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Abstract

We investigate an overlapping generations monetary economy in which ex-
pectations depend upon backward looking predictors of the future price level.
We use discrete choice theory to model how agents select a predictor based
on its past forecast error. Letting the number of available predictors tend to
infinity, we obtain the large type limit of the system. Taking the large type
limit dramatically reduces the number of free parameters, while maintain-
ing the expectational diversity which we argue is necessary for constructing
plausible learning-based models.

The model’s dynamics are strongly influenced by the intensity of choice,
which measures how sensitive an agent’s predictor choice is to differences in
forecast errors across predictors. When the intensity of choice is low, the
monetary steady state is stable. As the intensity of choice increases (and
if certain parametric restrictions are met) the system undergoes a Hopf
bifurcation, in which case we document the existence of highly irregular
equilibrium price paths.



1 Introduction.

Overlapping generations (OLG) models of money (Samuelson [56], Wallace
[61]) typically display a continuum of deterministic rational expectations
equilibria. One of these equilibria is the monetary steady state, in which fiat
money retains a constant value forever. The other equilibria all converge to
autarky, so that money gradually becomes worthless. The monetary steady
state is appealing to economists largely because it corresponds to every-
day experience; the other equilibria seem implausible because they do not.
Agents in modern market economies take it for granted that, barring gross
government misconduct, currency will retain its role as medium of exchange
indefinitely. No U.S. resident places any serious probability on the econ-
omy degenerating into barter within the foreseeable future. The rational
expectations hypothesis, however, provides no guidance as to which equi-
librium path should prevail. The problem (often called “indeterminacy”) is
that each of these paths corresponds to some consistent set of expectations
about future prices. This problem is serious because it implies that under
rational expectations the OLG model cannot explain the existence of valued
fiat money, which we have argued is a main “fact” of everyday life.

Some have suggested resolving the indeterminacy problem by noting that
when perfect foresight is replaced by learning rules, the OLG model often
converges to the monetary steady state (Lucas [47], Marcet and Sargent
[50]). Since learning rules provide a plausible approximation of how people
actually behave, this convergence suggests that the monetary steady state is
in fact the most reasonable long-run outcome.! Others, however, have shown
that such answers to the indeterminacy problem suffer from an inherent lack
of generality: while certain learning rules in certain models single out eco-
nomically appealing equilibria, other rules in other models actually increase
the number of possible equilibrium paths. In addition to generating explo-
sive paths similar to those which emerge under perfect foresight (Evans and
Honkapohja [26]), learning may lead to complex price paths which neither
explode nor converge to the monetary steady state (Bullard [15], Grand-
mont and Laroque [35]). In addition, Duffy [25] shows that if agents use an
adaptive rule to form expectations about inflation (rather than price level),
then the economy can converge to a continuum of nonstationary equilibria.

Because of this lack of generality, Lucas [47] believes it will be impossi-

!Evans and Honkapohja [27, 28] have written extensively on learning rules as selection
criteria for rational expectations equilibria.



ble to address fully the problem of indeterminacy via “purely mathematical”
methods: “It is hard to see what can advance the discussion short of assem-
bling a collection of people, putting them in the situation of interest, and
observing what they do.” This approach is pursued by Lim, Prescott, and
Sunder [46], who use experimental methods to examine the OLG model with
constant money supply; their results lend strong support to the monetary
steady state equilibrium. Marimon and Sunder [53] examine a related ex-
perimental OLG economy in which the money supply is allowed to grow
over time, and find that observed price paths tend to converge to the low
inflation steady state. Ochs [54, p. 205] summarizes these results: “There
is one characteristic common to all of these sessions that is of direct interest
to monetary economists. In none of these sessions is there any evidence that
individuals have the ‘foresight’ to follow rational expectations equilibrium
paths that generate hyperinflation.”

The experimental approach, however, will always leave some impor-
tant questions unanswered. Lim, Prescott, and Sunder {46, p. 267] write,
“With replication there is marked convergence towards stationary equilib-
rium though the convergence is not precise. To what extent further repli-
cations may affect the nature of convergence is an open question.” Given
enough time, one would like to know if the experiment would converge pre-
cisely to the steady state, or if small price fluctuations would persist in-
definitely. Would further replications of the experiment affect the results?
Might there be other parameter values for which the results would be qual-
itatively different?

In order to address these questions, we must accept Lucas’s implicit
challenge of finding a “purely mathematical” method of exploring learning
dynamics which also retains a high degree of generality. We believe that
the necessary ingredient for achieving such generality is expectational diver-
sity: by allowing many different expectations (rules) to be nested within one
model, one can greatly reduce the danger that the model’s stability prop-
erties depend on one particular rule. The idea of agents choosing between
several competing expectations dates at least as far back as Arthur {3, 4]
and Conlisk [20].

