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Abstract
Private markets promote greater diversity in educational opportunities.
Emphasis is placed on the central role that teachers play in producing human
capital. Students have diﬀerent needs and teachers vary in characteristics. An
assignment process is developed where students and teachers get matched together. A private system creates better incentives for teachers to acquire the
skills that students want. This allows for teachers and students to be matched
together better, and hence promotes growth. Though the private economy entails higher inequality within a generation and persistence in human capital
across generations, it permits a greater degree of economic mobility from one
generation to the next.
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Introduction

The American education system is in a state of flux. Discontent with the existing
education system is rising. Challenges to the eﬃciency of the existing system and
huge disparities in earnings have led to a serious consideration of the possibility of
privatization of education at the primary and secondary levels. A growing body of
evidence suggests that interventions beyond the age of fourteen do little to improve an
individual’s prospects (Heckman 1998). This makes primary and secondary education
extremely important tools with which to improve the prospects of the poor. Given
the various problems confronting the public education system, it is hardly surprising
that the option of private schooling is receiving increased attention.
Even though much has been said about public and private investment in education, there has been little systematic analysis of the supply-side (teachers) of the
schooling sector, and of the equity and eﬃciency aspects of varying supply. This
is quite surprising, given that the available evidence is quite strong on one point:
teachers exert a considerable influence on the achievement levels of students. To
quote Hanushek (1981), “the only reasonably consistent finding seems to be that
‘smarter’ teachers do better in terms of student achievement.” More recently, Rivkin
et. al. (1998) provide strong evidence in support of the view that ‘teacher eﬀects’
are extremely important in driving student achievement. They demonstrate that the
eﬀects of schools are mostly driven by variations in teacher quality.1 This paper fills
this void in the analysis of the supply-side, by emphasizing the central role that the
human capital of the teacher plays in the production of human capital. This is the
primary objective of this paper. This immediately raises the following questions: How
does one model the supply-side? What would be the eﬀects of a systematic sorting
of students to teachers on long-run inequality? If inequality, per se, is harmful for
growth and the private economy leads to a higher degree of inequality, will the private
1

Further evidence in support of the view that the cognitive skills of teachers influence the learning

of students is contained in Ballou and Podgursky (1997) and Hanushek (1971).
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economy experience lower long-run growth? Further, if the private economy leads to
a higher degree of persistence in human capital, does it exhibit a lower degree of intergenerational mobility? The model presented is well equipped at addressing these
issues.
A dynamic general equilibrium assignment model of education is formulated in
order to compare public and private systems of provision of education. There are two
types of agents: workers and teachers. They live for two periods. In the first period,
they are attached to their parents and accumulate human capital. An individual’s
human capital is determined by his own ability, which is idiosyncratic in nature,
the human capital of his parent, and the human capital of his teacher. He starts
the second period with the human capital acquired, bequests received, if any, and a
child with an intrinsic ability that is random. The underlying economic structure for
intergenerational transfers follows the tradition set by Becker and Tomes (1981) and
Loury (1981). Given that students have diﬀerent needs and teachers vary in quality,
the economy is confronted with a non-trivial assignment problem. An assignment
process, along the lines of Tinbergen (1951) and Sattinger (1975), is then explicitly
modeled, through which students are assigned to teachers. The assignment rule
is then decentralized so as to be consistent with the individual’s decision problem.
The economy is then cast in an endogenous growth framework along the lines of
Lucas (1988) where investments in education spur economic growth. The assignment
process is shown to be consistent with a balanced growth path. Two cases are shown
to emerge: one in which the assignment process is sustained across time in the face
of renewed assignment and another in which the assignment process can, on its own,
spur economic growth.
An analysis of the assignment process reveals that the degree of complementarity
between student inputs and teacher human capital plays a key role. For instance, a
rise in the degree of complementarity would increase wage inequality among teachers.
This would, in turn, increase wage inequality among workers in the next generation,
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through the assignment process. The next generation of teachers now have to cater to
an even more varied set of students, and will accumulate human capital accordingly.
This would have a rippling eﬀect on the economy and, on net, increase wage inequality.
The basic thesis of this paper is that a private market for education promotes the
specialization of teachers in various skills. Parents would like to have schools tailored
to their needs and, thereby, move closer to the desired level of education for their
children. Essentially, private markets foster diversity in educational opportunities for
students and provide the right incentives for teachers to accumulate human capital.
A comparison of the public and private education economies reveals an immense
trade-oﬀ between growth and inequality. The private system promotes growth by
virtue of being better able to match student needs and teacher skills. However,
it simultaneously exacerbates inequality by eﬃciently rewarding merit and talent.
This doesn’t necessarily imply that the public system is preferable on grounds of
equity. While the private system amplifies the persistence in human capital across
generations, it also enhances the absolute impact of a child’s ability in determining
his human capital. This trade-oﬀ is captured in an analysis of social mobility.
The analysis of the balanced growth path distinguishes itself from most existing
work. The model allows for the possibility that individuals who possess diﬀerent
levels of ability and parental human capital grow at diﬀerent rates. The growth path
is characterized by a non-degenerate cross-sectional distribution of growth rates. This
statistic has economic content. It transpires that there is a direct connection between
the cross-sectional distribution of growth rates and economic mobility. In a special
case, intergenerational mobility turns out to be a measure of inequality in growth
rates. The analysis further reveals that while the private economy entails higher
inequality within a generation, it also promotes a greater degree of social mobility
from one generation to the next. While the private economy leads to a greater degree
of persistence in status across generations, it also increases the importance of ability,
the random component, in determining a child’s earnings. Therefore, equalizing
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opportunity does indeed reduce economic mobility.
The impact of heterogeneity, sorting, and diﬀerent systems of education has been
the subject of several recent papers. Fernandez and Rogerson (1999) and Kremer
(1997) examine the impact of sorting on long-run inequality. Caucutt (1997), Durlauf
(1996), Epple and Romano (1999), and Fernandez and Rogerson (1996) examine the
eﬀects of neighborhood and school sorting. Galor and Zeira (1993) examine the
eﬀect of borrowing constraints on aggregate output and investment. Cooper (1992)
presents a model where redistribution of human capital expenditures can come about
voluntarily. Two other papers, to which this work is closely related examine the
eﬀects of public and private systems on long-run growth. Glomm and Ravikumar
(1992) suggest that a private economy will grow faster than a public economy since
the former provides individuals with the right incentives to accumulate human capital.
Several papers have since argued that in the presence of capital market imperfections,
inequality is harmful for growth and hence sorting can be detrimental to long-run
growth (see, for instance, a very interesting analysis in Benabou, 1996). In all of the
above work, the sorting mechanism is exogenous. The key diﬀerence between this
paper and all of the above lies in endogenizing the sorting mechanism.
Building on these papers, the analysis here shows that an explicit consideration of
the endogenous nature of the assignment process that leads to the higher inequality,
together with the incentives provided to teachers to accumulate human capital could
likely lead to the conclusion that the private economy grows at a faster rate than
the public economy. On the one hand, complementarity between individual ability
and teacher quality means that the private system, being more responsive to the
needs of parents, will facilitate a better match between students and teachers. This
also leads to more heterogeneity. Heterogeneity, however, pulls down growth because
each dynasty exhibits diminishing returns to human capital production. This, in
turn, argues for some degree of equalization. Equality of opportunity, however, does
not come free! Such a cost is captured by the resources needed to be expended
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for all teachers to attain some minimum standard. The analysis reveals that the
gains from positive assignment exactly cancel out the losses from the higher degree
of heterogeneity. Whether long-run growth is higher in the private economy will
then depend entirely on how high the government can set and maintain standards for
teachers in the public economy. This suggests that taking into account the incentives
provided to teachers to accumulate and supply their services to the education sector
can be vital to an examination of the long-run properties of the public and private
education economies.

2

Environment

The basic environment is a discrete-time overlapping generations economy. There are
four types of players: workers, teachers, government and firms. There is a dynasty of
workers and a dynasty of teachers, each of measure one. Workers and teachers live
for two periods, the first as a child, the second as an adult. In the first period of
life, they receive education and accumulate human capital. The human capital that
a worker acquires is a function of his intrinsic ability, the human capital of his parent
and the human capital of his teacher. He begins the second period of his life with the
human capital acquired in the first period, bequests from parents, and a child with
an intrinsic ability that is random in nature. Intrinsic ability is uncorrelated across
generations and is observed by parents before they undertake decisions. A parent
cannot purchase insurance against the ability of his grandchild. There are, however,
no borrowing constraints. All individuals are endowed with one unit of working time.
Workers earn a wage proportional to their acquired human capital, and decide how
much to consume, spend on the education of their children and to leave for them in
bequests.
Tastes: An individual’s momentary utility function is given by U (ct ). The function
U (·) is strictly increasing, strictly concave, twice continuously diﬀerentiable, satisfies
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lim U1 (ct ) = ∞. Further, U (·) is bounded below.2 Preferences are assumed to be

ct →0

time-additive separable. This is done for two reasons: some results on the incomefluctuation problem, that are used in this paper, rely explicitly on time-additive
separable preferences (see Aiyagari 1995); and preferences of the general recursive
variety are extremely diﬃcult to sustain along an endogenous growth path. Further,
assume that parents are altruistic towards their children. Each adult has preferences
of the form
U (ct ) + βE [Jt+1 ] ,

where ct is his consumption when old and Jt+1 denotes the lifetime utility that his
child will realize upon growing up.
Ability: Children diﬀer according to their ability at . A child’s ability is drawn from
the distribution function A : [amin , amax ] → [0, 1].
Human Capital Production: The human capital that a worker acquires is given by
³
´
ht+1 = X st , e
ht .

