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CONSISTENCY OF KERNEL ESTIMATORS OF HETEROSCEDASTIC
AND AUTOCORRELATED COVARIANCE MATRICES

BY ROBERT M. DE JONG AND JAMES DAVIDSON1

1. INTRODUCTION

THIS PAPER DERIVES CONDITIONS for the consistency of kernel estimators of the covari-
ance matrix of a weighted sum of vectors of dependent heterogeneous random variables.
This is a problem that has been studied recently by, among others, Newey and West
Ž . Ž . Ž . Ž .1987 , Gallant and White 1988 , Andrews 1991 , Potscher and Prucha 1991b , An-¨

Ž . Ž .drews and Monahan 1992 , and Hansen 1992 . A leading example of its application is
ˆ Ž .where an estimator u r=1 of a parameter u is known to satisfyn 0

n p
1r2 y1ˆŽ . Ž . Ž .1.1 n u yu yB X u ª 0Ýn 0 n nt 0

ts1

Ž . Ž . Ž .where the random function X u p=1 has mean zero at u , and B r=p is soment 0 n
nonrandom matrix that is usually easily estimated.2 Applying a central limit theorem
Ž . Ž .CLT to the second term in 1.1 leads to

dy1r2X 1r2 ˆŽ . Ž . Ž . Ž .1.2 B V B n u yu ª N 0, In n n n 0 r

Ž .where, letting X sX u ,nt nt 0

n n
XŽ .1.3 V s EX X .Ý Ýn nt ns

ts1 ss1

ˆA complete asymptotic distribution theory for u must incorporate whatever conditionsn
are needed to ensure consistent estimation of V when the array X is dependently andn nt
heterogeneously distributed. An undesirable feature of the above-cited studies is that
they impose conditions stronger in important respects than are known to be required for
the application of a CLT to the same variables. All impose either a form of stationarity
or uniform boundedness in L -norms for some pG2, precluding trending moments. Allp

Ž .except Potscher and Prucha 1991b assume strong or uniform mixing, and also that the¨
true covariance matrix converges to some well-defined limit. Finally, all except Hansen
Ž .1992 assume finite fourth moments. However, while the latter paper was the first to

Ž Ž ..relax the moment restrictions, the proof contains an error see de Jong 1999 , and the
correction involves strengthening the necessary conditions on the bandwidth parameter,
thereby limiting the scope of Hansen’s results.

In this paper, we will bridge the gap between asymptotic normality and consistent
covariance matrix estimation by obtaining conditions for the latter similar to those

Ž . Ž .obtained for the CLTs in Davidson 1992, 1993 and de Jong 1997 . These are the best

1 We thank Benedict Potscher, a co-editor and three anonymous referees for their comments on¨
the paper. The first author thanks Herman Bierens for discussion that eventually led to the proof of
Lemma A-2. Responsibility for any errors is ours alone.

2 X Ž . y1 r2For example, in the linear regression model y sz u qu , we would have X u sn z ut t 0 t n t 0 t t
and B sny1Ýn Ez zX .n ts1 t t
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such results for heterogeneous processes currently known to us. The weak dependence is
characterized by near-epoch dependence on a mixing process, a more general property

Ž .than mixing. We prove our results for stochastic sample-dependent bandwidths for the
kernel estimators, and also show that in the standard cases, a sufficient condition on the
bandwidth for consistency of the variance estimator is that its ratio with the sample size

Ž .converges to zero. Of the above-cited references only Andrews 1991 gives results that
allow for such a behavior of the bandwidth, although under stronger assumptions. Our
central result shows convergence to zero of the difference between the elements of the
estimated and the true covariance matrix. There is no need to assume that the true
covariance matrix itself converges to a well-defined limit. We will argue that relaxing the
so-called size conditions on the sequences measuring dependence for the case of
covariance matrix estimation for root-n consistent minimization estimators is not possi-
ble, and in that sense, our dependence conditions are the best possible. Finally, we are

Ž .able to generalize from the root-n consistency represented in 1.2 , by giving results
subject to the condition

1r2 ˆŽ . Ž . Ž .1.4 n k uyu sO 1n 0 p

where k is a diagonal matrix function of n. This permits such applications as then
Ž . Ž .Phillips-Perron 1988 unit root test and the Phillips-Hansen 1990 fully modified least

squares estimator, but our assumptions also permit nonlinear models involving determin-
istic or stochastic trends.

Section 2 of the paper will present our main results. The proofs can be found in the
Appendix.

2. MAIN RESULTS

The consistency results are inspired by the proofs of the CLTs for possibly trending-
Ž . Ž .variance processes in Davidson 1992, 1993 , and de Jong 1997 , in which showing the

consistency of a certain variance estimate is an essential step. Let
n n

XˆŽ . ŽŽ . .2.1 V s X X k tys rg ,Ý Ýn nt ns n
ts1 ss1

Ž .where k ? is called the kernel function, and g , the bandwidth or lag truncationn
Ž .parameter, is an increasing function of n. X p=1 is to be thought of as a randomnt

Ž .function of parameters u r=1 , which unless we indicate otherwise is evaluated at the
true parameter point u gQ , where Q is a compact, convex subset of R r. More generally0

Ž .we write X u , and our operational estimator isnt

n n
ˆ ˆ ˆ ˆŽ . Ž . Ž . Ž . ŽŽ . .2.2 V u s X u X u 9k tys rg .Ý Ýn n nt n ns n n

ts1 ss1

The array notation allows us to generalize our results, but direct comparability with those
Ž . Ž . y1r2of Andrews 1991 and Hansen 1992 is obtained by considering the case X sn X .nt t
Ž .In this case, 2.1 becomes

n n
Xy1ˆŽ . ŽŽ . .2.3 V sn X X k tys rg .Ý Ýn t s n

ts1 ss1

Ž .We assume that k ? belongs to the function class KK, defined as follows.
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Ž .ASSUMPTION 1: k ? gKK, where

