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1 Introduction

It is a standard assumption in economics that consumers are risk averse. The most direct evidence to support

this belief are the countless experiments revealing that individuals on the whole appear unwilling to accept

small stakes gamble even at actuarilly advantageous odds (see e.g., Holt and Laury (2002)). In fact, the

very theory of risk aversion was born out of Bernoulli’s attempt to solve the problem of why individuals

appear to only have a finite value for hypothetical gambles with infinite expected value (Bernoulli, 1954).

But if individuals are risk averse, why then do there exist “real world” markets for gambles, such as those

sold through casinos and racetracks. Gambles of this kind have negative expected returns, and risk averse

consumers should have zero demand for such products. Of course, wagering markets represent billions of

dollars worth of economic activity each year. What then explains the contradiction? What explains why

people wager?

It is a question that dates back to at least Adam Smith, and despite the many advances in the economics

of risk, a consistent explanation for betting behavior has yet to be demonstrated. In this paper, we attempt

to fill this void. Using data on racetrack betting, we test a potential solution to the “anomaly” of betting first

suggested by Hirshleifer (1966). He argued that the kind of betting that is typically observed in wagering

markets can be understood as a form of insurance against a consumption risk, and is thus perfectly consistent

with risk aversion. We will interpret Hirshleifer’s theory as a model of horizontal product differentiation in

a betting market. Our main empirical finding is that risk aversion is indeed consistent with the data on

racetrack betting once heterogeneity in the horizontal tastes among consumers is modelled. This finding
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reverses a conclusion some 50 years of economic research, which has only been able to empirically rationalize

racetrack betting by rejecting risk aversion.

The fundamental problem of explaining betting behavior is that each of the two standard risk attitudes

yield predictions that run contrary to what is empirically known about wagering markets. To illustrate

the problems, we focus on the odds market at horse racetracks, which is the most active wagering market

worldwide (Sauer, 1998), and as a result has received the most empirical attention. On the one hand, the

standard theory of risk aversion cannot explain why people participate in these markets, as the track “take”

(i.e., the tax on bets) causes betting in the aggregate to be a negative expected return activity. But even

ignoring the rationality of participation1, an even bigger problem is that risk aversion appears to grossly

contradict the way people bet once they are in the market.

The single most robust empirical fact about racetrack odds is that they exhibit a “favorite longshot bias”,

i.e., bets on horses more favored to win pay off higher on average than bets on horses less favored. The

bias was first found by Griffith (1949). It has been confirmed in numerous other studies that followed, and

continues in much of its original form to this present day (Snowberg and Wolfers, 2005). As more favored

horses are also less risky, the market appears to present an arbitrage opportunity for the risk averse bettor

- there exist gains in expected return that also reduce risk by betting more on favorites, which should drive

down up the price and lower the return on favorites. Hence risk aversion at the racetrack seems to be rejected

rather directly by the favorite longshot bias.

The first neoclassical explanation for the favorite longshot bias was put forth by Weitzman (1965).

Recognizing that the odds market offered a natural laboratory for risky decisions, he “calibrated” a utility

function that would rationalize the risk reward relationship inherent in the racetrack data. He found a

slightly convex utility function. This finding supported the well known Friedman and Savage hypothesis

(Friedman and Savage, 1948), which explains the incentive to bet through a convex segment in the utility of

wealth for those in the middle of the income distribution.

While there was a large subsequent literature that followed Weitzman’s empirical strategy on different

data sets (e.g., Ali (1977), Golec and Tamarkin (1998)), an important methodological breakthrough was

Jullien and Salanie (2000). The empirical approach initiated by Weizman implicitly assumed the existence

of a representative agent who is indifferent across all bets across all races. However the representative

agent hypothesis as a market clearing mechanism only impliess indifference across all bets in a given race.

Jullien and Salanie exploit this insight to produce a proper econometric estimation of risk preferences at
1Participation can be potentially be rationalized by assuming an entertainment value to simultaneously placing a bet and

watching the race

2



the racetrack that utilized the full richness of the cross market (race) variation in the data. However their

expected utility estimates continue to confirm the hypothesis of risk seeking at the racetrack.

A theoretical foundation for these empirical findings was given by Quandt (1986), who showed that the

favorite longshot bias is indeed a necessary condition for equilibrium in the betting market with risk seeking

bettors. Asch and Quandt (1990) even suggest the favorite longshot be used as a textbook example of risk

seeking preferences in action, analagous to the role that portfolio diversification and insurance purchasing

play for risk aversion.

Unfortunately, “locally’ risk seeking preferences of Friedman and Savage (F-S for short) cause almost as

many empirical problems as they solves. In the F-S theory, individuals in the convex segment of their utility

function have an incentive to bet so as to change income classes, i.e., to move from the convex segment to one

of the concave segments (either low income or high income). That is, they are gambling to fundamentally

alter their position in the wealth distribution, for better or worse. This implies individuals should be seen

betting large fractions of their incomes at the racetrack. Yet this is clearly what is not observed in this

market. Rather individuals bet very smal fractions of their income.

Furthermore, individuals spread out their bets over several races rather than betting everything on one

race, a variance reducing strategy that is the opposite of what a risk seeker would want. In addition, the

amount that people bet at the track has been empircally shown to be decreasing in the “price” of participation

measured by the track tax on bets, i.e., a downward sloping demand for gambling, while the the F-S model

predicts just the opposite, i.e., for those in the convex region of the utility function, the amount bet (or the

scale of the gamble) should be increasing in the track tax. Finally, the F-S theory would predict individuals

betting at the racetrack don’t hold diversified stock portfolios in their retirement savings, a conclusion that

Thaler and Ziemba (1988) argue is absurd. As they write, “the term ‘locally risk seeking’ may apply to

racetrack bettors, but only if the term ‘locally’ refers to physical location rather than wealth level!”. To

summarize, in all other manner of behavior besides the favorite longshot bias, racetrack bettors both bet

and behave as if they are risk averse!

Thus racetrack betting appears to exhibit patterns that resemble both risk seeking and risk averting

behavior. The apparent complexity of the behavior has suggested to a number of commentators (e.g., Thaler

and Ziemba (1988), Camerer (2000)) that racetrack betting provides real world evidence in favor of non-

expected utility theories, such as cumulative prospect theory (Kahneman and Tversky, 1979), which are

designed to explain such conflicting risk attitudes. In this paper, we offer an alternative route, and show

that all of the empirical above evidence can be reconciled within a single framework that features 1) risk
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averse consumers, 2) a rational incentive to bet, and most significantly, 3) empirically explains the favorite

longshot bias.

The basic idea stems from a series of articles by Hirshleifer (1964, 1965, 1966), who used the machinery

of state contingent consumption (Arrow, 1964), to demonstrate an alternative to the F-S explanation of

gambling behavior. In the case of racetrack betting, the main idea is that an underlying state of nature

decides whether your favorite horse wins or loses, which is a consumption event in itself. Thus the race

generates risk in consumption even if no money is bet! If you are risk averse, then some amount of betting

income (even at unfair odds) arises as a way of insuring against this risk. As the consumption effects of

seeing a particular horse win or lose are typically small, the amount of insurance purchased (aka bet size)

will be small. Moreover as risk aversion implies convex indifference curves in state contingent consumption,

the demand for bets will decrease with their price (i.e., the track take).

Thus the Hirshleifer explanation, which simply recognizes that watching the race is also a consumption

event, can very neatly explain all of the empirical facts about racetrack betting that were found above to

be inconsistent with the F-S theory. The key question is whether it can also explain the major empirical

fact that the F-S theory was capable of explaining, namely the favorite longshot bias, and thus resolve the

“anomaly” of gambling (at least for the case of racetrack betting). Surprisingly, despite a number of papers

(including the above mentioned papers on racetrack betting) that have been concerned with testing the F-S

hypothesis (e.g., Brunk 1981), there has been no empirical work that follows up on Hirshleifer’s elegant

explanation of betting. In this paper, we aim to fill this gap.

