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Abstract
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1 Introduction

Generalized method of moments estimation (GMM, Hansen, 1982) has been an impor-
tant innovation in econometrics. It has provided a useful approach to solving estimation
problems in many settings, including rational expectations models (Hansen and Single-
ton, 1982), models for panel data (Hausman and Taylor, 1981, Anderson and Hsiao,
1982, Holtz-Eakin, Newey, and Rosen, 1988, Abowd and Card, 1989; see Arellano and
Honore, 2001, for further references), continuous time models (Hansen and Scheinkman,
1995), and semiparametric models (e.g. Powell, 1986). In terms of the analogy principle
discussed by Manski (1988), it has proven to be a particularly powerful principle for
solving problems. One strand of this literature has focused on finding moment condi-
tions for improved efficiency (Cragg, 1983, and MaCurdy 2000), as well as conditions
for asymptotic efficiency with many moments (Chamberlain, 1987, Newey, 1988, 1993,
Newey and Chipty, 2000). GMM has also been used as a framework for developing tests
about parameters of interest (Burguette, Gallant, and Sousa, 1982, Newey and West,
1987, Newey and McFadden, 1994) as well as specification tests (Newey, 1985a, 1985b,
Tauchen, 1985, Eichenbaum and Hansen, 1990). Because so many estimators and tests
can be viewed as being GMM, this framework provides a powerful unifying principle for
econometrics (Burguette, Gallant, and Sousa, 1982, Newey and McFadden, 1994).
GMM was developed in several steps over a long time period. Each step in its de-
velopment has been important, leading to many new results. The basic idea of choosing
estimators to minimize a quadratic form in deviations between sample moments and
population moments can be traced at least as far back as Pearson’s (1900) minimum
chi-square estimator. Chiang (1956) and Ferguson (1958) considered estimators that are
obtained by minimizing a quadratic form in the difference of population and sample mo-
ments. These papers also allow for more general quadratic forms, involving functions
of sample moments, that have led to important work in simultaneous equations (Mal-
invaud, 1970, Rothenberg, 1973), panel data (Chamberlain, 1982), and dynamic models

(see also Gourieroux and Monfort, 1995). In a parallel development Sargan (1958, 1959)
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considered both linear and nonlinear instrumental variable (IV) estimators, for models
with a residual that is linear in the variables. Amemiya (1974) developed the nonlinear
two-stage least squares estimator for models with a nonlinear residual, covering many im-
portant additional cases, such as intertemporal capital asset pricing models (Hansen and
Singleton, 1982). A third parallel development is that of Huber (1967), who considered
the case with as many nonseparable moment conditions as parameters.

The full development of GMM in Hansen (1982) allowed for both nonseparable mo-
ment conditions and more moments than parameters. The GMM set up allows moment
conditions that include a wide variety of functions, such as likelihood scores, products of
residuals with instruments, differences between random variables and their expectations,
and any combination of these. One paper that exemplifies the full power of GMM is Im-
bens (1992) GMM estimator for discrete choice models with choice based sampling, that
attains Cosslett’s (1981) efficiency bound. The moment conditions here are conditional
scores and other kinds of functions.

Another important development brought about by Hansen (1982) and White (1982)
is the use of weighting matrices for IV that are optimal (asymptotically efficient) under
heteroskedasticity and/or autocorrelation. The use of such optimal weighting matrices
in practice has now become very common.

The usefulness of GMM makes it imperative to have accurate inference procedures
for GMM estimators. Even before GMM was introduced, well known results for its
precursors, especially IV estimators for linear models, indicated that asymptotic approx-
imations could be poor, e.g. see Anderson and Sawa (1979). More recent work, e.g. in
the 1996 special issue of the Journal of Business and Economic Statistics, has shown
that the asymptotic approximation for GMM can be bad. It is on the improvement of
inference methods for GMM that we focus most of our discussion of econometric theory.

Bootstrapping provides one approach to improved inference. This paper presents a
novel method of bootstrapping for GMM, based on resampling from the empirical likeli-
hood (EL) distribution, that imposes the moment restrictions, rather than the empirical

distribution. We show that this method yields an improvement to the usual asymptotic
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approximation in large samples. We also discuss computational simplicity relative to the
bootstrap of Hall and Horowitz (1996) and show that the empirical likelihood bootstrap
provides an estimator of the distribution of t-ratios and overidentification statistics that
is asymptotically efficient.! We give Monte Carlo and empirical examples of this boot-
strap. In addition to presenting this approach to GMM bootstrapping we also survey
more recent developments on improved inference procedures for GMM.

In Section 2 we describe the EL bootstrap. Section 3 gives Edgeworth expansion
arguments showing why moment restricted bootstrapping leads to improvement and the
nature of the efficiency gain. Section 4 presents the examples. Section 5 reviews recent

contributions to improved inference for GMM.