Ž . Ž . w x < Ž . Ž . Ž .2.4 KKs k ? : Rª y1, 1 k 0 s1, k x sk yx ; xgR,½
` `

Ž . Ž .k x dx-`, c j dj-`,H H
y` y`

Ž .k ? is continuous at 0 and at all but a finite number of points ,5
where

`y1 ij xŽ . Ž . Ž . Ž .2.5 c j s 2p k x e dx.H
y`

Ž . 3In Andrews 1991 , function classes KK and KK are defined. Our class KK contains1 2
Ž . ` < Ž . <Andrews’ class KK , since his requirement c j G0 is replaced by H c j dj-`, a2 y`

` Ž . Ž .weaker condition in view of the fact that H c j djsk 0 s1. As Andrews notes, they`
ˆ Ž .class KK corresponds to that for which V u is positive semidefinite with probability2 n

one, and hence class KK contains these cases. The Bartlett, Parzen, Quadratic Spectral,
and Tukey-Hanning kernels, although not the truncated kernel, are all included in KK.4

We need the following assumptions linking the dependence and heterogeneity of the
processes and the permitted bandwidth. First, recall that X is said to be L -near epochnt 2

Ž . 5 Ž < tqm .5 Ž .dependent L -NED on an array V if for mG0, X yE X VV Fd ¨ m22 nt nt nt n, tym nt
tqm Ž� 4. Ž .where VV ss V V , d is a nonstochastic triangular array, and ¨ mn, tym n, tym , . . . , n, tqm nt

5 Ž . Ž . Ž yly« .ª0 as mª`. The sequence ¨ m is said to be of size yl if ¨ m sO m for
Ž . Ž .some «)0. See, e.g., Gallant and White 1988 , Davidson 1994 , for additional details.

ŽASSUMPTION 2: X is L -near epoch dependent of size y1r2 on a strong mixing resp.nt 2
. Ž . Ž Ž ..uniform mixing random array V of size yrr ry2 resp. yrr 2 ry2 , and there exists ant

triangular constant array c such thatnt

Ž . Ž 5 5 .2.6 sup sup X qd rc -`,rnt nt nt
nG1 1FtFn

for some r)2, and

n
2Ž .2.7 sup c -`.Ý nt

nG1 ts1

< < 2 2Under uniform mixing, rs2 is also permitted if X rc is uniformly integrable.nt nt

Ž y1 2 .ASSUMPTION 3: lim g qg max c s0.nª` n n 1F t F n nt

3 Ž .Note that the definition of class KK in Andrews 1991 specifies square-integrability of k, which1
Ž . Ž .is incorrect. This is corrected to absolute integrability as here in Andrews and Monahan 1992 ; see

the footnote on page 955.
4 Ž .The Tukey-Hanning and truncated kernels belong to Andrews’ 1991 KK class, but not to KK .1 2

Ž .See Andrews 1991 for definitions of all these kernel functions.
5 5 5 Ž < < q.1r qIn this paper, the L -norm of a random matrix X is defined as X s Ý Ý E X forqq i j i j

< <qG1. Similarly, ? denotes the Euclidean norm of the appropriate dimension.
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The reference case of the constant array specified here is simply c sny1r2, corre-nt
y1r2 Žsponding to X sn X where X is a stationary sequence. See Davidson 1992,nt t t

. Ž .1993 , de Jong 1997 for a discussion of other examples involving trends. These
dependence conditions match those of the best central limit theorems for NEDrmixing

Ž Ž . Ž ..arrays. It also can be shown see de Jong 1997 and Doukhan, Massart, and Rio 1994
that relaxing the strong mixing size requirement on V , or the L -NED size requirementnt 2
on X , implies that the latter need not be covariance summable. In the reference case ofnt
Ž . y1 Ž n .Ž n X .1.1 with B sB, this would imply that n E Ý X Ý X ª` as nª`, so thatn ts1 t ts1 t

ˆŽ .1.1 would be incompatible with root-n consistency of u . For this case our result is inn
effect the best possible with respect to dependence conditions, when dependence is
characterized by Assumption 2.

Ž .In the reference case, Assumption 3 permits g so n . For comparison, order ofn
Žmagnitude limits placed on the bandwidth in previous consistency proofs under differing

. Ž 1r4.regularity conditions, although generally stronger than ours include o n by Newey
Ž . Ž 1r3. Ž . Ž 1r2 . Ž .and West 1987 , o n by Potscher and Prucha 1991b , o n by Kool 1988 and¨

Ž . Ž . Ž . 6Hansen 1992 , and o n by Andrews 1991 .
ˆ Ž .These assumptions suffice for consistency of V in 2.1 , in which u is implicitlyn 0

known.

THEOREM 2.1: Under Assumptions 1, 2, and 3,

p
V̂ yV ª 0.n n

ˆ ˆ ˆŽ .The next step is to show that V u is asymptotically equivalent to V . For this wen n n
need the following extra assumption.

