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SECOND-ORDER CORRECTNESS OF THE BLOCKWISE
BOOTSTRAP FOR STATIONARY OBSERVATIONS

By F. GOorzE AND H. R. KUNsScH

University of Bielefeld and ETH Ziirich

We show that the blockwise bootstrap approximation for the distribu-
tion of a studentized statistic computed from dependent data is second-
order correct provided we choose an appropriate variance estimator. We
also show how to adapt the BC, confidence interval of Efron to the
dependent case. For the proofs we extend the results of Gétze and Hipp on
the validity of the formal Edgeworth expansion for a sum to the studen-
tized mean.

1. Introduction. Efron’s (1979) bootstrap is distribution-free, but the
assumption of independence is crucial since it ignores the time order of the
observations. For serially dependent observations, Kiinsch (1989) has pro-
posed a blockwise bootstrap which samples blocks of length [ of consecutive
observations with replacement. He has shown that this procedure estimates
the asymptotic variance and the asymptotic normal distribution consistently
if the statistic considered is a smooth function of vector means. The only
assumptions are suitable mixing and moment conditions for the observations
and an increase of [ = I(n) to infinity, but at a slower speed than n. However,
for such simple statistics there are other methods to estimate the asymptotic
variance which require fewer computations, for example, the blockwise jack-
knife or an estimate of the spectrum at zero for the estimated influence
function [see also Kiinsch (1989)]. Hence the additional effort required for the
bootstrap is only justified if the resulting approximation to the distribution of
the statistic is better than the one relying on asymptotic normality. With i.i.d.
data, Efron’s bootstrap has indeed this property; see, for example, Singh
(1981) and Hall (1988). Here we show that this is also true for the blockwise
bootstrap as announced some time ago in an abstract [Gotze and Kiinsch
(1990)]. In the meantime, Lahiri (1996) also has given a proof of a similar
result.

The essential reason for second-order correctness is the asymptotically
correct skewness of the blockwise bootstrap distribution [cf. Kinsch (1989),
formula (3.19)]. This gain in accuracy is, however, covered by the error in the
bootstrap variance which is in our case of the order @(I™!) + @p(1/2n"1/2)
and thus always larger than the order @(n~1/2) of the skewness term. So for
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