2 GMM Bootstrapping

We begin by introducing our notation for GMM. Let z denote a data observation, (3 a
p X 1 parameter vector, and g(z, ) an m x 1 vector of functions of a data observation
and parameters, with m > p. GMM estimators are based on a moment restriction of the
form
Elg(z, fo)] = 0. (2.1)
Often this moment restriction is a partial implication of some model, although it may
also embody all the available information.
Although improved inference for GMM is important for time series, we only discuss
bootstrapping in the i.i.d. setting. Let z,...,2, denote the data observations, each
satisfying equation (2.1). Let g;(8) = g(z;, 8) and §(8) = X1, gi(3)/n. For our purposes

a GMM estimator will be one obtained as

~ ~

f = arg gggﬁ(ﬁ)’wﬁ(ﬁ), (2.2)

where B is the set of parameter values and W a positive semidefinite matrix. The

estimator obtained when TV is a consistent estimator of the inverse of Q2 = Var(g:(3))

The GMM bootstrapping method given here was originally proposed independently of and con-
currently with Hall and Horowitz (1996) and prior to Hall and Presnell (1999), in Brown and Newey
(1992)
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is of particular interest, because this corresponds to an efficient choice of W, as shown
in Hansen (1982). To that end let Q(8) = X%, ¢;(8)g:(B)'/n and Q = Q(fB) for some
preliminary GMM estimator B. Then the efficient, two-step GMM estimator is

~

B = argming(8)'9(5). (2:3)

As shown by Hansen (1982), this estimator has the smallest asymptotic variance in the
class obtained from equation (2.2). As shown by Chamberlain (1987), it also attains
the semiparametric efficiency bound in the model where all that is known is the mo-
ment restrictions of equation (2.1). In this sense, it is asymptotically efficient among all
estimators based solely on those moment restrictions.

Associated with the efficient GMM estimator are consistent estimators of its asymp-
totic variance and a test statistic of overidentifying restrictions. Let { = Q(B) and

G = 9§(8)/08. A consistent estimator of the asymptotic variance is given by

~

V=(GOe)L

From this consistent estimator an asymptotic 1 — « level confidence interval for 3; can

be formed as (BJ — qa/g\/f/}j/n,ﬁj + qa/Q\/‘/\/jj/n/), where ¢,/5 is the 1 — «/2 quantile of

the normal distribution. The overidentification test statistic is

T =ng(B)Q " §(B).
Under equation (2.1) and additional regularity conditions, the asymptotic distribution of
T is x*(m — p) distribution.

There are numerous examples where it is known that the asymptotic theory for these
confidence intervals and tests is a poor approximation to the finite sample distribution,
e.g. see the 1996 special issue of the Journal of Business and Economic Statistics on
GMM. The usefulness of GMM in so many settings, as discussed above, means that it is
important to improve on the existing procedures. To help in the search for this improve-
ment we include here an original contribution on bootstrapping for GMM. Although this

material appeared in working paper form some time ago, we give it here for the first time

in print.



Our bootstrap improvement for GMM can be described as some simple steps. It is
based on approximating the distribution of the t-statistic or overidentification statistic by
a bootstrap estimator. Let B be an efficient GMM estimator, like the two-step estimator
discussed above, §; = g(z;, ﬂA), and for any possible value b of the true parameter (3, let
S(z1, ..., zn,b) be an object we want to estimate the distribution of, such as a t-ratio or

overidentification statistic. The steps are

GMM-EL BOOTSTRAPPING:

1) Calculate

1
Fi=——— (i=1,..,n),\=arg max » In(1—Ng, 2.4
i = L A = (1= ) 2.4

2) Draw n i.i.d. observations 2%, ..., 2% with replacement from the distribution with
Pr(z = z) = 7.

3) Calculate S® = S(2b, ..., 22, ).

4) Repeat 2) and 3) B times, where B is an integer, to obtain S, ..., S”.

5) Let the estimator of the distribution of S(z1, ..., zn, fo) be the discrete distribution

with Pr(S(z1, ..., 2, fo) = S?) = 1/B.

This estimator of the distribution of S can then be used to form critical values for
test statistics and confidence intervals in the usual way. Specifically, for a symmetric

confidence interval for (o;, let

S(zla“'azm ) - ’ /\/ ]]/n‘

Then S° = \(B;’ - BJ)/\/VJZ/M would be obtained as in step 3), where Bj and Vf; are
the GMM parameter and asymptotic variance estimators computed entirely from the

simulated data 2%, ..., 22. That is, from the simulated data we would compute in sequence

each of the initial weighting matrix W, the estimator 3, the estimate of the second
moment matrix €, the efficient GMM estimator i , and its asymptotic variance estimate
V. Let G2 be a 1 — a quantile of the distribution estimator from step 5). A bootstrap

improved, symmetric confidence interval is then

B; + G5\ V.
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Here we focus on a symmetric confidence interval because bootstrap theory suggests it
is asymptotically more accurate than equal tailed intervals.

For the overidentification test statistic, we simply let S(z1, ..., 2,, ) = S(2z1, ..., 2,) =T
be the test statistic. Here S does not depend on b. Let G2 here be the 1 — a quantile of
the distribution estimator from step 5). A test that rejects if

is a bootstrap overidentification test.
This bootstrap differs from standard approaches in the use of 7; in step 1) rather
than 1/n for the probability of the i observation. The form of #; can be explained by

an equivalent formula for 7;, as the solution to

max Zln(m), s.t. Zﬂth =0, Zm =1,m >0. (2.5)
-1

Moenfin g i=1 i=1

This is the empirical likelihood (EL) of Owen (1988), and equivalence with the previous
formula is shown in that paper. Thus, step 1) consists of calculating the empirical
likelihood probabilities. The respective maximization problems in equations (2.4) and
(2.5) are actually duals of each other, in the sense that the \ of step 1) is proportional
to the Lagrange multipliers for the first (moment) constraint in equation (2.5), e.g. see
Newey and Smith (2001). The step 1) maximization problem is considerably easier
than this one, having much smaller dimension and being a simple concave programming
problem.? Existence of X and hence #; requires that the constraint set is nonempty, i.e.
that the intersection of the null space of the matrix [gy, ..., §,| with the unit simplex is
nonempty. In applications and Monte Carlo simulations, existence of 7; has rarely been
a problem.