1r2 ˆŽ . Ž . Ž . Ž .ASSUMPTION 4: a n k u yu sO 1 , where k sdiag k , . . . , k is a determin-n n 0 p n 1n r n
Ž . y1r2 y1 n Ž . Ž .istic r= r matrix; b n k Ý E­ X u r­u is continuous at u uniformly in n; cn ts1 nt 0

there exists NN;Q , an open neighborhood of u , such that,0

2n Ž .­ X unty1Ž .2.8 lim sup E sup k -`,Ý n ­u 9nª` ugNNts1

Ž .and either i

n Ž . Ž .­ X u ­ X unt nty1r2 y1 ij trg nŽ .2.9 sup n k e yE ª0Ý Xn ž /­u ­u 9ugNN ts1 2

Ž . y1r2 Ž .for all jgR, or ii , n g so 1 andn

Xn Ž . Ž .­ X u ­ X unt nty1 y1Ž . Ž .2.10 sup k k sO 1 .Ý n n p­u ­u 9ugNN ts1

6 Ž . Ž 1r2 .Andrews 1991 also shows that bandwidths growing faster than o n can never be optimal
under a mean squared error optimality criterion. However, the MSE condition is only relevant when
fourth moments of the data exist, and hence for only a subset of the cases covered by our
assumptions.
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Ž .In case 1.1 for example, we would set k sI. For a different choice of k , Assumptionn n
ˆŽ .4 a allows the elements of u to converge at different rates.

THEOREM 2.2: Under Assumptions 1, 2, 3, and 4,

p
ˆ ˆŽ .V u yV ª 0.n n n

Ž .If Assumption 4 i applies, Assumption 3 represents the only restrictions on the
Ž .bandwidth for this result. The complex-valued weights in 2.9 lie on the unit circle, and,

if it holds in their absence, a uniform law of large numbers for heterogeneous processes
could usually be adapted to this case by considering the real and imaginary parts
separately. Lower-level assumptions sufficient for the convergence in L cannot be cited2

Ž .without referring specifically to the functional form of X u , but we note that arbitrarynt
mixing and NED sizes are often sufficient, and various results exist for extending the
NED property to transformations of an NED process.7 It might suffice merely to extend
Assumption 2 to hold uniformly on NN, for example. Also note, in this connection, that

Ž .conditions similar to Assumption 4 i often need to be invoked to prove the convergence
Ž .represented in 1.1 .
Ž .Assumption 4 ii accommodates processes with deterministic or stochastic trends, and

Ž .in a linear model, corresponds to Assumption V3 of Hansen 1992 . Thus, letting Wt
ˆ y1r2 X̂Ž . Ž . Ž .r=1 represent an I 1 vector of cointegrated variables, suppose X u sn u W isnt n n t

ˆ 1r2the normalized OLS residual. u is n-consistent and we can set k sn I. In this casen n
the assumption is trivially satisfied under standard regularity conditions, although note

Ž . Ž . Ž .that assumption 4 i fails because with I 1 variables, the array in 2.9 converges weakly
to a random limit, but not in probability. However, unlike Hansen’s, our assumption still
allows the gradient to depend on u and accordingly permits nonlinear models involving
trends.

We lastly establish a result that allows bandwidths to be stochastic. See Andrews and
Ž . Ž .Monahan 1992 and Newey and West 1994 for discussion of such procedures. While

the optimal bandwidths discussed in those papers are justified on the MSE criterion,
which is available only when fourth moments exist, our result can be thought of as
reassuring practitioners of the consistency of these estimators even if the fourth moment

ˆ ˆ ˆ ˆ ˆŽ . Ž .condition fails. Let V u , d denote V u as before, but evaluated at the possiblyn n n n n
ˆstochastic bandwidth d instead of g .n n

THEOREM 2.3: Assume that Assumptions 1, 2, 3, and 4 hold. In addition, assume that
ˆ Ž . Ž .d sa g , where a sO 1 and 1ra sO 1 , g satisfies the bandwidth conditions of theˆ ˆ ˆn n n n p n p n

Ž . Ž .assumptions, and for all «g 0, 1 , k ? satisfies

`
Ž . Ž .2.11 sup k a x dx-`H

y` w xag « , 1r«

and

`
Ž . Ž .2.12 sup c aj dj-`.H

y` w xag « , 1r«

7 Ž .See Davidson 1994, Chapters 17 and 19 for further information on these issues.
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Then
p

ˆ ˆ ˆŽ .2.13 V u , d yV ª 0.Ž .n n n n

Ž .Note that the conditions on k ? that are imposed in Theorem 2.3 are satisfied for the
Bartlett, Parzen, Quadratic Spectral, and Tukey-Hanning kernels.

Dept. of Economics, Michigan State Unï ersity, East Lansing, MI 48824, U.S.A.
and

Cardiff Business School, Aberconway Bldg., Colum Dr., Cardiff, CF1 3EU, United
Kingdom; da¨idsonje@cardiff.ac.uk; http:rrwww.cf. ac.ukrwwccrcarbsrda¨idsonjer

Manuscript receï ed June, 1996; final re¨ision receï ed January, 1999.

