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Summary. Given a linear time series, e.g. an autoregression of infinite order, we may construct a
finite order approximation and use that as the basis for bootstrap confidence regions. The sieve or
autoregressive bootstrap, as this method is often called, is generally seen as a competitor with the
better-understood block bootstrap approach. However, in the present paper we argue that, for linear
time series, the sieve bootstrap has significantly better performance than blocking methods and
offers a wider range of opportunities. In particular, since it does not corrupt second-order properties
then it may be used in a double-bootstrap form, with the second bootstrap application being
employed to calibrate a basic percentile method confidence interval. This approach confers second-
order accuracy without the need to estimate variance. That offers substantial benefits, since
variances of statistics based on time series can be difficult to estimate reliably, and — partly because
of the relatively small amount of information contained in a dependent process —are notorious for
causing problems when used to Studentize. Other advantages of the sieve bootstrap include
considerably greater robustness against variations in the choice of the tuning parameter, here equal
to the autoregressive order, and the fact that, in contradistinction to the case of the block bootstrap,
the percentile t version of the sieve bootstrap may be based on the ‘raw’ estimator of standard error.
In the process of establishing these properties we show that the sieve bootstrap is second order
correct.

Keywords: Akaike’s information criterion; Autoregressive bootstrap; Block bootstrap; Calibration;
Coverage accuracy; Double bootstrap; Edgeworth expansion; Moving average; Percentile method;
Percentile t method; Second-order accuracy; Sieve bootstrap; Studentization

1. Introduction

The autoregressive or sieve bootstrap for linear time series has been shown to produce
consistent estimation of variances and distributions of linear statistics; see for example Kreiss
(1992) and particularly Biithlmann (1995a, 1997). Nevertheless, in general terms the sieve
bootstrap is at present viewed as little more than a competitor to the block bootstrap. For
example, although the block bootstrap is known to be second order accurate (G6tze and
Kiinsch, 1996; Lahiri, 1996), the sieve bootstrap may also be shown to have this property,
and so the two methods appear to compete on approximately equal terms.

In the present paper we argue, however, that for linear time series the sieve bootstrap has
substantial advantages over blocking methods, to such an extent that block-based methods
are not really competitive. The advantages include the following:

(a) the percentile form of the sieve bootstrap readily admits calibration, giving high orders
of accuracy without requiring variance estimation,
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(b) when using the percentile 7 form of the sieve bootstrap, the estimator of the standard
error does not need to be adjusted to capture second-order effects and

(c) the choice of autoregressive order for the sieve bootstrap is not nearly as critical as the
selection of block length for the block bootstrap.

Direct attempts by the block bootstrap to replicate the dependence structure of the original
time series are accurate only to first order. They fail to reproduce second-order effects
because the dependence is corrupted at places where blocks join; see for example Davison
and Hall (1993). As a result, when using the percentile  method in conjunction with the block
bootstrap to capture second-order features of the distribution of a statistic, an indirect
approach must be taken: the standard error estimate must be altered to counteract second-
order inaccuracies. This is unnecessary in the case of the sieve bootstrap, however, since that
method preserves the dependence structure to second order. That explains property (b)
above. Property (a) follows for essentially the same reason: second-order features of a time
series are not consistently estimated by the unadjusted block bootstrap, and so the double-
bootstrapped percentile method does not give second-order accuracy in that context, whereas
it does when used in conjunction with the sieve bootstrap.

The difficulty of estimating the variance for general statistics associated with a time series
can make percentile  methods unattractive. For example, techniques based on variance
approximation by Taylor expansion can be algebraically tedious to apply in the time series
case, and so the enthusiasm for pivoting that we often find in the context of independent
observations does not translate to time series data. Therefore, property (a) above is arguably
the most telling advantage that the sieve bootstrap has over blocking methods. Property (b)
is important when we can estimate variance, and property (c¢) confers obvious empirical
advantages on the sieve bootstrap.

We shall describe and develop percentile and percentile  methods, and their properties, in
the case of linear time series that are representable in terms of past disturbances, or errors,
since this is the case that is most commonly encountered in practice. It will be clear that only
minor modifications are needed to obtain a method for time series that are based on both
past and future disturbances. An extension to vector-valued linear time series is similarly
straightforward. Our numerical work will address the case of non-linear statistics, such as the
median, as well as linear statistics.

