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Presently conditions ensuring the validity of bootstrap methods for the sample
mean of( possibly heterogeneousear epoch dependefMED) functions of mix-

ing processes are unknowtdere we establish the validity of the bootstrap in this
context extending the applicability of bootstrap methods to a class of processes
broadly relevant for applications in economics and finar@er results apply to

two block bootstrap methodghe moving blocks bootstrap of Kiins¢h989 An-

nals of Statisticsl7, 1217-124] and Liu and Singh(1992 in R. LePage & L
Billiard (eds), Exploring the Limits of the Bootstra224-248 and the station-

ary bootstrap of Politis and Romari®994a Journal of the American Statistical
Association89, 1303—-1313 In particulay the consistency of the bootstrap vari-
ance estimator for the sample mean is shown to be robust against heteroskedas-
ticity and dependence of unknown formhe first-order asymptotic validity of

the bootstrap approximation to the actual distribution of the sample mean is also
established in this heterogeneous NED context

1. INTRODUCTION

Bootstrap methods have been most intensively studied for the case of indepen-
dent identically distributeéi.i.d.) observationge.g., Bickel and Freedmari981

Singh 1981). However the failure of the i.d. resampling scheme to give a
consistent approximation to the true limiting distribution of a statistic when
observations are not independéad., as remarked in SinglL981) has moti-
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vated several attempts in the literature to modify and extend Efron’y k%9
to dependent datdMost of the extensions so far apply only to the stationary
case Bootstrap methods appropriate for stationary mixing processes have been
proposed and studied by Kins¢t©89 and Liu and Singh1992 (the “mov-
ing blocks” bootstrapand by Politis and Roman@d994a (the “stationary boot-
strap”), among othersAs it turns ouf the moving blocks bootstrap is robust to
heterogeneityLahiri (1992 gives conditions ensuring the second-order correct-
ness of Kunsch’s bootstrap for the normalized sample mean of observations
that are not necessarily stationaWore recentlyFitzenbergef1997) has shown
that the moving blocks method can be validly applied to heterogeneous mixing
processes in the context of linear regressions and quantile regresSionis
larly, Politis, Romang and Wolf(1997) have shown the validity of certain sub-
sampling methods for heterogeneous mixing processes

For applications in economicaixing is too strong a dependence condition
to be broadly applicableAndrews(1984) gives an example of a simple AR
process that fails to be strong mixinghe need to accommodate such time
series motivates the use of functions of mixing procestes so-called pro-
cesses near epoch dependeédiED) on an underlying mixing procesBillings-
ley, 1968 McLeish 1975 Gallant and White1988. NED processes allow for
considerable heterogeneity and also for dependence and include the mixing pro-
cesses as a special ca8a important example of the usefulness of near epoch
dependence in economics concerns the standard autoregressive conditional het-
eroskedasticitf ARCH) (Englg 1982 and generalized autoregressive condi-
tional heteroskedasticitytGARCH) (Bollersley 1986 processes widely used
in economics and finangéor which the mixing properties are currently known
only under certain restrictive assumptid@arrasco and Che002. As Hansen
(19913 and Sin and Whit¢1996 have showpARCH and GARCH processes
are processes NED on an underlying mixing progcesder mild regularity con-
ditions The NED concept thus makes possible a convenient theory of infer-
ence for these models that would otherwise be unavaildlile usefulness of
NED is further illustrated by Davidso{2002, who establishes the NED prop-
erty of a variety of nonlinear time series modefeluding the bilinearGARCH,
and threshold autoregressive models

Presentlyconditions ensuring the validity of bootstrap methods for the sam-
ple mean of(possibly heterogeneouslED functions of mixing processes are
unknown Our goal here is thus to establish the validity of the bootstrap in this
context extending the applicability of bootstrap methods to a class of pro-
cesses broadly relevant for applications in economics and fin&scis usual
in the bootstrap literaturestablishing the validity of the bootstrap for the sam-
ple mean is an important step toward establishing its validity for more compli-
cated statisticsin Goncgalves and Whit€2000 we build on the results given
here to prove the validity of the bootstrap for general extremum estimators such
as quasi-maximum likelihood and generalized method of moments estimators

Our results apply to block bootstrap methol®t only do they apply to the
moving blocks bootstrapMBB) scheme of Kiinsck1989 and Liu and Singh
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(1992, which has not been studied with the degree of dependence considered
here but they also apply to the stationary bootst&@B) of Politis and Ro-
mano(19944, which has not yet been studied in a heterogeneous cor@ext
motivation in the latter case is to show that what is important about the station-
ary bootstrap is not its stationarity but that it is a bootstiapparticular we
show that the consistency of MBB and SB variance estimators for the sample
mean is robust against heteroskedasticity and dependence of unknown form
We also establish the first-order asymptotic validity of the bootstrap approxi-
mation to the actual distribution of the sample mean in this heterogend&ids
context

The main theoretical results are given in Sectigoard Section 3 concludes
An Appendix contains mathematical proofs

2. MAIN RESULTS

Suppos€ X, N, t=1,2,...} is a double array of not necessarily stationérgt-
erogeneousrandomd X 1 vectors defined on a given probability space F, P).
By assuming thafX,:} is NED on a mixing processve permit a considerable
degree of dependence and heterogeneity and include mixing processes as a spe-
cial case We define{X,;} to be NED on a mixing procesp/;} provided
[Xntl2 < oo anduy = sup, | Xne — EFE(Xn0)|» tends to zero ak — oo at an
appropriate rateHere and in what follows| X, = (Z; E|X;|9)"9 for g = 1
denotes thelL,-norm of a random vectoX. Similarly, we let ELk() =
E(-|FYK), where FUX = 0(Vik...,Visn) is the o-field generated by
Vi k..., Visk. In particular if v, = O(k~37%) for somes > 0 we say{X,} is
NED (on{V;}) of size —a. The sequencéV;} is assumed to be strong mixing
although analogous results could be derived under the assumption of uniform
mixing. We define the strong oa-mixing coefficients as usual.e., oy =
SURLSURAcr™ g e 7=/ P(A N B) — P(A)P(B)|, and we requiraxy, — 0 as
k — oo at an appropriate rate

Let upy=E(Xy) fort=1,2,...,n,n=12,...,and leti,=n"1 3| un
be the vector of interest to be estimated by the multivariate sample ¥ean
n" 1>, X, Related studies such as Fitzenberge®97 and Politis et al
(1997 have assumed common means across observagigns: w, in which
casei, is just w. Instead we will assume that the population megng sat-
isfy a less stringent homogeneity condition to establish our main consistency
result