APPENDIX : PROOFS

Ž .In the proofs and associated lemmas we assume for simplicity that X is real-valued i.e. ps1 .nt
Ž .As pointed out by Newey and West 1987 , the results can be extended directly to vector-valued X ,nt

provided the assumptions hold for the scalars l9X for all conformable nonzero fixed vectors l.nt
The proofs require the mixingale concept. Let HH denote an array of s-fields that is nondecreas-nt

� 4ing in t for each n. The array Y , HH , is called an L -mixingale of size yl if for a triangularnt nt 2
Ž .constant array c the mixingale magnitude indicesnt

Ž . Ž < . Ž .A-1 Y yE Y HH Fc c mq1 ,nt nt n , tqm nt2

Ž . Ž < . Ž .A-2 E Y HH Fc c m ,nt n , tym nt2

Ž . Ž yl y« . � 4for mG0, and c m sO m for some «)0. Assumption 2 implies that Y , HH is ant nt
mixingale of size y1r2 with mixingale magnitude indices c as defined therein, for HH snt nt
Ž� 4. Ž .s V , V . This follows by Theorem 17.5 of Davidson 1994 . In this Appendix, HH willnt n, ty1, . . . nt

Ž Ž ..denote this sigma field. We will make use of the following result Theorem 1.6 of McLeish 1975 :

� 4LEMMA A.1: Let Y , HH be a real ¨alued L -mixingale of size y1r2 with mixingale magnitudent nt 2
Ž n .2 Ž n 2 .indices c . Then E Ý Y sO Ý c .nt ts1 nt ts1 nt

w x w x w xPROOF OF THEOREM 2.1: Define b s g rd and r s nrb where x denotes the largestn n n n
integer not exceeding x,

y1 r22 2 y2 y1Ž . Ž . Ž . Ž .A-3 h x s d 2p exp yx d 2 ,d

2n nyt
y1 r2Ž . Ž . Ž < <.A-4 V s g X k lrg 1 lÝ Ý1 nd n n , tq l n w0, n xž /

tsynq1 ls1yt

nyt
y1 r2 Ž .= g X h jrg ,Ýn n , tq j d nž /js1yt

2n nyt
y1 r2Ž . Ž . Ž < <. Ž < <.A-5 V s g X k lrg 1 l 1 lÝ Ý2 nd n n , tq l n w0, b x w0, n xnž /

tsynq1 ls1yt

nyt
y1 r2 Ž .= g X h jrg ,Ýn n , tq j d nž /js1yt
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and

2n nyt
y1 r2Ž . Ž . Ž < <.A-6 V s g X k lrg 1 lÝ Ý3nd n n , tq l n w0, b xnž /

tsynq1 ls1yt

nyt
y1 r2 Ž . Ž < <.= g X h jrg 1 j ,Ýn n , tq j d n w0, b xnž /js1yt

Ž . w xwhere 1 ? denotes the indicator function of the interval a, b . Note thatw a, b x

ˆŽ . 5 5A-7 V yV 1n n

ˆ5 5 5 5 5 5F V yV q V yV q V yV1 1 1n 1 nd 1 nd 2 nd 2 nd 3nd

5 5 5 5 5 5q V yEV q EV yEV q EV yEV1 1 13nd 3nd 3nd 2 nd 2 nd 1 nd

ˆ ˆ5 5 < <q EV yEV q EV yV11 nd n n n

ˆ5 5 5 5 5 5F2 V yV q2 V yV q2 V yV1 1 1n 1 nd 1 nd 2 nd 2 nd 3nd

ˆ5 5 < <q V yEV q EV yV .13nd 3nd n n

Ž .The four lemmas that follow show that each of the terms on the right-hand side of A-7 vanishes if
we first take the lim sup as n approaches infinity and then, if required, the limit as dª0. Q.E.D.

LEMMA A.2: Under Assumption 1, 2, and 3,

ˆ5 5lim lim sup V yV s0.1n 1 nd
dª0 nª`

Ž . ` Ž . Ž .PROOF: First note that k x sH exp ij x c j dj , by the inversion formula for Fouriery`

Ž . Ž .transforms. Therefore, using the fact that k ? and hence c ? are even functions,

2 2n n
`ˆŽ . Ž . Ž . Ž .A-8 V s X cos tjrg q X sin tjrg c j dj .H Ý Ýn nt n nt nž / ž /ž /y` ts1 ts1

Next, note that

n n

Ž . ŽŽ . .A-9 V s X X k tys rg ,Ý Ý1 nd nt n s nd n
ts1 ss1

where

n
y1Ž . Ž . Ž . Ž .A-10 k x sg k lrg h xq lrg .Ýnd n n d n

lsyn

Ž .The inverse Fourier transform of k ? can be shown to bend

` 2 2y1 y ij x yd j r2Ž . Ž . Ž . Ž .A-11 2p e k x dxsc j eH nd n
y`

where

n
y1 ij l rg nŽ . Ž . Ž . Ž .A-12 c j s g 2p k lrg e ,Ýn n n

lsyn
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Ž . Ž . Ž .and note that for all xgR, lim c x sc x . From the representation of equation A-8 andnª` n
5 5the properties of ? , it follows that1

2 2n n
`ˆŽ . 5 5 Ž . Ž .A-13 V yV F E X cos tjrg qE X sin tjrg1 H Ý Ýn 1 nd nt n nt nž / ž /ž /y` ts1 ts1

< Ž . Ž . yd 2 j 2 r2 <= c j yc j e dj .n

Therefore, by Lemma A.1,

ˆŽ . 5 5A-14 V yV 1n 1 nd

` `2 2 2 2yd j r2 yd j r2< Ž . Ž . < < Ž . Ž . <sO c j yc j e djq c j yc j e djH H nž /y` y`

and by first taking the lim sup as nª` and then the limit as dª0, the result follows by dominated
convergence. Q.E.D.

LEMMA A.3: Under Assumptions 1, 2, and 3,

Ž . 5 5A-15 lim lim sup V yV s0,11 nd 2 nd
dª0 nª`

and

Ž . 5 5A-16 lim lim sup V yV s0.12 nd 3nd
dª0 nª`

Ž . Ž .PROOF: We prove A-15 , the case of A-16 being similar.