Step 1) corresponds to a cumulative distribution function (CDF) estimator of the
form F (z2) = X%, (2 < 2z)m;. This F' has several important properties. First, by
virtue of the moment constraints in equation (2.5) it satisfies the moment restrictions

~ ~

[9(z,B)F(dz) = 0. Second, it is asymptotically normal, as we show below. Third, it

2 A short Gauss procedure for the computation of #; and generation of the bootstrap data 20is available
on request from the authors.
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is asymptotically efficient, attaining the semiparametric efficiency bound of Brown and
Newey (1998) for estimators of the CDF under the moment restrictions of equation (2.1).
Each of these properties has important implications for the GMM bootstrap that we
discuss below.

Other CDF estimators share these properties. One is the estimator of Back and
Brown (1993), where #; = (1—g'Q~'§;)/[n(1 —g'Q~'g)] for g = §(3). This estimator has
a closed form and we have not found negative 7; to be a problem in practice, so that it
could also be used in place of empirical likelihood in step 1) of the bootstrap. Also, the
empirical likelihood and Back and Brown (1993) CDF estimators are special cases of a
more general class, where 7(r) is a concave function of a scalar r with domain V, V is an
open interval containing 0, 7,.(r) = d7(r)/dr, 7,(0) # 0, and

7y = _ mNG) Af) ;A = arg max n (N g5). (2.6)
21 7(NGj) Naiev i
Each of these estimators will also satisfy the moment conditions, by the first order con-
dition to the maximization problem, and will be asymptotically efficient, as shown in
the appendix. They include the two that we have considered for 7(r) = In(1 — r) and
7(r) = —(1 + r)?/2 respectively.

A comparison of this bootstrap with that based on the empirical distribution F', where
7r; = 1/n, helps explain the importance of imposing the moment conditions on the boot-
strap distribution. Since, in general, [ g(z, 8)F(dz) = §(() # 0, the moment restrictions
are not satisfied for the empirical distribution. Consequently, the empirical distribution
bootstrap for the overidentification test statistic will not be consistent, because its limit-
ing distribution has a discontinuity where the estimated moment conditions depart from
zero. Indeed, it can be shown that the limit of the bootstrap distribution estimator for
T is the distribution of 2Y, where Y is distributed y?(m — p). Also, we found in Monte
Carlo experiments that the test based on the quantile ¢Z from the empirical distribution
never rejects. Furthermore, the asymptotic variance estimator V is based on the moment

conditions, and when they are not satisfied, it will be not be a consistent estimator of
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the asymptotic variance of \/n(3 — plim(3)), see Maasoumi and Phillips (1982). Con-
sequently, the limiting distribution of the t-ratio is not standard normal over all F' that
includes F'. As a result the empirical CDF bootstrap does satisfy the asymptotic pivotal
condition of Beran (1988), and hence does not yield an improvement.

Hahn (1996) did show that for S(z, ..., zn, b) = \/n(3—b), the bootstrap based on the
empirical distribution does yield a consistent estimator of the asymptotic distribution.
This fact can be used to construct confidence intervals for (3, via the percentile method.
Because the limiting distribution depends on the truth, this method does not generally
yield a theoretical improvement, although it might be useful in practice. In particular,
because it is centered at the estimator ﬁA? so that each bootstrap realization has the
form S(z2,.... 28, B) = /n(3® — 3), it should also provide a consistent estimator of the
asymptotic distribution of \/n(8 — plim(/3)) under misspecification, that could be used
in place of the complicated variance formulae of Maasoumi and Phillips (1982).

Hall and Horowitz (1996) (HH henceforth) showed how to modify the empirical distri-
bution bootstrap so that it yields asymptotic improvements. To describe their approach
let p(b, F) = [g(z,b)F(dz) for a CDF F and a p x 1 vector b that represents a possible
value of the true parameter, and let g = M(B, F) = g(ﬁ) The HH bootstrap consists
of steps 2) - 5) above with the empirical CDF F used in place of the EL F' in step 2)
and g(z,3) — i used in place of g(z,3) in step 3). This modification has the effect of
"recentering” the moment conditions, avoiding the problems mentioned above. However,
it does complicate step 3), requiring modification of GMM software to allow replacement
of the moment functions g(z, 3) by their recentered counterparts g(z, 3) — fi when doing
bootstrap computations. Also, the resulting estimators of the distribution of the t-ratio
and the overidentifying test statistic will be asymptotically inefficient relative to the EL
bootstrap. Intuitively, the bootstrap procedure for EL can be seen to be the same as for
HH, differing only in the estimator of Fp, because the recentering goes away for EL (by
M(B, F ) = 0). Then, since the bootstrap is the same except that it is based on a more
efficient distribution estimator, the bootstrap should be more efficient. We make this

discussion more precise in the next Section.
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3 Bootstrap Efficiency

The bootstrap improvement can be explained in terms of Edgeworth expansions, as in
Singh (1981), Hall (1986), Beran (1988). The efficiency of the EL bootstrap relative
to the HH bootstrap can also be explained by a refinement of this approach. In these
explanations we follow much of the literature on higher-order asymptotic properties and
derive formal Edgeworth expansions without specifying all the regularity conditions for
their validity. The exposition follows that of Beran (1988) and Horowitz (1996).

