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COMPLEX UNIT ROOTS AND
BUSINESS CYCLES:
ARE THEY REAL?

HERMAN J. BIERENS
Pennsylvania State University
and
Tilburg University

In this paper the asymptotic properties of ARMA processes with complex-conjugate
unit roots in the AR lag polynomial are studietihese processes behave quite
differently from regular unit root processésith a single root equal to oneln
particular the asymptotic properties of a standardized version opgr@dogram

for such processes are analyzedid a nonparametric test of the complex unit
root hypothesis against the stationarity hypothesis is deriveid test is applied

to the annual change of the monthly number of unemployed in the United States
to see whether this time series has complex unit roots in the business cycle
frequencies

1. INTRODUCTION

As is well known AR processes with roots on the complex unit circle are non-
stationaryand are actually more interesting than AR processes with a real val-
ued unit root because these processes display a persistent cyclical behavior
Thus if there exist persistent business cycliéseems that the data-generating
process involved is more compatible with an @RA) process with complex-
conjugate unit roots than with a real unit root @odroots outside the complex
unit circle

The current literature on nonseasonal unit root processes focuses almost en-
tirely on the case of real unit roofequal to ong Notable exceptions are Ah-
tola and Tiao(1987g 1987hH, Chan and We{1988, and Gregoir(19999, who
derive the limiting distribution of least squares estimates of AR processes with
complex-conjugate unit rogtwith inference based on parameter estimates
Moreover Gregoir(1999a 1999 studies covariance stationary vector moving
averagg VMA ) processes where the determinant of the lag polynomial matrix
involved has multiple real anidr complex unit rootsThese processes give rise
to a form of cointegration
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In this paperhowevey we will take a different routeRather than focussing
on estimation and parameter testimge will derive a nonparametric test for
multiple (but distinc) pairs of complex-conjugate unit roots in the AR lag poly-
nomial of an ARMA processwithout estimating the parameters involyexh
the basis of the properties of the periodogradris test will be applied to L&.
unemployment time series datéo see whether this series has complex unit
roots in the business cycle frequencies

Most of the proofs involve tedious but elementary trigonometric computa-
tions These proofs are given in a separate AppeAddnly the proofs of Theo-
rems 1 2, and 3 will be presented in an included Appendix

2. AR(2) PROCESSES WITH COMPLEX UNIT ROOTS

2.1. Introduction

Consider the AR?2) process

Yo = 2C04¢)Yi—1 — Vet + Uy, (1)

where u; is independent and identically distributg@i.d.) (0,02) with
E|u|?"® < oo for somes > 0, u is a constantand¢ € (0, 7). Throughout this
paper we assume thgtis observable fot = 1,...,n. The AR lag polynomial
®(L) =1 — 2cod¢p)L + L? can be written a®(L) = (1 — exp(ig)L)(1 —
exp(—i¢)L); henced (L) has two roots on the complex unit circlexp(i¢) =
cod¢) + isin(¢) and its complex conjugate ekpi¢p) = coS(¢) — isin(¢),
provided that sifi¢p)) # 0. The latter condition will be assumed throughout the
paper because otherwise either ¢gg = 1, which implies thaty, is 1 (2), or
coq¢) = —1, which implies thaty, + y,_, is 1 (1).

Note that(1) generates a persistent cycle af/2) periods If ¢ € (7,27),
the cycle length is less than two perio@ich short cycles are unlikely to oc-
cur in macroeconomic time seriesnd if they occurthey are difficult if not
impossible to distinguish from random variatiorThis is the reason for only
considering the cas¢ € (0, 7).

It can be shown along the lines in Chan and \Wi&€88 and Gregoir(1999a
1999h 19999 that the solution of1) is of the form

_ 1
~sin(¢)

for t = 1, where

Yi S(d)u; + d (2
SO = 3 sin((t+1- )y )
j=1

andd; is a deterministic process of the form

d, = acog¢t) + bsin(¢t) +c, (4)
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with a, b, andc real valued time invarianfrandom variables depending on
initial conditions®
Moreover it is a standard calculus exercise to show that

cos(¢) sin(cb))

S()u, = (cos(¢t), s'n(¢t))<—sin(¢) cos(¢)

—

— > u;sin(¢j)

X

=t
2 ;cos(¢j)

Furthermoredenoting
[xn] [xn]

V2 V2
Wi (X) = ———= D>, u: sin(¢j), W' (X) = —= >, u; codgj 5
1,n( ) O'\/ﬁjgl il (d)J) 2, ( ) O'\/ﬁ jgl il qqu) ( )
for x € [0,1], it follows from Chan and We{1988 Theorem 22)° that jointly®
Wi =W, and W, =W,

whereW, andW, are independent standard Wiener procesSesg Billingsley
(1968. The same applies to