Ž . 5 5A-17 V yV 11 nd 2 nd

2n nyt
y1 r2 Ž . Ž < <. Ž < <.s g X k lrg 1 l 1 lw b q1, `Ý Ýn n , tq l n w0, n x n .ž /

tsynq1 ls1yt

nyt
y1 r2 Ž .= g X h jrgÝn n , tq j d nž /js1yt 1

1r22n nyt
2y1 2 Ž . Ž < <. Ž < <.F g c k lrg 1 l 1 lw b q1, `Ý Ýn n , tq l n w0, n xn .ž /

tsynq1 ls1yt

1r22n nyt
2y1 2 Ž .= g c h jrgÝ Ýn n , tq j d nž /tsynq1 js1yt

1r2
` 2Ž .sO k x dx ª0Hž /ž /1rd

as dª0, where the inequality is got by successively applying the Cauchy-Schwarz inequality, Lemma
A.1, and a second application of Cauchy-Schwarz. Q.E.D.
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LEMMA A.4: Under Assumptions 1, 2, and 3,

Ž . 5 5A-18 lim V yEV s013nd 3nd
nª`

for all d)0.

PROOF: Write

2n

Ž .A-19 V s Y ZÝ3nd nt nt
tsynq1

where

nyt
y1 r2Ž . Ž . Ž < <.A-20 Y sg X k lrg 1 l ,Ýnt n n , tq l n w0, b xn

ls1yt

nyt
y1 r2Ž . Ž . Ž < <.A-21 Z sg X h jrg 1 j .Ýnt n n , tq j d n w0, b xn

js1yt

Note that these are sums of at most b terms. Also definen

nyt
22 y1 2Ž . Ž . Ž < <.A-22 f sg c k lrg 1 l ,Ýnt n n , tq l n w0, b xn

ls1yt

nyt
22 y1 2Ž . Ž . Ž < <.A-23 c sg c h jrg 1 j .Ýnt n n , tq j d n w0, b xn

js1yt

2 2 2 2 Ž .Note that Y rf and Z rc are uniformly integrable by Lemma 3.2 of Davidson 1992 and thent nt nt nt
Ž . Ž . Ž . Ž .discussion following that lemma. Define h K, x sx1 x qK1 x yK1 x , andwyK , K x ŽK , `. Žy`, yK .

˜ ˜Ž . Ž .let K be some constant to be chosen. Let Y sh K f , Y and Z sh K c , Z . Then weh nt h nt nt nt h nt nt
have

2n
˜ ˜Ž .A-24 lim sup Y Z yY ZÝ nt nt nt nt

nª` tsynq1 1

2n

Ž < <.F lim sup Y Z 1 YŽK f , `Ý nt nt nth nt xžnª` tsynq1 1

2n

Ž < <.q Y Z 1 ZÝ nt nt ŽK c , `. nth nt /tsynq1 1

1r22 2Y Ynt nt
2FC sup E 1ŽK , `.2 2hž / ž /ž /f ft , nG1 nt nt

1r22 2Z Znt nt
2qC sup E 1ŽK , `.2 2hž / ž /ž /c ct , nG1 nt nt

-h

for some constant C)0 by a large enough choice of K and becauseh

2n
2 2Ž . Ž .A-25 sup c qf -`Ý nt nt

nG1 tsynq1
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˜ ˜by assumption. Next, note that for Y Z we have for mG0nt nt

tqb mn˜ ˜ ˜ ˜Ž . <A-26 Y Z yE Y Z VVnt nt nt ntž /n , tyb mn 2

tqb m tqb m tqb mn n n˜ ˜ ˜ ˜ ˜ ˜< < <F Y yE Y VV Z q E Y VV Z yE Z VVnt nt nt nt nt ntŽ . Ž . Ž .ž / ž /n , tyb m n , tyb m n , tyb mn n n2 2

tqb m tqb m tqb mn n n˜ ˜ ˜ ˜ ˜ ˜5 5 < < <F Z Y yE Y VV q E Y VV Z yE Z VV`nt nt nt nt nt ntŽ . Ž . Ž .n , tyb m n , tyb m n , tyb mn n n2 ` 2

nyt
y1 r2y« y1 2 Ž < <.sO m g c 1 j ,Ýn n , tq j w0, b xnž /js1yt

for «)0, in view of the near-epoch dependence assumption on X .nt
X w xWe now introduce a blocking scheme. Define r s 3nr2b , and note thatn n

X Ž .r 2 iy1 b yn2 n n n

˜ ˜ ˜ ˜Ž .A-27 Y Z s Y ZÝ Ý Ýnt nt nt nt
tsynq1 is1 Ž .ts 2 iy2 b ynq1n

rX 2 ib yn 2 nn n

˜ ˜ ˜ ˜q Y Z q Y ZÝ Ý Ýnt nt nt nt
Xis1 Ž . tsr b ynq1ts 2 iy1 b ynq1 n nn

rX rX
2nn n

X ˜ ˜' U q U q Y Z .Ý Ý Ýni ni nt nt
Xis1 is1 tsr b ynq1n n

For the last term, we have

2n
2˜ ˜Ž . Ž .A-28 Y Z sO b max c so 1Ý nt nt n ntž /

X 1FtFntsr b ynq1n n 1

by assumption. We will analyze the sum of the U , noting that the case of the U X is analogous. Theni ni
Ž .assertion of the lemma follows if we can show that the first term of Equation A-27 obeys a law of