(1)

Here, st = at ht denotes his learning ability, where at is his intrinsic ability and ht
stands for his parent’s human capital. Further, e
ht stands for the human capital of

his teacher.3 Assume that X (·, ·) is strictly increasing and strictly concave in each

of its arguments. Observe that the human capital of the parent is an input in the
production of the human capital for the child. A high human capital parent could
spend ‘quality time’ with his child and this enhances his child’s learning.4 A second
interpretation is that a parent with a higher human capital could provide a better
2

The assumption that the momentary utility function is bounded below guarantees that the

dynamic program is well posed. This rules out, for instance, logarithmic preferences. See Duran
(1999), for results on stochastic dynamic programming with non-compact state spaces.
3
In the entire paper, a variable with a tilda above it refers to a teacher-specific variable.
4
Evidence in support of a ‘quality-time’ specification is contained in Smith, Brooks-Gunn, and
Klebanov (1997). They demonstrate that a mother’s education has a statistically significant impact
on her child’s cognitive ability even after controlling for family income.
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neighborhood and surroundings which would complement a child’s learning at school
(see Jencks and Mayer, 1990). It is useful to think of st and ht as representing an
individual’s ‘ability to learn’ and ‘ability to earn’ respectively.
Another feature of equation (1) is that teachers serve as the engine of endogenous
growth. This paper follows the tradition set by Lucas (1988) in modeling endogenous
growth through human capital accumulation. Since investments in teachers spur
growth, it is important at the very outset to defend this assumption on empirical
grounds. In the late nineteenth century, women in the US were discriminated against
from entering into professions such as medicine and law. In face of such severe labor
market conditions, many talented women took up teaching at public schools (Carter,
1986). Both the quantity as well as quality of schooling rose, and this contributed,
in part, to the high growth rates experienced by the US economy in the early part of
the twentieth century (Engerman, 1971).
A key assumption on the function X (·, ·) is that X12 > 0. Individual learning
ability and teacher human capital are complementary in ‘producing’ human capital.
Complementarity captures the idea that higher learning ability children lose more
from a marginal decline in teacher quality than lower learning ability children might
gain from a corresponding marginal increase. As a consequence, any assignment that
does not exhibit strictly positively matching is ineﬃcient as a reassignment would
increase aggregate human capital. Note that it is the human capital of the teacher,
and not educational expenditures per se that influences the human capital of the
child.5
Assume that the underlying teaching technology is such that one student needs to
be educated by one teacher. This restricts the set of feasible assignment rules to the
one-to-one variety. This assumption is not essential to the main results of the paper
but simplifies the analysis. Further, the evidence about improvements in student
5

The implications of aggregate spillovers in the human capital production function are explored

in section 5. Aggregates will nevertheless aﬀect individual decisions through relative prices.
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achievement that can be attributed to smaller classes is meager and unconvincing
(see Hanushek, 1999).
The human capital that a teacher acquires is a function of his learning ability and
the expenditures undertaken. Underlying this specification is the assumption that
the human capital accumulation process for teachers takes the form of a consumption
cost. Denote these goods inputs into a teacher’s child by eet+1 .6 Then the human
capital that a teacher acquires is given by

´
³
e
e
e
at ht , eet+1 .
ht+1 = X e

(2)

Final Goods Production: Final goods are produced according to a constant-returns-to³
´
et , ht . Here, kt and k
et denote aggregate physical
scale production function F kt +k
capital hired from workers and teachers respectively, while ht stands for aggregate

human capital hired from workers. The function F (·, ·) is assumed to be strictly
increasing and strictly concave.

2.1

The Private Education Economy

In the private economy, parents have complete freedom to choose the teacher they
want their child to be educated by. Further, teachers are free to ‘set up’ schools of
their own in order to sell their services to the diverse population of students. The
provision of education is taken care of directly by teachers. The parent then shops
around for a teacher. An exact description of the assignment process is postponed to
Section 3.
Workers: There are a continuum of workers distributed uniformly on the unit interval.
Workers care about the welfare of their progeny in the sense of ‘pure’ altruism. The
6

This form for a production function essentially ensures that teacher’s children are ‘kept out’ of

the assignment problem. Such a specification is not essential to the main results in the paper.
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dynamic-programming problem faced by a worker is given by
½
¾
Z ³
´
´
³
e
e
U (ct ) + β J bt+1 , ht+1 , at+1 ; Zt+1 , Zt+1 dA (at+1 ) ,
J bt , ht , at ; Zt , Zt = max
ct ,bt+1 ,e
ht

(3)

subject to the constraints
³ ´
ht = wt ht + bt (1 + rt ) ,
ct + bt+1 + pt e

³ ´
and equations (1), (??) and (??). Here, pt e
ht is the tuition cost that a parent
incurs in order to have his child educated by a teacher of human capital e
ht . Further,

Zt stands for the joint distribution of worker human capital and assets, while Zet is
the corresponding statistic for teachers.

The Euler equation governing teacher quality is given by
³ ´
³
´
Z
Z
e
³
´
ht
s
p1t e
,
h
X
1
t+1
t+1
U1 (ct+1 )
U (c )
³
´ = (1 − τ h ) w
³
´ at+1 1 t+1 dA (at+1 ).
dA (at+1 )+ p1t e
ht+1
U1 (ct )
U1 (ct )
βX2 st , e
ht
X2 st+1 , e
ht+1
|
{z
}
{z
}
|
W age Ef f ect
Intergenerational Ef f ect

(4)

Observe that the accumulation of human capital serves two roles: first, an extra unit
of human capital acquired by an individual today yields him an additional income
of wt tomorrow and second, it aids in the intergenerational transmission of human
capital.
Teachers: Teachers have an incentive to accumulate and supply their services to
the education sector since they get paid on the basis of their human capital. The
dynamic-programming problem facing a teacher is given by
½ ³ ´
¾
Z ³
³
´
´
∼
Je ebt , e
at+1 ) ,
U c t + β Je ebt+1 , e
ht , e
at ; Zt , Zet = max
ht+1 , e
at+1 ; Zt , Zet+1 dA (e
e
ct ,ebt+1 ,e
et+1

(5)

subject to the constraints
³ ´
ht + ebt (1 + rt ) ,
et+1 = pt e
e
ct + ebt+1 + e
10

and equations (2), (??), and (??). The Euler equation governing educational expenditures is given by
c)
U1 (e
³ ∼0 ´ =
e2 se, e
βX

Z

³
´
00
Z X
e1 se0 , ∼
³ ´
e
e (e
e (e
³ ∼00 ´ e
U1 (e
a0 U1 (e
h0 dA
a0 ) +
c0 ) p1 e
c0 ) dA
a0 ) .
e2 se0 , e
X

Firm: The firm’s optimization problem is given by
max

e t ,ht
kt ,k

n ³
´
³
´
o
et , ht − rt kt +k
et − wt ht .
F kt +k

³
´
et , ht and wt =
The first-order conditions for the firms problem are rt = F1 kt +k
³
´
e
F2 kt +kt , ht .

Competitive Equilibrium: The competitive equilibrium for the private education

economy is reasonably standard and hence a precise definition is omitted. Essentially, households and firms solve their optimization problems, markets clear and the
assignment of students to teachers must be feasible.

3

The Assignment Problem

This section analyzes the assignment problem in detail and demonstrates how the
assignment rule may be decentralized and the price function for teachers computed. It
helps to bridge the gap between the first two sections and the analysis of the balanced
growth path by demonstrating how the assignment rule can be decentralized. The
static problem of assigning students to teachers, to be detailed below, closely follows
the assignment problem analyzed in Sattinger (1975) and Jovanovic (1998). Such a
problem was first considered by Tinbergen (1951) where the assignment is in ‘fixed
proportions’. The assignment rule must be feasible, consistent with the eﬃciency
conditions governing the worker’s dynamic programming problem, and be sustained
across time along a balanced growth path in face of renewed assignment. The price
function for teachers must be such that, given the price function and interest and wage
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rates, the consumer solves his optimization problem and the resulting demand for
teachers exactly coincides with that implied by the assignment in ‘fixed proportions’.
Since teachers get paid on the basis of their human capital, the best teacher
attracts the best student and earns the highest possible income. The next best
teacher gets the next best student and so on. The teacher with the lowest human
capital gets to teach the lowest learning ability student at the lowest possible wage.
Denote the distribution functions for worker and teacher human capital by Ψ (ht ) and
³ ´
e
Ψ e
ht respectively. The market clearing condition for the private school market is
given by
Z Z ³
´
i
³ ´
h
e e
ht ∈ e
ht A1 (at ) Ψ1 (ht ) dat dht = Ψ
ht for all e
hmin , e
hmax ,
I φ (at ht ) ≤ e

where φ (at ht ) is the assignment rule and I (·) is an indicator function that assumes
a value 1 if the statement is true and 0 otherwise. The derivatives A1 (·) and Ψ1 (·)
represent the pdf’s of at and ht respectively. The above equation states that the mass
of students assigned to teachers of quality less than e
ht exactly equals the mass of

teachers of that quality range. It defines a feasible assignment rule and essentially
states that the assignment process is one-to-one. Recall that it was assumed that
the teaching technology required that one teacher educate one student. Now, given
that individual learning ability and teacher human capital are complementary in
determining a child’s human capital, the assignment rule will be strictly increasing.7
7

This fact dates back at least to Becker (1973), who reproduces a proof due to William Brock. An

alternative way (following Fernandez and Gali, 1998, Theorem 2.2, who use results on multivariate
stochastic dominance due to Levy and Parousch, 1974 and Atkinson and Bourguignon, 1981) is to
demonstrate that complementarity is a suﬃcient condition to guarantee that the joint distribution
of student learning ability and teacher human capital generated by a strictly positive assignment
rule, stochastically dominates, in the first-order sense, the joint distribution generated by any other
feasible assignment rule. As an immediate consequence, aggregate human capital is higher with a
strictly positive assignment than any other assignment.
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Then, the assignment rule e
ht = φ (st ) , will be given by
Zat Zht

A1 (at ) Ψ1 (ht ) dat dht =

amin hmin

φ(s
Z t)
e
hmin

³ ´
e1 e
Ψ
ht de
ht for all st ∈ [smin , smax ]

The condition above states that, for any given level of student intrinsic ability at
and parental human capital ht , the mass of students who have learning abilities
greater than at ht must exactly equal the mass of teachers who possess a human
capital level greater than φ (st ) to teach them. Thus, the fact that the assignment is
in fixed proportions, together with the monotonicity of the assignment, completely
characterizes the assignment rule. It is important to note that complementarity is
suﬃcient to guarantee a strictly positive assignment so long as diﬀerent levels of
human capital are perfect substitutes in determining aggregate human capital.8
Before proceeding, it is important to make clear what exactly is a school in this
environment. A school is characterized by a teacher of human capital e
ht . Further,
n
³ ´o
the set of students in a school is given by (at , ht ) : at ht = φ−1 e
ht . Even though

all students attending a given school necessarily have the same learning ability, they
possess diﬀerent values of at and ht . The equilibrium entails (borrowing the terminology of Epple and Romano, 1998) an infinite number of schools, each serving an
infinitely refined peer group.9
8

What if they are imperfect substitutes in determining aggregate human capital? For example,
ν
hR ν−1
i ν−1
G (ht ) =
ht ν dΨ (ht )
(ν = ∞ corresponds to linear aggregation). In that case, complemen-

tarity in the determination of aggregate human capital is suﬃcient to guarantee that strictly positive
assignment maximizes G (ht ). The relevant condition is given by
G1 (·)

X12 (·)
| {z }

Complementarity

≥ − G11 (·) X1 (·) X2 (·) ,
| {z }

(6)

Concavity

where the function G (·) stands for the manner in which diﬀerent levels of human capital are aggregated. For the example considered above, equation (6) reduces to ν > 1. In this case, however, the
wage rates will be a function of the human capital of the individual’s human capital.
9
The case in which a continuum of schools exists in an equilibrium is not analyzed in Epple
and Romano (1998). In the model economy they present, a competitive equilibrium fails to exist.
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Recall that equation (4) represents the Euler equation for teacher human capital e
ht

from the worker’s dynamic-programming problem. To derive closed-form solutions,
some assumptions regarding functional forms will be made. Let X (·) be linearly
homogeneous and the assignment rule be given by e
ht = x1 st = φ (st ) , where x is a
³ ´
constant across schools.10 Conjecture that p e
ht is linear. Then, the equilibrium
voucher function is given by v (st ) = p (φ (st )) = p (st /x). Equation (4) then implies

that
³ ´
p1 e
ht =

"

w
(1+r)

ªR
©
t+1 )
at+1 UU1 (c
1 − β X1 (x, 1) + X2 (x, 1) x1
dA (at+1 )
1 (ct )

#

³
´
e
X2 st , ht .