Wl,n(x) _ Q Wlfn(x) (6)
W, 1 (X) A\ws () )
where

_ [ cosg) sin(¢)
0\ —sin(¢) cos(¢))’

because the matriQ, is orthogonal Consequentlywe have the following
lemma

(7

LEMMA 1. Under data-generating process (1),

yi/\n = (cos(pt)W (t/n) + sin(t)W, ,(t/n))

T
sin(¢)V2
+ 0,(1/v/n), (8)

where

W:L n) - (Wl
W2,n W2

on[0,1], with W, and W independent standard Wiener processes. Moreover,
the q)(l/\/ﬁ) remainder term is uniformin€ 1,...,n
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FiGURE 1. AR(2) process with complex unit roots and a cycle of 100 periods

Thus y;/vn takes the form of a linear function of gigt) and cog¢t),
with random coefficient®V; ,(t/n) andW, ,(t/n), respectivelyplus a vanish-
ing remainder termConsequentlythe seriesy; will display a rather smooth
cyclical patternwith a cycle of 2r/¢ periods A typical example is the arti-
ficial time series displayed in Figure This time series is generated py=
1.9960534/, 1 — y;_» + U, with u. i.i.d. N(0,1), for t = 1,...,500 This series

has a cycle of 100 periods

2.2. Relaxing the i.i.d. Error Assumption

The assumption that the errousin (1) are ii.d. is not essentiaWe may re-

place it by the following assumption

Assumption 1 Let (1) hold, with u; a zero-mean stationaiA(co) process
U, = n(L)e;, whereg, is i.i.d. (0,1), E(|&]?"®) < oo for somes > 0, (L) =
2 om; L) =6,(L)/6,(L) is a rational lag polynomial with all the roots 6§(L)

outside the complex unit circlandg,(e'?) # 0.7

Using the decomposition

_ i}
U = n(ei¢)8t + (e’ - L) % &t

=n(e?)e + ew, — w_,

say and denoting

_ 1 [~Ren(e?) Imxn(e?)
[n(€?)|\ Im(n(e'*)) Re(n(e?)) )’

it is not hard to verify that the following lemma bolds

Q

9)
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LEMMA 2. Let Assumption 1 hold. Redefineas
o =|n(e?)] (10)

and redefine W, and W ,, as

W, (%) WiH(%)
<w2,n(x>> - Q°Ql<wzz<x>>’
where
\2 bl 2 [l
WiR00 = — = B sin(i), WER00 = = 3 cosle). (11)

Then the result of Lemma 1 goes through.

2.3. Differencing and Other Lag Operators

The argument in the previous section also implies,that, differencing ofy,
does not eliminate the cycldecause the difference operator-1L changes
n(L) to n.(L) = (1 — L)n(L), which still satisfies Assumption.IThe same
applies to any other polynomial lag operatdiL) with 7(e'¢) # 0. Denoting

1 (Re(r(e“”)) Im(T(e‘¢))>

Qz:|7-(e“’5)| —Im(7(e'?)) Re(r(e?))

we have the following lemma

LEMMA 3. Let7(L) be a lag polynomial satisfying(e'®) # 0. Under As-
sumption 1,
o|7(e)|
sin(¢)V2
+ 0,(1/4n),

(L)Y, /Nn = (cos(pt) Wi ,(t/n) + sin(pt) W, ,(t/n))

whereo = |n(e'?)| and

Wb\ _ ) o o (W00 _ (Wa00
Won(¥)) 2 wsn0 )\ We(x)
on[0,1], with W}, and W'}, defined by (11) and Wand W the same as before.

The significance of this result is that we can eliminate a real unit root one or
a linear trendand seasonal unit rogtby applying the appropriate difference
operatoy without affecting possible complex roots corresponding to the busi-
ness cycle frequency
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Strictly speakingthe result in Lemma 3 also applies to the double differenc-
ing operatorr (L) = (1 — L)?2 =1 — 2L + L2 = A% However in practice this
lag operator would wipe out a complex unit root Ady, if the complex unit
root involved corresponds to a business cycle frequdrmyexamplethe AR(2)
lag polynomial of the procesg displayed in Figure 1 is + 1.9960534. + L2,
which is numerically too close to 4 2L + L? to be distinguishablenence the
AR and MA lag polynomials of the resulting ARMR,2) processA?y, will
approximately cancel outausingA?y; to look like a white noise process

Another consequence of this argument is that it will be virtually impossible
to test for complex unit root in the business cycle frequency by using a para-
metric test on the basis of the results of Ahtola and TiB@87a 1987h, Chan
and Wei(1988, and Gregoir(19999: It will in practice be impossible to dis-
tinguish in the auxiliary regression = B1Y;-1 + B2Y:—» + U; the null hypoth-
esisB, = 2 cod¢), B, = —1 from thel (2) hypothesis3; = 2, B8, = —1.

