Econometrics 710
Final Exam
Spring, 2005

Sample Answers

1. The moment equations are

Egi(p) = 0

g9i(p) = (yix_i'u)

There are two moments, one parameter, so the model is overidentified. Let
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where we make use of the knowledge that Ex; = 0. Let

(1) = %ggz(u) — ( g”fzﬂ )

and ~2 A 1 n 2 1 n
Q:< Oy Uu’vy):< ;Zizl(%—@n) Zzil(yi_yn)xi)

52 % Z?:1 (Yi — V) i % Z?:l I?

6—9031 Og
The efficient GMM estimator ji for ;1 minimizes

Jn(p) = ng,(1n)Q g, (1)
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The minimizer is

Side Note: Interestingly, this is the same as the intercept from the OLS estimate of the
equation )

Yi = [t + P + e
The important point is that the efficient GMM estimator (1) is not simply the sample mean
Y,- The latter is a GMM estimator, but it not efficient when we add the information that
Ez; = 0. (Unless 0,, = 0, in which case the sample mean is efficient. However, this is not
assumed in the question.)



Substituting y; = x.0 + ¢;, we obtain
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In general, § # 0, so 3 —, B+Q710. 3 is consistent for 3 iff § = 0. If &; is symmetric about
zero, and F |g;| 7' < 0o then E (67" | 2;) =0 and

§=E(e;'w) = E (v:E (7" | 2)) = 0.
Furthermore, note that
E (7 0 — 0) (67 0 — 0) = E (e 2wa]) — 60’ = Q — 57,
Then by the CLT
\/_Z ele; —06) =4 N(0,Q — 66

Thus
Vi (B=(8+9)) =aN(0,V)

where
_ Q—l (Q o 65/) Q—l — Q_l o Q_lé(le_l.
In the case where § = 0, this is
Vi (B=8) =N (0,Q7)
Infeasible GLS has the asymptotic distribution
Vn (BGLS - 5) —a N (0,Vars)
Vars = (E (U;2IZ’I;))_1
By Jensen’s inequality

E (7% | z) > (E (7| xi))_l =0, %



Therefore

and thus )
V=Q "' <E(z2i07%) =Vas

We can conclude that the infeasible estimator /3 is more efficient than infeasible GLS (when
d = 0). This seems impossible, as we know that GLS is asymptotically efficient. The trick
is that there is no feasible version of 3 which attains the same distribution, so the efficient
gain is empirically irrelevant.

. The model is just identified, so is estimated by OLS. Write the estimates as

Yi = $,1151 + xlmﬁz +é;
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The Wald statistic to test Hy is

Let

W, = n <B1 - BQ)I (R/VR) o (Bl - 32)

ne ()

To do a nonparametric bootstrap test, we sample (y,z¥) jointly from the observations.
On each bootstrap sample, we construct the OLS estimates
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covariance matrix
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and Wald statistic

= (5= 5) - (u- ) (r9em) (-5 - (3 2)

It is very important that the statistic is centered at the sample values (Bl — BQ> , rather

than at the hypothesized value of 0. The estimated bootstrap p-value is the percentage
of the simulated W that are largely than the sample value W,,. If there are B bootstrap
replications, this is

B
=g LV 2 W)



4. The GMM criterion is

Jn(B) = ng,(B)Q'G.(5)
5.(8) = = (XY - X'2p)
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Let
a ~ -1 ~
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denote the unconstrained GMM estimator. The Lagrangian can be written as
1
Ju(B,A) = —J(B) = NR
(8.2) = 5-Jn(8) ~ X RS

where A € R? is a Lagrange multiplier. The factor 1/2n is unimportant but makes the
calculations easier. The constrained estimator (5, \) minimizes J,,(3,A). The first order
conditions are

d a3 'y O — / o 3
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N —1
Premultiply (2) by (Z’XQ‘lX’Z) to obtain

(Z'XQ—lx’Z) TR = - (Z’XQ—1X'2> T rxax (Y . ZB) (3)
~ BB

Premultiplying by R, using R’ = 0, and solving,
- . -1\t
A= (R’ (Z’XQ—1X'2> R) RB.
Substituting this into (3) we find

B=p-(2x07x'7) R (R’ (zx0'x'7) - R) TR



5. Let
D, = 7'PZ
7'Py7
Dy = AD1+ (1= X) Dy
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Recall that

B3, = D{'Z'PY

P o= X (X\x) ' X!
By = D;'Z'RY

P, = X,(X4X,) X

and we calculate that

B = (ZXWX'Z) (ZXWX'Y)

= (70 2 (KR <X§Xz>91<1—x>)<§i§))_l

(7 ) (907 o800 ) ()

AZ'PLZ + (1= N Z'P2) " (AZ'PY + (1 = \) Z'PY)
Dy'AZ'PY + DN (1= AN Z'RY

= AD;'DiB, + (1= \) DyDyf,

= W161 + W2B2

where W, = AD;lDl and Wy = (1 —\) D;lDQ. Bis a weighted average since

Wi+ Wy=D"(AD;+ (1= )\)Dy) =1
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