We link Hirshleifer’s theory with the racetrack data by modeling (rather naturally) the odds market as an

Arrow-Debreu securities market. A critical feature of our model is that we allow betters to have heterogeneous

utility functions defined over both income and the winner of the race. The latter heterogeneity is the key

explanatory construct in Hirshleifer’s theory of gambling, because if all consumers are risk averse, such

heterogeneity is necessary to induce trade (since otherwise we would fall prey to the no trade theorems of

Milgrom and Stokey (1982) and Tirole (1982)). We show that the equilibrium of the model gives rise to an

econometric strategy for estimating the distribution of tastes in the market that generalizes the representative

bettor approach of Jullien and Salanie. Using data on a large sample of races from the United States from

2003, our estimates support the hypothesis that risk aversion and “state consumption” effects together are

able to describe the tastes of racetrack bettors.
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2 Racetrack Betting and the Longshot Bias

Betting markets come in a number of popular forms, ranging from the odds market at horse racetracks,

to the bookmaker market in Vegas, to the more recent online exchanges (aka “prediction markets”) such as

Tradesports and the Iowa Electronic Market. The common thread tying together these markets is that they

are single period, ex-ante markets for the trade of a complete set of Arrow-Debreu securities.

Throughout the paper, we shall use the language of horse races to describe betting markets more generally.

Thus, consider a race with n horses running. Betting on horse i to win is equivalent to buying an Arrow-

Debreu security that pays off 1 dollar in the event horse i wins, and 0 dollars otherwise. The “price of horse

i” is the price of this Arrow-Debreu security. There are n such securities in the betting market, and n such

prices. Actual prices at the racetrack are typically presented in the more familiar form of betting odds, the

odds on a horse being related to the inverse of its Arrow-Debreu price. Thus “cheap” horse (i.e., “longshots”)

have long odds, and “expensive” (i.e., “favorites”) horse have short odds.

Let Mi denote the total number of dollars in the market spent on purchasing security i. We shall say

that purchasing purchasing security i defines the act of betting on horse i, and hence equivalently refer to

Mi as the total number of dollars bet on horse i. Define the market share of horse i, denoted si, to be the

aggregate market share (in dollars) of security i, i.e.,

si =
Mi

M1 + á á á+ Mn
.

Finally, let τ denote the participatory tax per dollar bet, commonly called the track take. We now establish

the following simple result that plays a central role throughout the paper.

Proposition 2.1. The security market clears if and only if ri = si for each i = 1 , . . . , n.

Proof. Market clearing means the supply of dollars equals the demand of dollars in each of the possible n

outcomes of the race. This happens if and only if

(1 ! τ )Mi

ri
= (1 ! τ )(M1 + á á á+ Mn) ( " i)

#$ ri = si (" i). (1)

Prices at the racetrack are not customarily quoted in terms of the Arrow-Debreu prices ri, but are rather
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quoted in terms of the odds Ri on horse i. The odds Ri are defined as net profit per dollar bet on horse i in

the event i wins the race. Thus if the odds on a horse are quoted as 2, and you bet 5 dollars on the horse,

then if the horse wins you receive 15 dollars, your net profit being (5)(2) = 10 . While the Arrow-Debreu

prices are not explicitly quoted, they are nevertheless implicitly being quoted through the odds. That is, the

odds (R1, . . . , Rn) at a race implicitly define Arrow-Debreu prices (r1, . . . , rn), where

Ri =
(1 ! τ )

ri
! 1 (" i).

Thus the odds market at a racetrack implicitly defines a textbook one-period and complete Arrow-Debreu

securities market.

Using the market clearing condition (1), we have that market clearing odds are

Ri =
(1 ! τ )

si
! 1. (2)

The market clearing condition (2) is in fact how betting odds are institutionally determined at the racetrack,

and parimutuel betting systems more generally. In view of Proposition 2, we can understand the so called

“parimutuel mechanism” expressed by (2) as a method of setting the odds in a race so to ensure that the

implicit Arrow-Debreu security market clears.

Observe that a necessary condition for the security market to clear is that
∑n

i=1 ri = 1 , i.e., the Arrow-

Debreu prices add up to 1. Hence a ri can be interpreted as a probability, and is often labeled as the

“subjective odds” that horse i wins the race. The ri’s are subject in the sense that they are determined by

market forces, and it is a natural question to compare “subjective odds” determined by the market with the

objective odds determined by nature.

To make this comparison, we assume that before the market opens at a given race, nature determines

a state p = ( p1, . . . , pn) % ! n−1, the state being a probability distribution over the n horses running the

race, i.e., a roulette wheel. Bettors come to the market with potentially different information concerning

the underlying state, and they trade, using both their private information and market prices to update

their beliefs (that is, bettors have rational expectations). In a companion paper, we show that general

conditions on demand and information in the betting lead to a unique rational expectations equilibrium.

Moreover, this rational expectations equilibrium is fully revealing, and hence prices are informationally

efficient. Informational efficiency of prices is a conclusion that is supported by numerous studies of market

efficiency in betting market. Hence for the purposes of this paper, we will assume that the bettors in the
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market can condition on the state p. The question is then, in equilibrium, what is the relationship between

a horses price r and its probability of success p.

While the state p of a race is unobservable to the econometrician, a unique feature of betting markets

(and single period Arrow-Debreu securities markets more generally) is that an indirect observation on p is

available through the outcome of the contest. Hence we can ask, in a large sample of races, for horses with

the same price r, what was their empirical probability of success öp(r), where öp(r) can be recovered in the

data as the fraction of times that a horse with the same (or similar) price r wins the contest. A version

of this empirical exercise has been carried out on a great number of data sets (see e.g., Sauer (1998) for

a review of these studies), and the consistent finding is that equilibrium prices exhibit a “favorite longshot

bias”. That is, horses with a higher subjective odds are under bet relative to their objective probability, and

horses with a lower subjective odds are over bet, with the ration of r to öp(r) being decreasing in r.

The favorite longshot bias implies that bets on favorites earn a higher average return ER(r) than bets

on longshots, with a monotone increasing relationship between ER(r) and r(r). To see this, observe that

ERi = piRi + (1 ! pi)( ! 1)

=
(1 ! τ )pi

ri
! 1. (3)

Hence expected returns are increasing in the ration p̂(r)
r , i.e., the degree of underbetting.

3 Explaining the Bias

What explains the existence of the favorite longshot bias in market equilibrium? The first theoretical expla-

nation was given by Quandt (1986), who attributes the relationship to the betting market being composed

of (locally) risk seeking agents. His original argument assumed that agents have mean variance preferences.

In what follows below, we generalize the main substance of his argument by assuming that preferences follow

expected utility theory. The analysis will also help to motivate the assumptions of the econometric model

that we later take to the data.

Following the tradition begun by Weitzman (1965) , Quandt models the racetrack as a natural laboratory

that confronts individuals with a choice among simple gambles. In a given race, horses can be viewed as

differing both by the probability that they will win p, and by their price R. That is, horses in a market
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can be represented simply as a price/probability pair (R, p), which defines a simple gamble that pays a net

return of Ri with probability pi, and a net return of ! 1 with probability (1 ! pi) In this way, the betting

market can be seen as offering consumers a menu G = { (R1, p1), . . . , (Rn, pn)} of simple gambles analogous

to those used in laboratory choice experiments. For simplicity, normalize the amount bet by each agent to

one dollar. Each agent is assumed to bet its dollar on the preferred asset (Ri, pi) in G.

We now show that if all agents in the market are (locally) risk seeking, then the favorite longshot bias is

a necessary consequence of equilibrium in the market. To show this result, we first establish the following

lemma.

Lemma 3.1. In a race, suppose R1 < á á á< Rn and p1 > á á á> pn (i.e., horses are ordered from favorites

to longshots), and consider the menu of gambles G = { (R1, p1), . . . , (Rn, pn)} . If ERi for i = 1 , . . . , n is

constant, then j > i implies the gamble (Rj , pj) is related to (Ri, pi) by a mean-preserving spread.

Proof. If j > i, the distribution function Fi(x) of the gamble (Ri, pi) lies strictly below the distribution

function Fj(x) of the gamble (Rj , pj) for x < Ri, and lies strictly above for x > Ri. Thus since the

distribution functions are single crossing and have the same mean, (Rj , pj) is related to (Ri, pi) by a mean-

preserving spread.

Theorem 3.2. If all agents in the betting market are (locally) risk seeking, the favorite longshot bias is a

necessary condition for price equilibrium.

Proof. Let us continue the convention of ordering horses from favorites to longshots. if j > i (that is, j is

a longshot relative to i) and ERi & ERj , then a risk averter strictly prefers the gamble (Ri, pi) to (Rj , pj).

Likewise, if ERj ' ERi, then a risk lover strictly prefers the gamble (Rj , pj) to (Ri, pi). The reasoning

follows from the lemma. If we start at the “right prices” ri = pi, and hence ERi is constant across i, then

by the lemma, i < j implies that a risk averter strictly prefers a bet on horse i to horse j, and a risk lover

strictly prefers a bet on horse j to horse i. If we shift up the mean of the favorite i, the risk averter continues

to strictly prefer i. If we shift up the mean of the longshot j, the risk lover continues to strictly prefer j.