Block bootstrap and related methods were introduced by Hall (1985), Carlstein (1986),
Kiinsch (1989), Liu and Singh (1992), Politis and Romano (1994) and Hall and Jing (1996).
Properties of the block bootstrap and its relatives have been developed by, among others,
Politis and Romano (1992, 1993), Shao and Yu (1993), Naik-Nimbalkar and Rajarshi (1994),
Biithlmann (1994, 1995b), Biihlmann and Kiinsch (1994, 1995), Hall et al. (1995), G6tze and
Kiinsch (1996), Lahiri (1996, 1997, 1998, 1999), Carlstein et al. (1998) and Hall et al. (1998).
Bootstrap methods for time series based on structural models, and related to the sieve
bootstrap, have been developed and discussed by, for example, Freedman (1984), Efron and
Tibshirani (1986), Bose (1988), Franke and Kreiss (1992) and Davison and Hinkley (1997),
chapter 8.

2. Methodology

2.1. Bootstrapping a linear time series
Let 7 = (X;, —oo < j < 00) denote a stationary, linear time series, representable in the form
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Xj=np+ EO i 2.1

for constants p and «; and independent and identically distributed (IID) random variables
& Inverting the series (2.1) we obtain an autoregression of potentially infinite order: & =
Y50 B;Y;_; for constants 3;, where Y; = X; — pu, or equivalently

Y, = ; w;Y; i +e€, (2.2)

where w; = —f3;/3, and ¢; = {;/ 3. Throughout we shall define 4, = 1, in which case . and the
constants «;, i = 0, and §;, i = 1, are uniquely determined and are related by the formula
Tis0 ;8 = (50 B;s) . The autocovariance function is then given by v(j) = cov(Xy, X)) =
WSiso a;0uy;, Where u” = var(e).

Assume that we observe a finite consecutive subsequence X = (X, . . ., X,) of 7. Following
Kreiss (1992) and Bithlmann (1995a, 1997), we suggest using X’ to compute a finite mth-order
approximation to the autoregression (2.2), as follows. Put X = n~" Sicien X Vi= X, — X,
() = (= j)" Ticicny ViV, for 0 < j < n, and 9(—j) = 4(j). Let 4 be the m x m matrix
having 5(j, — j») as its (j;, j»)th element, and let @ = (5(1), . . ., 5(m))" be a column vector
of length m. Employing the Yule-Walker equations, put &= (&, . . ., &,) = A '4, and
compute residuals €; using an mth-order empirical version of equation (2.2):

N

7
=Y, -> 0Y m+1<j<n
=

~

Centre the residuals, defining €, = €, — (n — m)_IZ,,HK,g,, €;.

Let {ef, —oo < i< oo} be chosen by sampling independently and uniformly, with re-
placement, from €, , . . ., €,, and compute a finite order sieve bootstrap approximation 7 *
to 7: T* =(X}, —00 <j < o00), where X} =Y+ X and

m
Y= ;@iY;‘_[ + €7, —00 < j < 00. (2.3)
In practice we start the series 7* in a non-stationary way and then ‘burn it in’, using the
recursion (2.3).
The theoretical results that we shall give in Section 4 are valid for this construction of 7*,
and for many other constructions besides. In particular, recursive definitions of the auto-
regressive gradient estimators &, are possible, or alternatively 7* may be based on an mth-

order moving average, rather than an mth-order autoregression, without affecting our main
results (4.2) and (4.3).

2.2. Different approximate models

When employing either the percentile ¢ or the iterated percentile bootstrap method there are
at least two ways of using the bootstrap to simulate the procedure of making inference from a
time series of potentially infinite autoregressive order. We may use a finite autoregression of
length m throughout, taking m so large that we have a good approximation to the infinite
length case, or we may simulate an autoregression of relatively large order, m, say, at each
step of the bootstrap, and use order m < m; when estimating the variance (for the percentile ¢
bootstrap). The latter approach attempts to mimic the procedure in which a finite auto-
regression of relatively low order is used to approximate an infinite order process. Although
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it is important to take m, large, the size of m is not so critical for the second method; to
a significant extent the bootstrap corrects for values of m that are too small, which can be
expected to be more of a problem for relatively long-range-dependent autoregressions. In
this sense the second method can have advantages over the first.

For brevity we shall consider only the first approach in detail. The second method is a little
more complex to apply in practice, but it can perform well and has interesting properties. In
particular, depending on the values of m and m,, the second approach can fail to be second
order accurate in the usual sense, since errors of second order are introduced through the
noise that is inherent in estimating high order autoregressive parameters. In this sense the m2,th
order autoregression is often not such a good approximation to the original, infinite order
process. Nevertheless, coverage accuracy can be almost as good as for the first approach,
since the aforementioned noise is virtually uncorrelated with the statistic of interest.

2.3. Empirical choice of m

It may be proved from results of Shibata (1976, 1980) that, under appropriate regularity
conditions, the value 71, of m chosen by the Akaike information criterion (AIC) satisfies
n'? v(ii,) — C in probability, for a positive constant C. We shall argue in Section 4 that, to
obtain second-order accurate confidence regions, an empirical order selector /2 should satisfy
~(m) = p(n’l/ %) in probability. Therefore, 771, provides a lower bound to 7. An empirical
selector that is an order of magnitude larger than m would generally be adequate.