large numbers. Define

iqm Ž� 4.WW ss V , . . . , Vn , iym n , Ž2 iy2 my2.b ynq1 n , Ž2 iq2 my1.b ynn n

and note that U is near epoch dependent on WW because for mG1ni ni

Ž . 5 Ž < iqm . 5A-29 U yE U WW 2ni ni n , iym

Ž .2 iy1 b ynn
iqm˜ ˜ ˜ ˜5 Ž < . 5F Y Z yE Y Z WW 2Ý nt nt nt nt n , iym

Ž .ts 2 iy2 b ynq1n

Ž .2 iy1 b ynn
tqm bn˜ ˜ ˜ ˜ <F Y Z yE Y Z VVÝ Ž .nt nt nt nt n , tym bn 2

Ž .ts 2 iy2 b ynq1n

Ž .2 iy1 b yn nytn
y1 r2y« y1 2 Ž < <.sO m g c 1 jÝ Ýn n , tq j w0, b xnž /Ž . js1ytts 2 iy2 b ynq1n
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tqm bn iqm wŽ . Žwhere the second inequality follows because VV :WW for tg 2 iy2 b ynq1, 2 iyn, tym b n, iym nn
. x Ž .1 b yn and mG1, and the last step is by A-26 . For ms0, the relevant result isn

Ž . 5 Ž < i . 5 5 5A-30 U yE U WW F2 U2 2ni ni ni ni

Ž .2 iy1 b yn nytn
y1 2 Ž < <.sO g c 1 j .Ý Ýn n , tq j w0, b xnž /Ž . js1ytts 2 iy2 b ynq1n

We conclude that U is also an L -mixingale of size y1r2 with respect to the FF sni 2 ni
Ž� 4.s V , V because for all mG1n, 2 i b yn n, 2 i b yny1, . . .n n

Ž . Ž < .A-31 E U FF yEUni n , iy2 m ni 2

Ž .2 iy1 b yn nytn
y1 2 y1r2y«Ž < <.sO g c 1 j mÝ Ýn n , tq j w0, b xnž /Ž . js1ytts 2 iy2 b ynq1n

Ž . Ž .similarly to Davidson 1994, Theorem 17.5 . For ms0, the result from Equation A-30 can again be
used. Finally, note that from Lemma A.1 it follows that

X X2r rn n
2Ž .A-32 E U yEU sO hÝ Ýni ni niž /

is1 is1

where the h denote the mixingale magnitude indices of U . Therefore, the lemma holds becauseni ni

2X Ž .r 2 iy1 b yn nytn n
y1 2Ž . Ž < <.A-33 lim g c 1 jÝ Ý Ýn n , tq j w0, b xnnª` ž /is1 Ž . js1ytts 2 iy2 b ynq1n

X Ž .r 2 iy1 b yn nytn n
y1 2 Ž < <.F lim g c 1 jÝ Ý Ýn n , tq j w0, b xnnª` is1 Ž . js1ytts 2 iy2 b ynq1n

Ž .2 iy1 b yn nytn
y1 2 Ž < <.= max g c 1 jÝ Ýn n , tq j w0, b xnX1FiFrn Ž . js1ytts 2 iy2 b ynq1n

2 Ž .sO g max c so 1n ntž /
1FtFn

under the conditions stated. Q.E.D.

LEMMA A.5: Under Assumptions 1, 2, and 3,

ˆŽ . < <A-34 lim EV yV s0.n n
nª`

Ž < . Ž < .PROOF: Let Y sE X HH yE X HH , and note thattk nt n, tyk nt n, tyky1

`

Ž .A-35 X s YÝnt tk
ksy`

and also that

Ž .A-36 EY Y s0tk tqm , iqm

unless isk. Further, letting

Ž . Ž < .A-37 j s E X HHtk nt n , tyk 2
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and

Ž . Ž < .A-38 z s X yE X HH ,tk nt nt n , tqk 2

we have

Ž . 5 5 2 2 2 2 2A-39 Y sj yj sz yz .2tk tk t , kq1 t , ky1 t , k

Ž .Substituting from de Jong 1997, Lemma 3 , we have

0
1r2 1r22 2 2 2Ž . < < Ž . Ž .A-40 EX X F j yj j yjÝnt n , tq j tk t , kq1 tq j , kq j tq j , kq jq1

ksy`

`
1r2 1r22 2 2 2Ž . Ž .q z yz z yzÝ t , ky1 tk tq j , ky jy1 tq j , ky j

ks1

Ž . Ž .where on the assumptions, j Fc c k for kG0, and z Fc c kq1 for kG0, where thetk nt tk nt
Ž .numbers c k are from the mixingale definition. Therefore,

n nyt
ˆŽ . < < Ž Ž ..A-41 EV yV F2 EX X 1yk jrgÝ Ýn n nt n , tq j n

ts1 js0

F2T q2Tn1 n2

where

0 n nyt
1r2 1r22 2 2 2Ž . Ž . Ž . Ž .A-42 T s j yj 1yk jrg j yjÝ Ý Ýn1 tk t , kq1 n tq j , kq j tq j , kq jq1

ksy` ts1 js0

and

` n nyt
1r2 1r22 2 2 2Ž . Ž . < Ž . <Ž .A-43 T s z yz 1yk jrg z yz .Ý Ý Ýn2 t , ky1 tk n tq j , ky jy1 tq j , ky j

ks1 ts1 js0

� 4̀Take T as representative. Define a summable sequence b by setting b s1 and b sn1 m ms0 0 m
y1 Ž .y2m log mq1 for mG1. Two applications of the Cauchy-Schwarz inequality yield

0 n nyt
1r2 1r22 2 2 2Ž . Ž . Ž . Ž .A-44 T s j yj 1yk jrg j yjŽ .Ý Ý Ýn1 tk t , kq1 n tq j , kq j tq j , kq jq1ž /ksy` ts1 js0