Our goal is to conduct inference gn, based on a realization ¢¥,}. Al-
ternatively we may be interested in constructing a confidence regiomufoor
in computing an estimate of the covariance matrix of its estim#tersample
meanX,,. The bootstrap can be used for these purposes

We follow Lahiri (1999 in describing the block bootstrap methods of inter-
est hereLet ¢ = ¢,, € N (1 = ¢ < n) denote the length of the blocks and let
B¢ = {Xnt, Xnt+1,---» Xn1+¢—1} be the block of¢ consecutive observations
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starting at X,;; € = 1 corresponds to the standard bootsir&yssume
for simplicity that n = k{. The MBB resamplesk = n/¢ Dblocks
randomly with replacement from the set of— ¢ + 1 overlapping blocks
{B1.¢,---sBnogs1 ¢t Thus if we let I,y,..., 1 be ii.d. random variables uni-
formly distributed on{0,...,n — ¢}, the MBB pseudo—time seriefX;V,
t =1,...,n} is the result of arranging the elements of theesampled blocks
Bi+1e--sBi e IN @ sequence Xt = Ko Iy +10 Xt = X1 +25
WXt = X X = Xy iase - Xl = Xo1,0¢- Here and through-

out, we use the superscrigi) in X;{(tl) to denote the bootstrap samples ob-
tained by the MBB Similarly, we will use the superscrig®) to denote bootstrap
samples obtained by the SB resampling scheme

Unlike the MBB, the SB resamples blocks of random siket p = ¢~ be
a given number in0,1]; p = 1 corresponds to the standard bootstragt
L, Lo, ... be conditionally ii.d. random variables having the geometric
distribution with parametep so that the probability of the evefit,; = k} is
(1-p*ipfork=12,....Independent of X} and of{L}, let I, lny,...
be ii.d. random variables having the uniform distribution{dy...,n}. The SB
pseudo—time seriefX;?} can be obtained by joining the resampled blocks
By, LB, LBl e WhereK =inf{k=1:Ly + --- + L= n}. Thus
the SB amounts to resampling blocks of observations of random lewggre
each block size has a geometric distribution with paramptand expected
length equal to Ap = €. We shall requirel = ¢,, to tend to infinity at an appro-
priate rate which is equivalent to lettingp = p, tend to zeroHence on aver-
age the lengths of the SB blocks tend to infinity withas also holds for the
(fixed) MBB block lengths

In contrast to the MBB resampling methotthe SB resample is a strictly
stationary procesdolitis and Romanadl9943, conditional on the original data
As we showthis stationarity does not restrict its applicability solely to station-
ary processes

Given the bootstrap resampl¥;:{,..., Xz}, j = 1,2, one can compute a
resampled version of the statistic of mtev;eXJ:(“ =n 131, X, For sta-
tionary a-mixing processesKiinsch (1989 and Politis and Roman@l994a
show that their block bootstrap “worksAs a consequencéyy repeating this
procedure a large numbBrof times one can approximate the true distribution
of Vn(X, — jz,) by the approximate sampling distribution gh (X)) — X,),
conditional on the original datayiven by the empirical distribution of thB
draws ofVn(X;) — X,)). Likewisg, an estimate of the covariance matrix of
the scaled sample mean, = var(\/nX,) is easily obtained by using the boot-
strap covariance matr|2nl = var*(VnX:1). (Here and in the following dis-
cussion an asterisk appearing da (var) denotes expectatiofvariance with
respect toX;:{ 1, ..., X)) conditional on the datX,,, ..., Xn,.) The goal of this
section is to extend these results to the heterogeneous NED case

Ouir first result establishes the consistency of the block bootstrap covariance
matrix estimators for the sample mean when the observations are NED on a
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mixing processAs is well known neither of these bootstrap covariance esti-
mators requires resampling the observatjdndegd following Kiinsch(1989
Theorems 3 and 34), the following formula for,,, ; is available

. _ 2 T\ - _
S0 RO+ 3 (127 JR(r) + Roto, @1)
7=1
where
FN{n(T) = 21,3n,t,r(xnt - )_(y,n)(xn,Hr - X%n),
t=

and X, , = 211 Yo Xnr- The weightsy,, and B, . . are given as followscf.
Kiinsch 1989 expressiong3.2) and(3.7)):

( t
—  ifte{l... -1
tn—t+p THEL L
1
= i n—t+ 2.2
’Ynt n_€+1’ IftE{f, ’n € 1} ( )
TPl - t+2...n
— n— ...,N
\é(n—¢€+1)’ ’
and
( t
Ciftefn.. -7 -1
(€ —[7)(n—€+1) { 7 =1}
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={—= i —lrl,...n—€+ 2.3
Bn,t,f n_€+1’ Ifte{€ ‘T|’ vn e 1} ( )
Al i ek S 7]}
, n-— o n—|7|},
L(¢—|7)(n— ¢ +1) T

whereS{, yy = 1 andS{-y" B, ¢, = L.
Similarly, the SB covariance estimator can be calculated with the following
formula (cf. Politis and Romanol994a Lemma 1:

n—1

$02= Ra(0) + 3 by (Ry(7) + Ry(7)), (2.4)

whereR,(7) is the usual cross-covariance matrix estimator atlag., R,(t) =
nilz?;f(xnt - Xn)(xn,t+r - Xn),, and

b —(1—Z>1— +la-pr
e = S)A-p7+ - (1-p

is the Politis and Roman¢19943 weight with smoothing parametep, =
p=¢ L
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As is evident from(2.1) and(2.4), the MBB and the SB covariance matrix
estimators for the sample mean are closely related to a lag window estimator of
the spectral density matrix at frequency zdroparticular as remarked in the
univariate context by Fitzenberg€t997) and by Politis and Romand 9943,
the MBB variance estimatoﬁn,l is approximately equivalent to the Bartlett
kernel variance estimator considered by Newey and V&387). Politis and
Romano(19943 also discuss the relation betweEp, ands, ,. They offer an
interpretation for the SB variance estimator as a weighted average(ovier
MBB variance estimators with fixed length) which suggests thzﬁn,g should
be less sensitive to the choice pfthan iml is to the choice off. See Hall
Horowitz, and Jing(1995, Politis et al (1997, Fitzenbergef1997), Horowitz
(20013, and Politis and Whit€2001) for discussion of the important issue of
block size choice in the context of mixing observatiowe conjecture that the
existing results on the optimal block choice for mixing data generalize straight-
forwardly to the NED contextalthough a proof is beyond the scope of this
paper In a recent theoretical studyahiri (1999 compares several block boot-
strap variance estimatgrsicluding the MBB and the SBHe concludes that
although(the univariate analogs b)fEnl and En2 have the same asymptotic
bias the variance oﬁnz is larger than that oEn 1, suggesting that the SB
method is asymptotically less efficient than the MBBe note also that Horo-
witz (2001h discusses bootstrap methods for time series data that may per-
form even better than the MBB for certain types of process&ps, processes
known to be finite-order autoregressive procegses

Assumption 2L is used to establish our main consistency theorem

Assumption 21.