In this paper (sections 2 to 5), we introduce expectational diversity by
allowing agents to choose among a large number of predictors of the future
price level. These predictors are finitely parameterized functions of past
prices. We model the distribution of predictors across agents in two steps.
First, we use discrete choice tools to construct a tractable form of natural se-
lection dynamics over the space of predictors. The fraction of agents adopt-



ing a particular predictor is determined by that predictor’s past squared
forecast error [SFE], relative to the SFE of other predictors. The sensitivity
of this fraction to variations in SFE is called the intensity of choice.

The result is the Adaptive Rational Equilibrium Dynamics [ARED] of
Brock and Hommes [14], in which the dynamics of predictor choice is deter-
mined by the equilibrium dynamics of endogenous variables. These authors
emphasize that most economic models displaying complicated dynamics can
be expressed as one-dimensional difference equations, such as Benhabib and
Day [7] and Grandmont [32]. Although there are some two-dimensional
models [8, 18, 60, 63], ARED introduces entirely new state variables corre-
sponding to the fractions of agents using each predictor. As we shall see,
the extra dimensions added by these state variables create the possibility of
very rich dynamic behavior.

The second step in modeling the distribution of predictors across agents
is to let the number of available predictors tend to infinity, obtaining what
we call the large type limit [LTL] of the ARED. In the large type limit, the
parameters of each predictor are drawn at random from continuous distribu-
tions, whose mean is called predictor sensitivity and whose variance is called
predictor variance.? In section 6, we provide an analytical exploration of a
simple version of the model, in which predictors depend on only one lag of
past price. The model’s dynamics are determined jointly by the predictor
sensitivity, the predictor variance and the intensity of choice. When the
predictor sensitivity is low, the monetary steady state is asymptotically sta-
ble. This stability is in accord with previous analytic, computational, and
experimental results.> When the predictor sensitivity is high, the monetary
steady state is unstable, as in the original perfect foresight versions of the
OLG model [56, 61]; equilibrium paths not originating at the steady state
are explosive.

The most unusual behavior occurs at intermediate levels of sensitivity.
We show that when predictor variance and intensity of choice are low, the
monetary steady state is asymptotically stable. As each of these param-
eters increases, the monetary steady state undergoes a Hopf bifurcation,
near which a closed periodic orbit exists. Periodic orbits, however, are not
economically plausible because they imply simple forecast errors that never
vanish (Hommes [40]). In section 7, we use numerical simulations to inves-
tigate the global dynamics of a higher dimensional version of the model, in

?Brock [12] sketches the above approach in the context of financial modeling.
3See, for example, Lucas [47], Arifovic [2], and Lim, Prescott, Sunder [46], respectively.



which predictors depend on two lags of the price level. We show that as
the intensity of choice increases, the time series behavior of the price level
can become increasingly erratic. The structure of the associated forecast er-
rors can become complicated enough that linear methods cannot distinguish
them from white noise.

While it is true that nonlinear methods (such as those discussed in
LeBaron [44]) may detect some predictability in the forecast errors, it is
possible that other versions of the model may generate forecast errors that
appear random even to nonlinear tests. Although, such work is beyond the
scope of the current paper, it would mesh nicely with the agenda outlined
by Grandmont [33]: “One might envision for instance a situation in which
traders attribute their forecasting mistakes to noise, although the observed
dynamics are actually deterministic but chaotic. As I said, this is largely
unknown territory and should be the subject of future research.”

1.1 Related literature.

Economic models of learning have received an enormous amount of recent
attention: Marimon [52] provides a comprehensive survey. The original
rational expectations criticism of such models was that agents continue using
the same learning rule even after it has been found to be systematically
wrong. There have been two strands of work addressing this criticism. The
first strand proposes analytical models of expectational diversity (Bray and
Savin [10], Evans, Honkapohja, and Marimon [29], Marcet and Sargent [51}).
As we argued previously, expectational diversity reduces the danger that
agents continue using rules that perform poorly.