The term in the brackets above, say q, will be constant along a balanced growth path.
The above equation then becomes
³ ´
³
´
e
e
p1 ht = qX2 st , ht ,

(7)

where q reflects the ‘right’ value of acquiring an additional unit of human capital.
Observe that the derivative of the price function p (·) is constant thereby verifying
the conjecture that the price function is indeed linear.
Remark 1 Note that the assignment is between learning abilities s on the one hand
and human capital levels of the teachers e
h on the other. This helps make another

point: the equilibrium allocation demands that the best teacher be matched not to the
student with the highest intrinsic ability but to the student with the best combination
of intrinsic ability and parental human capital. This result holds in general, so long
as parental human capital is an input in producing human capital for a child.
Caucutt (1997) demonstrates that the usage of lotteries leads to the existence of a competitive
equilibrium. An equilibrium in which a continuum of schools exist would arise if schools were
thought to be clubs with peer-group eﬀects and faced constant-returns-to-scale cost functions.
10
Given two continuous random variables x and y, the assignment rule (which assigns to each
element in the support of x, one and only one element in the support of y) may be obtained as
follows: let F (x) and G (y)be their respective cdf’s. Then the random variables F (x) and G (y)
have the U N IF [0, 1] distribution. The assignment rule is given by F (x) ≡ G (y) or x ≡ G−1 (F (y)) .
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The analysis now turns to establishing some properties regarding the price function. The price function for teachers can be obtained by integrating equation (7) to
yield
e

Zht
³ ´
³
´
¡
¢
p e
ht = p e
hmin + q X2 φ−1 (h1 ) , h1 dh1
e
hmin

∀e
h.

(8)

Recall that the equilibrium assignment was conjectured to be st = xe
ht .11 Since X is

assumed to be linearly homogeneous, it is easy to see that the above equation may
be written as
³ ´
³
´
h
´
i³
0
p e
ht = p e
hmin + q f (x) − xf (x) e
ht − e
hmin ,

(9)

where f (x) = X (x, 1) . Note that the wages paid to the teachers are increasing in their
³
´
human capital. In order to completely characterize the price function, P e
hmin needs

to be computed. Since the voucher system eliminates the role played by borrowing
constraints, all parents will invest up to the point where the rate of return equals the
real interest rate. Therefore
³
´
´
h
´o
n ³
i³
0
e
e
e
e
e
qX st , ht = qf (x) ht = (1 + r) p hmin + q f (x) − xf (x) ht − hmin .

Evaluating the above equation at e
hmin implies that

³
´
qf (x) e
p e
hmin =
hmin .
(1 + r)

(10)

Therefore, the price function is given by

´
h
i³
³ ´
qf (x) e
0
hmin + q f (x) − xf (x) e
ht − e
hmin .
p e
ht =
(1 + r)

Observe that the price function is increasing in the teacher human capital. The assignment process is thus able to draw distinctions among teachers and suggests that
private markets would make teacher’s salaries responsive to market forces. One can
11

In fact, it turns out that along a balanced growth path, x will be constant across matches at a

point in time as well as across time.
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stop at this stage and question the very capability of a private system to implement
a merit pay system for teachers. In other words, from a historical perspective, where
private systems did exist, were they capable of drawing such distinctions among
teachers? The evidence suggests that private markets were indeed capable of diﬀerentiating teachers by their quality.12 For instance, in the late seventeenth century
Scotland, salaries for teachers depended on direct payments from their customers.
Discriminatory pricing developed to such an extent that Robert Lowe observed “In
Scotland they sell education like a grocer sells figs”.13
If the private system is indeed capable of drawing such distinctions among teachers, the next question is what happens to inequality? More important, what would
be the main determinant of inequality? The next proposition helps to provide an
answer.
Proposition 1 Eﬀect of Complementarity: In the private regime, wage inequality
among teachers at a point in time will rise when individual ability and teacher human
capital are stronger complements in the sense of a larger X12 .
Proof. Using equation (9), the ratio of the wages received by the teacher with a
human capital level e
h to that received by the teacher with the lowest human capital
is given by

³ ´
Zeht
p e
ht
¡
¢
1
³
´ =1+ ³
´
X2 φ−1 (h1 ) , h1 dh1 .
p e
hmin
p e
hmin e
hmin

³
´
Using equation (10) to eliminate p e
hmin , the above equation may be re-written as
³ ´
! ·µ
Ã
¶
¸
p e
ht
hmin
xf 0 (x)
ht − e
1+r e
0
´ =1+ 0
³
1−
f (x) .
e
qf (x)
f (x)
hmin
p e
hmin
{z
}
|
=X12

12
13

The interested reader is referred to West (1964) and Coulson (1999).
As reported by West (1964)
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The above proposition suggests that private markets would increase wage inequality among teachers and that the extent of this inequality would depend upon
the degree of complementarity between individual ability and teacher human capital.
The diversity in educational opportunities would further induce greater inequality
among workers through the assignment process. Teachers would then accordingly
increase investments in the human capital of their children since they will have to
educate an even more diverse set of students next period. This will induce greater
inequality among teachers in the next period and so on. The extent to which this
inequality will exceed that of the public economy will depend on the importance of
own ability vis-à-vis teacher human capital in the production of human capital, and
more generally, the curvature exhibited by the assignment process. The dynamics of
the assignment problem are analyzed in greater detail in the next section where the
balanced growth paths of the public and private economies are cast out.

3.1

The Public Education Economy

The economy considered is an idealized world where the government essentially provides education on an ‘equal basis’ to all. Workers pay taxes on labor and capital
income and in return, get their children educated at a public school. The government
runs the public schools. It sets a minimum human capital requirement for teachers,
and all teachers satisfying this criterion get to work at the public school. The worker’s
problem is identical to the one in the private economy except that education is now
provided by the government.
Teachers: Teachers work at a public school so long as they satisfy a minimum human
capital requirement. They are paid a flat wage independent of their human capital
which is given by
yet =

½

ht ≥ ht
pt , e
,
0, otherwise

(11)

where pt is the income that a teacher obtains from working at a public school and ht
is the minimum human capital required to work at a public school. The cut-oﬀ level
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ht , may be thought of as the minimum human capital required to obtain a teaching
certificate. This institutional restriction on the wage structure may be thought to
be a result of powerful teachers unions.14 This wage structure is the easiest way
to capture the fact that public schools, being pressured by teachers unions, do not
provide teachers with the right incentives to accumulate human capital.
The inability on the part of the government to implement a merit pay system, as
reflected in equation (11), is taken as a given. Merit pay is a rather old idea, dating
back to the turn of the century. Empirical evidence suggests that no other reform
has been tried more often and failed time and again (see Murnane et. al. 1991, p.
117-119). This is, in large part, due to opposition by teachers unions. More recently,
Ballou and Podgursky (1997, p. 109) note that ‘The history of eﬀorts to introduce
merit pay and other performance incentives into public schools does not leave grounds
for much optimism’.
An interesting justification for such a rigid pay structure is equality of opportunity.
As noted earlier, a uniform pay structure gives rise to equal opportunity in the sense
that all public schools would be able to provide students with a teacher of the same
human capital. The costs of doing so are clear-cut: the deadweight loss associated
with the pay structure and the resources needed to be invested to ensure that all
teachers attain that cut-oﬀ level. As will be seen, it provides teachers with the wrong
incentives to accumulate and supply human capital.
Assume that the government runs a teacher’s training program and invests in
all teachers such that they are able to attain the cut-oﬀ level h. Such expenditures
are financed by payments from taxes on teacher’s income. Further, assume that the
government gets to observe the learning ability of every teacher and can thereby invest
diﬀerent amounts in diﬀerent teachers. Further, given the wage structure specified
by equation (11), teachers will not have an incentive to supplement the goods inputs
14

For an interesting analysis of the impact of Teachers’ unions on the production of education,

see Hoxby (1996).
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from the government.
While one may debate the realism of this rule, the key features of the public
education system (as represented here) lie elsewhere: all students will get the same
teacher quality ht , and all teachers will receive the same wage.
While salary structures represented by equation (11) are the norm in the US
education system, a great deal of variation in teacher quality is nevertheless seen.
This would be expected if diﬀerent schools provide diﬀerent working environments
and other intangible benefits. Ballou and Podgursky (1997) suggest that this may
very well be as important as the salary and benefits provided to teachers.
Government: The government collects taxes on labor and capital income from workers
and teachers and distributes the proceeds partly to pay teacher’s salaries and partly
to invest in teacher’s children who would be teachers next period.15 It’s budget
constraint reads
et ,
pt + e
et+1 = τ h wt ht +τ k rt kt +τ eh pt +τ ek rt k

(12)

et are aggregate worker and
where ht denotes aggregate worker human and kt and k
teacher physical capital respectively. Public schools hire teachers who satisfy a mini-

mum human capital requirement and pay them each the same wage pt . Public schools
make no profits, they merely receive the tax revenues from the government and use
the same to pay the teachers. The tax rates τ h and τ k and the minimum human
capital level ht are exogenous. As generations go by, the human capital that workers
acquire will grow, and ht will have to be raised to sustain economic growth.16
15

Note that taxes are distortional. Given incomplete markets, the optimal tax (in the Ramsey

sense) on capital income would be strictly positive in the steady state in order to bring the interest
rate to equality with the rate of time preference (see Aiyagari 1995). Moreover, if taxes were lumpsum, the private education economy would have the poor low ability agents subsidizing the rich high
ability agents, which is clearly unrealistic.
16
An exact description of the balanced growth path is left to section 4.
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4

The Balanced Growth Path

This section characterizes the balanced growth paths of the public and private education regimes and establishes conditions under which long-run growth can be sustained.
The heterogeneity in intrinsic abilities necessitates a characterization with diﬀerent
growth rates for dynasties with diﬀerent intrinsic abilities and human capital levels.
Essentially, it amounts to specifying the cross-sectional distribution of growth rates
of individual-specific variables and the growth rate of aggregate variables. Along a
balanced growth path, these would be time-invariant and the distribution of growth
rates of all individual-specific variables will be identical. Such a complication helps to
yield joint predictions on long-run growth, inequality and intergenerational mobility.
The private economy can experience balanced growth even if the human capital
production function exhibits decreasing returns to scale (!!!). This results if the assignment process exhibits increasing returns. Two cases will be distinguished: one in
which the assignment process can be sustained across time as a process of renewed assignment along a balanced growth path, and another in which the assignment process,
can on its own, spur economic growth. As will be seen, the latter turns out to be the
more interesting and plausible case. One could also draw parallels with the convergence results in Tamura (1991). In Tamura (1991), a heterogeneous society converges
to a homogeneous outcome. Here, a heterogeneous society converges to a more homogeneous but non-degenerate outcome, if a dynasty eﬀectively exhibits diminishing
returns to human capital accumulation.
In order to derive some analytical properties of the public and private education
economies, assume that the human capital production functions take the form
³ ´
³ ´γ 2
e (e
X s, e
h = sγ 1 e
h
;X
s, e
e) = (e
s)γ 1 (e
e)γ 2 ,

and the distributions of intrinsic abilities are given by

¡
¢
¡
¢
a ∼ log N µa ; σ 2a ; e
a ∼ log N µea ; σe2a .
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Further, assume that the momentary utility function is given by
U (c) =

cζ
, 0 < ζ < 1.
ζ

A few comments are in order. First, the distribution of abilities is assumed to be
lognormal. The functional forms for the human capital production functions guarantee that if one were to start with a lognormal distribution of human capital, future
distributions will remain lognormal. This permits an easy characterization of the
properties of the distribution across generations.17 Second, the coeﬃcients on the human capital production functions for workers and teachers (γ 1 and γ 2 ) are assumed
to be identical. Relaxing this is easy, but does not aﬀect any of the results. Third,
the sum γ 1 + γ 2 , together with the curvature of the assignment rule in the private
economy, will determine whether or not the economy is capable of exhibiting balanced
growth. The analysis considers cases in which the human capital production function
exhibits decreasing and constant returns to scale. Fourth, the distribution of intrinsic
abilities of workers and teachers are allowed to be diﬀerent. Finally, the assumption
on the utility function is quite standard in the endogenous growth literature.