As equilibrium requires that no asset is dominated by another (i.e., all horses receive some bets), then or

i = 1 , . . . , (n ! 1), it must be the case that ERi > ERi+1 for all i (as i would otherwise be dominated by

i + 1 if the market consisted of risk seekers). But this is just the favorite longshot bias.
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4 Vertical and Horizontal Differentiation

The theory of the preceding section has the advantage of explaining the individual incentive to bet (through

locally risk seeking tastes) in a way that naturally generates the favorite longshot bias in equilibrium. The

problem however (as discussed in the introduction) is that although locally risk seeking tastes are consistent

with a Friedman and Savage type utility function Friedman and Savage (1948), it is also an assumption

that predicts extreme behaviors quite contrary to what is known about both racetrack betting and betting

behavior more generally. Most significantly, locally risk seeking tastes imply that individuals should bet at

a scale that can change one’s standard of living, and should not diversify risk in other asset classes (such as

retirement savings). Instead, the vast majority of people bet small fractions of their income, and they do so

in a way that spreads their bets over several races in a day.

The perverse implications of the Friedman and Savage theory as a general theory of betting behavior was

first noted by ?, and further articulated by Hirshleifer (1966). In his paper, Hirshleifer also presented an

alternative explanation for betting that was free of the aforementioned paradoxes. In this section we show

that Hirshleifer’s approach can be understood from the point of view of the theory of product differentiation,

which is an interpretation that will play a key role in constructing our econometric model of the betting

market.

Recall that the key step in the theorem is that if we started the market at the “right prices”, i.e., ri = pi

for all i = 1 , . . . , n, then a risk seeker would strictly prefer a longshot to a favorite and a risk averter would

strictly prefer a favorite to a longshot. Hence at ri = pi, all agents would agree on the ranking of the assets

in terms of preferences, and hence only one asset would be undominated. The equilibrium thus requires that

prices adjust to avoid any asset being dominated. In the case of a risk seeking population, this adjustment

produces the favorite longshot bias.

From an industrial organization perspective, this is tantamount to a model of vertical differentiation.

A market consists of vertically differentiated goods if when all goods have the same price, all consumers

agree on the preferred ranking of the goods, and hence only one good (the most preferred by all consumers)

would receive positive demand. Likewise, in Quandt’s setup, when all bets are priced at fair odds, i.e.,

ri = pi, then all consumer’s agree on the ranking of bets. Thus, each horse in a market can be viewed as

being differentiated “vertically” along the quality dimension pi. Given the vector of qualities in the market

(p1, . . . , pn) %! n−1, the equilibrium prices each horse bet as a function Ri(p1, . . . , pn) for i = 1 , . . . , n.

One way to then break the conclusion of the theorem is to introduce horizontal differentiation into the

model. If there is a dimension of differentiation among gambles other than their financial characteristics
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(R, p), and tastes in the population with respect to this dimension are sufficiently heterogeneous, then all

horses will receive positive demands for bets even at prices ri = pi. Such a “horizontal” dimension of

differentiation would thus open up the possibility that risk aversion is consistent with the favorite longshot

bias. But what can serve as a rational foundation for such horizontally differentiated tastes over simple

gambles (R, p)? We will interpret Hirshleifer’s contribution as providing such a foundation.

Consider for simplicity a two horse race, with probabilities p1 + p2 = 1 , and a consumer with I dollars of

income. Assume away the track take and let bets be priced fairly, such that r1 = p1 and r2 = p2, in which

case ER1 = ER2 = 0 and the odds on each horses is simply the price ratio, i.e., R1 = p2
p1

and R2 = p1
p2

.

Thus the consumer faces a linear budget constraint r1X1 + r2X2 = I, where (X1, X2) is the agent’s state

contingent income in the events of horse 1 and horse 2 winning. By betting, the consumer is moving away

from the endowment position (I, I), which is also the certainty position.

A standard conclusion in the theory of optimal risk bearing is that full insurance at fair odds is optimal

for a risk averter (Arrow, 1964). This implies that the certainty position is the optimal allocation and no

amount of betting is rational. However this conclusion relies critically on the assumption that consumption

in each state of nature is defined as monetary income. Hirshleifer notes that nothing in the underlying theory

of expected utility and risk aversion requires that consumption be so defined. Suppose the state of nature

itself is part of a consumer’s consumption bundle. In the context of a betting market, this simply means

that seeing a particular horse or sports team win or lose is also an event that enters your utility function.

As there is no market that can be used to insure against the underlying risk in the state of nature itself,

even a risk averse consumer will use the contingent claims market in income to compensate against this

consumption risk. But this is a rational motive for even a risk averse consumer to bet.

To see this fact more precisely, let the consumer’s utility over state contingent consumption follow the

expected utility form, with u(X1, X2) = p1v(X1, 1) + p2v(X2, 2), where v(X, i) is the agent’s VNM utility

function over consumption bundles (X1, i) of having X1 dollars of income and watching horse i win the

race. Risk aversion over financial outcomes simply means that v(X, i) is increasing and concave in the first

argument for each i = 1 , 2. Assuming an interior solution to the consumer’s problem yields

p1v′(X1, 1)
p2v′(X2, 2)

=
r1

r2
=

p1

p2
.

In the event of there being no state consumption effects, i.e., v(X, 1) = v(X, 2) = v(X), then it is clear

that full insurance is optimal, i.e., X1 = X2 = M . However if the state of nature changes the consumer’s
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marginal utility of income asymmetrically across states, then v′(M, 1) (= v′(M, 2) and some amount of betting

is optimal.

As the consumer has convex indifference curves in (X1, X2) space, he is still risk averse and thus optimally

bets a strict fraction of his income (i.e., the consumer still has an interior solution). But as the asymmetry

between the marginal utility of income across the two state is likely small (i.e., the consumption effects of

seeing your favorite horse win are likely small), this will generate demand for only a small amount of betting

on the race, which is precisely the behavior that is commonly observed. For example, if seeing your favorite

horse win is a substitute to income, then you have an incentive to bet on the opposite horse. Likewise, if

seeing your favorite horse win is a complement to income, then you have an incentive to bet on your favorite

horse. Since positive betting occurs under fair odds, if the odds became slightly unfair by introducing a

track take, then the consumer will scale back on the amount he/she bets (downward sloping demand), but

demand does not necessarily go to zero, i.e., we can rationally have positive betting even at unfair odds.

Hence heterogeneity in the effect of the state consumption on preferences can generate positive demand

for betting on any horse, even if all consumers are risk averse and bets are priced fairly, i.e., ri = pi. It

is this dimension of preferences that provide a source of horizontal differentiation among horse bets that is

nevertheless grounded in the theory of risk aversion. As Hirshleifer (1966) writes, “conservative behavior is

still consistent with a certain amount of seeming risk preference – the risk preference being a kind of optical

illusion due to looking only at the pecuniary income distribution.” (p. 257). In contrast to the Friedman-

Savage theory of betting, which Hirshleifer terms “wealth oriented gambling”, the Hirshleifer theory is a

“pleasure oriented” theory as the motive for trade is driven by heterogeneity in preferences over non-pecuniary

consumption. In the next section, we develop an econometric model that nests both the vertical tastes for

gambles emphasized in Quandt’s model, and the horizontal tastes suggested by Hirshleifer. Estimating the

model against the racetrack data will allow us to determine whether the “horizontal” effects motivated by

Hirshleifer’s theory are sufficiently explanatory of the data to solve the “paradox of gambling”, i.e, can the

favorite longshot bias be empirically explained with risk averse bettors.

5 The Model and Empirical Strategy

The main empirical question is whether heterogeneity in the non-pecuniary tastes, which above was shown to

create a motive to bet that is consistent with risk aversion, would actually enable risk aversion to rationalize

the favorite longshot bias in the data. Showing the compatibility of risk aversion with the favorite longshot
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bias would thus resolving the fundamental “anomaly” of empirical work on betting markets (Thaler and

Ziemba, 1988).

In the same spirit as Quandt (1986), we view the betting market as confronting consumers with a choice

among a finite set of simple gambles G = { (R1, p1), . . . , (Rn, pn)} akin to those used in laboratory choice

experiments. As the standard sources for betting data do not contain information on individual transactions

themselves, we follow the assumption of Jullien and Salanie (2000) that consumers each bet some fixed

amount a. That is, we do not endogenize participation or bet size. While future work could potentially

consider the importance of this margin in explaining the data, we instead maintain continuity with the

previous literature by focusing attention on the endogenous decision of which horse to back with the given

bet size a.

