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Sample Answers

This is easiest solved using matrix notation. Write the model as y = X13; + X285e and
the short regression as y = X156, +é. Let M; =1 — X3 (X{Xl)_1 X{. By the properties
of least-squares and the fact that M;X; =0,
e = My
= M1 (Xlﬁl + XQ,BQ + e)
= M (X208, +e)

Thus since M is idempotent

(n—Fki)s? = (Xofy+e) MiMy (Xof, + )
= (X2B;+e) My (X2 +e)
= 6/M1€ + ,8I2X2M1X2/82 + 25’2XéM16.
Since X9 and M; are functions of X, and E (e | X) =0

(n—ki)E(s*| X) = E(Me|X)+ ByXoM1Xof,
(n — kl) 0'2 + ,BéXéMlXQBQ.

the second equality since E (e¢/ | X) = Io? and tr [M1] = rank(M;) = n— ki imply that
E (¢Mie| X) =tr [ME (e€' | X)] = tr [M] 02 = (n—kp)o?
Therefore we find )
FE (32 | X) = 0‘2 + mﬁéXéMlX262

Common errors:
i. Assuming (implicitly or explicitly) that S5 =0
ii. Pretending that é'é¢ = €’e
iii. Assuming that s? must be unbiased because it is in a correctly-specified model.

Note that

1 1 1
2 ( n ) <e’Mle+ = By X3 My X, +2ﬂ’2XéM16)
n — ki n n n

n

and —— 1. We learned in class that

n—kq
l /M 2
e€Mie —, 0°.
n
Indeed,
1 1 1 1 11
—e'Mie = ~é'e — =’ X; (X{X1> fX{e —p o2
n n n n n

: 1y 1 v/
since -~ X1 X1 —p Q11 and ~Xje — 0.



Next,

Lo xine = o ixte—Lxixn (Lxix,) Lxte
n 2432 2 n 2 n 2 n 1 n 1

£ 8, (0 — Qa1 (Qu1) " 0)

=0
Finally,
Lo XM a8, = B llXéxz - Lxgx <1X1X1) B 1X1X2] 8,
n n n n n
- By [Q22 — Q21 (Qu)" Qm] B
In sum

s 25 0% 4+ [sz — Qa1 (Qu) " le} Ba.
Common errors:

i. Confusing probability limits and expectations
ii. Assuming that s? must be consistent because it is under correct specification.

(a) By definition,

and
i
where 02 = Eé?.

(b) By the definition of covariance and the above equations,

C = cov (1‘?,6?)

= E(17ef) — B (27) E (¢])
= V-V
Thus C =V — V9 (or V. =C + V9.
Common errors:

i. Assuming that e; is homoskedastic (e.g., stating that the assumptions imply ho-
moskedasticity)
ii. Assuming that C' =0

3. A point forecast of y,11 takes the form z’ B for some estimate B of 8. A complete answer
requires describing the choice of estimator (3, and it is best if this choice is justified.

(a) One option is least-squares 3 = (X’X) ™" X’y. While this estimator is not semiparamet-
rically efficient in the model, it can be justified as simple and robust to misspecification.

o ~ -1 ~ A~
(b) Another option is FGLS. 3 = (X'D—lx) X'D~1y where D = diag (62), 6% = 24

and 4 = (2'Z)"' Z'i) where 7 is the vector with i'th entry &2 where &; = y; — 23 and j is
the OLS estimator. Given that the model is specified as a regression with a parametric
variance equation, the FGLS estimator is semiparametrically efficient.



A standard forecast interval takes the form

. / 1 .
o' B 224+ —a'Va!
n

where 4 is an estimate of v and V is an estimate of the asymptotic variance of the
estimator 3. The natural estimator for 4 is described above The estlmate 1% depend§
on the choice for B If B is OLS, then either V = ( ) ( Do Tk ) ( X'X)

or V = ( X'X ) ( S minh (219)) (%X’X)fl . If B is FGLS, a good choice is V =
R 1

(1xDix)

On a cautionary note, it may be observed that this forecast interval is correct only when

the error e; is normally distributed.

Common errors:

i. Assuming that the error is homoskedastic (even though the question explicitly as-
sumes a heteroskedastic variance equation).

ii. Assuming that « is known

iii. Assuming that 3 is known

iv. Stating that the forecast is B,x without describing B.

v. Picking the least-squares estimator but not describing why this choice is made.

vi. Specifying the forecast interval as z/3 + 24/62 + %:L‘/VZL'/ or '3+ 2/ %:EIV:L‘I

4. It was not stated explicitly, but implicit in the notation we can see that v is real valued. A
convenient way to write the estimator ¥ is

y = (B'x'xB) A X'z
Since Z = X 5v + u, we see
5 = (FxxB)” BX (Xpy+u)
= (B’ix’xﬁ) - B%X’Xﬁv + </B’:LX’XB> - B,%X’u
Then since (3 —p Band 2X'u L X'y —, 0.

o -1 -1
= (B'QB) BB+ (B'QB) B0=7~
(Technically, this result requires that 5'QS3 > 0, otherwise v is not identified.)
Another way to solve this is to write 3 = (X’X) ' X'y and then

5 = (y’X (x'x) 7" (X'X) (X/X)‘lX’yy1 (y’X (X’X)_lX'Z>
_ (y'X (x'x)"" X’y>_1 <y’X (x'x)™* X’Z)
(G (iex) " (o) (orm) (o)™ (o))

2, (E (yzx;) (E (a:za:;))fl E (wiyz-)>_1 (E (yzx;) (E (wzx;))fl E (xzzz)> (1)



We want to show that this equals . Since y = 28 + e; and Ez;e; =0,
E(zy;) = E (331 (LL‘;,B + ei)) =F (:clsc;) B
and since z; = x4y + u; and Ez;u; =0,
E (ziz) = E (z; (2j87 + w)) = E (z;2}) By
Therefore theright-hand-side of (1) equals

(9B () (B (wia)) " B (0i2?) 8) (BB (sal) (B (0i2?) " B (wiah) 57) =

The extra credit problem asked for the asymptotic distribution of 4. In general this is tricky as
you have to handle the joint distribution of 3 and 4. But when v = 0 the problem simplifies.
Note that from the above equation when v = 0

1
N (B’:LX’XB> B’;EX’u

L (8'QB) ' B'N(0,9)

_ N (0, 88 (majut) 6 )
(BE (zix}) B)

Common errors:

) Attempting to demonstrate consistency by taking expectations

) Treating 3 as a constant rather than a random variable
(¢) Treating /3 as an invertible matrix

) Treating j as if it is a function of X. e.g. E(B/aczuz | X) = B/:L‘ZE(uZ | X) (this is incorrect
since 3 is a function of X and y and the problem does not make an assumption about

the relationship between e; and ;)

2

(e) Saying that the WLLN asserts that n~! Z?Zl(ﬁlggiﬂ 2 F (B,%) (ﬁ,xl is not iid, as

3 depends on the full sample).



