LS,n =o(n™"), (B.18)
i=k
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where ¢+ > ( is some positive number. By the first and second equalities in (B.18),

n—1
> Isi] = O(n). (B.19)
i=k

In addition, according to Wei (1987, Lemma 1), (3.3) of Lai and Wei (1983), the law of the
iterated logarithm, and (3.23) of Lai and Wei (1982), we have, all with probability 1,

Ly, = o((log n) 2), Li, = = o((log n) 2), La,, = O((log log n)l/Q), Ls, = O((loglog n)1/2),
L3, = o((log n) (loglog n)l/Q), Ly, = o((log n) 2(log log n)l/Q), Ly, = O(loglogn),
L}, = O(loglogn), and Ly, — L}, = O(logn(loglogn)®n™"), (B.20)

where 6, > 1/a. By an analogy with Ing and Wei (2003, Lemma 4) and the Borel-Cantelli

lemma, we also have, both with probability 1,
Lin— Ly, =o0n")and L3, — L3, = o(n""), (B.21)

where ¢; and ¢4 are some positive numbers. (B.18)-(B.21) and Kronecker’s lemma imply

Lt ()M (DD (D520 8 (1)eja )N Sh Ny

D

i—1
i=mp, Jj=2 NJ2
1 n—h
= (= Y siG)) +o(1) as., (B.22)
mn .
1=mp
where G; = M,(1)I (1) [T;_, L
Now,
n—h n—h 7 n—h
YosiGr= > Gi Y ciei= Y, My, (B.23)
=myp =myp, J=1—9i j:mh_gmh

where M = Zr-nir-l{f(j)’"fh} Grci—j, f(j) is the smallest integer ¢ such that i — g; > 7,
[yl = 1,2,3,4 large enough, M7}

is a(aj,l, €j2,"" -)-measurable. Therefore, Lai and Wei’s (1982, Lemma 2) strong law of

and G is set to zero for ¢+ < my. By taking M in L

large numbers for martingales implies

n—h n—h n—h
S Mg =o{( Y M)hog( Y M)} +0(1) as., (B.24)

J=mMpr—Ggm,, J=mp—9gmy, J=mh—Ggmy,
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where ¢3 > 1/2. In addition, (B.20) yields

M = o((logn)**(loglog n)?) a.s. (B.25)
Consequently, (B.17) follows from (B.22)-(B.25). O
The following simple facts will be used in the proof of Theorem 3.1.

Lemma B.3. Let {z,,} be a sequence of real numbers.

(i) If 2o > 0, n" X" 2z, = O(1), and for some & > 1, liminf,, o, v,/n® > 0, then

7=1
> =o)
=Y
(it) If n=t 3" z; = o(1), then
Z—j— (logn).
j=1J

PROOF. Omitted.

PROOF OF THEOREM 3.1. We only prove the case £ > 2 since the proof of the case
k =1 is similar. By Chow (1965) and an analogy with (3.8) of Ing (2004),

n—h n—h

APEP, (k) = 3 (mn)? = 3 {xi(k)Lun(k) (1K) = a(k)} (1 +0(1)
+ O(1) as. (B.26)

Straightforward calculations give

n—h

;:MW@MMJMW@@MﬂMMQ

By Lai and Wei (1982) and (3.1) and (3.2) of Lai and Wei (1983), we have

lGn(k —1) —a(k — 1) = o((log”)l/?) a.s., (B.28)

n
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\Za () — Lokl = 0(<10g”>1/2) (8.29)

n
ILon(B)] = O(1) as., (B.30)
xn(k)/v/n|| = O((loglogn)'?) a.s. (B.31)

In addition, by Wei (1987, Lemma 1), the law of the iterated logarithm, and (3.3) of Lai
and Wei (1983),

H\/_ ZXJ )ejn|l = o((logn)’(loglogn)'/?) a.s., (B.32)

where § > 1/a. As a result, by (A.11), (A.12), (B.3), (B.27)-(B.32), and the fact that
N,/v/n = O((loglogn)'/?) a.s., one obtains

n—h 9

> {x k) (Lin(k) = Lu(k)) (85(1, k) — a(k))} = O(1) a.s. (B.33)

i=mp

Armed with (B.2), (B.3), and the fact that ||R* ' (k)| = O(loglogn) a.s. (which is
given after (B.16)), it can be shown that

2
18 — 7 ) = o VBB 5 (B34

where 77 > 0 is some positive constant. Since (A.11) yields for some Cy > 0, || D;(k) L), (k)x;(k)|| =
IZL (k) Dy (k)i (k)| < Cu(llsi(k = 1)I| + | Ni/+/i]), we obtain

Zl{ () L (R) DYk By <k>—fzz1<k>>¢1;D¢<k>§;xj<k>ej+l}
< &S M st o+ e - &7 w1 zx et}
- Pl ! \/; v i \/‘ J J+
= 0(1) a.s., (B.35)

where C5 > 0 is some positive constant independent of n and the equality follows from
(B.32), (B.34), N,,/y/n = O((loglog n)*/?) as., (1/n) =04 [|s;(k — 1)|| = O(1) a.s., and
(i) of Lemma B.3.
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By (A.11) and some algebraic manipulations,