For ease of comparison of the EL. and HH bootstrap, we set up the analysis so that
both are included. Let F' denote the CDF of a single observation of an i.i.d. sequence
21, ..y 2n, With true value Fy. Also let S(z1, ..., zn, b, F') be the t-ratio or overidentification
statistic when g(z, 3) is replaced by ¢(z,3) — u(b, F), and the true parameter in the
t-ratio is equal to the j* component of b. The precise form of S(z1, ..., z,, b, F') can be
simply described as the calculated value of the t-ratio or overidentifying test statistic

when the moment functions are recentered by subtracting off u(b, F'). Also, let
Hy(b, F) = Pr(S(z1, ..., 2a3b, F) < 4]F), (3.1)

where the t is suppressed for notational convenience. Note that u(fy, Fy) = 0 at the
true Fy and (g, so that S(z1, ..., zn, B0, Fo) is equal to the actual t-ratio or overidentifi-
cation statistic, and H, (5o, Fp) to its true distribution. The HH bootstrap estimator of
H.,,(Bo, Fp) is Hn(ﬁ, F), where F is the empirical distribution. More precisely, the HH
bootstrap is a simulation estimator of Hn(ﬁ, ﬁ’) For the purposes of this discussion we
ignore the error from simulation; see Andrews and Buchinskii (2000) for results on the

size of that error.

Consider a formal Edgeworth expansion
H,(b,F)=Hoo+n"“Ri(b, F) + n "Ry (b, F) + o(n™7) (3.2)

where v > a+1/2 and R; and R, are remainder coefficients. In this equation H, is the
limit of H, (b, F'), assumed to exist and to not depend on (b, F'). Because the moment

conditions have been normalized to have mean zero when b and F' are true, the limiting
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distribution for H, (b, F') has this property. In the case of the absolute value of the t-
statistic, H,, is the CDF of the absolute value of a standard normal CDF at ¢, and for
the overidentification test statistic it is the CDF of x*(m — p). ” Asymptotically pivotal”
refers to the fact that the limiting value H., does not depend on b or F'.

The asymptotic pivotal condition is well known to lead to bootstrap improvements
(e.g. see the nice discussion in Horowitz, 1996). Evaluating equation (3.2) at £ and Fj,

and differencing gives the bootstrap error

A ~

Hn(ﬂA, F) — Hn(ﬁo, Fo) = n_a[Rl(ﬂ, F) — Rl(ﬂo, Fo)] + op(n_“) = op(n_“), (33)

for Ry (8, F) 2 Ry(Bo, Fy) and Ry(3, F) = O,(n~*). This error is of smaller order than
the asymptotic distribution error Hy, — H,,(0o, Fo) = O(n™%), showing a large sample
improvement for the HH bootstrap.

Exactly the same analysis shows that the EL bootstrap gives an improvement. Note
that for any b and F satisfying u(b, F') = 0, the function S(z1, ..., z,, b, F') coincides with
the original GMM t-ratio or test statistic, without subtracting off (b, F'). In particular,
since M(B, F) = 0 for EL, it follows that S(z!, ..., 2.3, F) is just the original t-ratio or
overidentification test statistic, which is computed exactly as described in step 3) of the
EL bootstrap. Thus, HH(B, F) is simply the EL bootstrap estimator of the distribution
of S. Then, just as for HH, the EL bootstrap error will satisfy equation (3.3), and so be
a large sample improvement.

A refinement of this approach can be used to show that EL bootstrap is efficient in a
certain sense. To explain the efficiency property considered here, evaluate equation (3.2)
at both (3, F) and (8o, Fy), subtract the second from the first, and multiply through by

n%*t1/2 to obtain

n* V2 H, (B, F) — Ha(Bo, )] = Vn[Ri(B,F) — Ri(Bo, Fy)]

+O(1)[R2(8, F) — Ra(Bo, Fo)] + 0p(1)
= Vn[Ri(3,F) — Ri(bo, Fo)] + op(1).

where the second equality assumes that RQ(B, F ) & Ry(Bo, Fy). Then, as long as
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~ ~

Vn[R1(8, F) — Ri(Bo, Fv)] is asymptotically normal, the bootstrap approximation er-

a+1/2

ror will also be asymptotically normal, at the rate n . Furthermore, the asymptotic

variance of the bootstrap remainder is directly related to the asymptotic variance of the
coefficient Rl(ﬂA, ﬁ’) The more efficient R; (ﬁ, F) is as an estimator of Ri(fy, Fp), the
closer will the bootstrap remainder be to zero in large samples. In essence this notion
of bootstrap efficiency concerns the efficiency with which the bootstrap estimates the
coefficients in the bootstrap error, rather than the rate of convergence of the error. The
importance of this efficiency relative to convergence rate improvements depends on the
size of these coefficients in particular models.

It is straightforward to show that the EL bootstrap is asymptotically efficient relative
to the bootstrap based on any other estimator of § and F', including the HH bootstrap.
In the GMM setting R, (b, F') will depend on expectations, over F', of functions of ¢(z,b)

and its derivatives with respect to b. That is, it will take the form
Ri(b, F) = ra( [ m(z,b)F(dz));

for some vector m(z,b) of functions of the data and parameter, see Proposition 1 of
HH. It follows from Theorem 4 in the Appendix and Brown and Newey (1998) that
[m(z,B)F(dz) is an efficient semiparametric estimator of [m(z, 8)Fo(dz). Then by
the delta method it follows that R, (B, F ) is an efficient semiparametric estimator of
Ry (o, Fy), having asymptotic variance smaller than any other estimator that only uses
the moment condition. In particular, it will have asymptotic variance smaller than
Ri(3, F). In this sense the EL bootstrap is efficient relative to HH (or that based on any
other estimator of 5 and F'), that is, the EL bootstrap error has a smaller asymptotic
variance than the HH bootstrap error.