3. FREQUENCY ANALYSIS
The periodogranp,(¢), say of a time seriey, is defined by

2 n 2 n 2
pn(€) = HKtElyt cos(a)) + (tElyt sin(ft)> ] (12)

for £ € (0,77) and oddn. See Fulle1976 Ch. 7).
If y, is a stationary linear processay

y; = u + n(L)e,, wheren (L) ande, are the same as in Assumption 1 (13)
then for fixedé € (0, 7),

pn(f) = 27Tf(§),\/%, (14)

wheref (¢) is the spectral density gf. See Fullef1976 Theorem 71.2, p. 280).
As is not hard to verifythis result is due to the fact that under the stationarity
hypothesig13),

Pn(€) = (%) 2 (W (D)% + W (1)?),

pointwise in¢ € (0, ), whereW, . andW, . are independent standard Wiener
processes depending gnhwhich are also independent across &'

The main idea in this paper is to use the standardized periodogtgm=
pn(f)/&yz, where(}y2 is the sample variance of thg's, as the basis for a non-
parametric test of the complex unit root hypothesis against the stationarity hy-
pothesishecause in the complex unit root case the propertigd 6 are quite
different from the stationary casehis is illustrated in Figures 2 and Fig-
ure 2 displays the periodogram of the complex unit root process plotted in Fig-
ure 1 Figure 3 displays the periodogram of the stationary Gaussiaf2AR
processy; = 1.411423;_, — 0.5y, » + u, t = 1,...,500 where theu,’s are
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4.53514E+02

0
Radius: 0 0.06283 0.63
Cycle period: 100.00 10

FIGURE 2. Periodogram of the complex unit root process plotted in Figure 1

i.i.d. N(0,1). The lag polynomial of this AR2) process has complex roots out-
side the unit circlecorresponding to @anishing cycle of 100 periods

We see that the two periodograms are very distiboth in shape and in
scale In particular the periodogram of the stationary process has many more
and more widely spreagheaks than the periodogram of the complex unit root
processand the peaks are much lower than in the latter case

The following theoremwhich is proved in the Appendjexplains the dif-
ferences between these two cases

THEOREM 1 Consider the standardized periodogram

2 n 2 n 2
p(é) = nA2<<2 ytc08(5t)> + (2 ytsin(ft)> ) £e(0,m),
O'y t=1

t=1

whereéry2 is the sample variance. Let

1 2 1 2
(f Wl(x)dx> + (f Wz(x)dx>
0 0]

= 1 1
f Wl(x)zdx+f W, (x)2dx
0 0

M\Am 6.95862E+01
AAJJ\/\/\/MJU
0.

Radius: i 63
Cycle period: 10

1

Ficure 3. Periodogram of a stationary AR) process with complex roots and a cycle
of 100 periods
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Under Assumption 1,

p($) B, (15)
n
whereas pointwise i§ € (0,¢) U (¢, 7),
p(§) = Op(1). (16)
Under the stationarity hypothesis (13),
i 2
p(é) = % (W £ (D)2 + W, ((1)?) a7

pointwise in¢ € (0,7), where{(W, ;,W, ;),& € (0,7)} is a collection of in-
dependent bivariate standard Wiener processes.

Theorem 1 implies that in the complex unit root cgs&)/n has a sharp
spike até = ¢, with height asymptotically distributed a8,, and asymp-
totically zero elsewherewhereas(14) implies that under the stationarity hy-
pothesis p(¢) is bounded away from zeyand asymptotically bounded from
above by independent? random variablegimes|n(e'¢)|?/var(y;), pointwise
in ¢ € (0,7).

4. MULTIPLE CYCLES
4.1. The State Space Case

The periodograms of macroeconomic time series often display multiple peaks
in the business cycle frequencids k of these peaks are due to complex unit
roots then one way of modeling the process involved is as an ARRkA»o)
process with all the roots of the AR lag polynomial on the complex unit cir-
cle. However as is already clear from Figure fhe plots of such processes
are very smoothmuch smoother than for most economic time serigdsere-

fore, in the first instance we propose to model these time series as a state
space model of aggregates of ARMA processes with different single pairs of
complex-conjugate unit rogtplus a stationary ARMA process representing
the noise The ARMA(2k,c0) case will be considered in the next section

Assumption 2 The data-generating process i = E}‘:Oyjyt, where
Yot = Mo + mo(L)eg satisfies the conditions i(13), and forj = 1,...,k,
Vit =2¢09¢)Yit-1— Vi—2 T pj T (L) g, With 0 < g < -+ < ¢y < 7.
The lag polynomialsy;(L) are rational n;(L) = n;(L)/n2,;(L), with 5, ;(L)
having all its roots outside the unit cir¢land the(eyy,...,ec)’s are ii.d.
(0,1), with E(]gj|**®) < oo for somes > 0.