1r20 n
2 2Ž .F j yjÝ Ý tk t , kq1ž /

ksy` ts1

1r22n nyt
1r21r2 y1r2 2 2Ž Ž . . Ž .= b 1yk jrg b j yjÝ Ý j n j tq j , kq j tq j , kq jq1Ž .ž /ž /ts1 js0

1r20 n
2 2Ž .F j yjÝ Ý tk t , kq1ž /

ksy` ts1

1r2
n nyt `

2y1 2 2Ž . Ž Ž ..= b j yj b 1yk jrg .Ý Ý Ýj tq j , kq j tq j , kq jq1 j nž /ž /ts1 js0 js0
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� 4 n ny t n sy1Note that for any array h ,Ý Ý h sÝ Ý h , and therefore in particulars j ts1 js0 tq j, j ss1 js0 s j

n nyt
y1 2 2Ž . Ž .A-45 b j yjÝ Ý j tq j , kq j tq j , kq jq1

ts1 js0

n sy1
y1 2 2Ž .s b j yjÝ Ý j s , kq j s , kq jq1

ss1 js0

n sy2
1 y1 2 y1 2Ž .F b yb j qb jÝ Ý jq1 j s , kq jq1 0 s , kq1ž /ss1 js0

Ž .sO 1

by assumption. Therefore,

1r21r20 n `
22 2Ž . Ž . Ž Ž ..A-46 T sO j yj b 1yk jrgÝ Ý Ýn1 tk t , kq1 j nž / ž /žž /ksy` ts1 js0

Ž .so 1
y1 Ž .where it is used that lim g s0 and k 0 s1. This concludes the proof. Q.E.D.nª` n

ˆ ˆ ˆ p< Ž . <PROOF OF THEOREM 2.2: In view of Theorem 2.1, the result follows if V u yV ª 0. Definen n n
the r-vector

­ Xnty1Ž . Ž .A-47 W u sk .nt n ­u

Also define
n n

Ž . Ž . Ž . ŽŽ . .f u , u s X u X u 9k tys rgÝ Ýn 1 2 nt 1 n s 2 n
ts1 ss1

ˆ Ž . Ž .such that V u s f u , u . First-order Taylor’s expansions around u , successively of f withn n 0 n
respect to u , and then of f and ­ f r­u with respect to u , yield1 n n 1 2

n n tys
ˆ ˆ ˆ ˆ ˜Ž . Ž . Ž .A-48 V u yV s2 u yu 9k W X kÝ Ýn n n n 0 n nt n s ž /gnts1 ss1

n n tys
Xˆ ˜ ˜ ˆŽ . Ž .q u yu 9k W W k u yu kÝ Ý n 0 n n s nt n n 0 ž /gnts1 ss1

˜ Žwhere W represents W with its elements evaluated at unspecified points in general different innt nt
ˆ.each term on the line segment joining u and u . The last term here converges in probability to0 n

1r2 ˆŽ . Ž .zero because n k u yu sO 1 by assumption, and for n large enough,n n 0 p

n n tys
Xy1 ˜ ˜Ž .A-49 n l9W W lkÝ Ý n s nt ž /gnts1 ss1 1

ny1 n 2j
y1 Ž .Fn k sup l9W uÝ Ý ntž /gn ugNNjsynq1 ts1 2

ny1
y1 Ž .sO n k jrgÝ nž /jsynq1

Ž . Ž .sO g rn so 1n

ˆfor any l/0, by assumption. Note that consistency of u implies that the inequality holds for any NN,n
with n large enough.
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Ž .To show that the first term of A-48 also converges in probability to zero, suppose first that
Ž . Ž .Assumption 4 i holds. Letting W denote W u , note thatnt nt 0

n n tys
ˆ ˜Ž . Ž .A-50 uyu 9k W X kÝ Ý 0 n nt n s ž /gnts1 ss1
n n tys

ˆ ˜Ž . Ž .s uyu 9k W yEW X kÝ Ý 0 n nt nt n s ž /gnts1 ss1
n n tys

ˆŽ .q uyu 9k EW X k .Ý Ý 0 n nt n s ž /gnts1 ss1

1r2 ˆŽ . Ž . Ž .The first term of A-50 converges in probability to zero because n k uyu sO 1 andn 0 p

n n tys
y1 r2 ˜Ž . Ž .A-51 n l9 W yEW X kÝ Ý nt nt n s ž /gnts1 ss1 1

n n
` yi j srg y1r2 ij trgn n˜Ž . Ž .F X e n l9 W yEW e c j djH Ý Ýn s nt ntž / ž /y` ss1 ts1 1

n n
`

ij trg y1r2 ij trgn nŽ .F X e sup n l9 W yEW eH Ý Ýnt nt ntžy` ugNNts1 ts12 2

n
y1 r2 ij trg n˜Ž . Ž .q n l9 EW yEW e c j djÝ nt nt /ts1 2

Ž .so 1
for any l/0, by assumption. Also,

2n n tys
ˆ ˆ ˆŽ . Ž . Ž . Ž .A-52 u yu 9k EW X k sn u yu 9k M k u yuÝ Ý n 0 n nt n s n 0 n n n n 0ž /ž /gnts1 ss1

where
n n n n tys iy j

Xy1Ž .A-53 M sn EW EW X X k k .Ý Ý Ý Ýn nt n j n s ni ž / ž /g gn nts1 ss1 is1 js1

Since M is a positive semidefinite matrix, the result now follows if we can show that l9M lª0 forn n
any l/0. To prove this, first note that from the proof of Lemma A.5,