Where we depart from the previous literature is that we explicitly model heterogeneity of tastes among

consumers within a race. Whereas Quandt’s model imposed that all consumer’s are (locally) risk seeking and

differ only in the degree of risk seeking, the closest empirical paper to Quandt’s model is Jullien and Salanie

(2000), who impose a representative agent assumption. Their main finding is that under expected utility,

locally risk seeking tastes are indeed found in the data. However they find their expected utility estimates

are empirically dominated by a specification of preferences based on cumulative prospect theory. We build

on the work of Jullien and Salanie by introducing both vertical heterogeneity (a la Quandt) and horizontal

heterogeneity ( a la Hirshleifer) in consumer tastes. Empirically, we find that both sources of heterogeneity

are critical to explaining the data.

Thus suppose the market is inhabited by a population of consumers T . If consumer t %T bets on horse

i in a race, then this consumer has a conditional indirect utility is given by Vt(Ri, pi, i) = V (R, p, i, θt) for

some θt %" ) Rm. Observe that the horse’s identity i enters the indirect utility function in addition to the

financial characteristics (Ri, pi) of the gamble, thus allowing for the state of nature itself to enter preferences

as a consumption good. A consumer is summarized by its type θ %" , which indexes its preferences. The

key primitive of the model is the distribution F over the type space " in the population T .

Given a menu of n gambles G = { (R1, p1, 1), . . . , (Rn, pn, n)} , and let the subset of the population who

chooses (Ri, pi, i) from G be denoted

Ii =
{

θ %" : V (Ri, pi, i, θ) = max
j∈{1,...,n}

V (Rj , pj , j, θ)
}

.
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Thus the share of the population who choose (Ri, pi) from G is qi(G) =

qi(R1, . . . , Rn; p1, . . . , pn) = F (Ii). (4)

What defines price equilibrium in the betting market? Equilibrium requires a vector of Arrow-Debreu

prices (r1, . . . , rn) %! n−1 that is consistent with the market clearing condition and utility maximization on

the part of bettors. Using the market clearing condition (1), we can simplify the problem so that we only

need seek a vector of market shares (s1, . . . , sn) %! n−1 that is consistent with utility maximization. To do

so, parameterize prices as odds using (2), in which case set of gambles available in the market has the form

G = { (R(si), pi, i)} i∈{1,...,n}. Given such a set G, the market share of the ith horse takes the form

qi(R(s1), . . . , R(sn); p1, . . . , pn).

Thus the market is in equilibrium when, for some market shares (s∗1, . . . , s
∗
n),

s∗i = qi(R(s∗1), . . . , R(s∗n); p1, . . . , pn) for i = 1 . . . , n. (5)

If such a vector of market shares exist, then by the market clearing condition (1), (r∗1 , . . . , r∗n) = ( s∗1, . . . , s
∗
n)

constitutes a vector of equilibrium Arrow-Debreu prices. In the appendix, we show that under general

conditions on the demand model, for any for any interior state of nature (p1, . . . , pn) %! n−1, there exists

such a unique equilibrium odds (R(s∗1), . . . , R(s∗n)) , with equilibrium market shares (s∗1, . . . , s
∗
n) that lie in

the interior of ! n−1.

Let us denote the equilibrium mapping the state to prices mapping as R(p1, . . . , pn). The market equi-

librium of our model naturally generates price variation across races. Races exogenously differ in the number

of horses running n, and the underlying state of nature (p1, . . . , pn) %! n−1. From this exogenous variation,

the pricing function R generates observable odds (R1, . . . , Rn) that vary across races. In each race, a spin

of the roulette wheel (p1, . . . , pn) determines the index of the winning horse, which we denote by iw. As the

econometrician, we observe index of the winning horse iw and the market prices (R1, . . . , Rn), but we do not

observe the underlying state (p1, . . . , pn). Thus the state constitutes the econometric unobservable of the

model.

A basic question then is whether the unobservable state can be recovered as a function of the observable

equilibrium prices, i.e., does there exists a “residual function” p(R1, . . . , Rn) of the model? The problem

13



boils down to the following : given any n-tuple of odds (R∗1, . . . , R
∗
n) and corresponding interior shares

(s∗1, . . . , s
∗
n) %! n−1, can we uniquely recover the commonly known state (p1, . . . , pn) that supports the odds

in equilibrium? That is, can we uniquely solve the system of equations in (p1, . . . , pn) %! n−1,

s∗i = qi(R∗1, . . . , R
∗
n; p1, . . . , pn) for i = 1 , . . . , n. (6)

In the appendix we show that under general conditions, for any n-tuple of odds (R∗1, . . . , R
∗
n) , there exists

a unique probability distribution (p∗1, . . . , p
∗
n) over the horses lying in the interior of ! n−1 that solves (15).

The existence of the inverse function of the equilibrium mapping R(p1, . . . , pn) is closely related to

the existence of unique fully revealing rational expectations equilibrium (REE) of the model. We express

the inverse as p(R1, . . . , Rn), which maps any vector of observable and distinct odds (R1, . . . , Rn) to the

underlying state (p1, . . . , pn) %! n−1. It is this inverse function that bettors in our model use to infer nature’s

roulette wheel from market prices (the price signal contains more information than their own private signal).

The essential link between our equilibrium theory and the data lies in the fact that this residual function

can be nonparametrically identified using the variation contained in standard racetrack data. Our data

consist of a sample of independent races k = 1 , . . . ,K. For each race k, we observe the number of horses

running nk, the vector of equilibrium odds (Rk
1 , . . . , Rk

nk ), and the index of the winning horse ikw. This

data thus nonparametrically pins down the residual function in the data: pi(R1, . . . Rn) is identified by the

fraction of times horse i wins in the subset of races with the same prices (R1, . . . , Rn).

Recall the main primitive of the model is the distribution of tastes F in the population. Through the

equilibrium of the model, any such F implies a residual function p(R1, . . . , Rn; F ). We can thus estimate

the unknown F best matching the residual function in the data p(R1, . . . , Rn) with the residual function

implied by the model p(R1, . . . , Rn; F ). In terms of estimation, this minimum distance approach is naturally

implemented by maximum likelihood. That is, using our sample of races k = 1 , . . . ,K, we can thus express

the log-likelihood of any potential distribution of tastes in the following way,

LL(F ) =
K∑

k=1

log(pik
w

(Rk
1 . . . . , Rk

nk ; F )) .

This follows since the actual winning horse iw in a race is a draw from the multinomial distribution

p(R1, . . . , Rn; F ), and the the races are independent of one another. A maximum likelihood estimator

öF of the true distribution of preferences F0 maximizes the function LL(F ).
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5.1 Preferences

The theory above applies to a general model preferences V (R, p, i, θ), i.e., the preferences of a type θ %"

agent over the commodity bundles (R, p, i). The commodity bundle (R, p, i) corresponds to the spending a

dollars on the binary gamble (R, p) that horse i wins the race. We now model the conditional indirect utility

function in a way that captures the main elements of the models discussed in Sections 3 and 4. Thus we

model V to capture three main ideas

1. Expected utility maximization with consumers potentially heterogeneous in their degree of risk aversion

(aka vertical differentiation)/

2. For a given consumer, allowing the marginal utility of income varies across the states of nature due to

state consumption effects. Further allowing the state consumption effect to be heterogeneous across

consumers (aka horizontal differentiation)

3. A demand for betting in which consumers wagers a small fractions of his/her income.

We now translate each of these three elements into a specification of preferences V (R, p, i, θ). Concerning

(1), the expected utility hypothesis implies that we can represent preferences as

V (R.p, i.θ) = pUθ(Wθ + aR, i) + (1 ! p)Uθ(Wθ ! a, 0), (7)

where Wθ is the wealth of the type θ agent, Uθ(W, i) is the VNM utility of function of a type θ agent over

income W and the consumption of watching horse i win the race, and Uθ(W, 0) is the utility over wealth in

the event that the horse you backed did not win. The restriction implicit in this formulation is that you only

“consume” the outcome of nature, i.e., the winner of the race, when you bet on that particular horse. 2

As a VNM utility function is only defined up to a location and scale, we now impose two normalizations.

Let Uθ(á, 0) = uθ(á). For the location normalization, we normalize Uθ(Wθ ! a, 0) = uθ(Wθ ! a) = 0 , in which

case (7) becomes V (R, p, i, θ) = p(Uθ(Wθ + aR, i)) . In addition, the given scale on uθ normalizes the scale

on U . Thus all the normalizations on the VNM utility function U have been imposed.