Admittedly, the assumption that the ;’s are contemporaneously uncorre-
lated is quite restrictivebut it is needed to derive nuisance-free asymptotic
null distributions of the tests we are going to propose
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The procesy, ; will only play a role under the alternative hypothesis of sta-
tionarity, which corresponds to the cake= 0.

Except for partg19) and(20), the following results follow straightforwardly
from Theorem 1

THEOREM 2 Letw; = (1/\/§)aj/sin(¢>j), whereg; = [n;(exp(ig;))|. Un-
der Assumption 2,

k
yt/\/ﬁ = 2_ wm(coid)mt)wlm,n(t/n) + Sin(¢mt)w2,mn(t/n))

+ 0,(1/v/n), (18)

where jointly(Wy j n, W5 i n)" = W = (W j, W, ;)’, with W,..., W, independent
bivariate standard Wiener processes. Consequently,

1 2 1 2
B “’jZ((fo Wl”'(x)dx> ! (fo Wz’j(x)dx> )

= () = . . .
mElwrzn<J; WLm(x)de+J; Wz,m(x)zdx>

jointly for j=1,...,k. Moreover,

p(&)
P Op(1/4/n),
pointwise iné € (0,7)\{¢1,..., b} .
The result of Theorem 2 cannot be used directly to design a test for complex
unit roots because of the presence of the nuisance parameeksowever it

is possible to construct a test statistic for which the asymptotic null distribution
has a nuisance-free lower bound

n

THEOREM 3 Under Assumption 2,

_max h(d;) = By, '7min (o) =By, (19)
i=1,..., k j=1,....k

-1

1 1
f W, (x)2dx +f W, (x)2dx
k o o
Be=| X . (20)

o 1 2 1 2
' (fo Wl,m(x)dx> + (fo Wz’m(x)dx>

Theorem 3 suggests testing the complex unit root hypothesis

Ho : Assumption 2 holds for givekande; = ¢q1,..., bk = do ks (22)
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TaBLE 1. Values of By (a)

k a = 0.05 a =0.10
1 0.1403 02411
2 0.0667 01146
3 0.0441 Q0732
4 0.0313 Q0519
5 0.0249 Q0409
6 0.0210 00337
7 0.0177 00287
8 0.0154 00250
9 0.0137 00222

10 00120 00196

by using the test statisfic
By = j:Tanﬁ(¢O,j)/n (22)

with @ X 100% critical valuesB,(«), say based on the lower boun#, of
the asymptotic null distribution oB: P(B, = Bk(a)) = a. In Table 1
we present the critical value8,(«) for k = 1,...,10 anda = 0.05, 0.10,
which have been computed by Monte Carlo simulafion

Given thatk andé¢g 1, . .., ¢ k are specified in advancthis test is consistent
against the stationarity hypothesis and also against the hypothesis that none of
the given values ofg 4, ..., ¢ « correspond to the ones in Assumption 2

4.2. The ARMA(2k,») Case
Consider the ARMA2k,c0) model withk pairs of complex-conjugate unit roots

Assumption 3 [[T}_;(1 — 2 coS¢yr1-j)L + L?)]yy = u + n(L) e, where
1n(L) ande, are the same as in Assumption 1 anekQp; < --- < ¢y < 7.

Let u; = n(L)e,. It follows similarly to (2) that
_ S(d)S (P 1)...S (P

t k—1

H sin(¢y—;)
j=0

+ dy,

whereS (¢)u, is defined by(3), for each pairp,, ¢,

S(¢2)S(p)u, = %Sin(¢2(t +1-1))S()y;,
j=

andd, is a deterministic process of the typ®.
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Next let

Ci(p)u, = El cos(¢,(t+1—j)u,
=

and let for each paii, ¢,

S(¢2)Ci(d)u = 2 Sin(¢,(t+1—))Ci(d)y;.
j=1
Then we have the following lemma

LEMMA 4. If ¢, # &, then

S(92)S (P U = (y1(d2, d1) — 81(b2, $1)) (Ci(d2) U — Ci(b1)Uy)
— Y22, d1) (S (o) U — S(P1) Uy)
+ 8,(¢h2, 1) (S () U + S(d)uy)

and

S(2)Ci(Pp) U = (va(do, 1) + 82(d2, 1)) (Ci(po) Uy — Ci(hy) uy)
+ v1(d2, 1) (S(d2) U — S(d1)Uyp)
+ 81(¢2, $1) (S (d2) U + S(P1) Uy),

where
(6. be) = 1 cos(¢,) — cos(¢,)
TR0 75 (cosly) — cos(y))? + (sin(ehy) — sin(hy))?’
(6. 60) = 1 sin(¢,) — sin(¢y)
Y2028 7 5 (Cosy) — coslr))? + (i) — sin(hy)?’
1 cos(¢,) — cos(¢h,)
ou(d2r 1) = 3 (cos(¢p,) — cos(¢hy))? + (sin(¢p,) + sin(¢y))?
5a(dabo) = 1 sin(¢,) + sin(¢,)