4.1

The Public Education Economy

The balanced growth path will be uncovered through a ‘guess and verify’ procedure.
Conjecture that the cross-sectional distributions of growth rates of ct , bt+1 and ht+1
are identical and that aggregate variables kt , ht and ct grow at the constant rate g. In
other words, once the shocks at+1 have been realized, the cross-sectional distributions
of

C(bt+1 ,ht+1 ,at+1 ;zt+1 ) B(bt+1 ,ht+1 ,at+1 ;zt+1 )
t+1 ,at+1 ;zt+1 )
,
,and H(hH(h
C(bt ,ht ,at ;zt )
B(bt ,ht ,at ;zt )
t ,at ;zt )

are identical. In fact, the

growth path is ‘balanced’ precisely because the cross-sectional distribution of growth
rates of all variables is exactly the same and time-invariant. Conjecture that the
¡
¢
distribution of worker human capital is given by ht ∼ log N µht ; σ 2ht .18 A dynasty
17

These functional forms are quite standard in the literature. See Glomm and Ravikumar (1992)

and Benabou (1996).
18
If the initial distribution of human capital is log-normal, so will the equilibrium distribution.
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which currently comprises a parent with a human capital ht and a child with ability
at will experience a growth rate in human capital given by
1−γ 1

g (at , ht ) = ht+1 /ht = X (st , ht ) /ht = (at )γ 1 (ht )γ 2 /ht

.

If the distribution of g (at , ht ) , which is the cross-sectional distribution of growth
rates, is to remain time invariant (a requirement for balanced growth), so must the
1−γ 1

statistic (ht )γ 2 /ht

. Further, note that all else equal, the higher the parental human

capital, the lower the growth rate. The public education regime serves to provide the
highest growth rates of human capital to the poor high ability children and the lowest
growth rates to the rich low ability children. The distribution of human capital next
period will be given by
¡
¡
¢
¡
¢¢
ht+1 ∼ log N γ 2 log (ht ) + γ 1 µht + µa ; γ 21 σ 2ht + σ 2a .

(13)

The cross-sectional distribution of growth rates is then given by

¡
¢
gt ∼ log N γ 2 log (ht ) + γ 1 µa − (1 − γ 1 ) µht ; (1 − γ 1 )2 σ 2ht + γ 21 σ 2a .

(14)

In order to ensure that the above distribution will be time-invariant, some restrictions need to be in place. Specifically, the distribution of growth rates next period
needs to be computed, and conditions imposed to ensure that it coincides with the
current period’s distribution of growth rates. Let gt+1 denote next period’s crosssectional distribution of growth rates. Further, let ht grow at the rate ght . Then
¡
¡
¢
¢
gt+1 ∼ log N µgt+1 ; (1 − γ 1 )2 γ 21 σ 2ht + σ 2a + γ 21 σ 2a ,

where

(15)

¡
£
¢
¡
¢¤
µgt+1 = γ 2 log ght ht + γ 1 µa − (1 − γ 1 ) γ 2 log (ht ) + γ 1 µht + µa .

Equating means across the two cross-sectional distributions in equations (14) and
(15) yields
£
¤
γ 2 log ght = (1 − γ 1 ) γ 2 log (ht ) + γ 1 µa − (1 − γ 1 ) µht
¤
£
= (1 − γ 1 ) µht+1 − µht .
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(16)

Next, equating variances yields
¡
¢
σ 2h = γ 21 σ 2h + σ 2a .

(17)

Using equation (13), the aggregate growth rate of the economy g can be expressed as
¡
¢
exp γ 2 log (h) + γ 1 (µh + µa ) + 12 σ 2h0
E (h0 )
h0
¡
¢
.
(18)
=
=
g=
h
E (h)
exp µh + 12 σ 2h

Note from equations (17) and (13) that σ 2h0 = σ 2h . Using this fact, and taking logarithms on both sides of equation (18) yields
log g =γ 2 log (h) + γ 1 µa − (1 − γ 1 ) µh .

(19)

Substituting the above equation in equation (16), it transpires that
γ 2 log gh = (1 − γ 1 ) log g.

(20)

This is rather intuitive. As generations go by, standards for teachers must be raised
in order to sustain long-run growth. The rate at which these standards must be
raised depends on the returns-to-scale exhibited by the human capital production
function. This raises the question: is it possible to sustain long-run growth if gh 6= g?
Equivalently, is it possible to sustain long-run growth if γ 1 +γ 2 6= 1? The next Lemma
demonstrates that the answer is indeed in the negative.
Lemma 2 The public education economy can exhibit balanced growth if and only if
γ 1 + γ 2 + 1 and h grows at the same rate as the aggregate growth rate of the economy.
Proof. The ‘if’ part is quite standard. As regards the ‘only if’ part, recall that
·

gh
ee =
(e
ah)γ 1

¸1/γ 2

·

gh1−γ 1
=
(e
a)γ 1

¸1/γ 2

.

It follows that aggregate goods inputs into teachers is given by
µ
¶
µ ¶
µ ¶
µ ¶
1 − γ1
1
1
1
log e
e=
log h +
log g−
µea +
σe2a /2.
2
γ2
γ2
γ2
γ2
23

(21)

From the above equation, it is easy to discern that
¶
µ
1 − γ1
log gee =
log gh .
γ2

However, all aggregate variables must grow at the same rate. Hence, gee equals g and

the above equation reduces to

γ 2 log g = (1 − γ 1 ) log gh .

(22)

Now, comparing equations (20) and (22), it is easy to see that the condition γ 1 +γ 2 = 1
must hold along a balanced growth path so that gh = g.
It is easy to see that the expression on the right hand side of equation (16)
exactly equals the mean of log g, the cross-sectional distribution of growth rates.
That condition ensures that the logarithm of the aggregate growth rate of the economy
exactly equals the expected value of the logarithm of the growth rate of human capital
in the economy. Further, notice from equation (17) that the variance of worker human
capital is completely pinned down by the importance of individual learning ability in
producing human capital and the variance in intrinsic abilities. It is easy to see from
equations (13) and (17) that the variance of log-human capital will be time-invariant
along a balanced growth path.
Proposition 3 The variance of log-human capital (wage income) in the public education regime is time-invariant and equals

γ 21
σ2 .
1−γ 21 a

Recall that γ 1 represents the importance of individual characteristics relative to
school characteristics in determining human capital. Thus, a higher γ 1 leads to higher
income inequality since

γ 21
1−γ 21

increases in γ 1 .19 As the importance of a school dimin-

ishes, income inequality rises. This result stems from the fact that public education
19

¡
¢
For a log-normally distributed variable h ∼ log N µ; σ 2 , the Gini coeﬃcient depends only on

σ. Hence, a higher variance may be interpreted as higher inequality. Moreover, ranking log-normal

distributions by σ is equivalent to ranking them by the Lorenz criterion (see Aitchison and Brown
p. 112-113).
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system serves to equalize opportunities, and that a higher γ 1 implies that this equalizing factor diminishes in importance relative to individual characteristics. Thus, a
system of provision in which the government makes a conscious attempt to provide
everyone in society with the exact same resources (equality of opportunity) results
in wage inequality being independent of the importance of teacher human capital in
the human capital production function. The variance of human capital converges to
a constant primarily because each dynasty eﬀectively exhibits diminishing returns to
human capital production.
The preceding analysis also permits an easy characterization of the cross-sectional
distribution of growth rates.
Lemma 4 The time-invariant cross-sectional distribution of growth rates in the public education economy is
µ
¶
2γ 21 2
g ∼ log N log g;
σ
1 + γ1 a

(23)

where g is the aggregate growth rate of the economy and given by equation (16).
Proof. The mean of the cross-sectional distribution of growth rates is characterized
by equation (16). The variance is given by
σ 2g = (1 − γ 1 )2 σ 2h + γ 21 σ 2a =

(1 − γ 1 )2 2 2
2γ 21 2
2 2
γ
σ
+
γ
σ
=
σ .
1 a
1 − γ 21 1 a
1 + γ1 a

In order to maintain budget balance, aggregate physical and human capital must
grow at the rate g. Hence, prices w and r will be constant across generations. As
regards teachers, the value h cannot be set arbitrarily high. While there seems to
be no easy way to obtain an upper bound for h, a very high value implies that a
substantial amount of resources need to be spent in order to get all teachers up to
that level. Since the initial distribution of teacher human capital is assumed to be
log-normal, there is a cost involved in getting all these teachers up to a level h. The
25

expenditures required to educate all teachers upto a level h is given by
µ ¶
µ ¶2 ³
´
¢
γ1 ¡
γ1
log e
e0 = (1/γ 2 ) log h −
µea + µeh0 +
σe2a + σe2h0 .
γ2
γ2

(24)

Further, a cost needs to be incurred in each subsequent period. As will be seen in
the next section, the level at which standards can be maintained will be critical in
determining which economy grows at a faster rate.

4.2

The Private Education Economy

Conjecture that the distribution of worker and teacher human capital are given by
³
´
h ∼ log N µeh ; σe2h . The assignment rule is then given by
h ∼ log N (µh ; σ 2h ) and e

e
h ≡ x1 sx2 according to the conjecture.20 The growth rate of a dynasty is then given
³ ´
by g (a, h) = X s, e
h /h. The curvature of the assignment process x2 will play a key
role in the rest of the analysis. It follows that

γ

g (a, h) = (ah)γ 1 (x1 sx2 )γ 2 /h = x1 2 aγ 1 +x2 γ 2 (h)γ 1 +x2 γ 2 −1 .