In the case of exponentially decaying mixing coefficients, treated by Go6tze and Kiinsch
(1996) and Lahiri (1996) in the context of the blockwise bootstrap, we require y(#7) = 0,,(n_l)
to obtain particularly high orders of accuracy. This is achieved, in asymptotic terms, if M
equals the integer part of 21, + C’, for any constant C'.

Likewise, if the mixing coefficients decrease only polynomially fast then taking 72 equal to
the integer part of C'i%, for any positive constant C’, is more than adequate. The fact that C’
is not completely determined in either case is a reflection of the relative latitude that is
available for selecting the autoregressive order in applications of the sieve bootstrap to
constructing confidence regions. See property (c) in Section 1. This is in marked contrast with
the block bootstrap, where the selection of the tuning parameter, i.e. the block length, is more
critical. There, the block length plays the role of a smoothing parameter and adjusts the
balance between the bias and variance in a crucial way. In the context of block bootstrap
estimation of variance this property was discussed by Hall (1985). For block bootstrap
construction of confidence intervals it has been addressed by Hall ez al. (1995), Gotze and
Kiinsch (1996) and Lahiri (1996), among others. In many cases, the optimal block length is
constrained to be asymptotic to ¢;n‘?, where ¢, > 0 may be known but depends on the
problem and ¢; > 0 is unknown and must be estimated from data.

The AIC choice of m provides a valuable practical guide to selecting the autoregressive
order; see Section 3 for numerical examples.

2.4. Linear statistics
A linear statistic of lag /, computed from X, is a sample mean of the form

n—I+1

Xy=(n—=1+ 17" gXi .. X)),

i=1

where g is a known function of / variables. Let p, = E{g(X), . . ., X))} denote the expected
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value of X,, and write (n —/ + 1)"02 for the variance, where

n—I[

0¢ = 7,(0) +2 Z} (1 —jn =1+ 1)} ()
=

and 7,(j) = cov{g(X D , X)), g(Xipq, - X1} Under appropriate regularity conditions
(Bithlmann, 1997), a is estlmated root n con51stently by

n—I

G2 = 3,(0) + 2 —jn =1+ D™ 3.0
J=

where 9,(j) = cov{g(XF, . . . XF), e(XF1s . . o XE)IX), e, 6, — 0, = 01,(11_1/2) as n — oo.
Among other matters, the regularlty condltlons involve the rate at which the order m of the
fitted autoregression increases with n.

We shall consider bootstrap methods for constructing confidence intervals for y,, based on
X,. Likewise, if f is a function of a single variable and has a continuous derivative in a
nelghbourhood of p,, with f’ (,ug) # 0, we may use those methods to construct confidence
intervals for f(y,) based on f(X,). Again, the double-sieve-bootstrap produces second-order
accuracy.

2.5. Percentile and percentile t methods

The percentile method amounts to approximating the unconditional distribution of X, or of
X, — 1, by the conditional distribution (given X)) of X} * or of X * - X, respectlvely For
example using the second of these two approaches to construct a conﬁdence interval (s, 0o)
which covers i, with probability =, we would take s = X, — 7, where

= inf{r: P(X} — X, < r|X) = 7).

There are numerous ways to calibrate this interval, and one is to consider an additive
correction of the original nominal coverage level. First compute the version 7 ** of 7* that
arises if we replace X’ by X'* in the definition of 7*, let X** be a segment of length n in 7 **,
let X3* be the analogue of X} computed from AX**, let

= inf{r: P(X3* — X} < r|X%) >}

denote the version of 7. that arises if we replace (X, X*) by (X*, X**) when calculating 7,
and put p(q) = P(X5 — 7} < X,|X) and

g = p~'(m) = inflg: p(g) > 7}

Then, (X, — 7, , 00) is a double-bootstrap, or calibrated bootstrap, percentile method con-
fidence 1nterle for p1,, with nominal coverage 7. Note that the autoregressions used in the
two levels of the double bootstrap both have the same order, m.

Similarly, the percentile ¢ bootstrap may be used to estimate the distribution of
(X, — 11,)/6,. and hence to calculate a confidence interval for f,. In general this can require
application of the double bootstrap, with the second stage computing the bootstrap form
6% = var(X¥*|X*) of 6. Virtually the same amount of effort is required to calculate a
double-bootstrap percentile interval, and it has the advantage of being robust against
stochastic fluctuations of the standard error estimators ¢, and &;. The double bootstrap can
sometimes be avoided in the context of percentile r methods, at the expense of relatively
intricate algebraic calculations, but that can be daunting to a practitioner who is not inclined
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theoretically. Together, these difficulties render percentile  methods relatively unattractive in
general problems involving time series.