We now incorporate the state consumption effects (2) into the model in a way that captures the “pleasure”

oriented view of gambling described Section 4. To capture this effect, we incorporate the main logic of

Hirshleifer’s theory of gambling, which is to let the outcome of the race impact the marginal utility of
2Effectively this is an extension of the analogy of thinking of the market as a menu of binary gambles. When you bet on a

horse, the intuitive idea behind the restriction is that you then only pay attention to the event that the horse you backed won
or lost. The utility of wealth when your the horse you backed loses is independent of the particular horse you backed.
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income. We model this as a multiplicative shock,

Uθ(W, i) = eθ,iuθ(W ) i = 1 , . . . n,

in which case we have V (R, p, i, θ) = peθ,iuθ(Wθ + R). Observe that the consumption effects are potentially

heterogeneous across horses for a given agent, i.e., ei,θ and ej,θ need not be equal for i (= j, and they are

heterogeneous across agents, i.e., ei,θ and ei,θ! need not equal each other for θ (= θ′.

We now finally wish to capture the restriction (3) that the amount bet a is typically a small fraction of

each agent’s income Wθ. That is, there is unlikely to be any wealth effects due to betting at the racetrack

betting. We impose this last restriction by assuming a constant coefficient of absolute risk aversion over the

range of wealth outcomes possible at the racetrack, i.e., (Wθ ! a,Wθ + aRmax), where Rmax is the maximum

odds found at the racetrack. Moreover the coefficient of risk aversion is independent of consumption effect

of watching any particular horse win the race. This is satisfied by assuming a CARA functional form on

uθ(W ), which we express as

uθ(W ) = ! exp(! λθW ) + λθ exp(! λθ(Wθ ! a)) ,

where λθ is agent θ’s CARA coefficient. This is just a standard CARA utility function with a location

normalization that respects the restriction that uθ(Wθ ! a) = 0 . Putting all the pieces of (1)-(3), our final

specification can be expressed as

V (R, p, i, θ) = peθ,i exp(λθWθ) [! exp(! λθaR) + exp( λθa)] , (8)

where the types θ are distributed in the population according to F (θ).

We can now interpret (8) as a random utility model. Observe that an agent’s choice over a menu of

gambles { (Ri, pi, i)} n
i=1 only depends upon the vector eθ = ( e1,θ, . . . , en,θ) %Rn

++ and γθ = λθa. Thus we

cannot separate out an agent’s CARA coefficient from the bet size a, and thus reparameterize the model in

terms of γθ. Also, as a monotone transformation of the agent’s utility function leaves choices invariant, an

equivalent random utility model is T (R, p, i, θ) = log V (R, p, i, θ) ! λθWθ, which gives

T (R, p, i, θ) = log [ ! exp(! γθR) + exp( γθ)] + log p + εθ,i, (9)
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where εθ,i = log eθ,i % R. The individual parameters (γθ, εθ) % Rn+1 are distributed in the population

according to F .

5.2 Inverting the Model.

Recall that our empirical strategy is driven by using the model to recover the residual function

p(R1, . . . , Rn; F ) %! n−1.

In general, for any proposed distribution F , this would require solving the system of equations (15) for each

race in the data. As 8 horses run a race on average, this would amount to solving an dimensional nonlinear

system of equations for each of 50 thousand races, for each guess of F . We now show that this numerical

problem can in fact be handled using the contraction mapping proposed by Berry et al. for estimating

discrete choice models of demand for differentiated products. The applicability of the contraction mapping

to our setting is natural since the demand system qi(R1, . . . , Rn; p1, . . . , pn) implied by the random utility

model (9) is a differentiated product demand system.

To make the relationship more apparent, we will assume that γθ is distributed independently in the

population from εθ, i.e., risk preferences and state preferences are orthogonal. Furthermore we shall assume

that the εθ,i for i = 1 , . . . , n are distributed as i.i.d extreme value random variables. We can thus divide

through (9) by a scale factor σ so as to standardize the variance of εθ,i, which gives

w(R, p, i, θ) =
1
σ

log [! exp(! γθR) + exp( γθ)] + log p + εθ,i (10)

where εθ,i is a standardized extreme value random variable for i = 1 , . . . , n. Assuming that γθ is distributed

according to F , then (10) gives rise to a mixed logit demand system for qi(R1 . . . , Rn; p1, . . . , pn), where

the state (p1, . . . , pn) % ! n−1 plays the role of the aggregate market shocks. To see that the contraction

mapping applies to recover the aggregate state (p1, . . . , pn) in any market, observe that for any market of

gambles G = { (Ri, pi, i)} n
i=1, individual choices remain invariant if we subtract logp1 from each w(Ri, pi, i, θ)

for i = 1 , . . . , n. Thus the horse labeled i = 1 plays the role of the “outside option” in the differentiated

product demand system, and the random utility model (10) becomes

vθ,i = mθ,i + ξi + εθ,i, (11)
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where

mθ,i =
1
σ

log [! exp(! γθR) + exp( γθ)]

and ξi = log pi = log p1. Thus we have implicitly normalized the “unobserved quality” quality ξ1 of the

outside good to be zero.

Given the distribution of tastes F over the risk aversion parameter γθ, we have

qi(ξ1, . . . , ξn) =
ˆ

γ∈R

exp(mγ,i + ξi)∑n
j=1 exp(mγ,j + ξj)

dF (γ).

Under these conditions, the contraction mapping of Berry et al. applies as a method of recovering the unique

vector of aggregate shocks (ξ2, . . . , ξn) %Rn−1 that solve

si = qi(ξ1, . . . , ξn) i = 1 , . . . n.

From the shocks (ξ2, . . . , ξn), the underlying state of the race (p1, . . . , pn) %! n−1 can be recovered.

6 Results and Conclusion

7 Appendix A

In this appendix we formally develop the existence and uniqueness of the fully revealing rational expectations

of the model. For ease of exposition, we focus on a setting where state preferences do not play a role and

agents only have tastes over the financial characteristics of the gambles. It is straightforward to extend all of

these results to the case where state consumption enters preferences. The proofs are contained in Appendix

B.

7.1 Preferences

Suppose a bettor has beliefs (p1, . . . , pn) %! n−1 over the possible outcomes of the race (where ! n−1 is the

(n ! 1) dimensional simplex, i.e., the set of probability distributions over the horses), and is deciding which

horse to back with the M dollars the bettor has alloted for the race. If the market odds are (R1, . . . , Rn),

then from the point of view of the bettor, each horse i in the race can be thought of as a simple gamble

(Ri, pi), which yields a gain of Ri per dollar bet with probability pi, and yields a loss of -1 per dollar bet
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with probability (1 ! pi). Thus from the point of view of the bettor, the market offers a choice among a

menu of n gambles G = { (R1, p1), . . . , (Rn, pn)} .3

Assumption 7.1 (The Space of Preferences). We postulate the existence of a stable (across races) continuum

of consumers T . Each consumer t % T has a complete, continuous, transitive, and strictly monotonic

preference relation !t over simple gambles (R, p) %R+ * [0, 1]. The strictly worst gambles for any t %T are

any gambles of the form (R, 0).

Thus each consumer t’s preference relation can be represented by a continuous utility function Vt :

R+ * [0, 1] + R that is strictly increasing in a gamble’s net rate of return from winning R (the first argument

of Vt) and probability of winning p (the second argument of Vt). In addition each consumer t’s utility function

is strictly minimized whenever p = 0 , i.e., Vt(0, R) = Vt(0, R′) and Vt(0, R) < V (p, R′) for any returns R,R′

and any probability p > 0. That is, the strictly worst gamble for any consumer is one that has no probability

of winning, regardless of the return from winning (since this return is never realized). Let V ) RR+ ×[0,1] be

the set of all such utility functions. We endow V with the relative product topology, otherwise known as

the topology of pointwise convergence. Let the measurable sets in V be the Borel subsets (the σ-algebra of

subsets generated by the open sets) in this topology. Our population T gives rise to a probability measure

PV over the space V. The probability measure PV describes the distribution of consumer preferences for

gambles (R, p). Our two final assumptions are mild regularity assumptions on the distribution of preferences

PV . The first assumption requires that the probability measure PV be sufficiently continuous, or atomless,

so as to not permit a positive mass of consumers to be indifferent between two distinct gambles when at

least one of the gambles has a non-zero probability of winning.

Assumption 7.2 (Continuity). For any two distinct gambles (Ri, pi) and (Rj , pj) with pi or pj greater than

0 (or both), the number of consumers indifferent between gamble i and j has a probability measure of zero.