2 (cos(p,) — CoS(by))? + (sin(eh) + sin(¢hy))?’

The proof of Lemma 4 is quite tedious but involves only elementary trigo-
nometric operations and will therefore be given in the separate Appendix to
this paper

Lemma 4 implies thay, can be written as

k k
Vi = _217jst(¢j)ut + _Elaj Ci(¢))u +d,,
i= i=

where they;’s and §;'s are constants depending on tgs. Moreover simi-
larly to Lemma 1 it follows that there exist orthogonak2 matriceQy, ..., Qx
and constantg; such that
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YmS(Pm) Uy + 85, Ci () Uy

t

2 u; sin(¢pmj)
= kn(COS(),SIN(A)) Q| 1"
_Elujcos(d’mj)
=

Furthermoreit follows from Lemma 2 that there exist orthogonak2 matri-
cesRy,..., R such that

2 4y sin(gn)) =2, & Sin(¢nm])
! = [n(explign)[Rn| |
_Z Uj COS(¢hm ) > & CoS(¢m))
=1 j=1

Therefore defining

W, (%) —(V2/4n) gl & SiN(¢pj)
W, (%) = QmRnm t >
> (N2/V1) S & cospp))
j=1

it follows that there exist constanis such that(18) carries over

THEOREM 4 Apart from the definition of the constants, Theorems 2 and
3 hold under Assumption 3 also.

This result also holds if we combine Assumptions 2 ande] in the follow-
ing assumption

Assumption 4 Lety, = EJK oY, t» whereyy . is the same as in Assumption 2
and forj = 1,...,K, [H —1(1 — 2codeys1- J)L + L2 )]th =Myt 771('—)8] ts
wheren; (L) and gj; are the same as in Assumption 2 and0¢p; < --- <
b < .

THEOREM 5 Theorem 4 carries over under Assumption 4.

Thus in this case the processggs;, j = 1,...,K, have common complex-
conjugate unit rootsThe condition in Assumption 2 that thg's are uncorre-
lated across thgs is now no longer needetbecause if the variance matrix of
(e1t,---58kt)" IS %, say we may without loss of generality replace
(Yitr--s Yi.t) BY Q' (Vit,--., Yk.t)', WhereQ is theK X K, matrix of eigen-
vectors of% corresponding to th&, positive eigenvaluesThus without loss
of generality we may assume that= 1.
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5. ARE BUSINESS CYCLES DUE TO COMPLEX UNIT ROOTS?

In conducting the tests for complex unit ropisis tempting to formulate the
null hypothesig21) by looking at the periodogram of the time series involved
and selecting the frequencies i, ..., ¢o « corresponding to thk highest peaks
However this is akin to pretesting and will affect the actual size and power of
the test The correct way of conducting the test is to formulate the null hypoth-
esis prior to looking at the dat8ut all information about business cycles is
based on empirical investigatiofsee e.g., Diebold and Rudebus¢hi999 and
the references therginso that even if we would choosgg i, ..., ¢« corre-
sponding to the NBER business cycle dates and durations listed in Diebold and
Rudebusch(1999 Table 21, p. 39), prior to looking at the periodogramve
would indirectly commit a pretesting type of sin aldo testing for seasonal
unit roots this problem does not occof course but it is virtually impossible
to avoid when testing for complex unit roots in the business cycle frequencies
In our empirical application we will therefore ignore this problem and look at
the periodogram first to determine potential complex unit root frequencies

The time series we analyze is the monthly number of civilian unemployed in
the United Statedimes 1000 from 194801 to 199912. To eliminate possible
seasonal unit roofsand to eliminate a possible unit root one alse have
transformed the series to annual chandédw plot of the transformed series is
displayed in Figure 4

The standardized periodograhté) is displayed in Figure 5The first peak
(with a little dip in the top corresponds to a cycle duration between 104 and
133 monthsThe secongdand highestpeak corresponds to a cycle of 65 months
and the four next highest peaks correspond to cycles 0f43033, and 28
months respectively These cycle durations are quite close to the post—World
War Il NBER business cyclérough to trough durations listed in Diebold and

[3620.