However, in the case of the sample mean, where g(x) = x, we may compute & = g, (and so
also 6* = &}) by using only matrix algebra, without resort to Monte Carlo simulation. Thus,
the percentile ¢ method is here competitive in terms of computational labour. Specifically,
assume that 1 — Z,,_,, &' has no zeros in the closed unit disc, which would always hold if
the emp1r1cal covariances ; were defined with factors n ~"instead of (n—j)"", put f, =1,
B:=—&;, for 1 <i<m,and B,=0 otherw1se and define B to be the infinite matrlx w1th
(jl,h)th element Z,>O @ﬂm] - Let & denote the variance of the sample ¢ €ntls - - - € and
put (3(0), %(D.. . )T =#B7'(1,0,0, . )" (In practice we employ a finite dimensional
approximation.) Then, in the case g(x) = x, 4 is identical with 4.

Moreover, the percentile ¢ confidence interval for p,, with nominal coverage m, is (X, —
G,8,, 00) where

= inf[s: p{(X} — X,)/07% < s|X} = 7].

3. Numerical properties

We undertook a simulation study to compare the performances of sieve and block bootstrap
methods for constructing confidence intervals in linear problems, represented here by the
mean and slope in simple linear regression, and non-linear problems, represented by the
median and interquartile range. We employed four time series models:

X; =€+ 0.5¢,_; — 0.4¢,_,,
where ¢; are IID and have a centred yi-distribution (model T1);
X;=07X,_, —03X,_, +¢,
where ¢, are IID and have a centred yi-distribution (model T2);
= —-08X,_, —0.5¢_, + ¢,
where ¢; are IID with distribution 0.95 N(0, 1) + 0.05 N(0, 100) (model T3);
X;=—-0.8X,_, —0.5¢_; + ¢,

where ¢; are IID and have a #4-distribution (model T4).

We have avoided discussing the case of normal errors since it would usually be treated by
using parametric, rather than nonparametric, bootstrap methods. However, our techniques
give good results in that case, since the symmetry and particularly light tails of the normal
distribution significantly enhance the performance of the nonparametric bootstrap.

Models T3 and T4 have previously been considered by Biithlmann (1997). Our time series
had lengths n» = 128 and n = 512, although we report here in detail on only the case n = 128.
The results in each setting were based on 500 simulations, with 199 and 200 resamples drawn at
the first and second stages of resampling operations. The orders of autoregression employed in
the sieve bootstrap were m =1, . . ., 15. We chose the moving blocks version of the block
bootstrap (see for example Kiinsch (1989)) in our study, with block lengths /=2, . . ., 48.

The mean and median were approximated from 5000 simulations. For brevity we confine
attention to one-sided 90% percentile method confidence intervals, of the form (s, co),
computed using the double bootstrap. Results for other linear and non-linear problems will
be discussed briefly later in this section.
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The AIC estimate 72, of autoregressive order was computed by minimizing the AIC in the
range 1 < m < [10 log,o(n)]. It had a particularly long-tailed distribution. In the most
extreme case, that of model T2, the median of 2, was 2.0 (for both n = 128 and n = 512), but
the means and standard deviations were in each case more than twice this value. For models
T2-T4 the standard deviation of /1, was in all cases approximately equal to the mean,
although for model T1 the standard deviation was about half the mean. (All these results are
based on 5000 simulations in each setting.) However, since the performance of the sieve
bootstrap is insensitive to an overestimation of m then these fluctuations seldom cause
practical difficulties.

Fig. 1 depicts coverage errors of percentile method block bootstrap confidence intervals for
the mean, as a function of block length, and also shows analogous results for the calibrated
form. (The dotted and unbroken curves represent single- and double-bootstrap cases res-
pectively.) Two features are immediately clear: the coverage errors are particularly sensitive to
the choice of block length, and calibration does not in general offer an improved performance.
The latter property is a consequence of the fact that the block bootstrap implicitly corrupts
the dependence structure of the time series at those time points where blocks are joined
together; the second bootstrap level further subdivides the series, producing further cor-
ruption.

Fig. 2 depicts analogous results for the sieve bootstrap. Here, the choice of autoregressive
order has relatively little effect on performance, which is typically better than for the block
bootstrap; and, although bootstrap calibration does not appreciably affect performance, we
would expect this to be the case in this example since the coverage accuracy is comparatively
good in the single-bootstrap setting.

The analogue of Fig. 1 in the case of the median is similar to that for the mean and so is not
given here. However, Fig. 3 (the analogue of Fig. 2) is of interest. The uncalibrated form of
the percentile method has particularly poor coverage performance for models T3 and T4, but
calibration provides a dramatic improvement. As before, performance is relatively insensitive
to the choice of autoregressive order.