More precisely, if pi > 0 or pj > 0 then

PV ({ V %V : V (Ri, pi) = V (Rj , pj)} ) = 0 .

If all consumers t % T have common beliefs (p1, . . . , pn) % ! n−1, then for any odds (R1, . . . , Rn), the
3More generally, we can allow the menu G to include the “no trade” option of not betting, which is equivalent to a gamble that

offers a net rate of return zero with probability one. The equilibrium analysis we present still goes forward largely unchanged
if the no trade option was included. To ease the current exposition, we leave the no trade option out of the choice set.
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market offers bettors a common menu of gambles G.

G = { (R1, p1), . . . , (Rn, pn)} ) R+ * [0, 1].

The subset of the population T that prefers the ith gamble from such a common set G is denoted

Si = { V %V : V (Ri, pi) & V (Rj , pj) for all j (= i} .

The share of the population T that prefers the ith gamble from the common set G is thus

qi(G) = qi(R1, . . . , Rn; p1, . . . , pn) = PV (Si).4 (12)

We refer to qi as the market share of the ith gamble from G (i.e., if the market offered a choice of gambles

from the common set G, then qi is the share of the population T that chooses the ith gamble). Our last

assumption, desirability, requires that for any gamble g = ( pg, Rg) with nonzero probability of winning

pg > 0, and for any finite common set of gambles G with g %G, it is always possible to induce some positive

mass of the population to prefer g from G by making g’s return from winning Rg sufficiently large. If the

EUH were true, then desirability would be automatically satisfied if, for example, any nonzero fraction of

the population were risk loving. We now state these assumptions more precisely.

Assumption 7.3 (Desirability). For any menu of common gambles, if pi > 0, then it is possible to make

Ri large enough such that the market share of horse i becomes positive.

This completes our assumptions on the preferences of bettors. As can be seen, we have made only weak

regularity assumptions on the space of preferences (monotonicity, continuity, etc) and the distribution of

preferences (atomlessness, etc). Thus nearly any theory of risk preferences can be fit inside our space, which

is an important point since main goal of the equilibrium theory to follow is to help us recover the “correct”

preference theory from the data.

7.2 Information

Following the suggestion of Figlewski (1979), we consider the information problem facing bettors at the

market as one involving a mixture of risk and uncertainty. In a given race, there exists some “true” objective
4Si is measurable based on the topology on V.
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probability distribution (p1, . . . , pn) that determines the outcome of the race, and thus bettors face a well

defined risk as to which horse will win. That is, the winner of the race is truly determined by the spin of

a roulette wheel governed by the probability distribution (p1, . . . , pn). However betters are uncertain about

the distribution (p1, . . . , pn). In order to capture this uncertainty, we introduce the state space S = ö! n−1,

where ö! n−1 denotes the set of probability distributions in the interior of ! n−1 such that no two probabilities

are equal, i.e., pi (= pj if i (= j. The interpretation is that in each race, nature chooses a state in S, which

is the true roulette wheel that determines the winning horse. The state is such that a horse always has a

nonzero chance of winning, and no two horses are statistically identical. After nature chooses a state and

before the market opens, bettors receive private information concerning the state. We model this private

information in the usual way by giving each bettor t %T an information partition It over S. Thus when

nature chooses the state s %S, bettor t cannot distinguish between the occurrence of s and the occurrence of

any other element inside It(s) ) S. Since our population is a continuum, we make the following reasonable

assumption on the distribution of information.

Assumption 7.4 (Law of Large Numbers). For any two distinct states s′ and s, a non-measure zero mass

of bettors can distinguish between the occurrence of s and s′, i.e., s′ (= s implies { t %T : It(s) (= It(s′)} has

nonzero mass (w.r.t. PV ).

Thus in a hypothetical world of pooled information, where every bettor’s private information It is public

knowledge, each bettor exactly knows the state s, and hence knows nature’s roulette wheel (p1, . . . , pn) %

ö! n−1.

7.3 Fully Revealing Rational Expectations Equilibrium

We now address the problem of price equilibrium in the odds market at horse racetracks (which recall is our

metaphor for betting and prediction markets more generally). We have already shown in Section ?? that

the odds market implicitly defines a “textbook” Arrow-Debreu securities market. Thus we seek equilibrium

prices (r1, . . . , rn) for the n securities in the market. Since we have a continuum of consumers and thus price

taking behavior on the part of bettors is appropriate, we seek a competitive price equilibrium. Moreover,

since bettors have imperfect information, they may use prices in addition to their private information to

help infer the state (since different states of nature may command different market prices even if the states

cannot be distinguished by an individual bettor). The empirical regularity that the prices at racetrack are

sufficient to econometrically uncover the underlying probability distribution over the horses suggest that the
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information revealing function of prices is perfect. These observation taken together lead us to seek a fully

revealing rational expectations equilibrium (REE) of the betting market model. We briefly review the fully

revealing REE concept as it applies to our model, but for a more general treatment, see (Mas-Colell et al.,

1995, ch. 17)). First, we hypothetically assume a world of pooled information in which all bettors know each

other’s private information. By the Law of Large Numbers assumption on the distribution of information,

every bettor would perfectly know the state s in such a world. When every bettor perfectly knows the state,

we show the unique existence of a usual competitive price equilibrium (rs
1, . . . , r

s
n). We then consider the

map s ,+ (rs
1, . . . , r

s
n) from states of nature to the pooled information price equilibrium. We show that this

map is one to one, and thus constitutes a fully revealing REE. The idea is that while our world of pooled

information was hypothetical, the fully revealing REE makes it a reality through the inverting of prices.

7.3.1 Pooled Information

Thus assume a world of pooled information, in which all bettors know each other’s private information, and

thus know the state of nature (p1, . . . , pn) % ö! n−1 from which the winning horse is drawn. Together with the

market odds (R1, . . . , Rn), this gives rise to a menu of gambles G = { (R1, p1), . . . , (Rn, pn)} , which is common

to all the bettors in T . We seek a vector of Arrow-Debreu prices (r1, . . . , rn) %! n−1 that is consistent with

market clearing and utility maximization on the part of bettors. We can “plug-in” for the market clearing

condition (??), and simplify the problem to seeking a vector of market shares (s1, . . . , sn) % ! n−1 that

is consistent with utility maximization. Thus a la (2), the set of gambles available in the market has the

form G = { (R(si), pi)} i∈{1,...,n}. Given such a set G, the market share of the ith horse as we have already

examined, is given by

qi(R(s1), . . . , R(sn); p1, . . . , pn).

Thus the market is in equilibrium when, for some market shares (s∗1, . . . , s
∗
n),

s∗i = qi(R(s∗1), . . . , R(s∗n); p1, . . . , pn) for i = 1 . . . , n. (13)

If such a vector of market shares exist, then by the market clearing condition (??), (r∗1 , . . . , r∗n) = ( s∗1, . . . , s
∗
n)

constitute an vector of equilibrium Arrow-Debreu prices.

Theorem 7.5. In a world of pooled information, for any state of nature (p1, . . . , pn) % ö! n−1, there exists

unique equilibrium odds (R(s∗1), . . . , R(s∗n)) , with market shares (s∗1, . . . , s
∗
n) % ö! n−1.
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7.3.2 Rational Expectations

Thus for any state of nature (p1, . . . , pn) % ö! n−1, there exists a unique n-tuple of pooled information

equilibrium odds of the form

(R∗1, . . . , R
∗
n) = ( R(s∗1), . . . , R(s∗n)) for (s∗1, . . . , s

∗
n) % ö! n−1. (14)

Let us denote this mapping by R(p1, . . . , pn). We now wish to show that this mapping is one to one, and hence

constitutes a unique fully revealing REE. The problem boils down to the following : given any n-tuple of odds

(R∗1, . . . , R
∗
n) of the form (14), can we uniquely recover the commonly known state (p1, . . . , pn) that supports

the odds in equilibrium? That is, can we uniquely solve the system of equations in (p1, . . . , pn) % ö! n−1,

s∗i = qi(R∗1, . . . , R
∗
n; p1, . . . , pn) for i = 1 , . . . , n. (15)

Theorem 7.6. For any n-tuple of odds (R∗1, . . . , R
∗
n) of the form (14), there exists a unique probability

distribution (p∗1, . . . , p
∗
n) % ö! n−1, consisting of distinct and nonzero probabilities, that solves (15).