> {xzw)Lh(k)D;(k)R:”(k)}ka) ixj<k>6j+1}
i=mp ’ i=k

= (I)+(II)+ (LI1),

where
n—h . 1171 2
(1) = Y {sib= DMk = D (k= 1)2 3 sk = Dejea
i=mp, 7=k

h—1 n—h NQ(EZ:E N‘E‘+1)2

(I1) = (D b)) T,
jE% ’ izrgh (Z]:}CNE)Z
h—1 n—h F

(I1I) = Z b;)

1
i=mp,

According to (B.29) and analogies with (A.1) and Theorem 3.1 of Ing (2004),

i—1

n—h

2
~ A 1=
N = > {s;(k — )M (k= D7k — 1); s;(k — 1)5j+]_} + o(logn) a.s
1=myp, j=k
= fin(k—1)logn + o(logn) a.s
By Wei (1987, Theorem 4),
h—1
(I1) = 2(>_b;)*0*logn + o(log n) a.s.
=0

In view of Lemma B.2 and (ii) of Lemma B.3, one obtains

(I1I) = o(logn) a.s

As aresult,
n—nh 1 . 1 i—1 2
2 5 MR LaR)DIRIET (k) =Dilh) 3 x5 (k)ee
1= =mp ]:k

= {2 Zb o® + fin(k — 1)} logn + o(logn) a.s
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Consequently, (3.6) follows from (B.26), (B.33), (B.35), (B.36), and the Cauchy-Schwarz
inequality. O

To analyze APED,, ;(k), Lemma B.4 is required.

Lemma B.4. Let the assumptions of Theorem 3.1 hold. Then,

(T nn)? =
Z (Z];h x2)2 = 2(2 b;)?c*logn + o(logn)  a.s. (B.37)
=myp j=k ~j Jj=0

PROOF. Following arguments similar to those used in the proofs of Lemma 2 and
Theorem 1 of Ing and Sin (2007), one obtains

logl
lim inf 205" Z 22> 0 as., (B.38)
and
z, = O((nloglogn)'/?) as. (B.39)
By Borel-Cantelli lemma,
en = o(n'/?) as. (B.40)

In addition, it is not difficult to show that for § > 1/2 and [ > 1,

1nl

Z gigjr = o(1) as. (B.41)
(B.38)-(B.41) together imply
n—nh l’Q(Zl:h 1 h)2 h—1 n—h 12(21:1 ToE )2
S SRSk UM ()2 Y SRk T L 0(1) as. (BA2)
i=mp, (Z;‘;’/: x?)Q §=0 ’ i=mp, (Z;;c 95?)2

Consequently, (B.37) follows from (B.42) and the fact that
"i:h x?(zﬁﬂc xJ8j+1>2

which is guaranteed by (2.15) of Ing and Sin (2007). O

= 20?logn + o(logn) a.s.,
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PROOF OF THEOREM 3.2. We only prove the case of k£ > 2 since the proof of the case

of k£ = 1 is similar. By the same reasoning as in (B.26), we have

n—h n—h i—h 2
APED,.i(k) = >ty = = (1+0(1)) 3 {x;<k>m<k> (gxxk)nj,h)}

1=mp it=myp,

+ O(1) as. (B.43)

_i { (k) (Exj<k>nj,h)}
"

{ x;(k)Dj(k)R;, (k) (%Di(k):}:xj(k)nj,h)} . (B.44)

According to (B.38), (B.39) and arguments similar to those used to obtain (B.32) and
(B.34),

Observe that

1
7 Z (K)ninll = o((logn)’(loglogn)"/?) as.,

and

1R, ). (k) = By, (k)| = O(n”"(loglog n)?) as

where 6 > 1/« and > 0. These facts and the reasoning similar to that used in (B.35)
yield

> {x;<k>D;<k><Ri,;<k> ~ Ry, (1) (j;Di(kukxj(@w) } = O(1)as.(B43)

Now,
EE{X-(@DQ(@ (k) (1Dl(k)zixj(k>ngh)} = (I) + (II) + (II1), (B.46)
i=my, 7 pard
where
(1) = 5 (0= DI 0 = D0

i=mp, (Z; }l:: ‘TQ) 7
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and

o Ei(k)

with Fj(k) defined in (A.23). By analogy with Theorem 3.2 of Ing (2004),

]

(IT1) =

(I) = fan(k —1)logn + o(logn) a.s. (B.47)

According to Lemma B .4,

h—1
(I1T) =20*(>_ b;)*logn + o(log n) a.s. (B.48)

3=0

By reasoning similar to that used in the proof of Lemma B.2,

n—h
> Fi(k)=o(n) as,
Jj=mp,
and hence
(I11) = o(logn) a.s. (B.49)
Consequently, (3.8) follows from (B.43)-(B.49). O