One interesting issue concerns the size of the efficiency gain of the EL bootstrap
over the HH. To provide some information about this gain, consider a simple exam-
ple. Let z be a scalar and consider the hypothesis E[z] = 0. A simple, standard
test statistic is S = (X0, 2:)/y/>2r, 22. Here S? corresponds to the overidentification

statistic for moment conditions where (3 is not present, and g(z,3) = z. The standard
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approach to bootstrapping here would be to draw the observations from the empiri-
cal distribution and center them at the sample mean, by simulating the distribution of
S (22— 2) /X (22 — 2)? where z = Y7, z;/n. This bootstrap corresponds to that
of HH. The EL bootstrap would instead draw z? from the distribution with probability 7;
for each i, where 7; are formed as in equation (2.5) with g(z, 3) = z, i.e. as the solution
to
i = m, (i=1,...n),A= arggliaﬁ;ln(l — Az).

Then for each draw Y7, 2%/ \/m would be calculated, and the distribution of
the t-ratio under the null hypothesis estimated from the realizations of these bootstrap
simulations.

The well known form of the Edgeworth expansion of S can be used to compare the
asymptotic efficiency of the EL and HH bootstraps. Let ¢ denote the normal density
and k(F') and v(F') denote the skewness and kurtosis, respectively, of the distribution F'.

Then applying the delta method to the Edgeworth expansion in Hall (1992, p. 73) gives

2 [P(S > k|F) = P(S > k[Fy)| = v/n{ealw(F) = 5(Fo)] + ey [y (F) = v(Fo)]} + 0,(1),
= k(K —3)8(k)/6,c; = —2k(k" + 2k — 3)) (k)Y (Fo) /9.

Thus, the efficiency of the bootstrap will be determined by the efficiency of a linear
combination of skewness and kurtosis. In calculations not reported here, it was found
there is no efficiency gain if the distribution of z is symmetric about its mean or if it is a
member of the chi-square family of distributions, but there is some gain in other cases.
Often the purpose of the bootstrap is improved inference rather than estimation of
distributions. This is a more complicated problem, where implications of bootstrapping
from an efficient distribution estimator are more involved. To describe the inference
problem we focus on the overidentification statistic. Let ¢, (b, F, «) be the critical point

for a level « test when b and F' are true, obtained by solving for ¢ from

Pr(S,(z1, ...y 2n, b, F) > q|F) = a.
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The EL bootstrap estimator of this quantile is §, = cjn(ﬁA, F,a). By the delta method
it will follow similarly to the previous discussion that the difference of ¢, and the true
critical value will have smaller asymptotic variance for the EL. bootstrap than for HH.
However, this efficiency comparison need not carry over to the level of the test. The
problem is that S,, and ¢, may be correlated, so that a more efficient ¢, need not lead
to a test level that is closer to its desired value. Among ¢, that are independent of S
improved efficiency will improve the accuracy of test level, but otherwise need not.

An improvement in test level accuracy from the EL bootstrap does occur for some
cases. As shown in Theorem 4 in the appendix, Q(B) and F are asymptotically indepen-
dent, while Q(B) and F are not. Consequently, by Davidson and MacKinnon (1999), for
one-sided tests based on §(3) (i.e. tests of the moment conditions against alternatives
in one direction) the level of the EL bootstrap test converges to its nominal level at a
faster rate than does the level of the HH bootstrap test. The previous example of a
one-sided test of the null hypothesis F[z] = 0 is one such case. The result of Davidson
and MacKinnon (1999), when combined with the asymptotic independence of F and S,
implies that the difference between the level of the EL bootstrap and the actual level is
O,(n=3/2), rather than O,(n~?1) for the HH bootstrap. Hall and Presnell (1999) give some
theoretical results on the power of the EL test in this setting, and in a Monte Carlo study

find mixed results on one-sided tests but find that for two-sided tests the EL bootstrap

is more accurate than the HH bootstrap.

4 Dynamic Panel Examples

To show how well the EL bootstrap can work in practice we consider two dynamic panel
data examples. We refer the interested reader to Bond and Windmeijer (2001) for a more
extensive study. We first consider a Monte Carlo experiment for an autoregressive panel
data model with individual effect of the form:

Yit = PoYit—1 T Qi + Eit, Yo = ——
L= po



We assume that ; and «; have standard normal distributions, v; ~ N(0,1/(1 — p?)),
and €;1, ..., &, a;, v; are mutually independent. In this model, y;; is stationary over time
because of the specification of the equation describing ;0. Moment conditions can be
obtained by time differencing and using lagged levels as instruments, see Anderson and
Hsiao (1982), and Holtz-Eakin, Newey, and Rosen (1988). Specifically, equation (4.1)
implies that

Ayir = poAyYs -1 + Aei, E(yii—jAei) = 0, (§ > 2).

With four time periods, these conditions lead to a three dimensional moment vector

where 3 = p and
g(zia ﬁ) = [yz'l(Ayi3 - ﬁAyzQ), yil(AyzA - ﬁAyw), ym(AyzA - ﬁAym)]/- (4-2)

We take the initial weighting matrix W to be block diagonal, with the first block being
the inverse sample second moment of y;; and the second block being the inverse sample
second moment of (y;1,y:2). We use a value of p = 0.5 and two sample sizes, n = 50
and n = 100. Table 1 reports the results of this experiment, listing the actual levels
of asymptotic and bootstrap tests of nominal levels .10, .05, and .01 and the coverage

probabilities for nominal 90 percent confidence intervals.