1r2n n n n
2 2 2 2Ž .A-54 EX X a a sO c a c aÝ Ý Ý Ýni n s ni j n st n i n i j n s n stž /ž /is1 ss1 is1 ss1

for L -mixingale random variables X of size y1r2, and any deterministic array a . Therefore,2 nt n st
under the assumptions,

1r22 2n n n niy j tys
y2 2 2Ž . < < < <A-55 l9M lsC l9EW l9EW n c k c kÝ Ý Ý Ýn nt n j ni n sž / ž /ž /g gn nts1 js1 is1 ss1

21r22n n tys
y1 2< <sC l9EW n c kÝ Ýnt n s ž /ž /gž /nts1 ss1

2n n n tys2 y1 2< <FC l9EW n c kÝ Ý Ýnt n s ž /ž / ž /gnts1 ss1 ts1

Ž . Ž .sO g rn so 1 ,n
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for C)0, where the second inequality follows from the Cauchy-Schwarz inequality.
Ž . ŽNow suppose that Assumption 4 ii holds. In this case we may argue similarly to Hansen’s 1992,

˜. Ž .p. 971 inequality A4 , except that we replace Hansen’s d X by W , to argue thatT t nt

n n tys
y1 r2ˆ ˜Ž . Ž . Ž . Ž .A-56 u yu 9k W X k sO n g so 1 .Ý Ý n 0 n nt n s p n pž /gnts1 ss1

This concludes the proof. Q.E.D.

w xPROOF OF THEOREM 2.3: By assumption, a can be made an element of the interval « , 1r« forˆ
Ž . Žsome small «g 0, 1 with arbitrarily large probability. Furthermore it is well-known see, e.g., Newey

Ž ..1991 that

p
ˆ ˆŽ . Ž .A-57 sup V u , ag yV ª 0n n n n

w xag « , 1r«

ˆ ˆ ˆ ˆ< Ž . < Ž .if V u , ag yV converges to zero pointwise in a and V u , ag yV is stochasticallyn n n n n n n n
w xequicontinuous on « , 1r« . Pointwise convergence follows from the results that were established

ˆ ˆ ˆŽ . Ž .earlier. Stochastic equicontinuity follows if both of the terms V u , ag yV and V u , ag yn 0 n n n n n
ˆ Ž . w xV u , ag are stochastically equicontinuous on « , 1r« . The first of these results follows becausen 0 n

ˆŽ . Ž .A-58 V u , agn 0 n

2 2n n
`

Ž . Ž . Ž .s X sin tjrag q X cos tjrag c j djH Ý Ýnt n nt nž / ž /ž /y` ts1 ts1

2 2n n
`

Ž . Ž . Ž .s X sin tfrg q X cos tfrg c af a dfH Ý Ýnt n nt nž / ž /ž /y` ts1 ts1

so

ˆ ˆŽ . < Ž . Ž . <A-59 sup sup V u , ag yV u , a 9gn 0 n n 0 n
w x w x < <ag « , 1r« a 9g « , 1r« : aya 9 -h

2 2n n
`

Ž . Ž .F E X sin tfrg qE X cos tfrgH Ý Ýnt n nt nž / ž /ž /y` ts1 ts1

Ž . Ž .= sup sup c af ayc a 9f a 9 df .
w x w x < <ag « , 1r« a 9g « , 1r« : aya 9 -h

Therefore, using Lemma A.1 again, it is easily seen that

ˆ ˆŽ . Ž . Ž .A-60 lim lim sup E sup sup V u , ag yV u , a 9g s0,n 0 n n 0 n
hª0 nª` w x w x < <ag « , 1r« a 9g « , 1r« : aya 9 -h

ˆ Ž .which implies stochastic equicontinuity of V u , ag yV . To show the second result, considern 0 n n
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Ž . Ž .equation A-48 . By the reasoning leading up to equation A-49 , it is easily shown that

n n tys
Xy1 ˜ ˜Ž .A-61 sup n W W kÝ Ý nt nt ž /agnw xag « , 1r« ts1 ss1 1

ny1 j
y1sO n sup kÝ ž /ž /agnw xag « , 1r«jsynq1

Ž . Ž .sO g rn so 1n

by assumption, where W is defined as before. Therefore, for proving stochastic equicontinuity ofnt
ˆ ˆ ˆ ˆ y1 r2Ž . Ž . Ž . Ž .V u , ag yV u , ag it is sufficient since k u yu sO n to show thatn n n n 0 n n n 0 p

n n
˜Ž . Ž . ŽŽ . .A-62 T a s l9W X k tys ragÝ Ýn nt n s n

ts1 ss1

is stochastically equicontinuous, where l is any nonzero r-vector. This is shown by noting that

n n
` yi sj rg i tj rgn n˜Ž . Ž . Ž .A-63 T a s X e l9W e ac aj dj ,H Ý Ýn nt ntž / ž /y` ss1 ts1

and therefore for some C)0 and n large enough,

Ž . Ž . Ž .A-64 E sup sup T a yT a 9n n
w x < <ag « , 1r« aya 9 -h

n n
`

i tj rg i tj rgn nŽ .F X e sup l9W u eH Ý Ýnt nt
y` ugNNts1 ts12 2

Ž . Ž .= sup sup ac aj ya 9c a 9j dj
w x < <ag « , 1r« aya 9 lh

`
Ž . Ž .FC sup sup ac aj ya 9c a 9j djª0H

y` w x < <ag « , 1r« aya 9 -h

as hª0. Q.E.D.
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