Table 1 gives Monte Carlo approximations to the true coverages of nominal 90% intervals
in the case of the sieve bootstrap, when n = 128 or n = 512, m = 2m, (as suggested by the
discussion in Section 2.3), and s, was chosen using the AIC in each individual simulation.
We truncated 7 at [10 log,,(n)] to avoid excessively large 2. The results are much as
predicted by Figs 2 and 3, reflecting the robustness of coverage against variations in m. In the
case of the median, calibrated sieve bootstrap methods perform well for models T3 and T4,
but poorly for models T1 and T2.

For non-linear problems, we also considered confidence intervals for quantiles and lengths
of the interquartile range, obtaining results resembling those in Figs 2 and 3. Although
beyond the theory presented in this paper, the coverages of calibrated intervals for the length
of interquartile range with nominal 90% coverage are 90.6%, 82.0%, 89.0% and 86.2%
respectively for models T1-T4. The sample size was n = 128, and the autoregressive order in
each simulation was again chosen by the AIC, although the truncation step was found to be
unnecessary here.

Other linear problems that we investigated include confidence intervals for the lag 1
autocorrelation parameter, as well as the slope parameter [, in simple linear regression with
time series errors 7;, where Y; = a + Ox; +n;, x; = i/nand i = 1, . . ., n. Again, the results are
qualitatively similar to those in Figs 1 and 2— the performance of the block bootstrap is very
sensitive to the choice of block size, and calibration offers little improvement. In contrast,
with (o, ) = (2.0, 5.0) and n = 128, the coverages of percentile sieve bootstrap intervals for
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Fig. 1. Coverages of ordinary percentile (---------- ) and calibrated percentile ( ) confidence intervals for the

mean, constructed by using the block bootstrap (sample size n = 128; nominal coverage 90%): (a) model T1; (b)
model T2; (c) model T3; (d) model T4
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Table1. Coverage accuracy of ordinary and calibrated one-sided sieve bootstrap
confidence intervals (s, co), when the autoregressive order is taken equal to
twice the AIC estimatet

Parameter Method Coverage accuracies for the following models:
T1 72 73 T4

n=128

Mean Ordinary 0.894 0.892 0.882 0.902
Iterated 0.884 0.888 0.868 0.900

Median Ordinary 0.946 0.908 0.762 0.778
Tterated 0.954 0.938 0.930 0.920

n=>512

Mean Ordinary 0.904 0.902 0.888 0.894
Iterated 0.884 0.904 0.890 0.890

Median Ordinary 0.970 0.926 0.728 0.726
Tterated 0.974 0.946 0.928 0.894

tSample sizes n were 128 and 512, and the nominal coverage was 90%.

0 are 81.0%, 85.6%, 92.0% and 93.0% respectively when the errors 7; were generated from
models T1-T4. Note here that the actual coverage is independent of the choice of (a, ). The
improvements are slight for calibrated methods in the present settings, with coverages equal
to 82.2%, 86.6%, 92.0% and 92.8% respectively. Nevertheless, their performances generally
improve as the sample size increases. For example, using n = 512, the calibrated methods
have respective coverages of 91.0%, 92.0%, 90.8% and 91.4%.

Overall, our results suggest that the sieve bootstrap generally performs better, in terms of
coverage accuracy, for linear statistics than for non-linear statistics. Its robustness against the
choice of autoregressive order is clear for either class of estimators, however.

4. Theoretical properties

We address only the context of a linear statistic, introduced in Section 2.4. Similar results may
be derived for smooth functions of multivariate linear statistics computed from multivariate
linear time series.

Assume the following conditions:

(a) all moments of the distribution of ¢, are finite,

(b) there exists p € (0, 1) such that |oy| + |5;] = O(p) as i — oo,

(c) g(xy, ..., x;)is a non-degenerate finite linear form in products p;(x,). . . p,(x;), where
each p; is a polynomial, and

(d) the distribution of ¢, is absolutely continuous with a bounded probability density.

Condition (a) allows us to give relatively short proofs and may be relaxed if we are
studying only Edgeworth and Cornish—Fisher expansions to two or three terms. Condition (b)
implies the exponentially decaying mixing context of G6tze and Kiinsch (1996) and so allows us
to make a direct comparison with their results. Nevertheless, our proofs have versions in cases
where |o;| decreases only polynomially fast as i — oo, although there we do not obtain an order
of accuracy of O(n"~") for all ) > 0; see equations (4.2) and (4.3). Indeed, in the polynomial case
the value of 7 < 1 depends on the size of A such that || = O(i™") and decreases to 0 as \ 1 co.