‘ Table 1: Dynamic Panel Model ‘

n = 30 n = 100
Nom | Asym | Boot Nom | Asym | Boot
Cov Prob | .90 .80 .88 90 .85 90
Test Level | .10 12 A1 10 126 | 114
Test Level | .05 066 | .058 .05 065 | .0575
Test Level | .01 012 | .013 .01 .014 | .015

Here we find some improvement in accuracy for the overidentifying test, and substan-
tial improvement for the coverage probability of the confidence interval. These results
show that bootstrapping for GMM can provide large improvements in panel data, in con-
trast to the results for the simultaneous equations models in Hall and Horowtiz (1996).

An experiment was also carried out using an additional moment condition that was

suggested by Ahn and Schmidt (1994). Uncorrelatedness of «; and ¢;; for each time period

[14]



implies that E[(yia — poyis)(Ayis — poAyiz)] = 0. This moment condition is nonlinear
in p, but it is straightforward to use an initial estimator to form a linearized version.

Linearizing this moment condition around an initial estimator p gives
Yia AYiz — ﬁQyz'?,Ayz'Q - (yz'3Ayz'3 + YisAyin — 2ﬁyi3AZ/z’2) p-

We add this fourth moment condition to the three from equation (4.2) and re-evaluate
the performance of asymptotic and bootstrapped critical values. Table 2 reports the

results of this experiment.

| Table 2: Dyanmic Panel with Extra Moment ‘

n = 50 n = 100
Nom | Asym | Boot Nom | Asym | Boot
Cov Prob | .90 .70 .89 90 .79 .90
Test Level | .10 23 | .099 10 A1 | .083
Test Level | .05 13 | .045 .05 57 | .040
Test Level | .01 | .037 | .009 01 | .014 | .007

Here the bootstrap gives an even bigger improvement than in the previous case.
For an empirical example we consider the application of Blundell et al. (1992). The

statistical model takes the form:
([/K)i = BQit +w + o + vt (4.3)

for firms i« = 1,...,n and time periods t = 1,...,T. Here (J; is an empirical measure
of the ratio of the shadow value of capital and the unit price of investment goods, and
(I/K)y is the investment rate. We use a subset of the data from Blundell et al. (1992)
choosing a balanced panel of 532 firms over 10 years with different initial years ranging
from 1971 to 1977. As such, the coefficients v; in equation (4.3) are specified by calendar
year, rather than time elapsed from the initial year in the sample.

To estimate the investment coefficient, 3, consider instrumental variables estimators
that use lagged values of () as instruments to estimate the differenced equation. These
instruments allow for contemporaneous correlation of );; and v, and for correlation with
the fixed effect. This specification leaves different numbers of instruments for different

time periods because more lags are available as instruments for the later time periods.
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After differencing and using a year of data to generate lagged variables we were left with
eight years of data. We also dropped the last year of data for each firm because of a
singularity problem with the bootstrap, and because the v; coefficient for the last year
seemed to be quite different than the others, suggesting that it might be an outlier. This
leaves seven years of data, and a total of 14+2+3+4+5+6+7 = 28 moment conditions.

In describing the results we focus on the estimator of 3, the coefficient of (), and on
the overidentifying test statistic. The estimate of § was 0.00758 with a standard error
of 0.00376. The point estimate is similar to that of Blundell et al. (1992), although it is
smaller and much less precisely estimated. According to the asymptotic standard errors,
it is significant at the 0.05 significance level. The overidentifying test statistic is 32.14
and has 27 degrees of freedom; it is below the asymptotic critical value of 40.11.

We found that the bootstrap confidence intervals for the coefficient are wider than
the asymptotic confidence intervals. The bootstrap p-value for the t-statistic was 0.103,
compared to the asymptotic value which was less than 0.05. Thus, the coefficient is
less statistically significant when the bootstrap approximation is used rather than the
asymptotic critical values. Also, the bootstrap distribution of the overidentifying test
statistic has more weight in the tail than the asymptotic distribution; the bootstrap 0.05
critical value is 42.79, compared to the asymptotic critical value of 40.11.

The bootstrap is a Monte Carlo experiment for a design based on the data, so that
the shape of the distribution is informative about small sample properties. Figure 1
gives a kernel estimator of the bootstrap density of the t-statistic. It is left skewed, and
centered at a point below zero, suggesting the presence of some downward bias. The
density of the coefficient has a similar shape. This shape is much like the small sample
distribution of an autoregressive coefficient in time series, being skewed to the left and
downward biased. Figure 2 displays the bootstrap density of the overidentifying test
statistic. It is roughly similar to that of a chi-squared, but is shifted to the right. It
is also multimodal near the peak, atlthough it is not clear whether this is an important
feature of the density. These shapes are consistent with our Monte Carlo findings, where

there is some tendency towards over rejection for the asymptotic approximation of the
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overidentification statistic.