2.1(a) For somer > 2, [ Xyllar = A < oo forallnt=12,....
2.1(b) {Xn} is NED on{V;} with NED coefficientsvy of size —(2(r — 1)/(r — 2));
{\} is ana-mixing sequence witly of size —(2r/(r — 2)).

As Theorem 21, which follows shows under arbitrary heterogeneity {iX,}
the block bootstrap covariance estimat&rnsj, j = 1,2, are not consistent for
3, but are consistent fa¥, + U, ;. The bias termJ, ; is related to the hetero-
geneity in the meanéu,:} and can be interpreted as the block bootstrap co-
variance matrix of\nz: = n" Y231 | i) that would result if we could
resample the vector time serigg,}. We call{u:{1)} the “resampled version”
of {mnit.

THEOREM 21. Assume{X,} §atisfies Assumption 2.1. Then,{if —
and €, = o(n¥?), for j = 1,2, $,; — (3, + U,;) - 0, where U
var'(n" 2> ity and wil) is the resampledersion of w.

I8

Theorem 21 makes clear that a necessary condition for the consistency of
3, for 3, is thatU, ; — 0 asn — co. A sufficient condition forU, ; to vanish
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is first-order stationarity ofXy}: if un = u for all n, t, thenU, ; = 0. We have
the following lemma

LEMMA 2.1. If we letfi, n = S 1 ¥ o then

1= 2 Bn,t,o(:unt - ﬁy,n)(#nt - /ly,n),
t=

(-1 T n—r
+ 2 (1_ Z) Z Bn,t,r[(:u'nt - p’y,n)(:“’n,t+r - ﬁ‘y,n),
=1 t=1
+ (Mn,HT - /'_Ly,n)(lu’nt - ﬁ’y,n)’]
and
n
=nt 2 (/~Lnt - lan)(/*nt - /jLn)’
+ Z bnrn ! 2 [(:U‘nt M (Mn t+7 l_'l’n),
+ (:u’n,t+r - lan)(/-'bnt - /ln)’]-
Thus the condition lim_U,; = 0, ] = 1,2, can be interpreted as a

homogeneity condition on the meanBhe following assumption ensures
Ilmn—>oo n,j O ]

Assumption 2. n‘lE{Ll(um — fin)(png — Bn) = 0(€; 1), where €, =
o(n¥?).

Examples of the processes that satisfy Assumptigh @&e those with
a finite number of properly behaved breaks in meanch asX;, =
mil(t = ky) + wolky <t =ky) + uzlk, <t =n) + Y, whereY, is
a first-order stationary process with mean zero afd denotes the indica-
tor function Assumption 22 entails that the break pointg and k, satisfy
ki, = [nY?7,] andk, = [n¥?r,], wherer; and 7, are fixed constants i(0,1).
Note that the split of observations between regimes is such that the last re-
gime predominatesn that it has the largest proportion of the observations in
the sample

The following consistency result holds under Assumptiordsatd 22 and is
an immediate consequence of the previous remark

COROLLARY 2.1. AssumgX,,} satisfies Assumptions 2.1 and 2.2. Then, if
¢y > wand €, =o(n"?),3,, -3, 50 j=12

This result extends the previous consistency results by K289 and
Politis and Roman§199443 to the case of dependent heterogeneous double ar-
rays of random vectorsvhere the stationary mixing assumption is replaced by
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the more general assumption of possibly heterogeneoudouble array NED
on a mixing process

In particular for j = 2, Corollary 21 contains a version of Theorem 1 of
Politis and Romand19944a as a special cas€onsider a strictly stationary
a-mixing sequencgXj,..., X,} satisfying Assumption 2. Because a mixing
process is trivially NED on itselthe NED requirement is automatically satis-
fied. Corollary 21 achieves the same conclusion as Theorem 1 of Politis and
Romano(19944a under the same moment conditions but weakenixing size
conditions(a, = O(k~*) for someA > 2r/(r — 2) andr > 2 here in contrast to
a, = O(k™) for someA > 3(6 + &)/e ande > 0 therg. We allow more de-
pendence herevith the familiar trade-off between moment and memory con-
ditions Neverthelesswe require the stronger condition thét= o(n%?), i.e.,
nY?p, — oo (with p, = €;* — 0), whereas Politis and Romar{®9944 only
require{,, = o(n), i.e., np, — co. Imposing stationarity in our framework will
ensure thak, — 3., asn — oo, whereX, = var(X;) + 2>, var(Xy, X;.,);
hence in,z — 3 in probability as Politis and Roman@9944 conclude

Similarly, for j = 1, our Corollary 21 specializes to Kiinschid989 Corol-
lary 3.1 when{X;} is a stationaryr-mixing sequenceunder the same moment
conditions and weaked-mixing conditions but under the stronger require-
ment that¢, = o(nY?) instead of¢, = o(n). In particular we show that the
variance oiﬁn,l is of orderO(€?/n), instead of Kiinsch’s sharper res@t{/n),
which explains the loss of = o(n).

The next theorem establishes the first-order asymptotic equivalence between
the MBB and SB distributions and the limiting normal distribution for the multi-
variate sample mead slightly stronger dependence assumption is imposed to
achieve this resuliSpecifically we require{X,.} to beL,. s-NED on a mixing
procesqsee Andrews1988. We strengthen Assumption1Zb) slightly.

2.1(b’") For some smalb > 0, {X.} is Lo.s-NED on{V;} with NED coef-
ficientsv, of size—(2(r — 1)/(r — 2)); {V;} is ana-mixing sequence withy, of
size—((2 + &)r/(r — 2)).