(25)

Along a balanced growth path, the distribution of g (a, h) must be time-invariant.
The following Lemma establishes conditions under which the distribution of g (a, h)
will remain time-invariant.
Lemma 5 The cross-sectional distribution of growth rates in the private economy
will remain time-invariant if any one of the following conditions are satisfied.
(i) γ 1 + γ 2 < 1 and x2 = (1 − γ 1 ) /γ 2 > 1, and x1 constant,
(ii) γ 1 + γ 2 = 1 and x2 = 1, and x1 constant,
(iii) γ 1 + γ 2 > 1 and x2 = (1 − γ 1 ) /γ 2 < 1, and x1 constant,
(iv) γ 1 + γ 2 ≤ 1, x2 constant and x1 grows at a constant rate gx1 (to be determined).
γ

Proof. In cases (i) through (iii), γ 1 + x2 γ 2 = 1, so that g (a, h) = x1 2 a. Since x1 is a
constant, the distribution of g (a, h) will be time-invariant. The proof of case (iv) is
relegated to the end of this section when it is analyzed in great detail.
20

In fact, given the two log-normal distributions, e
h = x1 sx2 transforms one into the other.
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Observe that even if the human capital production function were to exhibit increasing (or decreasing) returns to scale, balanced growth could result provided there
is some degree of concavity (or convexity) in the assignment process x2 . Notice that
in cases (i), (ii), and (iii), the growth rate of a particular dynasty equals a constant
times the idiosyncratic shock (intrinsic abilities). A balanced growth path would then
be characterized by a distribution of growth rates which is in fact a constant times
γ

the distribution of intrinsic abilities. In particular g (a, h) = x1 2 a. Recall, however,
that the public economy can exhibit balanced growth if and only if γ 1 + γ 2 = 1. Since
the end objective is to compare the public and private economies, cases (i), (iii), and
a part of case (iv) (where γ 1 + γ 2 < 1) are not considered. From here on, case (iv)
must read
(iv)0 γ 1 + γ 2 = 1, x2 constant (to be determined) and x1 grows at a constant rate gx1
(again to be determined).
In order to map out the balanced growth path of the private economy, consider
the assignment rule e
h ≡ x1 sx2 . The values x1 and x2 will now be determined. The

assignment rule implies that

¡
¢D
¡
¢¢
¡
log N µeh ; σe2h ≡ log N log x1 + x2 (µh + µα ) ; x22 σ 2h + σ 2a .

In other words, the distribution of x1 sx2 must coincide with the distribution of e
h.

This, in turn, is possible only if the means and variances are identical, implying that

and

log x1 + x2 (µh + µa ) = µeh ,
¡
¢
x22 σ 2h + σ 2a = σe2h .

(26)

(27)

Observe that the value of x2 will be higher, the greater the inequality in teacher
human capital. This curvature parameter reflects the ability of the education system
to draw distinctions among teachers. Having described the assignment process, it is
now possible to analyze the remaining cases (ii) and (iv).
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Case (ii): This is the most standard case considered in much of the endogenous
growth literature. When x2 = 1, the model reduces to the standard A-K variety,
and balanced growth obtains. From equation (27), it follows that the variance in
teacher human capital equals the sum of the variances in worker human capital and
the variance in intrinsic abilities. Further, human capital next period is given by
γ

γ

h0 = x1 2 aγ 1 +x2 γ 2 (h)γ 1 +x2 γ 2 = x1 2 ah,

(28)

since γ 1 + x2 γ 2 = 1. It is easy to see from the above equation that wage inequality
will blow up to infinity.21
Case (iv)0 : This is the more interesting case and represents one of the singular
contributions of this paper. The rest of this section will be devoted to a detailed
analysis of this case. Here, each dynasty eﬀectively exhibits diminishing returns to
human capital production since γ 1 + x2 γ 2 < 1. Hence, just as in the public economy,
wage inequality will be time-invariant. It follows that the condition
¡
¢
(γ 1 + x2 γ 2 )2 σ 2h + σ 2a = σ 2h .

(29)

must hold. The following Lemma characterizes the impact of the assignment process
on long-run inequality.
Lemma 6 Inequality in the private education regime tends to ∞ in the long run in
£
¤
case (ii), and converges to σ 2h = (γ 1 + x2 γ 2 )2 σ 2a / 1 − (γ 1 + x2 γ 2 )2 in case (iv).
Proof. Equation (28) implies that σ 2ht+1 = σ 2ht + σ 2a . Hence, in case (ii), the variance

of human capital tends to ∞ as t → ∞. As regards case (iv), the result follows
directly from equation (29).
Now, since x2 < 1, each dynasty eﬀectively exhibits diminishing returns to human
capital production. How can growth be sustained? It is easy to see that if x1 were to
21

The addition of an aggregate spillover will change this prediction and lead to convergence to a

finite variance.
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grow, then balanced growth can be sustained. Conjecture that x1 grows at the rate
gx1 . Then, writing equation (26) one period ahead implies that
log x1 + log gx1 = µeh + log g − x2 (µh + log g + µα ) ,

which together with equation (26) yields

log gx1 = (1 − x2 ) log g,

(30)

where x2 is given by equation (27). The distribution of human capital next period is
given by
¡
¡
¢¢
h0 ∼ log N γ 1 (µh + µa ) + γ 2 µeh ; (γ 1 + x2 γ 2 )2 σ 2a + σ 2h

Lemma 7 The cross-sectional distribution of growth rates in the private economy is
given by
¡ ¡
¢
¢
g ∼ log N γ 2 µeh − µh + γ 1 µa ; 2 (γ 1 + x2 γ 2 )2 σ 2a / (1 + γ 1 + x2 γ 2 ) .

Proof. Recall that equation (25) characterizes the evolution of human capital in the
private economy. The distribution of growth rates can then be written as


γ 2 log x1 + (γ 1 + x2 γ 2 ) µa + (γ 1 + x2 γ 2 − 1) µh ;
.
g ∼ log N 
2 2
2 2
(γ 1 + x2 γ 2 ) σ a + (γ 1 + x2 γ 2 − 1) σ h

Substituting for log x1 from equation (26) and for σ 2h from the previous Lemma, the
above equation reduces to


¤
£
γ 2 µeh − x2 (µh + µα ) + (γ 1 + x2 γ 2 ) µa + (γ 1 + x2 γ 2 − 1) µh ;
,
h
i
g ∼ log N 
2 2
(γ 1 +x2 γ 2 −1)2
(γ 1 + x2 γ 2 ) σ a 1 + 1−(γ +x γ )2
1

2 2

which after a little algebra yields the result.

³ ´x4
ae
h . Human capital will
Now consider the teachers. Conjecture that ee = x3 e
³ ´γ 1 +x4 γ 2
γ
. The long-run variance of teacher human
ae
h
evolve according to e
h0 = x3 2 e
0

capital is then given by

¤
£
σe2h = (γ 1 + x4 γ 2 )2 σe2a / 1 − (γ 1 + x4 γ 2 )2
29

(31)

The values x3 and x4 will be determined so as to ensure consistency with the assignment rule. Therefore

and

¡
¡
¢
¡
¢¢
e
h0 ∼ log N γ 2 log x3 + (γ 1 + x4 γ 2 ) µeh + µea ; (γ 1 + x4 γ 2 )2 σe2h + σe2a ,
¡
¡
¢
¢
a0 h0 ∼ log N µa + γ 1 (µh + µa ) + γ 2 µeh ; (γ 1 + x2 γ 2 )2 σ 2a + σ 2h + σ 2a .

The assignment rule one period ahead is then given by e
h0 = x01 (a0 h0 )x2 . Taking
logarithms and using equation (30) yields

log e
h = log x1 + (1 − x2 ) log g + x2 (log a0 + log h0 ) .
0

To preserve the assignment across generations, the restrictions

and

¡
¢
γ 2 log x3 + (γ 1 + x4 γ 2 ) µeh + µea = log x1 + (1 − x2 ) log g
¡
¢
+x2 µa + γ 1 (µh + µa ) + γ 2 µeh
¡
¢
¡
¡
¢
¢
(γ 1 + x4 γ 2 )2 σe2h + σe2a = x22 (γ 1 + x2 γ 2 )2 σ 2a + σ 2h + σ 2a

need to be in place. In order to ensure that the growth rate is constant over time, µh
and µeh must grow at the same rate. This implies the restriction

¡
¢
γ 2 log x3 + (γ 1 + x4 γ 2 ) µeh + µea − µeh = γ 2 log x1 + (γ 1 + x2 γ 2 ) (µh + µa ) − µh .

From the above equation and equation (30), it follows that
log gx3 = (1 − x4 ) log g.

Finally, what are the long-run values of x2 and x4 ? These curvature parameters will
play a key role in the analysis of the balanced growth path. To obtain a restriction,
consider the Euler equation (4) for teacher human capital in the worker’s dynamic
program and the Euler equation (??) for educational expenditures in the teacher’s
30

dynamic programming problem. Substituting the conjectured assignment rule into
Euler equations and eliminating the price functions, it transpires that x2 must equal
x4 . Using this fact, together with equations (27), (29), and (31), it follows that
(γ 1 + x2 γ 2 ) σea = x2 σ a .

Therefore, the long-run value of x2 is given by
x2 =
Observe that if σea = σ a , x2 =

γ1
1−γ 2

γ 1 σea /σ a
.
1 − γ 2 σea /σ a

= 1. Thus is rather intuitive. The long-run

variances of worker and teacher human capital are completely pinned down by the
variances in their intrinsic abilities. If these variances in intrinsic abilities are identical, then the long-run variances in worker and teacher human capital converge to
the same constant. The assignment rule becomes linear and the model reduces to the
standard A-K variety. This completes the description of the balanced growth path in
the private economy. The analysis now turns towards establishing some properties of
the public and private economies along a balanced growth path.

5

Public versus Private

This section contains the main results of this paper. It contrasts the properties of
the balanced growth paths of the two regimes detailed above with respect to growth,
inequality, mobility and equality of opportunity.

5.1

Economic Growth

The impact of inequality of growth has been the subject of several recent papers. For
some interesting work that demonstrates that inequality is harmful for growth, see
Alesina and Rodrik (1994) and Persson and Tabellini (1994). Imagine starting oﬀ
the public and the private economies with the exact same distributions of worker and
31

´
³
¡
¢
teacher human capital, h0 ∼ log N µh0 ; σ 2h0 and e
h0 ∼ log N µeh0 ; σe2h . Further, let
0

the distribution for worker human capital in the public economy and the distributions
for worker and teacher human capital in the private economy along a balanced growth
¡
¡
¢
¢
path be given by hpub ∼ log N µhp u b ; σ 2hp u b , hpriv ∼ log N µhp riv ; σ 2hp riv and e
h ∼
³
´
log N µeh ; σe2h respectively. The following proposition results.

Proposition 8 Growth: The long-run growth rate of the private education regime
exceeds that of the public education regime if and only if µeh − µhpriv > log h − µhpub ,

where µeh is the mean teacher (log) human capital in the private economy and h is the

standards set for teachers in the public economy.

Proof. Recall that in the public economy, human capital evolves according to
ht+1 = (at ht )γ 1 (ht )γ 2 .