5 Other Approaches to Improved Inference

In addition to the bootstrap their are several other approaches to improved inference for
GMM. One potential reason for the poor performance of asymptotic theory for GMM is
that parameters of interest are not well identified. Hansen, Heaton, and Yaron (1996)
and Stock and Wright (2000) find evidence of this problem for intertemporal capital
asset pricing models. The bootstrap may not help in this situation, because it is based
on higher-order approximations for well identified models. Stock and Staiger (1997) and
Stock and Wright (2000) address this issue by deriving asymptotic distribution theory
for IV and GMM under weak identification, where the degree of identification shrinks
as the sample size grows. This kind of asymptotic theory is meant to lead to better
approximations for low identification cases. They show that the resulting distributional
approximations are better than those obtained from the usual asymptotics in a wide
variety of circumstances. They also give inference methods based on the overidentification
test statistic that are asymptotically correct under weak instrument asymptotics.

There are at least two concerns with using the overidentifying test statistic for in-
ferences concerning parameters of interest. First, it has too many degrees of freedom
in general, leading to relatively low power. For instance, consider a test that one pa-
rameter is equal to some value. One would normally want a test with one degree of
freedom to test such a null. If instead one uses the overidentifying test statistic under
the null hypothesis, one has a many degree of freedom test, which will have lower power.
The second problem is that misspecification of the model has the strange consequence of
making inferences seem more accurate. As the moment conditions depart from the truth
the overidentification test statistic will tend to be larger, leading to smaller confidence
intervals. In our view it is unsatisfactory to base inferences on a procedure that seems
to be more accurate when the model is misspecified.

Recently, Kleibergen (2001a, b) and Moreira (2001) have developed tests that have
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the right degrees of freedom and are asymptotically correct under weak identification
asymptotics. The Kleibergen (2001a, b) tests are based on the derivative of the overiden-
tification statistic with respect to the parameters. The Moreira (2001) tests are based on
the theory of similar tests. Both provide promising approaches to inference under weak
instruments.

For cross-section data it may be that using too many instruments is the primary
problem for IV asymptotic approximations. Bekker (1994) addresses this problem by
deriving asymptotic distribution for IV and limited information maximum likelihood
estimators when the number of instruments grow at the same rate as the sample size.
Donald and Newey (2001) show that this problem can be entirely avoided by choosing
the number of instruments to minimize higher-order mean-square error. In a leading
example, the Angrist and Krueger (1991) study of returns to education, this criteria
leads to only using quarter of birth as instruments, avoiding the problem with too many
instruments that was shown by Bound, Jaeger, and Baker (1996). Hall and Inoue (2001)
give a cannonical correlations approach to the choice of moment conditions.

Detecting departures from the asymptotic approximation is an important problem.
For IV, Hahn and Hausman (2001) have proposed a specification test based on comparing
forward and reverse IV estimators. They find that often this test accurately detects when
the asymptotic approximation is poor.

A quite different way of approaching inference problems for GMM is to change the
estimator itself rather than just the approximation to its distribution. The idea is that
if the inference problems are caused by specific features of the estimator, such as bias,
then it is better to first fix the estimator, and then apply the bootstrap to obtain further
improvements. To this end, a number of alternative estimators have been proposed.
These include the empirical likelihood (EL) estimator of Owen (1988), Qin and Lawless
(1994), and Imbens (1997), the continuous updating estimator (CUE) of Hansen, Heaton,
and Yaron (1996), and the exponential tilting (ET) estimator of Kitamura and Stutzer
(1997) and Imbens, Spady and Johnson (1998). As shown by Smith (1997) and Newey

and Smith (2001), these estimators share a common structure, being members of a class of
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generalized empirical likelihood (GEL) estimators. Estimators in this class are obtained

as the solution to a saddle point problem of the form

B = argmin A,ﬁgfév;ﬂxg@(ﬁ)),

where 7(r) is a concave function with open domain V as considered for the EL bootstrap.
Newey and Smith (2001) derived asymptotic expansions for these estimators and for
GMM. They showed that each GEL estimator removes the term in the higher-order bias
for GMM corresponding to estimation of derivatives, and that EL (where 7(r) = In(1—7))
also removes the bias term for estimating the second moment matrix. They derived bias
corrected GMM and GEL estimators, and showed that among these EL is second-order
efficient. Thus, to the extent inference problems are the result of bias, the use of EL will
help improve GMM inference.

An interpretation of EL helps explain its low bias properties. As shown by Newey

and Smith (2001) the first-order conditions for EL take the form

0 = [gnlﬁiag@iﬁ)/aﬁr[émg(a,B)g(zi,m]lgw),
o= n 1= Ng(z, B)]) 7

In comparison with the GMM first-order condition [n=! S, dg(z, 5)/9B)U3) " §(6) =
0, the EL estimator uses averages over the EL probabilities, rather than sample averages,
to form the linear combination coefficients that appear in the first-order conditions. These
averages are efficient estimators of the corresponding expectations under the moment
conditions. As discussed in Brown and Newey (2001), using such efficient estimators
removes bias due to their estimation, explaining the higher-order bias results for EL.
Brown and Newey (2001) also extend these results to any semiparametric estimator

where the nuisance parameters are estimated efficiently.

6 Appendix: Asymptotic Theory

Here we give a brief account of the asymptotic properties of GMM and show that the

distribution estimator of equation (2.6) has the properties claimed in the text. Theorems
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1 - 3 are given in Newey and McFadden (1994), but we have collected them here in the
hope that a brief, coherent account might be useful. Pakes and Pollard (1989) give more
general asymptotic normality results, that allow for g(z, 3) to be nondifferentiable. The
conclusions remain the same, except that G = 0E[g(z, 3)]/08|s, throughout. We assume
throughout this discussion that equation (2.1) is satisfied.