THEOREM 22. Assume{X,,} satisfies Assumptions 2.1 and 2.2 strength-
ened by 2.1(). Lets,, = var(vV/nX,) be positive definite uniformly in n, i.e.,
3, is positive semidefinite for all n andet>,, = « > 0 for all n sufficiently
large. Thenz, = O(1) and

(i) 2 Y2n(X, — fin) = N(O,l4) under P, and

sup|P[Vn2 Y3(X, — fn) = x]— @(X)| =0,

xeR¢

where® is the standard multivariate normal cumulative distribution functisn,
applies to each component of the relevant vector, ardenotes convergence in
distribution. Moreover, ift,, = co and €, = o(n*?), then for anys > 0, and for
=12
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(i) =, ¥2n(X:) — X)) = N(0, 14) under P* with probability P approaching one,
and

P{ SUP|P*[\/ﬁ(X:(j) - Xr*|) = X] - P[\/ﬁ(xn - ﬁn) = X]' > 8} -0,
xeRY

where P is the probability measure induced by the bootstrap, conditional on
{Xnt}?:l-

Forj = 2, this is an extension of Theorem 3 of Politis and Rom&h@943
for stationary mixing observations to the case of NED functions of a mixing
processForj =1 andd = 1, Theorem 22 states a weaker conclusion than does
Theorem 3 of Kiinsch(1989, because we prove convergence in probability
but not almost sure convergend@n the other handve permit heterogeneity
and greater dependence

In part(i) we state the usual asymptotic normality result for the multivariate
sample mearin part(ii) we prove the uniform convergence to zéio proba-
bility) of the discrepancy between the actual distribution/af(X,, — ) and
the block bootstrap approximation to ihis result follows from the fact that
under our assumptions the distributionsgf’2y/n (X)) — X,,), conditional on
Xn1, - --» Xan, CONVerges weakly to the standard multivariate normal distribution
for all double arraygX,,} in a set with probability tending to onén particu-
lar, we apply a central limit theorem for triangular arrays and use Assumption
2.1(b") to ensure that Lyapounov’s condition is satisfied under our heteroge-
neous NED contextAssumption 2L(b) might well be sufficient to verify the
weaker Lindeberg conditigras in Kiinsch(1989 Theorem 3%), although we
have not verified this

Fitzenbergef1997) has recently proved the consistency of the MBB approx-
imation to the true sampling distribution of the sample mean for heterogeneous
a-mixing processedOur result extends his by allowing for near epoch depen-
dence on mixing processelowever in the purely strong mixing caseur
moment and memory conditions are more stringent thanlhiparticular his
Theorem 31 only requiresE| X |?°*? < C, for smalls > 0 andp > 2, and{X,}
strong mixing of size—(p/(p — 2)). Politis et al (1997, Theorem 31) have
also established the robustness of the subsampling method for consistent sam-
pling distribution estimation for heterogeneous and dependent data under mild
moment conditiongE|X;|272® = A < co for somee > 0). Neverthelessthey
also assume a strong mixing proceasymptotic covariance stationarignd
slightly stronger size requirements than ours on the mixing coefficientsf
size—(3(4 + g)/¢)).

A well-known property of the MBB statistis/n (X — X,,) is that its(con-
ditional) expected value is not zermdeed under the MBB resampling scheme
E*(X:®) = 31 ¥t Xnt» Where the weighty,,, are defined as ii2.2). If ¢, =
o(n), one can show thaE*(X;:) = X, + Op(£,/n) (see e.q., Fitzenberger
1997 Lemma Al). Thus the MBB distribution has a random bias
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Vn(E*(X:®) — X,), which is of orderOp(£,/n/?). (For the SB no such prob-

lem exists becausg* (X;?) = X,..) As pointed out by Lahir{1992, this ran-

dom bias becomes predominant for second-order analysis and prevents the MBB
from providing second-order improvements over the standard normal approxi-
mation To correct for this biashe suggests recentering the MBB distribution
around the bootstrap meane., to consider the bootstrap distribution of
Vn(X;:W — E*(X:®)). The following result shows that under the assumptions
of Theorem 22 recentering the MBB distribution around the MBB bootstrap
mean is asymptotically valitto first ordey in this heterogeneous NED context

COROLLARY 2.2 Under the assumptions of Theorem 2.2, forat> 0,
P{ sup|P*[VR(X;® — EX(X:®)) = x] — P[VN(X, — fin) = X]| > } -0,
xeRY

where P is the probability measure induced by tiBB bootstrap, condi-
tional on{X}i-..

Theorem 2 and Corollary 22 justify the use of the MBB and SB distribu-
tions to obtain an asymptotically valid confidence interval for instead of
using a consistent estimate of the variance along with the normal approxima-
tion. For examplean equal tailed1 — «)100% SB confidence interval fqi,,
whend = 1 would be[ X, — g7 (1 — (a/2)), X, — g¢(a/2)], whereq(a/2) and
0i(1 — (a/2)) are thea/2 and 1— (a/2) quantiles of the SB bootstrap distri-
bution of X@ — X,..

3. CONCLUSION

In this paper we establish the first-order asymptotic validity of block bootstrap
methods for the sample mean of dependent heterogeneoudateesults ap-
ply to the moving blocks bootstrap of Kiins€t989 and Liu and Singt{1992
and also to the stationary bootstrap of Politis and Ron{d8843. In particu-
lar, we show that the MBB and the SB covariance estimators for the multivar-
iate sample mean are consistent under a wide class of data generating processes
the processes NED on a mixing proced& also prove the first-order asymp-
totic equivalence between the block bootstrap distributions and the normal dis-
tribution in this heterogeneous NED context

Simulation results for the case of a multivariate linear regres&mh re-
ported hergreveal that the block bootstrap methods compare fairly well with
standard kernel methodm particular delivering better inferences for cases in
which there is relatively high neglected serial correlation in the regression.errors

REFERENCES

Andrews D.W.K. (1984 Non-strong mixing autoregressive processksirnal of Applied Proba-
bility 21, 930-934

Andrews D.W.K. (1988 Laws of large numbers for dependent nonidentically distributed random
variables Econometric Theory, 458—467



BOOTSTRAP AND DEPENDENT HETEROGENEOUS ARRAYS 1377

Bickel, PJ & D.A. Freedman1981) Some asymptotic theory for the bootstr@dmnals of Statis-
tics 9, 1196-1217

Billingsley, P. (1968 Convergence of Probability Measurdsew York: Wiley.