F2988.
1949.01 1999.12

FIGURE 4. The data
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FIGURE 5. Standardized periodogram of the data

Rudebusct{1999 Table 21, p. 39). The longest postwar NBER cycle duration
is 117 monthswhich corresponds to the little dip in the top of the first peak
We now test the null hypothesis that this series has six pairs of complex-
conjugate unit rootswith frequencies corresponding to cycles of 163, 50,
43, 33, and 28 monthsThe results are shown in Table 2
Clearly, the complex unit root hypothesis involved is not rejectddwever
the critical values are based on lower boundlich become increasingly con-
servative with the number of pairs of complex-conjugate unit roOtdy for
k =1 are the asymptotic critical values exadétwe would test the null hypoth-
esis that there is only one pair of complex-conjugate unit tabemn it follows
from Table 1 that the hypothesis corresponding to the cycle of 65 months is
accepted at the 5% significance level but rejected at the 10% (hagp-value
involved is Q0645, whereas all the five other cycles tested in Table 2 are re-
jected at the 5% levelThus the question whether the NBER cycles of 190,
43, 33, and 28 months are due to complex unit roots remains unanswengyl
for the NBER cycle of 65 months is there some weak evidence of a complex
unit root

TABLE 2. Null hypothesis and test results

j do,j Cycle p (o, )/
1 0.05370 117 5284
2 0.09666 65 016829
3 0.12566 50 010728
4 0.14612 43 08585
5 0.19040 33 005284
6 0.22440 28 05703

Test statistic= max_1..p(¢oj)/n = 0.16829 10%
critical region= (0, 0.0337); 5% critical region= (0,
0.0210; p-value~ 1.
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TaBLE 3. Tests of the stationary A®)

hypothesis

P Ak, p p AK p

1 87921 9 129097
2 91020 10 133758
3 104142 11 12B73
4 112324 12 138025
5 119759 24 15856
6 123815 36 18363
7 128857 48 18455
8 128686 60 18859

However something more can be saidecall that under the stationarity hy-
pothesis(13) the periodogram ordinatgs,(¢) converge in distributionpoint-
wise in& € (0,7), to | n(e'¥)|?x3(&), where{ x3(£),& € (0,7)} is a collection
of independentyZ distributed random variable3herefore if vy, is an AR(p)
processOy(L)y; = u. + og, with (L) =1 — 6,L — --- — 6,LP, andu, =
6,(1) u, thenn(L) = a6,(L)"%; henceo —2|6,(€'%)|?pa(¢) — x3(£) in distri-
bution, pointwise in¢ € (0, 7). Consequentlyfor given values 06< ¢p1 < ¢, <

. < ¢ < 7 we haveo 2 E};lwp(exp(iqu NI2pn(#;) = x5 in distribution
On the other handif one or more of the values; correspond to complex-
conjugate unit rootsthen g 2 E}Llwp(exp(igbj D|?pn(#;) — oo. These results
carry over if we replace-? and the parameters é(L) by ordinary least squares
(OLYS) estimatesThus denoting the estimated lag polynomial By(L), and
the usual OLS estimate of? by 2 we can test the stationary AR) hypoth-
esis against the complex unit root hypothesis by using the test statistic

k
Ak,p =672 E |ép(9Xp(i¢j ))|2Pn(¢j)-
j=1

For thek = 6 frequencies corresponding to the cycles in Tahlaril a va-
riety of values ofp, the test statistics&k,p take the values shown in Table 3
Because the null distribution ig?,, with 10% and 5% critical values 1849
and 21026 respectivelythese null hypotheses are strongly rejected
These results provide evidence that the NBER business cycles are indeed
due to complex-conjugate unit root&/hether this evidence is compelling de-
pends on how one weighs the pretesting problem mentioned before

NOTES

1. The empirical application involved has been conducted with the author’s free software pack-
age EasyReg 20Q0which is downloadable from web page hitfeconla.psuedu/~hbiereng
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EASYREGHTM. The monthly unemployment time series involved is included in HasyReg
database

2. This Appendix is included in the working paper versiavhich is downloadable as a PDF
file from web page htty//econla.psuedu/~hbiereng PAPERSHTM.

3. As a result of the presence of the deterministic tekrim (2), we can avoid the assumption
in Gregoir(19999 thatu; = 0 fort < 1.

4. Throughout this paper we adopt the convention that fars the sum})}:s(-) is zera

5. Chan and We(1988 assume that the errotg are martingale differencgsvhich is more
general than theiid. assumptionThe latter assumption is made for the sake of transparency of the
argumentsAll our results carry over under the martingale difference assumption in Chan and Wei
(1988.