(32)

The short-run growth rate in the public economy is then given by
log gtpub = log ht+1 − log ht ,

(33)

where ht and ht+1 stand for aggregate human capital in the current period and
the following period respectively. Since human capital is log-normally distributed,
aggregate human capital is given by
log ht = µht + σ 2ht /2.
Using equations (32) and (34), equation (33) may be written as
¯
£
¤
pub ¯
σ2 t /2
log gt ¯ = γ 2 log ht − µht +γ 1 µa +γ 21 σ 2a /2−
SR
| h{z
}

Heterogeneity reduces growth

(34)

£
¤
1 − γ 21 . (35)

In order to facilitate interpretation, the above equation may be re-written as
¯
¡
¢
pub ¯
log gt ¯ = γ 2 [log ht − log ht ] + γ 1 log a − γ 1 (1 − γ 1 ) σ 2ht + σ 2a /2.
SR

Along the transition to a balanced growth path, the short-run growth rate is stochastic
since the variance of human capital changes over time. The long-run growth rate in
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the public economy may be obtained by replacing σ 2ht with its steady-state value
σ 2h = γ 1 σ 2a / (1 − γ 21 ) . Hence
¯
log gpub ¯LR = γ 2 [log ht − log ht ] + γ 1 log a − [γ 1 / (1 + γ 1 )] σ 2a /2

Turning to the private economy, recall that the evolution of human capital in the
private economy is given by
γ

γ +x2t γ 2 γ 1 +x2t γ 2
ht
,

ht+1 = x1t2 at 1
where x1t and x2t are given by

¡
¢
log x1t = µeht − x2t µht + µa ,
σe
x2t = q ht
.
σ 2ht + σ 2a

Proceeding along exactly the same lines as the public economy, the short-run growth
rate in the private economy is given by
£
¡
¢
¤
log gtpriv = γ 2 µeht − µht +γ 1 µa +(γ 1 + x2t γ 2 )2 σ 2a /2−σ 2ht /2 1 − (γ 1 + x2t γ 2 )2 . (36)

e t yields
Again, re-writing the above equation in terms of log ht and log h
¯

¯
log gtpriv ¯
SR

³
´
¡
¢
e
= γ 2 log ht − log ht + γ 1 log a − [(γ 1 + x2t γ 2 ) (1 − (γ 1 + x2t γ 2 ))] σ 2a + σ 2ht /2
h
i
−γ 2 σe2ht − x2t (γ 1 + x2t γ 2 )2 .

¡
¢
Given that x22t σ 2ht + σ 2a = σe2h , the above equation simplifies to
t

¯
¯
log gtpriv ¯

SR

³
´
£
¤¡
¢
et − log ht +γ 1 log a− γ 1 + γ 2 x2 − (γ 1 + x2t γ 2 )2 σ 2 + σ 2 /2.
= γ 2 log h
2t
a
ht

The eﬀects of heterogeneity in the private economy are clearly complex, because
both worker heterogeneity and teacher heterogeneity now enter the determination of
growth. Moreover, they interact through matching, i.e. through x1t and x2t .Thus,
¯
priv ¯
2
2
2
2
one cannot simply vary σ ht , σeh , σ a and σea and compute their eﬀects on log gt ¯
t
SR
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¡
¢
as if x2t were constant. Finally, setting σ 2ht = (γ 1 + x2 γ 2 )2 σ 2a / 1 − (γ 1 + x2 γ 2 )2 in
the equation above, the long-run growth rate is given by
#
"
2
³
´
2
¯
+
γ
x
−
(γ
+
x
γ
)
γ
2
2 2
1
2
e t − log ht + γ 1 log a − 1
σ 2a /2,
log gpriv ¯LR = γ 2 log h
1 − (γ 1 + x2 γ 2 )2
where x2 =

γ 1 σ ae /σa
.
1−γ 2 σae /σa

Growth Comparisons: Now, the log-ratio of growth rates between the private and the
public economy in the short-run is given by
¯
¯
log gtpriv − log gtpub ¯

SR

= γ2

n
o £
¤¡
¢
log e
ht − log ht + (γ 1 + γ 2 x2t )2 − γ 21 − γ 2 x22t σ 2a + σ 2ht /2
{z
}
|
{z
} |

Losses from low standards

Gains from positive matching

(37)

The second term is strictly positive since x2t > 0. Hence a suﬃcient condition for

the short-run growth rate to be higher in the private economy is µeh0 > log h. What

about the long-run? Recall that the long-run variances in the public and the private
economies are given by

and

¯
σ 2hL R ¯pub =

¯

σ 2hL R ¯priv

γ 21
σ2 ,
2 a
1 − γ1

(γ 1 + x2 γ 2 )2
=
σ 2a .
1 − (γ 1 + x2 γ 2 )2

Therefore, the long-run growth rates in the public and private economies may be
written as

and

¯

log gpub ¯LR

= γ 2 [log ht − µhp u b ] + γ 1 µa +

γ 21 σ 2a /2

−

½

¾
£
¤
γ 21
2
2
/2
1
−
γ
,
σ
a
1
1 − γ 21

¯
¡
¢
log gpriv ¯LR = γ 2 µeh − µhp riv + γ 1 µa + (γ 1 + x2 γ 2 )2 σ 2a /2
(
)
£
¤
(γ 1 + x2 γ 2 )2
2
−
/2 1 − (γ 1 + x2 γ 2 )2 ,
2 σa
1 − (γ 1 + x2 γ 2 )
where µhp u b stands for the mean worker log human capital in the public economy and
µhp riv and µeh represent the mean worker and teacher log human capital in the private
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economy along a balanced growth path. The log-ratio of growth rates in the long-run
then becomes
¯
£¡
¢
¤
¤
£
log g priv − log gpub ¯LR = γ 2 µeh − µhp riv − (log h − µhp u b ) + (γ 1 + x2 γ 2 )2 − γ 21 σ 2a /2
|
{z
}
−

£
¤
(γ 1 + x2 γ 2 )2 − γ 21
|
{z
}

Gains from positive matching

σ 2a /2.

Losses from greater heterogeneity

Observe that the gains from positive assignment exactly cancel out the losses from
the higher degree of heterogeneity. Therefore, the log-ratio of long-run growth rates
becomes
¯
¤
£¡
¢
log g priv − log g pub ¯LR = γ 2 µeh − µhp riv − (log h − µhp u b ) .
The above proposition represents one of the key result of this paper and brings
out some of the main forces at work. Some of the terms used above will now be
explained in greater detail and their relevance clarified in a series of remarks.
Remark 2 Observe from equations (35) and (36) that all else equal, the higher the
initial variance in worker human capital, the lower the short-run growth rate. Heterogeneity reduces growth simply because each dynasty exhibits diminishing returns
to human capital accumulation. It is easy to see from equation (35) that if γ 1 = 1,
heterogeneity has no eﬀect on growth.
Remark 3 The greater the diversity in educational opportunities, the higher the
short-run growth rate. This is easily seen by noticing the term γ 1 + x2t γ 2 multiplying
the variance of human capital in the private economy in equation (36) as opposed to
γ 1 in the public economy in equation (35).
Remark 4 The first term on the right hand side of equation (37) represents the losses
from low standards in the public economy. Such losses arise if it is too expensive to
ensure that each teacher in the public economy will supply more human capital than
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(38)

the mean teacher log-human capital in the private economy. The second term on the
right hand side of equation (37) represents the gains from positive matching. That
these are in fact gains follows by noting that x2t > 0. Again recall that positive
assignment maximizes aggregate human capital since individual learning ability and
teacher human capital are complementary in determining aggregate human capital.
Remark 5 If standards could, in fact, be maintained at a high enough level (high
enough to overcome the losses from low standards and the gains from positive assignment), the public economy will grow at a faster rate than the private economy in the
short-run and the long-run.
Remark 6 The fact that gains exactly equals losses is not an artifact of the chosen functional forms for learning ability or the human capital production. It is an
immediate fallout of growth stationarity.
The intuition behind Proposition 11 can be simply put as follows. There are
simply two considerations in the short-run as reflected by equation (37). First, gains
from positive assignment in the private system and second, losses from low teacher
standards in the public system. These eﬀects reinforce one another and the short-run
growth rate is higher in the private economy.
In the long-run, there is a trade-oﬀ. Complementarity between individual inputs and school resources argues in favor of providing the best student with the best
teacher. The private system, thus facilitates the ‘right’ kind of assignment of students to teachers and this leads to positive benefits. The eﬃciency of the assignment
process eventually leads to greater heterogeneity in the private economy. Heterogeneity, however, reduces economic growth as evidenced by the negative sign multiplying
the variance of human capital in the short-run growth equation (35). As noted in the
remark, heterogeneity reduces economic growth primarily because parental human
capital exhibits diminishing returns in determining a child’s human capital. Since
the private economy leads to a more heterogeneous workforce in the long-run, the
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negative eﬀect on growth is larger. This argues in favor of homogeneity. Equal opportunity, however, does not come free. Such a cost is reflected in the resources
needed to be expended to ensure that all working teachers are able to attain the
cut-oﬀ level h as seen in equation (24). Further, the rigid pay structure for teachers leads them to accumulate and supply less human capital than they would in the
private economy. This trade-oﬀ is important and considering the appropriate costs
and benefits associated with each of these systems is crucial. From equation (38), it
is also clear that the benefits of positive assignment exactly outweigh the long-run
costs to heterogeneity in the private economy and the private system exhibits faster
long-run growth if the costs to maintaining standards are high.22
How high can standards for teachers be maintained along a balanced growth path?
Recall that in order to sustain economic growth in the public economy, standards
for teachers need to be raised at the aggregate growth rate of the economy. From
equations (19) and (21), it transpires that the cost to be incurred every period in
order to get teachers who possess a human capital of h up to a level gh is given by
µ ¶
µ ¶
γ1
1
1
µea +
σe2a /2.
(39)
log e
e = 2 log (h) − µhp u b + µa −
γ2
γ2
γ 22

To get a feel for how high standards can be set in the public economy, consider the
ratio of aggregate educational expenditures to aggregate output. Further, assume that
the distribution functions for intrinsic abilities for workers and teachers are identical
and that the mean ability level equals one. It transpires that
¶
µ
1 + γ 22
γ 21
log e
e − log y = 2 log h − 2µhp u b − log κ +
σ 2a /2,
−
γ 22
1 − γ 21
22

One can ask whether borrowing constraints can alter this result? An analysis of the assignment

problem in the presence of borrowing constraints is complicated in the general equilibrium set-up
presented. However, some intuition can be obtained from the results: while borrowing constraints
reduce the gains from positive assignment, they also reduce the losses from heterogeneity since longrun inequality declines. The point is more general and applies with any form of a mis-match in the
assignment process.
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where κ =

α
¡ 1+r ¢− 1+α

α

. Here, r and α stand for the real interest rate and capital’s

share of output respectively. It is easy to deduce that κ < 1 so that log κ < 0. Is
it possible that log h > µeh − µhp riv + µhp u b (in which case, from Proposition 11, the

public system will experience faster long-run growth)? If this inequality holds, then
the above equation implies that
£
¤
log e
e − log y > 2 µeh − µhp riv − log κ +
|

µ

γ 21
1 + γ 22
−
γ 22
1 − γ 21
{z
>0

¶

σ 2a /2.
}

Note that with the exception of the term inside the brackets on the right hand side
of the above equation, all the others are strictly positive.. Then, it transpires that if
the log mean worker human capital (µhp riv ) is not too much higher than the log mean
teacher human capital (µeh ), log e
e > log y! In other words, aggregate educational

expenditures will exceed aggregate output. This suggests that it is unlikely that
standards can be maintained at a high enough high rate for the public system to
dominate the private system in terms of its long-run growth performance.