Lemma B.5. Let the assumptions of Theorem 3.1 hold. Then, for 1 < k < p;, and
h>1,

n—nh

Z [x.(a;(h, k) — a(h, EN]? = o(n) a.s., (B.50)
1=my,
where
h—1
é(h, k}) = ka(k—l) Zah*jaf - 1) + (1,0,"',0)/, (B51)
=0
1 0O -+ --- 0
-1 :
0 -1
Ukx(k-1) = _
0 0
: 1
0 0 0 -1




isak x (k— 1) matrix, and oy (k — 1) = limy_, Ozl(t)(k‘ — 1), with

o) e i B i feasenia)

PROOF. First observe that ., = e, 4 7 + (329 St (p)au(p))'se(p). This gives

x;(k)(ai(h, k) —a(h, k) = Wiy (k) + Wia(k),
where
W (k) = X (0Vin(8) S5 K
and

Wia(k) = ZXJ )Ei(h, k),

(B.52)

with &;(h, k) = (215 Sh " p)a(p))'s;(p) — (2= an_i(k—1))'s;(k—1). An argument

similar to that used in the proof of Theorem 3.2 yields

Z Wfl O(logn) a

i=mp

In view of this and (B.52), (B.50) is ensured by
n—h
> Wih(k) = o(n) as.
i=myp
It is straightforward to see that
Wia(k) < (llsu(k = DIl + [zan™ 2% Ry, (F) |1
n—h
Xl 30 (s (k — 1) am 2 E (R, K
j=k

Following the same reasonings as for (B.4) and (B.12), we have, for some ¢ > 0,
In =" > (s5(k = 1), 0= 2 E;(h k)| = o(n™") as.
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By (B.38) and an argument similar to that used to prove (B.3),
IR, (k)| = O(loglogn) as. (B.56)

In addition, (B.1) guarantees

Z Is;(k —1)||* = o(n) as. (B.57)
Jj=mp
Consequently, (B.53) follows from (B.54)-(B.57) and (B.39). O

PROOF OF THEOREM 3.3. By an analogy with (B.43),

APED,u(K) = 3 {na +X(p-+1) alhp+ 1) - au(h )’
n—h n—h
= _Z ip + (14 o(1)) _Z {Xi(p+1) (alh,p+1) — a;(h, k))}”
+ O(1) as., (B.58)

where &;(h, k)’s are viewed as (p + 1)-dimensional vectors with undefined entries set to 0.

Direct calculations yield

Z{x p+1)(a(h,p+1) — ai(h,k))}*

i=mp,

= (a (h p+1) —a(h, k) Vion(k)(alh,p + 1) — a(h, k))

- zz (p+1)(a(h,p+1) —a(h, k) xi(p+ 1) (a;(h, k) — a(h, k))

i=mp
n—h

+ > [xi(ai(h k) — a(h, k)P, (B.59)

=mp

where a(h, k) is defined in (B.51) (note that the a(h, k)’s in the first two terms on the right
hand side of (B.59) are viewed as (p + 1)-dimensional vectors with undefined entries set to
0). By Lai and Wei (1983, (3.2)),

liminfn 'V,_,(k) >0 a.s. (B.60)

n—oo

Consequently, (3.9) follows from (B.58)-(B.60), (B.50), the Cauchy-Schwarz inequality,
and the fact that a(h,p + 1) — a(h, k) # 0. O
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PROOF OF THEOREM 3.4. Theorem 3.4 follows immediately from Theorems 3.1-3.3.

The details are omitted.

APPENDIX C

a

In this appendix, we sketch the proof of Theorem 4.1. Applying an argument used in

the proof of Wei (1992, Theorem 3.5), it can be shown that for & < py,

liminf 67, ,(h, k) — 63 ,,(h,pn) > 0 a.s.

n—oo

(C.1)

Armed with the probability results obtained in Appendix B, we also have for k; > p; and

k2 2> ph.
‘&?D,n<h’7 kl) -
|a-}23,n(h7 ki) — (h,p1)| = o(logn/n) a.s.,
|&2D,n(h7 k2) - a-%),n(h‘ﬂph)‘ =0

(h, ko)| = o(logn/n) a.s.,

Tbn
Tbm
(logn/n) a.s.

In addition, it can be shown that for k; > p; and ky > pp,

ir {& sy (), () Epn () (3 xj<k>x;<k>>-lﬁz,n<k>} 52C,

j=k =k
h—1

= {0220 + finlky — 1)}Ch +0(Cy) aus.,
j=0

and

tr {(HZ Xj(k?)X;(’f))‘l(niZ Zj(k‘)Z}(k))} G,.C

j=k j=k
h—1

= {2 _b)? + fon(ks — D}C, +0(Cy) as.
=0

Consequently, the asymptotic efficiency of (On, Mn) follows from (C.1)-(C.6).
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