6. Following Billingsley (1968, throughout this paper the double arrew indicates weak
convergence of random functigns convergence in distribution in the case of random variables
The single arrow— indicates convergence in probabilitynless otherwise stated

7. Becausefy(L) is real valued all complex-valued roots come in conjugate paitence
6.(e'?) # 0 implies#,(e”'?) # 0 and vice versa

8. Under this null hypothesis the statistic miig j)/n has an asymptotic upper bound equal
to Bx. However under stationarity mi (¢ j)/n — 0, so that a test based on miipo j)/n has no
asymptotic power against stationarity

9. These critical values have been computed by Monte Carlo simujatiothe basis of L000
replications of 10 independent Gaussian random walk$ = 1,...,n = 5,000 z, = 0, and the
well-known convergence resultd¢/n) Sr_1z /NN = [ W(x)dx, (1/n?) S22 = [ W(x)2dx,
whereW is a standard Wiener process
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APPENDIX: PROOF OF THEOREMS 1-3

Proof of Theorem 1. Except for part(17), which is proved in the separate Appen-
dix, Theorem 1 follows from the following lemma

LEMMA A .1. Under Assumption 1,

a7/n= 4sm2(¢) (J Wl(x)zdx+f Wz(x)zdx> (A1)
Moreover,
}n: <COS(¢t)> o fo Wax)dx A2)
= .
&7\ sin(ot) 242 sin( 1 ’
in(¢ sin(¢) fowz(x)dx

Furthermore, for fixedt € (0,¢) U (¢, 7),

n cos(¢t)
; (Sln(gt)>=0p(l/~/ﬁ). (A.3)

It follows from (12) and(A.2) that

1 n 2 l n ) 2
pn($)/n? = ZKH zlyt cos(dﬂ)) + (ﬁ glyt sm(¢t)> }

1 2
4S|n2(¢) [(f Wl(x)dX) + <f0 Wz(X)dX> ]

which together with(A.1) implies that(15) holds Moreover it follows from (A.2) that
for fixed & € (0,¢) U (¢, ), pn(£)/n? = Oy(1/n), which together with(A.1) implies
that (16) holds

Proof of (A.1). Part(A.1) of Lemma A1l follows from

l n
y= n > Yo =0,(1) (A.4)
t=1
and
l c 2 2 2
;glyt 48m2(¢) <J Wi(x) dX+f Wa(x) dX> (A.5)
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Proof of (A.4). First, observe that there exist functioa$¢),b(¢),c(¢), andd(¢),
not depending om, such that fort = 1,2,...,

t+1 t+1
cos(ét) = a(f)f cos(éx)dx + b(§)f sin(éx)dx,

t+1 t+1
sin(ét) = c(§)f cos(éx)dx + d(f)f sin(éx)dx. (A.6)

Therefore it follows from (8) that

\/‘ s.n(¢)

DII—‘

n 1 n
2 cos(pt)Wy ,(t/n) + - >, sin(pt) Wy, ,(t/n) + O,(1//n)
t=1 t=1
= a(d))f cos(Ndx)W, ,(x)dx + b(d))f sin(ngx)W; ,(x)dx
0 0]

1 1
X C((j))f cos(ngx)W, ,(x)dx + d(qS)J sin(ngx)W, ,(x)dx
0 0

+ 0,(1/4/n). (A7)
Moreover it is not hard to verify that
E[WL, n (X)W, n(y)] = min(x,y) + O(1/n).

Therefore

2

E(flcos(nqu)wl,n(x)dx)
0o

1 1
= J f cos(ngx)cosngy) min(x, y)dxdy+ O(1/n)
0o Jo

= 0(1/n),

where the last equality is an elementary calculus re3its
1

f cos(Ngx)W, ,(x)dx = O,(1//n).
0

Along the same lines it can be shown that the other tern{éin) areOp(l/\/ﬁ). u
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Proof of (A.5). It follows from (8) that

1 n
n? 21 25sir?(¢) n

2

- Z (COS(pt)Wy (t/n)2 + Sin?(t) W, (t/n)?

+ 2 cogpt)sin(¢t) W ,(t/MW, ,(t/n)) + Opy(1/4/n)

0_2

4S|n2(¢)< Ewln(t/”)2+ EWZn(t/n)

:!IH

T 3 CON2UW, (1) — 1 3 cOS2HW (1)

l n
E Z |n(2¢t)W1,n(t/n)W2,[(t/n)> .