Conditions (a)—(c) imply that for even integers r > 2 the rth cumulant of n'/*(X, ¢ — M) is of
order n~""?/? and may be represented as a power series in #~'. The first cumulant is of course
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0, and for odd r > 3 the rth cumulant is of order n~“"2/? and can be represented as a series
in odd powers of n~'/?>. Therefore, at least formally we may express the distribution of
n'(X, ¢ — I1g) in an Edgeworth expansion:

P{i’ll/z()_(g _ Ng) < agx} = d(x)+ in—.//Z ,(/}j(x) () + 0(}1—(;4—1)/2) 4.1

j=1

uniformly in x, where ® and ¢ are respectively the standard normal distribution and density
functions, and ), is a polynomial of degree no more than 3j — 1, not depending on »n and with
parity opposite to that of j.

In fact, if conditions (a)—(d) hold then equation (4.1) is true uniformly in x, for any r > 1.
When r =1, equation (4.1) is identical with its counterpart for the mean of a sum of n
independent random variables, provided that we take standardized skewness to equal T;,) / (0‘2)3 ,
where (09)° = 7,(0) +2 =, 7,(/) and

T; = Z E E[{g(Xh EEREER} Xl) - ug}{g(Xilz ] Xi]+l—1) - Mg}{g(Xiza LR Xi2+l—1) _:U/g}]

—00<i],ip <00

To describe second-order accuracy of the calibrated percentile method we adjoin an extra
condition to (a)—(d):

(e) the order m of the fitted autoregression satisfies m = O(n") and p" = O(n"™") for all
n > 0.

Then, assuming conditions (a)—(e), we have

Plu, € (X, —#, , 00)} =7+ 0(n"") 4.2)

x>

uniformly in 0 < 7 < 1, for all > 0. The analogous formula for the other type of percentile
interval, suggested in Section 2.5, also holds. Together these results establish property (a) in
Section 1. We may weaken condition (e) to m = O(n") for all > 0, and p" = O(n™"""/?) for
some 7 > 0, if in equation (4.3) below we seek only the weaker form of second-order accuracy,
where O(n"™") is replaced by o(n~"/?).

Finally we state the version of equation (4.2) for percentile ¢ intervals: assuming conditions

(a)—(e),
Pl € (X, — 6,5, 00)} =71+ 0mn"") (4.3)

uniformly in 0 < 7 < 1, for all » > 0. This establishes property (b) in Section 1. Note that we
can standardize for scale by using the ‘raw’ standard error &, rather than a modified version
which would be necessary if we were to attain second-order accuracy for the percentile ¢
version of the block bootstrap. The percentile £ method may also be calibrated, reducing the
error in equation (4.3) to O(n"~*/?) for all > 0. However, if we do not have a simple formula
for 6,, and must estimate it by using the bootstrap, then implementing the calibrated
percentile ¢ method can require four levels of bootstrap iteration.

The closest analogue of equation (4.3) in the case of the block bootstrap percentile ¢
method also has O(n"™"), for all n > 0, on the right-hand side. See Gétze and Kiinsch (1996)
and Lahiri (1996). However, in this instance the adjusted variance estimator that is used
takes negative values with positive probability. If instead we employ a variance estimator
computed using lag weights that confer positivity, then the order of error is only O(n">?).
These difficulties were discussed by Gotze and Kiinsch (1996) and occur because of the need
to correct in a somewhat unnatural way for the failure of the ‘naive’ or ‘unadjusted’ block
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bootstrap method to approximate all second-order effects accurately. These problems do not
arise for the sieve bootstrap.

Property (c) in Section 1 is reflected in the fact that condition (e¢) involves only bounds
on m. In marked contrast, good performance in the case of the block bootstrap requires
the relatively demanding condition m ~ ¢;n?, where ¢, ¢, > 0, ¢, is unknown and m now
denotes the block length. Bithlmann and Kiinsch (1994) and Hall et al. (1995) have discussed
the relatively tricky problem of estimating c,. The need to determine m in this concise manner
makes the block bootstrap inherently more sensitive to the choice of the tuning parameter.

Under more restrictive conditions on the manner in which o; and 3; vary as i increases, it
may be shown that results (4.2) and (4.3) hold for the empirical, AIC-based choice of m, i.e.
m = |2m, + C’'| for any constant C’, considered in Section 2.3.

Appendix A: Technical arguments

A.1. Outline proof of equation (4.1)