Bollersley T. (1986 Generalized autoregressive conditional heteroskedasticitynal of Econo-
metrics31, 307-327

CarrascoM. & X. Chen(2002 Mixing and moment properties of various GARCH and stochastic
volatility models Econometric Theort8, 17-39

Davidson J (1992 A central limit theorem for globally nonstationary near-epoch dependent func-
tions of mixing processe&conometric Theorg, 313-329

Davidson J (1994 Stochastic Limit TheoryOxford: Oxford University Press

Davidson J (2002 Establishing conditions for the functional central limit theorem in nonlinear
and semiparametric time series procesdesrnal of Econometricd06 243-269

Efron, B. (1979 Bootstrap methodsAnother look at the jackknifeAnnals of Statistics/,
1-26

Engle R.F. (1982 Autoregressive conditional heteroskedasticity with estimates of the variance of
United Kingdom inflation Econometricab0, 987—-1006

FitzenbergerB. (1997 The moving blocks bootstrap and robust inference for linear least squares
and quantile regressiondournal of Econometric82, 235-287

Gallant A.R. & H. White (1988 A Unified Theory of Estimation and Inference for Nonlinear Dy-
namic ModelsNew York: Basil Blackwell

GongalvesS. & H. White (2000 Maximum Likelihood and the Bootstrap for Nonlinear Dynamic
Models UCSD Working paper 2000-32

Hall, P, 1 Horowitz, & B. Jing (1995 On blocking rules for the bootstrap with dependent data
Biometrika82, 561-74

Hansen B.E. (19913 GARCH(1,1) processes are near epoch dependeénbnomics LetterS86,
181-186

HansenB.E. (1991h Strong laws for dependent heterogeneous proceEsesometric Theory,
213-221

HansenB.E. (1992 Erratum Econometric Theory, 421-422

Horowitz, 1 (20013 The bootstrapin J1 Heckman & E Leamer(eds), Handbook of Economet-
rics, vol. 5, pp. 3159-3228Amsterdam Elsevier Science K.

Horowitz, 1 (2001b The bootstrap and hypothesis tests in econometiimsrnal of Econometrics
100 37-4Q

Katz, M.L. (1963 Note on the Berry-Esseen theorednnals of Mathematical Statistic34,
1107-1108

Kiinsch H.R. (1989 The jackknife and the bootstrap for general stationary observationmsals of
Statistics17, 1217-1241

Lahiri, SN. (1992 Edgeworth correction by “moving block” bootstrap for stationary and nonsta-
tionary dataln R. LePage & L Billiard (eds), Exploring the Limits of the Bootstrapp. 183—
214 New York: Wiley.

Lahiri, S.N. (1999 Theoretical comparisons of block bootstrap methdstsnals of Statistic27,
386—-404

Liu, RY. & K. Singh(1992 Moving blocks jackknife and bootstrap capture weak dependénce
R. LePage & L Billiard (eds), Exploring the Limits of the Bootstrajpp. 224—-248 New York:
Wiley.

McLeish D.L. (19795 A maximal inequality and dependent strong lawsnals of Probability5,
616-621

Newey W.K. & K.D. West(1987) A simple positive semi-definiteheteroskedastic and autocorre-
lation consistent covariance matrixconometricab5, 703—-708

Politis, D. & J. Romano(19943 The stationary bootstragournal of the American Statistical As-
sociation89, 1303-1313

Politis, D. & J. Romano(1994h Limit theorems for weakly dependent Hilbert space-valued ran-
dom variables with applications to the stationary bootst&tptistica Sinicad, 461-476



1378 SiLVIA GONCALVES AND HALBERT WHITE

Politis, D. & H. White (2001) Automatic block-length selection for the dependent bootstv&mu-
script University of California San Diego

Politis, D., I Romang & M. Wolf (1997 Subsampling for heteroskedastic time serisirnal of
Econometrics81, 281-317

Serfling R.J (1980 Approximation Theorems of Mathematical Statistidew York: Wiley.

Sin, C.-Y. & H. White (1996 Information criteria for selecting possibly misspecified parametric
models Journal of Econometric§1, 207-225

Singh K. (1981) On the asymptotic accuracy of Efron’s bootstrApnals of Statistic8, 1187-1195

APPENDIX

To conserve spacehis Appendix contains abbreviated versions of the proofs of our
results A version of this Appendix containing detailed proofs is available from the au-
thors upon request

In the proofs for simplicity we will considefX,;} to be real-valuedi.e., d = 1). The
results for the multivariate case follow by showing that the assumptions are satisfied for
linear combination&/,, = \’X,, for any nonzero\ € RY. Throughout the Appendj*<
will denote a generic constant that may change from one usage to arfaihgiermore
we shall use the notatioB!(-) = E(-| ) fort = s, where /! = o (\,...,Vs), with t or
somitted to denotetrco and —oo, respectivelyThe term[x] will denote the integer part
of x. Finally, the subscript in €, andp, will be implicitly understood throughout

The mixingale property of zero mean NED processes on a mixing process is an im-
portant tool in obtaining our resultSee e.g., Davidson(1994 Definition 165) for a
definition of a mixingale We will make use of the following lemmas in our proofs

LEMMA A .1

(i) If {Xn} satisfies Assumption 2.1X — un, F'} is an L-mixingale of size
—((38r = 2)/3(r — 2)), r > 2, with uniformly bounded mixingale constantg.c

(i) If {X,} satisfies Assumption 2.1 strengthened by Assumption’2 it 6 = 4
and r > 2, then{X,; — uni, F'} is an Ly, s-mixingale of size-(3r — (2 + §))/
3(r — 2), with uniformly bounded mixingale constantg.c

LEMMAA 2. Let{Z,, F'} be an ly-mixingale of size- 3 with mixingale constants
Cnt- Then, E(ma)ﬁgn(zltzlznt)z) =0(Z1Ch)-

LEMMA A 3. Let {Zy, F'} be an Ly-mixingale for some p= 2 with mixingale
constants & and mixingale coefficientsyy satisfying >y_;4 < oo. Then,
Imax—n|Zto1 Znill, = OUZ{L1 c2)Y2).

Lemma A1l follows from Corollary 176.(i) of Davidson(1994), Lemma A2 is Theo-
rem 16 of McLeish(1975, and Lemma A3 is a straightforward generalization of Hans-
en’s (1991h maximal inequality forL-mixingales with p = 2, to the double array
setting (Hansen(1992 gives the corrected version of this maximal inequality fox1
p < 2. Here we will only use the result whep = 2, and we omit the case & p < 2.)
The following lemma generalizes Lemm& &) in Gallant and Whit€1988 pp. 99—-100.



BOOTSTRAP AND DEPENDENT HETEROGENEOUS ARRAYS 1379

LEMMA A .4. Assume ¥ is such that EX,;) = 0 and | X,z = A < oo for some
r > 2 and for all nt. If {X,;} is NED on{V,} and{V,} is a-mixing, then for fixed- > 0
andallt<s=t+r,

—(1/r)
|COV(Xnt Xn t+7 anxn s+7 | = Kl(a[(s t)/4] Ut Ul(s— t)/4])

2)/2(r—1) (1/2) (a/r) 2
+ K20[<s /4] + Ks(ap;, + Ua7)%

for some finite constants KK, and Ks.

