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SUMMARY

Using locally polynomial regression, we develop nonparametric estimators for the con-
ditional density function and its square root, and their partial derivatives. Two measures
of sensitivity to initial conditions in nonlinear stochastic dynamic systems are proposed,
one of which relates Fisher information with initial-value sensitivity in dynamical systems.
We propose estimators for these, and show asymptotic normality for one of them. We
further propose a simple method for choosing the bandwidth. The methods are illustrated
by simulation of two well-known models in dynamical systems.
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1. INTRODUCTION

Nonlinear dynamical systems which exhibit chaos are characterised by the phenomenon
that a small perturbation in the initial condition can lead to a considerable divergence of
the states of the system in the short or medium term. In a deterministic dynamical system,
this phenomenon has been very well documented and is usually analysed by the well-
known Lyapunov exponents (Eckmann & Ruelle, 1985). However, for a stochastic, i.e.
noisy, system, further understanding is required. The issue of initial-value sensitivity in a
stochastic dynamical system is at the heart of a proper understanding of chaos in a random
environment, see e.g., Yao & Tong (1994b), and has in addition important implications
for the theory and practice of nonlinear prediction; see e.g. Yao & Tong (1994a). Tong
(1995) and the discussion therein has summarised the various recent approaches to date,
including those proposed by Crutchfield, Farmer & Huberman (1982), Kifer (1986, p. 27),
Wolff (1992) and Yao & Tong (1994a,b).

The goal of this paper is two-fold. First, we note the increasing recent use of nonpara-
metric density estimation to provide diagnostic tools for nonlinear time series modelling.
Thus Robinson (1991) used the Kullback—Leibler information criterion for testing nested
hypotheses. H. J. Skaug and D. Tjestheim, in the unpublished report ‘Measures of distance
between densities with application to testing for serial independence, applied several
different distance measures for density functions in testing serial independence. See also
Tjostheim (1994) and the references therein. In all the above work, the standard kernel



