
Question 2 

i. (3) Given a utility function of two goods Xl' x2I denoted by u(xI, x2), the marginal rate 
of substitution function :NIRS(xl , x2) between commodities Xl and X2 is defined by 

Assume that u is a positive, monotonic, differentiable transformation of a twice 
differentiable, differentiably strictly concave, homogeneous of degree one function 
g(xl, x2)· Prove that MRS(xI ,x2) is decreasing in Xl and increasing in X 2• 

ii. (2) Consider an Edgeworth box economy with two consumers, A and B, and two 
goods, 1 and 2. Assume the endowment of consumer A is (1, 0) and the endowment of 
consumer B is (0, 1). Assume the utility functions of the two consumers are identical. 
Assume the marginal rate of substitution function MRS(x, y) is strictly increasing in 
y Ix. What can you say about the set of Pareto optimal allocations? Be precise. 
Illustrate your answer with an Edgeworth box. 

iii. (2) Assume the utility function in part (ii) above is Cobb-Douglas, Le. log[u(x, y)] = 
a log(x) + b log(y), where a, b > O. Assume the endowments are the same as in part (ii). 
Conlpute offer curves and competitive equilibria for this Cobb-Douglas economy. 
Illustrate your findings in an Edgeworth box diagram. 

iv. (2) Consider a two-consumer Edgeworth box exchange economy where each 
consumer has a strongly monotone, strictly convex, twice differentiable, homothetic 
utility function. Suppose that the marginal rate of substitution decreases along an 
indifference curve as Xl increases and X2 decreases, so that the curve gets progressively 
Hatter as you move to the right. Illustrate graphically how you can use this information 
to find points in the Pareto optimal set. 

v. (1) Assume the utility function of the two consumers A, B is the same for both 
consumers: namely, the linear function u(x,y) = X + y. Assume the endowments are the 
same as in part (ii). Compute the set of Pareto optimal allocations. Illustrate your 
findings in an Edgeworth box diagram. 
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Question 3 

It is the final audition for"Anlerican Idol". All the contestants have interesting 
voices this year, but their personalities differ. There are three types of 
contestants: cool, self-controlled and nerdy, with an equal proportion of each type. 
Regardless of one's true type, being thought of as cool is worth 90; b~ing thought 
of as self-controlled is worth 60; and being thought of as nerdy is worth o. (The 
singing ability of a contestant does not affect the judges' decision at this stage. 
Rather, the judges will make the final selection based on each contestant's 
potential of being a good "idol".) 

One way in which a person can try to indicate their personality to the judges is 
by choosing to signal. This signal is a yes-or-no choice; that is, each contestant 
can only choose to signal or not to signal. The cost of signaling is 150 for nerdy 
types; 10 for self-controlled types and 0 for cool types. After he or she has made 
the decision about whether or not to signal, he or she must take a test (a one-on­
one conversation with Simon Cowell, one of the judges). The outcome of the test 
is independent of whether or not a person has signaled. Cool types always pass the 
test; nerdy types never pass; self-controlled types pass with probability one half. 

i. (1 pt.) Define the payoffs, types, beliefs and strategies in this signaling game. 
ii.	 (l pt.) Depict the extensive-form game, carefully marking information sets, 

probabilities, etc. Make sure to include the testing stage in the event 
tree as well. 

lli. (1 pt.) Define a perfect Bayesian equilibrium for this game. 
iv.	 (2 pt.) Is there a perfect Bayesian equilibriunl in which only self-controlled 

types signal? Explain carefully. . 
v.	 (2 pt.) Is there a perfect Bayesian equilibrium in which both cool and self 

controlled types signal? Assume that the judges believe that anyone 
who does not signal and who passes the test is self-controlled. 

vi. (3 pt.) Do any of the equilibria you found satisfy the Intuitive Criterion? 
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Question 4 

A population game is defined by a set of strategies S = {I, ... , n} and a continuously 
differentiable payofffunction F: R: ~ Rn 

• The function F;: R: ~ R, the ith component 
of the function F, is the payofffunction for strategy i. In what follows, we take the set of 
strategies S as fixed and identify a population game with its payoff function F. 

The population game F is played by a unit-mass population of infinitesimal agents. 
Each agent chooses a strategy from the set S. (That is, agents always choose pure 
strategies.) The distribution of strategies in the population is therefore described by a 
population state, which is an element of the simplex X = {x E R:: ~. x. ~ I}. When the£.oJ JeS J 

population state is x, agents playing strategy i receive payoff F;(x). 

(i) (1 pt.) Provide a definition of Nash equilibrium for population games. 

A population game F is a potential game if it adnlits a potential function: a twice 
continuously differentiable functionf: R: ~ R that satisfies 

::. (x) = Fi(x) for all i E S and x E X. 
1 

(ii) (2 pts.) State the Kuhn~Tucker first-order necessary conditions for maximizing 
the potential function f on the simplex X. 

(iii) (2 pts.) Show that population state x* E X satisfies the conditions you stated in 
part (ii) (for some appropriate choices of the Lagrange multipliers) if and only if x* is a 
Nash equilibrium of the population game F. Also, provide a game-theoretic 
interpretation of the Lagrange multipliers. 

Now let F be a population game (not necessarily a potential game), and introduce a new 
population game F: R: ~ Rn defined by 

(iv) (2 pts.) Provide an economic interpretation of the population game F. (You 

may find it helpful to imagine that the payoffs F; and partial derivatives :~ are 

nonpositive, as would be the case if F were a model of network congestion.) 

(v) (1 pt.) Prove that F is a potential game with potential function 

j(x) = LxjF/x) . 
jeS 

(vi) (2 pts.) Taking into account your answer to part (iv) and the result stated in 
part (iii), provide an economic interpretation of the result stated in part (v). 
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