Proof. First, note that|cov(XnXnts 7, XnsXn s+ 7)| = [E(XntXn, t+7 XnsXn s+2) | +
|E(Xnt Xn, 1) E(XnsXn s17)|. Next, note that] E(Xn X, ¢1-) = A(SAa[lT//Zzﬁl/r + 201,/47)
(see Gallant and Whifel988 pp. 109-110, which implies the last bound on the co-
variance To bound |E (Xt Xn. 11+ XnsXn si-)|, definem =s — t > 0 and Yymy =

t+7+[m/2
o [[wzj](xm XnsXn.1+,) @and note that

‘ E(xnl Xn,t+f anxn, S+T)‘ = ‘ E(Ynmtr Xn,s+7—)|
+ |E(Xn,s+7—(xnt anxn,Hr - Ynmtr))|~ (Al)

Because’,m, is a measurable function N —[ny2), - - - Vier+[my2), it IS measurable-
Fuer+I2 By an application of the law of iterated expectations and repeated applica-
tions of Hélder’s inequality |E(Yome Xn.st-)| = [E(EW7I™2(Y, 0 X0 6i0))] =
AB|EVTHIV2X o lo. To bound [EUFTHIM2X. . |,, note that FiH7HIm2l =
Fstrok C FstroIm2l with k, = m — [m/2] = [m/2], implying that |EtF7[™/2]
Xnsirlz = |ESTTIW2X, o |l» by Theorem 127 of Davidson(1994). By a similar
argument as in McLeisti1975 Theorem 31), we have that|ES™~[W2IX o |, =
Upmya + 5802 Thus |E(Yame Xns+0)| = 23(5Aagmz " + viayay). To bound

[m/4]
the second term itA.1), by the Cauchy—Schwarz mequajmy suffices to show that
| Xt XnsXn. e+ — Yamell2 = Ko{iya? . Following an argument similar to that used

by Davidson(1992 Lemma 35) and writing E;(+) for EX7FJ(4), X for X, Y for Xps,
andZ for X, t+,, we obtain| XYZ— E;(XY2)|> = | XYZ— E;(X)E;(Y)E;(Z)|2 by Theo-
rem 1012 of Davidson(1994). Also, adding and subtracting appropriatdby the trian-
gle inequality | XYZ— E;(X)Es(Y)Ey(Z)| = B(X, X) d(X, %), whereX = (X,Y,2)'; X =
(Es(X), Es(Y), Es(2)); B(X, %) = (I1ZX] + [ZEy(Y)| + |Es(X)Es(Y)]), andd(X, %) =
(IX = Es(X)| + [Y = Es(V)| + [Z — Es(Z2)]). Now apply Lemma 4 of Gallant
and White(1988 p. 47) with b(X) = XYZ b(X) = E;(X)E;(Y)E,(Z), and withr > 2,
g=3r/2, andp = g/(q — 1) = 3r/(3r — 2). This yields | XYZ — E;(XY2)|, =
K(3A2)(r=2/2(r=1)(gy,)(r=2/20=1)  The result follows upon setting = [m/2] =
[(s—t)/2], given thaty, is nonincreasing

Proof of Theorem 2.1. The proof consists of two stepél) showEnJ P 20
and(2) showEnJ (EhJ + Unj) 250.1n (1), we consider an infeasible estlmaﬁ),rJ
that is identical toZn, except that it replace)é7 »andX, in (2.1) and(2.4) with w, for
j = 1,2, respectively

Proof of step 1. (j = 1): DefineZny = Xpt — ot @ndRyi(7) = E(ZntZ t+-). By the
triangle inequality

n {—1n—71
‘E(En,l) - En‘ = 2 |Bn,t,0 - n71|| Rnt(o)| +2 2 2 |Bn,t,r - nilH Rnt(7)| (A2)
=1 r=1t=1

€—1 T n—7 n—1 n—7
+22 2 2 Bar-lRu(M+2 32 07t X [Ry(7)]. (A.3)
=11t t=1 =40 t=1
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The two terms in(A.2) areO(£/(n — £ + 1)) andO(£?%/(n — € + 1)), respectivelyand
therefore they ar@(1). The two terms in(A.3) combined are bounded hkin/(n —
€ + 1)&, wheren/(n — € + 1) - 1, and & = 230°1(r/0)n L ST [Ry(7)|
is O(¢~1) given the assumed size conditions @panduy. Thus lim_.|E(Sn1) —
3, = 0 given thatf, — oo and{ = o(n/?).

To show that vaiS,1) — 0, define Ruo(1) = 31" Bn s ZyZn 14, and write
var(Sny) = 30210 30 @ = (71/0)@ — (JA]/€)cov(Rao(7), Ruo(1). We
show that vafR,o(7)) is O(n/(n — € + 1)), which by the Cauchy—Schwarz inequality
implies the result because!=%,,, 3521, (1 — (|7]/0) (L — (|A|/€)) = €2 and € =
o(n*?). Following Politis and Roman(1994h, write

n—|7|

var(Ryo(7)) = 2 Bit,rvar(zntzn,t+|'r\)
t=1

n—|z| n—|7|

+2 Z 2 Bn,t,rﬁn,srCOV(Znth,tHT\:ZnsZn,s+\7—|)
t=1 s=t+1

1 n—|7|

TR > var(ZyZo s
t=1

2 n—|7| t+|7|

+— COV(Zni Zpy 141715 ZnsZn s |+])
(n_€+1)2 1221 sgi—l| nt <n, t+|7| ns4n,s+|7| ‘

2 - 7]
+ w ; [;Hl|COV(Znth,t+|f\:Znszn,s+|7—\)|y

given thatB,  , =1/(n — ¢ + 1) for all t and 7. For K sufficiently large and given the

mean zero property diZ,.},

(n— ¢+ 12 var(R,o(7))

= KH{A2+ 2 (1/2) (1/r)+ E U[k/4]+ 2 U(r 2)/2(r— 1)}

+Kn(|7lag 5 + [ 7|0fm + 2 leg g Y v ), (A4)
where we used Lemma.Ato bound the covariances wherd s<t + | 7| and a result
similar to Lemma 67(a) in Gallant and Whitg1988 pp. 99-100 whens >t + |7|.
The sums in the curly brackets are finitghereas the last term ifA.4) tends to 0 as
|7] — oo by the size assumptions a andv, their monotonicityand the fact that they
tend to 0 ak — co. Hence var(R,o(7)) = Kn/(n — € + 1)2. ]