We first give conditions for consistency, that allow for ¢(z, 3) to be discontinuous in

Assumption 1: W & W and i) W is positive semidefinite and WE[g(z, 5)] = 0
only if B = fy; ii) By € B, which is compact; iii) ¢(z, (3) is continuous at each § € B, with
probability one; iv) E[supgses [|g(z, 3)|]] < oo.

Theorem 1: If Assumption 1 is satisfied then ﬁA L Bo.

This result is similar to Theorem 2.1 of Hansen (1982). Strictly speaking, the presence
of the discontinuity means that the minimum of §(3)'W§(/3) may not exist, but it suffices
for consistency that §(3)Wg(8) < infses §(8)'W§(B) + 0,(1), as in Pakes and Pollard
(1989).

With additional regularity conditions we also establish asymptotic normality.

Assumption 2: i) 8y € int(B); ii) g(z, B) is continuously differentiable in a neighbor-
hood V of iy with probability one; iii) E[[|g(z, fo)||*] < oc; iv) E[supgep 109(z, 8)/08]|] <
o0; v) G'WG@G is nonsingular for G = E[dg(z, £)/00].

Theorem 2: If Assumptions 1 and 2 are satisfied then

V(B = Bo) % N0, (GWG)'\GWOWG(GWGE)™).

For nonsingular €2 the asymptotic efficiency of a GMM estimator with W =  follows

from the matrix equality
(G'WG)'GWAWG(GWGE) ™ — (G'Q'G) ! = All - B(B'B) 'B'|A,
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where A = (G'WQG) 1G'WC', B = (C')"'G, where C is a square root of ), satisfying
C'C = (). Because the matrix in square brackets is idempotent, and hence positive
semidefinite, it follows that the difference of the asymptotic variance matrix for general
W and that for W = Q7! is positive semidefinite.

The following is a result for the two-step efficient GMM estimator and overidentifica-

tion test statistic.

Theorem 3: If Assumptions 1 and 2 are satisfied, Q2 is nonsingular, and E[supge |lg(z, 6)|1?] <
oo then

V(B = By) 5 N(O, V),V BV, V =(G0a6)
and T 2 x*(m — p).
Finally, we show efficiency for the distribution estimator. Let 1; = 1(z; < 2), ¢; =

g(Zi,ﬁo), H = —(GlgilG)ilGlgil and 1,02 = 12—E[12]—E[lzg;]Qil(I—i—GH)gz Abbreviate

”with probability approaching one” as w.p.a.l.

Theorem 4: If Assumptions 1 and 2 are satisfied, ) is nonsingular, 7(r) is twice
continuously differentiable in a neighborhood of r = 0, Elsupgep |l9(z,8)]|¢] < oo for
¢ > 2, and B is any estimator with /n(3 — Bo) = Hy/nj(Bo) + op(1), then #; from

equation (2.6) ezist and are nonnegative w.p.a.1, F(z) = Y%, 1;7; satisfies

Vi(E(z) = Fo(2)) % N(0, E[y7),

~

F(2) is asymptotically efficient, and F and §(3) are asymptotically independent.
Proof: By hypothesis, B 2 By, and by a standard mean value expansion

9(B) = (I + GH)§(Bo) + 0p(1/v/n) = O,(1/+/n), (6.1)

so by Lemma A2 of Newey and Smith (2001) it follows that A exists with probability
approaching one (w.p.a.1) and A = O,(1/y/n). Then by Lemma A1l of Newey and Smith
(2001), max;<, |N§:| 2> 0. The first conclusion then follows by continuity of 7,(r) at
r = 0. Now, normalize 7(r) as in Newey and Smith (2001), so that 7,(0) = 7,,.,(0) =
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—1. A mean-value expansion in A of the first-order condition S, 7,(Ng;)g:/n = 0
for A then gives 0 = —j(8) + [0 7r(N:)G:g./n]A. By continuity of 7,.(r) at r =
0, maxi<y, |7r(Ng;) — 1| & 0. Then by Lemma 2.4 of Newey and McFadden (1994),
S T (NG) il /1 2 =€, so that

A =—07"9(8) + 0p(1/v/n). (6.2)

Next, by a second-order mean-value expansion and the first-order conditions for 5\,

> 1TT()\ gi))/n = —1+ X[Zz 1TTT()\ gz)gzg;/n]ﬁ\ = —1+4 0,(1/y/n). Also, by another

mean-value expansion and Lemma 2.4 of Newey and McFadden (1994),
SN 1n(Ng)/n = = Li/n+ > L (Ngi)gi/n]A
i—1 i—1 i—1
= — Y Li/n— E[LglA +o0,(1/V/n).
i—1

It then follows by the delta method and eqgs. (6.1) and (6.2) that
F(z) = Fo(z) = [ Lm(Na)/nl/37(Ng:)/n] — E[L]
i=1 i=1
= Y Li/n— E[L]+ E[Lg]\+ 0,(1/v/n)

i=1
n

= Y L/n— E[L] - E[Lg]Q 4(3) + op(1/v/n) = Z¢z/” +0,(1/v/n).

i=1
The second conclusion then follows by the Lindbergh-Levy central limit theorem. The
third conclusion follows by Brown and Newey (1998). For the last conclusion, note that

F and Q(B) are joint asymptotically normal by the last equation and eq. (6.1), with

covariance
E[@/Jz-g;](l + H’G’) = E[lig;]{(l + H’G’) — Q_l(I + GH)Q(I + H’G')} =0

Q.ED..
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