5.2

Inequality

The analysis now shifts to an examination of inequality. There have been several
recent analyses of wage inequality and its causes. For some early work on the determinants of wage inequality for the last three decades, see Katz and Murphy (1992).
Proposition 9 Wage Inequality: The private education economy possesses a higher
degree of inequality than the public education economy.
Proof. Recall from Proposition 5 that the variance of human capital in the public
regime along a balanced growth path is given by

γ 21
σ2
1−γ 21 a

and is time-invariant. There-

fore, the ratio of the variance in income in the private economy to that in the public
economy is given by
#
"
¸
2 ·
σ 2priv
1 − γ 21
(γ 1 + x2 γ 2 )
> 1.
=
σ 2pub
γ 21
1 − (γ 1 + x2 γ 2 )2
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(40)

The proposition above demonstrates that the sorting of individuals in the private
economy will in fact lead to greater inequality. Observe from equation (40) that
the ratio of wage inequality in the private system to that in the public system is
entirely determined by the curvature of the assignment process, x2 and the parameters
governing the human capital production function. When x2 = 0, every student in
the private economy is educated by a teacher of the same quality, hence inequality is
identical across the two regimes. Furthermore, if the parental eﬀect in quite strong
relative to the eﬀect of a teacher in determining a child’s human capital (γ 1 > γ 2 ),
the ratio would not be too large. The increase in inequality will be determined by
the curvature of the assignment process, x2 .
What is the impact of sorting on long-run inequality? The issue of marital sorting
seems to have been given some recent focus. Kremer (1997) criticizes recent work
by arguing that sorting does not have much of an impact on long-run inequality.
In particular, he shows that moving from an economy with no segregation to one
with complete segregation increases the steady-state standard deviation of education
by approximately 9%. However, Fernandez and Rogerson (1999) find that increased
sorting significantly increases income inequality. Whether or not one agrees with Kremer’s estimate, this raises the question: is it possible to construct a model economy
that admits the possibility that along a balanced growth path, sorting does not have
too severe an impact on inequality? It turns out that the model economy presented
does. An example might help the clarify the impact of sorting on inequality in the
current context.
Example 1 Let γ 1 + γ 2 < 1, and hence focus on a steady-state. The the ratio of
the variance in the private economy to that in the public economy is still given by
equation (40). To make things concrete, let γ 1 = 0.25 and γ 2 = 0.05. Then, using
equation (40), the ratio of standard deviations in the economy with perfect sorting
(private), to that in the economy with no sorting at all (public) equals 1.28 if x2 = 1,
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1.11 if x2 = 0.5, and 1.05 if x2 = 0.25. When x2 = 1, the implications of sorting on
inequality become quite severe: the standard deviation of human capital rises by 28%!
As x2 decreases, so does the impact of sorting on inequality.
It seems to be taken for granted that the private economy would be less preferable
to a public economy on grounds on equity. From a normative standpoint, even if it
were the case that the private system entails more inequality, it might be preferable
on grounds of equity, if it permitted a substantially higher degree of intergenerational
mobility. The joint determination of inequality within a generation and economic
mobility across generations along a balanced growth path makes the analysis in this
paper rather unique and helps to shed light on the rather neglected aspect of social
mobility. The model presented here provides closed-form solutions for the crosssectional distribution of growth rates. As will be seen shortly, this statistic contains
all the relevant information needed to make statements about economic mobility. The
following proposition contrasts the cross-sectional distribution of growth rates in the
two economies.
Proposition 10 The Cross-sectional Distribution of Growth Rates: The cross-sectional
distribution of growth rates in the public education regime has lower mean and lower
variance than that under the private regime.
Proof. Recall from Lemma 4.2 and 4.5 that the cross-sectional distribution of growth
rates under the two regimes are given by
¶
µ
2γ 21 2
pub
pub
g ∼ log N log g ;
σ
1 + γ1 a
and
gpriv ∼ log N

Ã

2

log gpriv ;

!

2 (γ 1 + x2 γ 2 ) 2
σ .
1 + γ 1 + x2 γ 2 a

Recall that proposition 11 (together with the discussion on teacher standards) establishes that gpub < gpriv . The proof of the proposition follows from noting that
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2γ 21
1+γ 1

increases in γ 1 since γ 1 ∈ (0, 1) so that

2(γ 1 +x2 γ 2 )2
1+γ 1 +x2 γ 2

>

2γ 21
.
1+γ 1

Before turning to a

discussion of intergeneratonal mobility, it is useful to compare the public and private
economies in terms of ‘equality of opportunity’.

5.3

Equality of Opportunity

In order to make precise statements on the degree of equality of opportunities in
each economy, consider the stochastic process transforming the current distribution
of human capital into the distribution of human capital next period
log h0 = α1 log h + α2 log a + constant,

(41)

where α1 is the degree of correlation in human capital and α2 represents the (absolute)
importance of ability. When α1 = 0, the child’s human capital becomes entirely random and the above stochastic process may be thought of as characterizing a meritocracy. On the other hand, when α2 = 0, there is complete transmission of human
capital from parents to children and this situation may be thought of as depicting
an autocracy. The evolution of human capital in the public and private economies
are special cases of the above process when α1 = α2 = γ 1 and α1 = α2 = γ 1 + x2 γ 2
respectively. Following Atkinson (1980) define equality of opportunity by
E≡

V ar [α2 log a]
.
V ar [log h0 ]

(42)

Observe that according to the above definition, complete opportunity equalization
E = 1, will arise only when the assignment of students to teachers can negate the
eﬀect of parental human capital in determining a child’s human capital. Such a
situation will arise with a negatively assortative matching. Recall that a negative
assignment constitutes the eﬃcient allocation if individual ability and teacher human
capital are substitutes in producing a child’s human capital. Using equation (42), the
following result obtains.
Lemma 11 The degrees of equality of opportunity in the public and private economies
are given by E pub = 1 − γ 21 , and E priv = 1 − (γ 1 + x2 γ 2 )2 .
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The above lemma indicates that the public economy entails a greater degree of
opportunity equalization. Observe that, all else equal, the higher the persistence
in human capital, the lower the degree of opportunity equalization. Note, however,
that the private economy amplifies the eﬀect of own ability as well. This trade-oﬀ is
captured in an analysis of intergenerational mobility to which the analysis next turns.

5.4

Intergenerational Mobility

The private system amplifies the eﬀect of own ability, and this eﬀect enhances mobility in the sense of increased randomness. However, it also leads to a greater degree of
persistence in human capital across generations. A comparison of intergenerational
mobility involves these trade-oﬀs. The trade-oﬀ may be most easily captured by
observing that while the public system entails a greater degree of ‘equality of opportunity’, the private system entails a greater degree of ‘inequality in outcomes’ with
respect to the random component (ability).
In a recent paper, Fields and Ok (1996), derive a measure for the absolute level
of mobility from some axioms and suggest the measure E |h0 − h| . Such a measure
is intractable in the current context. Hence the analysis proceeds with a closely
connected measure of relative mobility. The measure of mobility ‘employed here is
M = E |log h0 − log h| .

(43)

This measure captures the expected value of the absolute change in position. Note
that the higher the value of M, the greater the mobility in the process log h → log h0

(in the sense defined by Fields and Ok).23 The following proposition characterizes
the ranking of economic mobility.
Proposition 12 Intergenerational Economic Mobility: The private education economy permits a greater degree of intergenerational mobility in earnings than the public
23

This does not, however, imply that there is more mobility in the process h → h0 . The analysis

shall, nevertheless, focus on the measure M defined above due to its tractability.
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education economy.
Proof. The measure of economic mobility M, involves computing the expectation
of the absolute value of a normally distributed random variable. If X ∼ N (µ; σ 2 ),
then the distribution of |X| is said to be of the folded normal variety. From the
Handbook of the Normal Distribution (1982 p. 34), the expected value of a folded
normal distribution is given by
M = E |X| = σ

p
¡
¢
2/π exp −µ2 /2σ 2 − µ [1 − 2Φ (µ/σ)] ,

(44)

where Φ (·) is the CDF of a standard normal distribution. Taking partial derivatives
with respect to µ and σ yields
p
¡
¢¡
¢
∂E |X|
= σ 2/π exp −µ2 /2σ 2 −2µ/2σ2 − [1 − 2Φ (µ/σ)] + 2µΦ1 (µ/σ) (1/σ)
∂µ
h
p
¡ 2
¢i
2
= (µ/σ) 2Φ1 (µ/σ) − 2/π exp −µ /2σ
− [1 − 2Φ (µ/σ)]
= (µ/σ) [2Φ1 (µ/σ) − 2Φ1 (µ/σ)] − [1 − 2Φ (µ/σ)]
= [2Φ (µ/σ) − 1] > 0 since µ/σ > 0,
and
p
p
¡
¢
¡
¢
¡
¢
∂E |X|
=
2/π exp −µ2 /2σ 2 + σ −µ2 /2 (−2/σ) 2/π exp −µ2 /2σ 2
∂σ
¢
¡
+2µ −µ/σ 2 Φ1 (µ/σ)
£
¡
¢¤
= 2Φ1 (µ/σ) 1 + µ2 1 − 1/σ 2 > 0.

Observe that mobility is higher, the greater the growth rate of the economy, as well
as the greater the inequality in growth rates. The proof of the proposition is then
immediate since the private economy possesses a higher mean and a standard deviation in growth rates (see Proposition 14).
Example (Mobility without Growth): The measure of mobility introduced in equation
(44) is rather complicated. It is easy to see, however, that when one abstracts from
economic growth (µ = 0) and focuses on a steady-state, which transpires for instance
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if γ 1 + γ 1 < 1 and x2 6= (1 − γ 1 ) /γ 2 , the measure of economic mobility simplifies to
M =σ

p
2/π.

(45)

In other words, mobility is linear in the standard deviation of the cross-sectional
distribution of growth rates. This is rather intuitive. Economic mobility is a property
of the transition function which gives rise to the equilibrium distribution, and the
cross-sectional distribution of growth rates characterizes the precise manner in which
such a transition occurs. The variance in growth rates associated with the steady-state
of the stochastic process (41) is given by
σ 2 = (1 − α1 )2 σ 2h + α22 σ 2a
¶
µ
2
α22 σ 2a .
=
1 + α1

(46)

Using equation (46), the measure of mobility (45) reduces to
s
2
M =2
α2 σ a .
π (1 + α1 )
Observe that the mobility measure, rather intuitively, decreases with α1 (in the sense
of an increased persistence in status across generations) and increases with α2 (in the
sense of an increased importance of the random component in determining income).
Lemma 13 Focusing on steady-states, the private economy exhibits a greater degree
of intergenerational mobility in human capital than the public economy.
Proof. The ratio of mobility in the private economy to that in the public economy
is given by
M priv
=
M pub

µ

γ 1 + x2 γ 2
γ1

¶s

1 + γ1
> 1.
1 + γ 1 + x2 γ 2

A quote from Friedman (1962) aptly describes the trade-oﬀ between the two
‘types’ of inequality.
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The confusion of these two kinds of inequality is particularly important
precisely because competitive free enterprise capitalism tends to substitute
the one for the other...capitalism undermines status and induces social
mobility.
- Milton Friedman (1962)
In the current context, capitalism undermines status relative to its impact on
ability. In other words, the eﬀect of ability overrides the eﬀect of parental human
capital. In summary, the sorting of students to teachers according to their learning
ability will have a positive eﬀect on growth (if the costs associated with maintaining
teacher’s standards are high), an adverse eﬀect on inequality, and enhances economic
mobility. It is interesting to note that the degree to which this happens, will depend
crucially, on the value of x2 . As the system draws more and more distinctions among
teachers, x2 rises, and so does growth, inequality and intergenerational mobility.
Equality of opportunity, however, is lower and the analysis makes clear that the
notion of merit pay, in the sense used in this paper, is incompatible with the very
notion of equality of opportunity.