Thus the function R(p1, . . . , pn) constitutes the unique fully revealing REE of the model. We express the

inverse of the REE as p(R1, . . . , Rn), which maps any vector of observable and distinct odds (R1, . . . , Rn)

to the underlying state (p1, . . . , pn) % ö! n−1. It is this inverse function that bettors in our model use to infer

nature’s roulette wheel from market prices. It is straightforward to show that this inverse pricing function

satisfies the symmetry condition that for any i = 1 , . . . , n,

pi(Ri, R−i) = pi(Ri, Q−i), (16)

where Q−i is a permutation of the elements in R−i.

8 Appendix B

In order to prove Theorem 7.5 and Theorem 7.6, we first establish a series of intermediate results on the

behavior of the market share functions given our assumptions on the preferences.

Lemma 8.1. If PV is continuous, then for any finite set of gambles G with at least one gamble having

nonzero probability of winning,

PV (Si - Sj) = 0 for every i (= j.
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Proof. If pi = 0 , then Si = . because each V %V is strictly minimized at p = 0 . Otherwise, pi > 0, and for

i (= j, Si - Sj is a subset of

{ V %V : V (Ri, pi) = V (Rj , pj)} ,

which by continuity has measure 0 under PV .

Lemma 8.2. If PV is continuous, then for any finite set of distinct gambles G with at least one gamble in

G having nonzero probability of winning, the sum of the market shares equals 1, i.e.,

n∑

i=1

qi(R1, . . . , Rn; p1, . . . , pn) = 1 .

Proof. Recall that
n∑

i=1

qi(R1, . . . , Rn; p1, . . . , pn) =
n∑

i=1

PV (Si).

Moreover, since G is finite, each V %V attains a maximum over G, and thus

n⋃

i=1

Si = V.

However by Lemma 8.1, we have that for all i (= j,

PV (Si - Sj) = 0 .

Thus
n∑

i=1

PV (Si) = PV

(
n⋃

i=1

Si

)
= 1 .

Lemma 8.3. If PV is continuous, then for any n-tuple of distinct probabilities (p1, . . . , pn),

qi(R1, . . . , Rn; p1, . . . , pn)

is a continuous function in (R1, . . . , Rn) %Rn. Furthermore, for any n-tuple of distinct returns (R1, . . . , Rn),

qi(R1, . . . , Rn; p1, . . . , pn)
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is a continuous function in (p1, . . . , pn) %! n−1.

Proof. We prove the first part of the theorem (continuity in (R1, . . . , Rn)). The second part (continuity in

(p1, . . . , pn)) follows similarly to the first. Let us fix any n-tuple of distinct probabilities (p1, . . . , pn). Now

consider any n-tuple of returns (R1, . . . , Rn). Define a function F : V + { 0, 1} as

F (V ) =
∏

j &=i

1 [V (Ri, pi) & V (Rj , pj)] ,

where 1(á) is the indicator function. Then clearly

qi(R1, . . . , Rn; p1, . . . , pn) =
ˆ

F (V )PV (dV ).

Now consider any sequence of n-tuples of returns { (Rt
1, . . . , R

t
n)} t∈N+ that converges to (R1, . . . , Rn). For

each t %N+, define F t : V + { 0, 1} as

F t(V ) =
∏

j &=i

1
[
V (Rt

i, pi) & V (Rt
j , pj)

]
,

and thus,

qi(Rt
1, . . . , R

t
n; p1, . . . , pn) =

ˆ

F t(V )PV (dV ).

We need to establish that qi(Rt
1, . . . , R

t
n; p1, . . . , pn) t+ qi(R1, . . . , Rn; p1, . . . , pn). For every V %V ! Si we

have F (V ) = 0 . Thus for every V %V ! Si,

V (Ri, pi) < V (Rj , pj) for some j (= i.

By continuity of every utility function V %V, we have that for every V %V ! Si,

F t(V ) t+ F (V ).

On the other hand, for every V %Si, F (V ) = 1 . Since at least one pi > 0, then by Lemma 8.1, for almost

every V %Si,5

V (Ri, pi) > V (Rj , pj) for every j (= i.6

5The statement “for almost every V ∈ Si” means “for all V ∈ Si except possibly in a subset S ⊂ Si with PV (S) = 0”.
6Si = {V ∈ V : V (Ri, pi) > V (Rj , pj ) for every j #= i} ∪j!=i (Si ∩ Sj ).
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Once again, by continuity of every utility function V %V, we have that for almost every V %Si,

F t(V ) t+ F (V ).

Thus for almost every V %V, F t(V ) converges pointwise to F (V ). By Lebesgue’s dominated convergence

theorem,

qi(Rt
1, . . . , R

t
n; p1, . . . , pn) t+ qi(R1, . . . , Rn; p1, . . . , pn).

The proof of continuity in (p1, . . . , pn) follows similarly. The requirement in the theorem that (p1, . . . , pn)

range over ! n−1 is overly restrictive. it is only used to ensure that (p1, . . . , pn) %! n−1 implies at least one

pi > 0, which allows all the steps from continuity in returns to be repeated.

We now state a definition.

Monotonicity For any n-tuple of distinct probabilities (p1, . . . , pn), any n-tuple of returns (R1, . . . , Rn),

and any strict subset I ) { 1, . . . , n} , consider a change to the returns from winning appearing in the choice

set G that weakly increases the returns of the gambles indexed by I and weakly decreases the returns of the

remaining gambles. This change leads to a new choice set G∗ = { (R∗i , pi)} i∈{1,...,n} with

R∗i & Ri for i %I

and

R∗i ' Ri for i /%I.

We say that the distribution of consumer preferences PV satisfies monotonicity in return if the sum of the

shares of the gambles indexed by I weakly increase as a result of the change in returns, and the sum of the

shares of the gambles indexed by { 1, . . . , n} ! I weakly decrease as a result of the change in returns. That is

∑

i∈I

q∗i &
∑

i∈I

qi

and
∑

i/∈I

q∗i '
∑

i/∈I

qi.

Remark The definition of monotonicity in probability is stated similarly, except for any n-tuple of distinct
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returns (R1, . . . , Rn), and any n-tuple of probabilities (p1, . . . , pn) %! n−17, we consider a weak increase of

the probabilities of winning of the gambles for a strict subset of the gambles, and a weak decreases of the

probabilities of winning for the remaining gambles, producing a new n-tuple of probabilities (p∗1, . . . , p
∗
n) %

! n−1. The distribution PV satisfies monotonicity in probability if such a change results in an increase in

the of sum the shares of the gambles for which the probabilities increased, and a decrease in the sum of the

shares of the gambles for which the probabilities decreased.

Lemma 8.4. If PV is continuous, then it satisfies monotonicity in return and monotonicity in probability.

Proof. We prove the theorem for monotonicity in returns. A similar argument follows for monotonicity in

probability. Let (p1, . . . , pn), (R1, . . . , Rn), and (R∗1, . . . , R
∗
n) be the n-tuples described in the definition of

monotonicity. Similarly to the proof of Theorem 8.3, define

Fi(V ) =
∏

j &=i

1 [V (Ri, pi) & V (Rj , pj)] and F ∗i (V ) =
∏

j &=i

1
[
V (R∗i , pi) & V (R∗j , pj)

]
.

By the linearity of the integral operation

∑

i∈I

qi(R1, . . . , Rn; p1, . . . , pn) =
ˆ ∑

i∈I

Fi(V )PV (dV )

and
∑

i∈I

qi(R∗1, . . . , R
∗
n; p1, . . . , pn) =

ˆ ∑

i∈I

F ∗i (V )PV (dV ).

Since at least one pi > 0, then by Lemma 8.1, for almost every V %V,
∑

i∈I Fi(V ) equals 0 or 1.8 However

by the monotonicity of each V %V,
∑

i∈I Fi(V ) = 1 implies
∑

i∈I F ∗i (V ) & 1. Thus for almost every V %V,

∑

i∈I

F ∗i (V ) &
∑

i∈I

Fi(V )

and since the integral is an increasing linear operation,

∑

i∈I

qi(R∗1, . . . , R
∗
n; p1, . . . , pn) &

∑

i∈I

qi(R1, . . . , Rn; p1, . . . , pn).

7We restrict the domain of n-tuple of probabilities to the simplex so as to ensure at least one probability is nonzero.
8The set of V for which

P
i" I Fi(V ) > 0 equals ∪i!=j;i,j" I(Si ∩ Sj )
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Lemma 8.5. Consider any n-tuple of distinct, nonzero probabilities (p1, . . . , pn), and any subset I )

{ 1, . . . , n} . If { (Rt
1, . . . , R

t
n)} t∈N is a sequence of n-tuples of returns with { Rt

i} t∈N for i % I nondecreas-

ing and converging to / , and { Rt
i} t∈N for i /%I converging to øRi, then then there exists a positive integer

M such that for all t > M ,
∑

i∈I

qt
i > 0.