Assume conditions (a)-(d) and that N = Oflog(n)}. Define Xy; = o<« y i€, and A; = Xy as€;;, and
put gi(xy, . . ., x;) = (0/9x;) g(xy, . . ., x)) for | < k < I Then, for all i,
i !
g(Xi + o X)) — {g(XNf» oo Xyim) + 20 Ao &Ky - - XN,H—I—I)}‘ Z :+A lUtkz
k=1 k=1

where the non-negative random variables Uy satisfy sup, {E(U3)} < oo for all A > 0. Given a random
variable Z, write (1 — E)Z for Z — E(Z), and define

n—I+1 1
A=(1-E) Zl kZ: Ao 8(Xyis - - XN,H—I—])-
i= =1
Since || = O(p') then, by direct calculation, we have sup{E(AZ)} = O(p*"") and E(A*) = O(n" p*")
for all integers v > 1. Hence, by Markov’s inequality,

n—I+
PH(I —E) Z {8(Xs oo X)) — 8(Xnis -+ o5 X))} > (nl/sz“‘nPZN)n” = O(Wﬂ)
for all », A > 0. Similarly it may be proved that any cumulant of n~V2S,, where
Sy= > &Xyir- - Xyiyia1)s
I<i<n—I+1

differs from its counterpart for n~'/? X, only in terms of order p~. Hence, if we can show that the formal r-
term Edgeworth expansion of the dlstrlbutlon of n7'/28,, is valid up to a remainder of order n Y/,
then equation (4.1) will follow on taking N equal to the integer part of a sufficiently large constant
multiple of log(n).

The desired expansion for n~'/2S,, follows from results of Heinrich (1985). We take p, in Heinrich’s
notation, arbitrarily large, and we avoid his integrability assumption on the characterlstlc function of
Sy —see Heinrich’s condition (1.3)— by adding an independent normal N(0, n~") random variable to

1/2S,V, for A > r+ 1. This ‘perturbation’ produces an error that is of smaller order than the n~"+1/2
term in the remainder and provides enough smoothing to confer the desired integrability.

A.2. Outline proof of equation (4.2)

The methods used to derive equation (4.1) may be extended to give its bootstrap form, which in the case
r =1 implies that result uniformly in x. Therefore, if 7, is as defined in Section 2.5, and if r, is the
solution of P(X, — Hy < < r}') =m, then 7 /6, =1, /o, + 0 ("% for all n > 0. Therefore, since (as we
shall shortly show) Gy — 05 = 0,(n"" I/2) for all n > 0, then

n'2@G, 1) =1r0.2(67 — 02) + 0,(n"). (A.1)
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The delta method for Edgeworth expansions now gives that P{u, € (X, — ., c0)} = p(n) + o(n"™", for
all n > 0, where we define

p(ﬂ-) = P{nl/z(yg - ug) - (U - 02) 7r}

The delta method may be justified by using the fact that the term R(m), represented by O (n” " in
equation (A.1), may be shown to satisfy P{|R(m)| > n""'} = O(n™) for all , A > 0, and by using the
Edgeworth expansion that we consider next.

By developing an Edgeworth expansion of the distribution of the 2-vector

V=02 (X, = ) 0?63 — o))" (A2)
we may construct an Edgeworth expansion of p(r),
P =741 (2,) 6(z) + O™ (A3)

for all 5, A > 0, where z, is the 7-level quantile of the standard normal distribution and v is a
polynomial. Then, using arguments that are now standard in asymptotic theory for the double
bootstrdp, but are more complex on account of m-dependence, we may prove that the contribution
-1z Ya)(z,) ¢(z,) is corrected by the double bootstrap, up to O(n"” " for all 5 > 0. We shall content
ourselves with an outline of the proof of the Edgeworth expansion of the distribution of ¥, going as far
as terms that are necessary to identify the non-remainder components in equation (A.3). Condition (c) is
essential for our proof; it allows us to reduce calculations to no more than a more complex version of
those in the case g(x) =x.
Put ﬁo =1,3=—-&,for 1 <i<m, and f3, =0 for i > m. Let &y, &,,. . . be defined by the identity
Eiso Qs = (E,>0 B:s")7", for |s| < 1. Using the moment assumptions on €, and the fact that m = O(n")
for all n > 0, we may prove that

max |3, — Bl = 0,(n""'?)

0<i<m

for all n > 0. See also Hannan and Kavalieris (1986). For any n > 0 there exists p; € [0, 1) such that
= O(n"'?). Then,

max (lﬁll/pl) - Op(l)

0<i<m

which in view of the definition of &, implies that p; may be chosen to satisfy the aforesaid conditions and
also sup,-, (1&1/p}) = 0,(1).

From this point the proof for general g satisfying condition (c), is similar to that in the simplest case,
where / = 1 and g(r) = x. The first step is to express each 4,( /) as a series in polynomials in the &;, and
the next to write &;,. . . &; as

Q.0+ Z (di/ - ai,) H Qi
J r#j

plus terms of smaller order For brevity we treat only the case g(x) = x. There, ’yg(]) = fy(]) =i Zis00ibyy;
and v, (/) =v(j) = uw Y50 ooy, Where i ii? denotes the sample variance of ¢,,,,, . . ., €, and estimates
u® = var(ey). Now, [9(/))l + [7())l = O,(p}), and so

00 2 00 2
Ge—oe= 2 W(j)—v(j)}wp(n*‘)=a2(zd[) —uZ(z a,.) +0,07").