Proof of step 2.(j = 1): Define S,; = X110 — (|7]/0) X
n- \r\ Bt Xnt Xn 11| @and write

-1 | | n—|7| _ _
1= Sn,1+ E <1_ ) Z Bntr 7n nt_Xy,an,t+\r|+X$,n) and

T=—4{+1

-1 ‘ | n—|7|
17 S1,1+ E <1_ ) 2 Bntr( Mon, t+\r\xnt /-"ntxn,t+\r|+Mnt/~"n,t+\r|)-

r=—t+1 ¢
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Then in,l - in,l = Anl + Anz + An3 + An4, Where

_ €—1 ‘T| n—|7|
An:L: _(Xy,n_ﬁy,n) E <l_ _> 2 Bn,t,r(zm—i_zn,tﬂﬂ)’

r=—(+1 t) &

€—1 ‘ | n—|7|
Az = 2 <1 ¢ > E Bn t, T(Mnl My,n)zn,tﬂﬂr
T=—4{+1 t=
(-1 ‘T| —
An3: E < _7> E nt,r(Mn,tHTl_ﬁy,n)Znt’
r=—(+1 t=1
-1 |T n—|7| _ _
Ang = 2 (1_ 7) E Bn,t,r(xyz,n_(/*Lnt+/-Ln,t+\7—\)xy,n+/Jvnt/-’“n,tﬂ-r\)r
r=—t+1 t=1

With Ly 0 = 2oy Ve inee If e = pforall t, j, n=p becauseEt 1Ynt = 1, which
implies An, = Az = 0 andAns = (Xo.n — fia.n)?(, because T'ﬁn .. = 1 for every
7. Subsequently we show thETty,n — fyn=0p(€~ 1), which implies thatA,; and A,
areop(1). Thus in 1 inl 2501 Mnt IS not constrained to equal for everyn, t, we
obtainAn, = AL, + Uy 1, where

Ans = (>_(y,n - /*_Ly,n)ze + 2(>_<y,n - ﬁy,n)eﬁ'y,n

_ €—1 ‘7.| n—|7|
- (Xy,n_/ly,n) 2 <l__> E Bn,t,r(“nt—i_/-‘“n,tﬂr\) and
t=1

T=—4{+1 4

-1 n—|7|
Un,1= 2 (1_ |_> 2 Bnu—(l‘«m ﬁy,n)(ﬂn,t+\r\_ﬁy,n)-

T=—{+1

By Theorems 3 and 34 of Kiinsch(1989, U,; = var'(n Y23, ui). Thus it
suffices to show thad\,;, Ano, Ans, andA;,, areop(1).

We now show thakK, n — iy, n = op(€’1) Define ¢ni(X) = wniX, Wherewp; = min{t/
€,1,(n—t+1)/¢}, and note thath(-) is uniformly Lipschitz continuousNext, write
X —fyn=(M—-€+1)" 130, Yo, WhereYy = ¢ni(Zn) is @ mean zero NED array
on {Vt} of the same size a&,; by Theorem 1712 of Davidson(1994), satisfying the
same moment conditionslence by Lemma Al {Y,, F'} is anL,-mixingale of size
—((3r — 2)/3(r — 2)), and thus of size- 1, with uniformly bounded constantand by
Lemma A2 E(maxl<]<n(2t 1Y.)?) = O(n). By Chebyshev’s inequalityfor £ > 0,
PLE(Xyn— Ayn) > e] = (£%/e2(n— €+ D2)E(S{, Yo)? = O(€%n/(n— € + 1)?) =
o(1), if € = o(n¥?). This implies thatA,,, = op(1) and similarlyA,; = 0p(1), given that
S @ (71O S B Zog + Zoe 1) = O(0).

To prove thatAns = 0p(1), define Y, = ontr(n t+|7) = By,n)Znt = Pnt-(Znt), Where
wny = MIn{t/(€ = |7]),1,((n = t = |7 + /(€ = [7]))} and gy (X) = wnie (g, 1117 =
fy,n)X is uniformly Lipschitz continuousArguing as beforefor eachr, {J,, '} is
an L,-mixingale of size —3 by Lemma A1, with mixingale constantsc), =
K max{||Jhe-llar, 1} = K max{| Zn|sr,1} that are boundetuniformly inn, t, andr). Thus
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|| S (- ) =]

) 4 -{(+1 =
1 [l Il n—|7|
N (n7€+1)8 _7—24?+1< ) 2 Jjntr :|
1 T -1 \T| n—|7| 2\1/2
e N ) ES

1 = |7] 1/2 {nv2
< — 1-— (K =K———
(n—€¢+1e _,_Zm( )( 2 (Ga) > } n—€+1%0’

where the first inequality holds by Markov’s inequalitiie second inequality holds by
Jensen’s inequalitythe third inequality holds by Lemma.2 applied to{)},,} for each
7, and the last inequality holds by the uniform boundedness;of The proof ofA,, =
0p(1) follows similarly.

The proof of the theorem for the SB follows closely that for the MBBd we only
present the relevant detailly step 1 let S, = Ryo(0) + 23" 1b,, Rio(7), Where
Roo(r) = n71307 | ZotZn1+r» and follow Gallant and White(1988 p. 111 see
also Newey and Westl987) to showE(S,2) — =, — 0. Let fy(7) = Li=n-1 X
bny — (8~ Y" + v,47) and leté be the counting measure on the positive inte-
gers By the dominated convergence theo:drmnﬁle(En 2) — Sal = limL 2K X

Z1lbn = L m2 Y + vpe) = limy ., [ f.(7) dE(T) = O, given that for each
T E N, liMp_ebn(7) = 1, hence lim_.. f(7) = 0, and given thaﬁ‘,,,l(aﬁﬁj amn 4
vr-s4) < oo by the size conditions oy andwy. To prove that vafs, ,) — 0, it then
suffices that vafR,o(7)) = O(n~1), which implies vars, ) = O((npd)~*) = o(1),
given thatnp? — co.