That is, at least one of the gambles indexed by I has a market share greater than 0 for all n-tuples of returns

far along enough in the sequence.

Proof. Consider fixing Ri = øRi for i /% I, and let the returns for the gambles indexed by i % I follow

the sequence { Rt
i} t∈N. The resulting sequence of market shares, which we denote as øqt

i can be shown by

desirability and monotonicity in return to satisfy

lim
t→∞

∑

i∈I

øqt
i > 0.9

Thus there exists a positive integer N such that for all t & N ,

∑

i∈I

øqt
i > 0.

In particular then,
∑

i∈I

øqN
i > 0.

Since the qi functions are continuous in the n-tuple of returns, we can find an ε > 0 such that | öRi ! øRi| < ε

for all i /%I implies
∑

i∈I

öqN
i > 0.

By assumption we can find an N ′ such that t > N ′ implies |Rt
i ! øRi| < ε for all i /%I. Taking M = max { N, N ′}

thus ensures that t > M implies
∑

i∈I

qt
i > 0.10

9Once again we know by monitinicity in return that the limit exists.
10More precisely, t > M implies

P
i" I qi(Rt

I, R
t
# I) ≥

P
i" I qi(RN

I , Rt
# I) > 0
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8.1 Proof of Theorem 7.5

We prove the result in three steps. In the first step, we introduce an upper bound øR on the odds payable

by a gamble in the market, and show that an equilibrium exists under this restriction by Brouwer’s fixed

point theorem. This follows from continuity of PV which drives the continuity of the qi. In the second

step, we show that it is always possible to raise the upper bound øR high enough such that it is not binding

in equilibrium, and thus an equilibrium of the form (13) exists. This result is driven by the desirability

assumption. Lastly we show that the equilibrium is unique, which is driven by monotonicity in return (a

consequence of continuity). We shall assume there is an upper bound øR on the net returns payable by

a gamble. Under this “restriction” to the parimutuel mechanism, the the market shares si determine the

market returns øRi through

øRi(si) = min
(

1 ! τ

si
! 1, øR

)
.

Thus whenever si ' (1 ! τ )/(1 + øR), the restriction øR on the odds is binding. Since the return vector

( øR(s1), . . . , øR(sn)) is clearly a continuous function of the market shares (s1, . . . , sn), and since the market

share function qi are continuous in returns by Theorem 8.3, we have f : ! n−1 + ! n−1 given by

fi(s1, . . . , sn) = qi( øR(s1), . . . , øR(sn); p1, . . . , pn) for i = 1 . . . , n,

is a continuous function. By the Brouwer fixed point theorem, the map f has a fixed point (øs1, . . . , øsn), which

is thus an equilibrium of the restricted parimutuel market. If the upper bound øR is not binding for any of

the øsi, then clearly the fixed point satisfies the property (13) of being an equilibrium in the unrestricted

parimutuel market. We now show that it is possible to raise the bar øR sufficiently high so that it is not

binding for the corresponding restricted equilibrium (øs1. . . . , øsn). Suppose that this was not true. Then there

exists a sequence of upper bounds { øRt} monotonically converging to / with a corresponding sequence of

equilibria { (øst
1, . . . , øst

n)} ) ! n−1 where for each t the upper bound øRt is binding for at least one øsi. Since this

sequence of market shares lives in a compact space, we can find a convergent subsequence { (østk
1 , . . . , østk

n )}

converging to (øs1, . . . , øsn), with øsi = 0 for at least one i (which follows from the fact that the restriction is

binding for each tk). Let I ) { 1, . . . , n} be the strict subset of indices i for which øsi = 0 . Then for each

i % I, the sequence { øR(østk
i )} converges to / ,11 and without loss of generality we can say it converges to

/ monotonically.12 However by desirability, this situation is not possible. It would be mean that there is

11Since min
„

1# τ

s
tk
i

− 1, øRtk

«
goes to ∞.

12We can always take a subsequence to assure monotonic convergence
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a sequence of n-tuples of returns { (Rm
1 , . . . , Rm

n } with { Rm
i } monotonically converging to / for i %I and

{ Rm
i } converging to finite Ri for i /%I, and

lim
m→∞

∑

i∈I

qi(Rm
1 , . . . , Rm

n ; p1, . . . , pn) = 0 ,

which contradicts lemma 8.5. Thus it must be the case that we can find a large enough upper bound øR

such that øR is not binding for the equilibrium (øs1, . . . , øsn). These market shares thus satisfy the condition

for (s∗1, . . . , s
∗
n) in (13). Moreover, these equilibrium market shares must also be located in the interior of

! n−1 (because øR is non-binding), i.e., øsi > 0 for all i. It also follows that since the probability distribution

(p1, . . . , pn) involved distinct probabilities, the equilibrium market shares (øs1, . . . , øsn) must be distinct, since

otherwise one gamble in the market would dominate another, thereby causing the latter to have zero market

share, which would contradict the fact the equilibrium shares lies in the interior of the simplex. We now

address uniqueness. Suppose that there exist two n-tuples of market shares (øs1, . . . , øsn) and (s∗1, . . . , s
∗
n) that

satisfy the equilibrium condition (13). Then for i = 1 , . . . , n,13

øsi = qi(R(øs1), . . . , R(øsn)) and s∗i = qi(R(s∗1), . . . , R(s∗n)) .

Since both equilibrium tuples are located in the simplex, it must be the case that for some nonempty strict

subset I ) { 1, . . . , n} , s∗i ' øsi for all i %I with a strict inequality for at least one i %I, and and s∗i & øsi for

all i /%I with a strict inequality for at least one i /%I. This implies that

∑

i∈I

s∗i <
∑

i∈I

øsi,

However we also have that R(s∗i ) & R(øsi) for i %I and R(si) ' R(øsi) for i /%I, which by monotonicity in

return of PV , implies that
∑

i∈I

s∗i &
∑

i∈I

øsi.

This is a contradiction, and thus the equilibrium is unique.
13We suppress the probabilities (p1, . . . , pn) in the following notation because they remain the same.
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8.2 Proof of Theorem 7.6

Since the R∗i are assumed distinct, and PV satisfies continuity, then we that for any (p1, . . . , pn) %! n−1,

n∑

i=1

s∗i ! qi(R∗1, . . . , R
∗
n; p1, . . . , pn) = 0 .14 (17)

Furthermore, by continuity once again, qi(R∗1, . . . , R
∗
n; p1, . . . , pn) is continuous in (p1, . . . , pn) over ! n−1.

Now consider the following continuous self map over ! n−1 (where for simplicity we write R∗ = ( R∗1, . . . , R
∗
n)).

For (p1, . . . , pn) %! n−1,

pi ,+
pi + max(0 , s∗i ! qi(R∗; p1, . . . , pn))∑n

j=1(pj + max(0 , s∗j ! qj(R∗; p1, . . . , pn)))
for i = 1 , . . . , n. (18)

By the Brouwer fixed point theorem, this map must have a fixed point (p∗1, . . . , p
∗
n) %! n−1. Moreover, this

fixed point must satisfy qi(R∗, p∗1, . . . , p
∗
n) = s∗i for i = 1 , . . . , n. If these are equalities are not satisfied,

then by (17) we have that for at least one i we have s∗i > qi(R∗, p∗1, . . . , p
∗
n), and for at least one j we have

s∗j < qj(R∗, p∗1, . . . , p
∗
n). Thus

n∑

i=1

p∗i + max(0 , s∗i ! qi(R∗, p∗1, . . . , p
∗
n)) > 1,

and under the the mapping (18), p∗j must get sent to a strictly smaller number, which violates the fact that

(p∗1, . . . , p
∗
n) is a fixed point. Thus (p∗1, . . . , p

∗
n) solves (15)). Since each s∗i is nonzero and distinct, it must be

the case that each p∗i is nonzero and distinct. Otherwise some gamble, indexed by i say, would be dominated

(either it has zero probability or it has the same probability as another gamble but lower return), and thus

qi(R∗, p∗1, . . . , p
∗
n) = 0 , which is inconsistent with the fact the market share of the ith gamble is s∗i > 0.

The uniqueness of (p∗1, . . . , p
∗
n) follows from monotonicity in a manner parallel to that used in proving the

uniqueness in Theorem 7.5, except exploiting monotonicity in probability instead of monotonicity in return

(both of which recall follows from continuity).
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