It is easy to show that

n 1
. > Wy o(t/n)? = J Wy 1 (X)?dx + Op(1/n),
Ni=1 0
1 n 1
a 2 W, o(t/n)? = f W, o(x)%dx+ O,(1/n).
t=1 0
Hence by the continuous mapping theor&sae Billingsley 1968),
n n 1 1
1 > Wy, (t/n)2 + 1 SW, (t/n)2 = f Wl(x)zdx+f W, (x)2dx.
ni{=; Ni=y 0 0
Moreover it follows similarly to (A.7) that
z > cos(2¢t)W, ,(t/n)?
ni=1
1
= a(2¢)f cos(2ngpx)W;_ ,(x)%dx
0
1
+ b(2¢)f sin(2ngx)W; ,(x)?dx + O,(1/n), (A.8)
0
10 .
- > sin(2¢t) Wy o (t/mW, (t/n)
t=1
1
= c(2¢) f cos(2nx) Wy, (X)W, (X)dX
0

+ d(2q,’>)f0 SiN(2NGx)Wy o (X)Ws, ,(X)dx + Oy (1/n). (A.9)

In analyzing the asymptotic properties of continuous functiong/pf and/or W, ,,
it often suffices to analyze the properties of the same functions of the independent stan-
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dard Wiener processesh,W,, because of the Skorohad 956, Dudley (1968, and

Wichura(1970 representation theorerBee also Gaenssl€r983 p. 83). Loosely speak-
ing, this representation theorem states that there exist ver§ihns (W, ,,W, )’ and

W = (W, Ws)" of W, = (Wy,, Wo, )" andW = (W;,Ws)', respectivelysuch thatw, has

the same distribution a&,, W has the same distribution &% (namely a bivariate stan-
dard Wiener procegsandW, — W a.s. (More precisely

P[ lim p(W, W)| =1,

wherep is the Skorohod norm on the spad€[0,1] of right-continuous mappings from
[0,1] into R?. See Billingsley(1969.)
Due to the representation theorgtie limiting distribution of

1
f cos2ngpx)W, ,(x)%dx
0
is the same as the limiting distribution of
1
f cos(2ngx) W, (x)2dx.
0

The latter limited distribution is constant zetmecause

2

1

E(f COS(Z”¢X)W1(X)2dx>
0
:fo J; cos(2néx) cos(2ney) E [W, (x)2W,(y)2] dxdy

:f f cog2ngx) cos(2ngy) (2(min(x, y))2 + xy) dxdy
0 Jo

= O(1/n).

The second equality is a standard Wiener measure calculus, r@sdlthe last equality
is an easy calculus exercisehus by Chebyshev’s inequality

1

f cos(2ngpx)W;_ ,(x)%dx — 0. (A.10)
0

The same applies to the sinus ca&kng the same lines it can be shown that
1

f cos(2ngx)Wy (X)W, ,(x)dx — 0, (A.11)
0

and the same applies to the sinus case u
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Proof of (A.2). It follows from (8) that

m/— Z y; cos(¢t) = \/— 5 sin@) Z coS(pt)W,_ ,(t/n)

g

\/— 5 Sing) N Z cos(pt)sin(dt) Wy, ,(t/n)

g
N ) 2 sin(¢) n;lwl”(t/n)

g

+3 Nz s n: Z cos(2pt)Wy o(t/n)

o

t3 INZsin@) n Z sin(2¢t)Ws (t/n)

o 1
= 2\/_2—smw>)jo W, n(x)dx+ Oy (1/4/n).

The last step follows similarly to the proof 6A.4). Similarly,

n

LE in(¢t) =
\/ﬁtzly‘sm‘ZS 2\/_S|n(¢)

f W, ,(x)dx + Op(1/v/n). (A.12)
Part(A.2) of Lemma Al follows now from the continuous mapping theorem H
Proof of (A.3). This follows similarly to the proof ofA.2). u
Proof of Theorem 2. It follows straightforwardly from Lemma 2 that under Assump-
tion 2,

yio/Nn = 2 —(qﬁ) (cos(p )Wy j n(t/n) + sin(d; )W, j o(t/n))
]

+ 0p(1/4/n).

Hence(A.4) still holds and(A.5) becomes

n k
%G %2 ) <f wlm<x>2dx+j W, m(X) dx)

2
n® =1

whereo; = |nj(explig)))| and(Wy j n, W j n) = W = (W4 j,Ws ;) jointly, with W, ..., Wk
independent bivariate standard Wiener procedse that without the assumption that
the g ;'s are contemporaneously independent ¥jé& would be dependenbut that is
the only difference u
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Proof of Theorem 3. Denote

1 2 1 2
am = <fo WLm(x)dx> + (fo Wzym(x)dx>,

1 1
B :f WLm(x)deJrf W, 1 (x)%dx.
(0] (0]

Then
)
Uildy) = ———
> 0hbn
m=1
Hence

k bj

E ¢k(¢j) — =1
i=1 8
and consequently

k
Wi g bm) mgl

B
am
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(A.13)

(A.14)

(A.15)