6

Conclusions

It is instructive to review the main contributions of this paper. First, privatization of
education leads to the specialization of teachers in skills and this promotes a better
matching of students and teachers. This seems important in that one of the often
touted reform proposals involves the capability of the system to draw considerable distinctions among teachers. This paper demonstrates that privatization accomplishes
just that.
Second, the growth rate of the private economy exceeds that of the public economy
if teacher standards are costly to maintain. The main result is that while heterogeneity imposes a burden on long-run growth, this loss from heterogeneity is exactly oﬀset
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by the benefits from positive matching. Further, since there are costs involved in providing every student with a teacher of the exact same human capital, the private
system dominates the public system in terms of both short-run and long-run growth.
The result is robust to the inclusion of aggregate spillovers, imperfections in the assignment process, and concavity in the determination of aggregate human capital.
Furthermore, borrowing constraints are unlikely to alter the result. While borrowing
constraints reduce the gains from positive assignment, they also decrease inequality
and hence the losses from heterogeneity. This suggests that diversity in educational
opportunities fosters growth, even if there are frictions in the assignment process.
Third, inequality within a generation is higher in the private economy, and the
extent to which the inequality is higher is shown to depend exclusively on the ability
of the public system to draw distinctions among teachers. In particular, the model
economy can generate diﬀerential eﬀects of sorting on inequality. The analysis employs an index of equality of opportunity due to Atkinson and demonstrates that the
idea of merit pay is incompatible with the very notion of equal opportunity. Fourth,
the analysis reveals that economic mobility would be higher in the private economy.
While the private system increases the persistence in economic status from one generation to the next, it also amplifies the absolute importance of a child’s ability in
determining his human capital. The second eﬀect dominates and social mobility is
higher in the private economy.

46

References
[1] Aitchison, J and J.A.C. Brown, The Lognormal Distribution with special reference to its uses in economics, Cambridge: At The University Press, 1969.
[2] Aiyagari, S. Rao, “Uninsured Idiosyncratic Risk and Aggregate Saving,” Quarterly Journal of Economics, 109, no. 4 (August 1994): 659-684.
[3] Aiyagari, S. Rao, “Optimal Capital Income Taxation with Incomplete Markets,
Borrowing Constraints, and Constant Discounting,” Journal of Political Economy, 103, no. 6 (1995): 1158-1175.
[4] Alesina, Alberto and Dani Rodrik, “Distributive Politics and Economic Growth,”
Quarterly Journal of Economics, 109, no. 2. (May 1994): 465-490.
[5] Atkinson, A.B., Social Justice and Public Policy, Cambridge, Massachusetts:
The MIT Press, 1980.
[6] Atkinson, A.B. and F. Bourguignon, “The Comparison of Multi-Dimensioned
Distributions of Economic Status,” The Review of Economic Studies, 49, no. 2.
(Apr., 1982): 183-201.
[7] Ballou, Dale and Michael Podgursky, Teacher Pay and Teacher Quality, W.E.
Upjohn Institute for Employment Research, 1997.
[8] Becker, Gary S., “A Theory of Marriage: Part I,” Journal of Political Economy,
81, no. 4. (Jul. - Aug., 1973): 813-846.
[9] Becker, Gary S. and Nigel Tomes,“An Equilibrium Theory of the Distribution of
Income and Intergenerational Mobility,” Journal of Political Economy, 87, no.
6. (Dec., 1979): 1153-1189.

47

[10] Benabou, Roland, “Heterogeneity, Stratification and Growth: Macroeconomic
Implications of Community Structure and School Finance,” American Economic
Review 86, no. 3 (Jun 1996): 584-609.
[11] Carter, Susan B, “Occupational Segregation, Teachers’ Wages, and American
Economic Growth, Journal of Economic History,” 46, no. 2, The Tasks of Economic History (Jun. 1986): 373-383.
[12] Caucutt, Elizabeth M., “Peer Group Eﬀects in Applied General Equilibrium,”
mimeo, University of Rochester, 1997.
[13] Conlisk, John, ‘Can Equalization of Opportunity Reduce Social Mobility?,”
American Economic Review, 64, no. 1 (Mar 1974): 80-90.
[14] Cooper, Suzanne J., A Positive Theory of Income Redistribution,” Journal of
Economic Growth, 3 no. 2 (Jun. 1998): 171-195.
[15] Coulson, Andrew J., Market Education: The Unknown History (Studies in Social Philosophy & Policy; no. 21), New Brunswich (USA) and London (UK):
Transaction Publishers, 1999.
[16] Currie, Janet and Duncan Thomas, “Early Test Scores, Socioeconomic status
and Future Outcomes,” NBER Working Paper 6943, Feb. 1999.
[17] Duran, Jorge, “Stochastic Dynamic programming in Non-Compact State
Spaces,” Working Paper, Universitat Autonoma de Barcelona, 1999.
[18] Durlauf, Steven, “A Theory of Persistent Income Inequality,” Journal of Economic Growth, 1 no. 1 (Mar. 1996): 75-94.
[19] Engerman, Stanley L., “Human Capital, Education and Economic Growth,” in
Fogel, Robert William and Stanley L. Engerman, eds. The Reinterpretation of
Economic History (New York, 1971): 274-81.

48

[20] Epple, Dennis and Richard E. Romano, “Competition Between Private and Public Schools, Vouchers and Peer Group Eﬀects,” American Economic Review, 88,
no. 1 (Mar 1998): 33-62.
[21] Fernandez, Raquel and Jordi Gali, “To Each According To ...? Markets, Tournaments, and the Matching problem with Borrowing Constraints,” forthcoming,
Review of Economic Studies (1999).
[22] Fernandez, Raquel and Richard Rogerson,“Income Distribution, Communities,
and the Quality of Public Education,” Quarterly Journal of Economics, 111, no.
1, (1996): 135-164.
[23] Fernandez, Raquel and Richard Rogerson, “Sorting and Long-Run Inequality,”
Mimeo New York University, 1999.
[24] Fields, Gary and Efe Ok, “The Meaning and Measurement of Income Mobility”,
Working Paper, C.V. Starr Centre for Economic Research, 1997.
[25] Friedman, Milton, Capitalism and Freedom, University of Chicago Press, 1962.
[26] Galor, Oded and Joseph Zeira, “Income Distribution and Macroeconomics,” Review of Economic Studies, 60 no. 1 (Jan. 1993): 35-52.
[27] Glomm, Gerhard and B. Ravikumar, “Public versus Private Investment in Human Capital: Endogenous Growth and Income Inequality,” Journal of Political
Economy, 100, no. 4 (Aug., 1992): 818-834.
[28] Hanushek, Eric A., “Teacher Characteristics and Gains in Student Achievement:
Estimation Using Micro Data,” American Economic Review 61, no. 2 (May
1971): 280-88.
[29] Hanushek, Eric A., “Throwing Money at Schools,” Journal of Policy Analysis
and Management, 1, no. 1 (Fall 1981): 19-42.

49

[30] Hanushek, Eric A., “The Evidence on Class size,” in Susan E. Mayer and Paul
Peterson (ed.), Earning and Learning: How Schools Matter (Washington, D.C.:
Brookings Institution, 1999), pp. 131-168.
[31] Heckman, James, “What Should Be Our Human Capital Investment Policy?,”
Fiscal Studies, 19, no.2 (May 1998): 103-119.
[32] Hoxby, Caroline M., “How Teachers’ Unions Aﬀect Education Production,”
Quarterly Journal of Economics, 111, no. 3 (Aug. 1996): 671-718.
[33] Huggett, Mark, “The One-Sector Growth Model With Idiosyncratic Shocks:
Steady States and Dynamics,” Journal of Monetary Economics, 39 (1997): 385403.
[34] Jencks, Christopher and Susan Mayer, “The Social Consequences of Growing Up
in a Poor Neighborhood,” in Laurence Lynn and Michael Mcgeary, eds. Inner
City poverty in the United States, Washington D.C.: National Academy Press,
1990: (111-86).
[35] Jovanovic, Boyan, “Vintage Capital and Inequality,” Review of Economic Dynamics, 1, no. 2 (Apr. 1998): 497-530.
[36] Katz, Lawrence F. and Kevin M. Murphy, “Changes in Relative Wages, 19631987: Supply and Demand Factors,” Quarterly Journal of Economics, 107 no.
1 (Feb. 1992): 35-78.
[37] Kremer, Michael, “How Much Does Sorting Increase Inequality?,” Quarterly
Journal of Economics, 112, no. 1 (Feb.1997): 115-139.
[38] Levy, Haim and Jacob Paroush, “Toward Multivariate Eﬃciency Criteria,” Journal of Economic Theory, (1974): 129-42.
[39] Loury, Glenn C, “Intergenerational Transfers and the Distribution of Earnings,”
Econometrica, 49, no. 4 (Jul. 1981): 843-67.
50

[40] Lucas, Robert E. Jr., “On the Mechanics of Economic Development,” Journal
of Monetary Economics, 22, no. 1 (July 1988): 3-42.
[41] Patel, Jagdish and Campbell B. Read, , Handbook of the Normal Distribution,
Marcel Dekker, Inc., 1982.
[42] Persson, Torsten and Guido Tabellini, “Is Inequality Harmful for Growth? Theory and Evidence,” American Economic Review, 84, no. 3 (June 1994): 600-21.
[43] Rivkin, Steven G., Eric A. Hanushek, and John F. Kain, “Teachers, Schools and
Academic Achievement,” NBER Working Paper 6691, Aug 1998.
[44] Sattinger, Michael, “Comparative Advantage and the Distribution of Earnings
and Abilities,” Econometrica, 43, no. 3 (May 1975): 455-468.
[45] Smith, Judith R., Jeanne Brooks-Gunn, and Pamela K. Klebanov, “Consequences of Living in Poverty for Young Children’s Cognitive and Verbal Ability
and Early School Achievement,” in Greg J. Duncan and Jeanne Brooks-Gunn,
eds., Consequences of Growing Up Poor, Russell Sage Foundation, New York:
(132-89).
[46] Stokey, Nancy L., and Robert E. Lucas Jr., with Edward C. Prescott, , Recursive
Methods in Economic Dynamics, Cambridge, MA: Harvard University Press,
1989.
[47] Tamura, Robert J., “Income Convergence in an Endogenous Growth Model,”
Journal of Political Economy, 99, no. 3 (Jun 1991): 522-40.
[48] Tinbergen, J., “Some Remarks on the Distribution of Labor Incomes,” International Economic Papers 1. Translations prepared for the international economic
association. Eds.: Peacock, A.T., et al. (195-207). Macmillan: London.
[49] West, E.G., “Private versus Public Education: A Classical Economic Dispute,”
Journal of Political Economy, 72, no. 5 (Oct. 1964): 465-475.
51