In step 2 define S,, = N13L X3 + 23021b, N 13T X X o, and let
Ca(r) = 713 X X 1sr — X2 denote thecircular autocovariancewhich is based
on theextendedime serieg X1, ..., Xan, Xn nt15--+> Xn.2n, - .- f, WhereXg isjn = Xp;i for
O=i=n andj =12,...,with X0 = Xnn As in Politis and Roman@1994a Lemma 1,
Ca(7) = Ro(7) + R (n - 7) WhereR n(7) = N7 (X — Xo) (X te — Xn). Using
this propertyS,, = S,» — X2 — 2X2 30 21(1 - (/M)A - p) and

n n
2n,2 = Sn,2 - anl Z Xnt/Jvnt + nil 2 /Jvﬁt
t=1

t=1

t=1 t=1

n—1 T n n
-2 E (1 - E)(l -p)’ <n1 Z xntlu‘n,t+1' +n7t 2 Xn,t+r:u’nt>
=1

n—1
+22<1__>(1 p)’(n lElu’nt/-Lan-)

If wne = p for all n,t thens,, — S, simplifies to —(X, — w)? — 2(X, — w)? X
SM7(1 — (7/n))(1 — p)7, which is Op(€/n), given that(X, — )2 = Op(n~1) by a
central limit theorem for the sample mean and given &t (1 — (7/n))(1 — p)” =
O(pyY). In the more general casgn, — Sno = {m + {n2 + &z + &na + Un 2, Where



BOOTSTRAP AND DEPENDENT HETEROGENEOUS ARRAYS 1383

_ _ n—1 T
;nl = _(Xn - ﬁn)z; fnz = _Z(Xn - ﬁn)z E (1_ a)(l_ p)T;
7=1
n
{3 = -2n7* E (Xt = pone) (Bn = fne)s
t=1
n—1 n—-r
{na=—2 z by, |:n1 2 (Xnt = tn) (B — /-Ln,HT)
=1 t=1
n—r
+nt 2 (Xn,t+-r - I-Ln,t+r)(/1n - ,U«m):|§
t=1
n n—1 n—r
Un,2 =nt 2 (/'Lnt - lan)2 +2 2 bn-:—r]71 2 (/Jvm - /-_Ln)(/-'Ln,IJrT - /-_Ln)
t=1 =1 t=1

Now show that/,; and¢,,, areOp(n~1) andOp(£,/n), respectivelyand that the remain-
ing terms areop(1) by an argument similar to the one used for the MBB to show that
Ani = 0p(1). By Lemma 1 in Politis and Romand 9943, U, , = var*(vVng;@). H

Proof of Lemma 2.1. Immediate from the proof of Theorem12 u

Proof of Corollary 2.1. Immediate from Theorem.2 and the comment that follows it
|

Proof of Theorem 2.2. (i) follows by Theorem 8 in Gallant and Whit¢1988 and
Polya’s theoreme.g., Serfling 198Q p. 20). To prove(ii), first note that

SN D = X,) = 202 (250 — EX(Z D) + S, YA (EX(Z;) - Z,)
+ 32N (Y~ )
=A)) + B+ C{V,
whereZy = Xot — pne @andZi = Xat — uith.

Proof for j = 1. By Lemma A1 of Fitzenbergef1997), E*(Z;:") = Z, + Op(£/n).
Thus B = Op(¢/n"2) = 0p(1), given thats, > « > 0 and¥{, = o(n%?). Also,
E*(C{Y) = O(¢/n) = 0 and vat(C) = 3,¥2U2 — 0, which impliesC® 5 0.
Hence it suffices to prove that\’ = N(0,1), given Z,..., Znn, With probability
approaching oneWrite Z;® = k13K | 14,;, where{U,} are ii.d. with P*(U o =
(Znjor -+ Znjr)/€) =1/(n—€+1),j=0,...,n— £. Thus ~E*(Z§<1)) = E*(Un)
and AY = 2;1/2\/ﬁ(k—12ik:l[uni - E*(Un]) = ik:lzﬂh where Z, =
SAY2n VU, — E*(Un)], given k = n/€. In particular {Z,} are ii.d. with

E*(Zy) = 0 and vat(Zy) = k" 1(2,1/3,). By Katz’s (1963 Berry—Esseen boundor
some smalb > 0O,

n

inl —1-5/2 _
sup|P*| ——— =x| - o(x SK<2’> KE*| Z|?*2.
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Because,,;/3, — 1 by Corollary 21, it suffices to show thakE*|Z,,|2+? £ 0. But

EIKE® | Zp 2| = —— !
nl - €(n_ ¢ +1) n1+(3/2)2r11+(3/2)
n—¢ € 2+6
X E[ > Zntsj +|€E*(Mn,1)|2+s] ; (A.5)
= = 2+6

where the inequality follows by the Minkowski inequalitynder our assumptions

j+i j+e 1/2
nt+ = | max| > Zy =K| > c&| =kKe¢v?
2+8 1=i=C | (=j+1 248 t=j+1

by Lemmas A3 and A4, given that thec, are uniformly bounded Simi-
larly, [€E*(Un1)lars = O(£Y2), which from (A.5), implies E|KE*|Z,|?"?| =
0((¢/n)%?) - 0, given £, = o(n¥?). |

Proof for j = 2. First, note thatB? = 0 because for the SB we has (Z;?) = Z
SecondC? %5 0, given thatE*(n" Y23, (u:® — un)) = 0, by the stationarity of
the SB resampling scheme and given thatyar/? 3L, (i — un)) = Up2 — 0 by
Assumption 22. To prove thatA®® = N(0,1), we verify the condition§C1)—(C3) in
Politis and Romano’s prodfl9944 of their Theorem 2 and refer to their proof for more
details In our more general caseheres , is not assumed to have a limit valdgé , the
appropriate version of these conditions is as follows

(C1) nZ2/np 5 0;
(C2) Co(0) + 237,(1 — PCul(r) — 0 > 0;
(C3) (pM™ )X, 3048, » = (Za/PIP (L= pP° p =0,
where in(C3) S, , is defined as the sum of observations in bldgk,.
Proof of (C1). This follows fromZ, = Op(n~?) (by the CLT) andnp, - co. H

Proof of (02) First, deflneEnoo =C,(0) + 227 11— p)7Ca(r) ands, = Co(0) +
23>0 11 — p)"Cy(7). Next note thatCn(i) = C,(i + nj) foralli =0,1,...,n — 1 and
j=12,..., by the circularity properties of the extended time senmllows thatin o=
Sn+ 257, 30001 = pIC(n + 1) = Sp + (30 + Gh(0)ZZ,(1 — p)" By an
argument similar to the proof of TheoreleorJ = 2, we can show that,, — 3, = 0.
Hence inw P 250, because , and C,,(0) are Op(1) andEJ A —pniis op(l)
givennp, — oo andp, — 0.

Proof of (C3). This follows providedE|> 7 "1 Z,,|2*% = Kb*(¥/2, where the con-
stantK only depends on the mixingale coefficients{&,}. Apply Lemma A4. u

Proof of Corollary 2.2. Immediate from the proof of Theorem22for j = 1. n