—00<j<00 i=0 i=0

For brevity, in the argument below we choose not to develop an explicit approximation to the
0[)(”71) term here through sums of m-dependent random variables, but in view of condition (c) such an
approximation is possible.

We may prove that i#* — u’

ISR -1 S R 2 a2 9 —12y
=0"—u +0,m"), where ii" =n" Xy, 6,0 —u = 0,n /%), and
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Sa-Sa=-{S0-m}/($8)Lh
S 18— B < mmax 13— B+ > 18] = 0,7,

i=0 O<i<m i=m+1

for all n > 0. Therefore, writing s = X, §; we have that
br—or =0 —u')s =2’ (z B, — s) 57 40,m"h. (A4)
i=0

We may assume without loss of generality that ;4 = E(X;) = 0. Put

Y =n"""Y XXy

I<i<n

let A and A4 be them x m matrlces with ¥(j; —j,) and y( ]] — j») respectively as thelr (Jj1» jo)th components,

and define a = (%(1), . . ., 'y(m)) a= (1), ..., vm)HTand1=(, ..., ). Then,A=A4+0 N b,
andso (ﬂll ﬁ) =4 oz—A"ﬁ—|—0(n" Y, foralln > 0. PutAA_A Aand A, _a—aThen
Ala=4 a+A A, —A7'A 47! —|—0,,(n” 1, whence
Z B=-1"4"a=-1"4"a+UA"'D"(A,47"'"a—A)+0,m"") (A.5)
for all n > 0.
We may assume without loss of generality that «*> = 1. Then we may write v(j) = X0 ;0 and
Y50 Bioy_; = by, the Kronecker delta. Hence, for i > 1,

Z 7(1 - ])ﬁ/ Z Qe (Z ﬁ/ ey, —J ak+i) = - ’Y(l) (A6)

=1

If we take 4., and a,, to be the versions of 4 and « respectively that arise when m = oo, and if we define
=(B(1), BQ2),.. )" and 1., = (1, 1,. . )7, then equation (A.6) is equivalent to A, by, = —a,, i.c.
= —Aa,,. Therefore, i1 0= —1T 4 'a,,. A similar argument, writing 4., as a 2 x 2 block

matrix with 4 in the top left-hand corner, and invoking condition (b), may be used to prove that

1A a= —Z Bi+0(p") = 1—5+0(").

i=1

Hence, since B, = 3, = 1 and p” = O(n"""), we deduce from equation (A.5) that

1+ B —s=A"D" (A4 'a=A)+0,(n"") (A.7)
=
for all n > 0.
Each element of A, or of A, is of the form 4(j) — v(j) for some |j| < m — 1. Put

F(/) = (1 - E)n_l E mi m i+j>

I<i<n

and observe thaty(j) —v(j) = I['(j) + 01,(11” ", uniformlyin | j| < m. Therefore, if we replace 3()—( )
by I'(j) whenever the former appears in either A, or A, result (A. 7) continues to hold. It has the form
So<i<m Bi—s=T,+0 ,(n"” 1, where T, is now a lmear function in 2m-dependent random variables
with zero mean. Tr1v1a11y, both X, —u, and T, = 7 — u” also have this form; and, by equation (A.4),
&z, g =Tys 2 = 20T s + 0,,(n”71).
The techniques of Heinrich (1982, 1984, 1985), and the delta method, may now be used to derive an
Edgeworth expansion of the distribution of V' = (¥, ¥,)T, defined at equation (A.2). Contributions of
size n~'/? from ¥V, may be included as ‘dummy variables’; as noted earlier, they may be identified if
desired, but they enter only into the remainder term in the expansion of p(m) at equation (A.3). Arguing
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thus, the expansion of the distribution of ¥ may be taken up to a remainder of O(n"™"), for all n > 0,
leading to result (4.2).

In the double bootstrap form of these arguments we approximate an mth-order autoregress10n Wlth
coefficients &, . . ., &,,, by another autoregression of the same order, with coefficients OF, . . ., k.
Therefore, the problem of quantifying the error arising from approximating an infinite order auto-
regression by one of finite order does not arise at this level.

A.3. Outline proof of equation (4.3)

The arguments in Apg)endlx A.2 show how to derive an Edgeworth expansion of the joint distribution
of n'*(X, — ) and n /2(0 g) up to and including terms that are necessary to identify contributions
of smaller order than n"~! for any 7 > 0, to the Edgeworth exansion of the distribution of T'= n' 2(X
ite)/5,. The analogous expansion of the bootstrap distribution of 7% = nl/z(X* X )/Ug may be
derived in the same way. Moreover, the terms in the expansion for 7% are w1th1n O(n"") of their
counterparts for 7. Result (4.3) now follows via the delta method.
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