The second strand is the evolutionary approach (Arifovic [2], Arthur [3],
Arthur et. al. [5], Bullard and Duffy [16, 17}, Darley and Kauffman [21], Day
and Chen* [22], LeBaron [45], Weidlich [62]), which handles the rational ex-
pectations criticism very elegantly; natural selection serves to remove rules
that perform poorly. Arifovic (2], for example, studies the same OLG model
as the current paper, but uses genetic algorithms to model how agents up-
date their price level forecast rules. Because these evolutionary approaches
have traditionally been highly computational, they have not been amenable
to direct analysis. Our methods can be viewed as offering analytic results
for this computational literature. The discrete choice approach to natural

40f particular relevance in this volume are the papers by P. Allen, J. Conlisk, and R:
Day.



selection over rules plus the notion of Large Type Limit is a novel combina-
tion of technique that allows us to bridge these two strands. We believe our
methods allow us to push analytic results on evolution significantly farther
than the current literature.

2 The economic model.

Our analysis is based upon a standard overlapping generations model of a
monetary economy (Samuelson [56], Wallace [61]). Each generation consists
of an equal number of agents. Agents live for two periods, and are endowed
with w? when young and w° when old. An agent in generation ¢ consumes
¢ when young and ¢ when old. The amount of fiat money that government
supplies is denoted M, which is constant over time. The non-negative time ¢
price level is denoted p;. All agents have identical preferences, so that young
agent ¢ solves the following maximization problem:

max U(Clijtacft) (1)
it ’ ’
subject to
g, = w—sig &)
¢y = W (pe/pfri1)sit (3)

where s;¢ denotes the real time ¢ savings of agent 7, and pf,,, denotes s
time t expectation of p;;;. We make the following assumptions about the
utility function and endowments:

Assumption Al: (a) Indifference curves are convex to the origin. (b) The
utility function is strictly increasing in both arguments. (c) ui/uz — o0 as
cly/cty = 0, and uif/up = 0 as cl,/c2, — oo, where uy and uy denote the
partial derivatives of u(-) with respect to ¢f, and cf;, respectively. (d) cty
and ¢, are normal goods.

Assumption A2: uy(w¥,w®) < uz(w¥,w?).
Assumption A3: ¢}, and ¢}, are gross substitutes.

Assumption Al contains standard (Sargent [58, p.232]) restrictions on the
utility function, which guarantee that for each expected price ratio p;/ P41



|
f
|
|
|

there is a unique value of savings s;s: s;¢t = s(pt/p§;,,). Assumption A2
implies that s(1) > 0. Assumption A3 implies that savings is an increasing
function of p:/pf,,, (Varian [59]): s'(z) > 0 for all z. This rules out the
possibility of complicated dynamics when all agents have perfect foresight
(Kehoe et. al. [42]), thus emphasizing that our results depend more on how
expectational diversity is modeled than on a particular choice of savings
function.

Our modification to the standard OLG model is to allow agents to have
heterogeneous expectations about the future price level. Assume finite mem-
ory, so that agents’ common information set consists of a finite length vector
of past prices:

pf—l = {pt~—17 ce apt—L}

The expected price of agent ¢ is a continuously differentiable function of her
information set:

Pf,t+1 =hi = hj(PtL—1) (4)
Each h7(:) is called a predictor, and the space of predictors is denoted H:
H = {h!,...,hK}. To make notation clearer, we always index agents with

the subscript “:” and predictors with the superscript “;.” The specification
(4) allows for a wide range of expectations, including learning (Grandmont
and Laroque, [34, p.140]). Suppose, for instance, that agents believe the
economy’s actual dynamics imply p;+1 = f(p_;,8), where 6 is a vector
of (unknown) structural parameters and ! < L. Each period, agents can
use some econometric procedure to obtain an estimate 8°**(pF ;). They
can then form their expectations by replacing the true value of 8 with the
estimate 6°°*(pf ), to obtain p§,; = f(pl_;, 0% (pL ;).

Let the fraction of agents in generation ¢ who choose predictor A7 at time

t be a continuously differentiable function of pf*;":

ni =nd (p") (5)

The parameter /N indexes the number of extra lagged prices taken as argu-
ments of the functions n7(-). At this level of generality, each n/(-) should be
thought of as some past performance metric for the predictor A7(-). Since
R (pE_3), the predicted value of p;_1, depends on pf 5, it is clear that, for
the OLG model, N must be at least 2. In section 5, we propose a specifica-
tion for the functions n’(-) based on discrete choice theory. For the moment,
leaving this specification open will emphasize the generality of propositions
1 and 2.



Equilibrium requires that nominal aggregate savings be equal to the
money supply:

K
M =p; Yy (pihY)s(pe/ W (PE1)) (6)
j=1

3 Homogeneous expectations.

We begin by reviewing the model’s dynamics under two special cases. First,
suppose that all agents have perfect foresight: pf,,, = h(pE,) = pi41 for
all 1. The equilibrium condition (6) reduces to

M = pis(pt/pey1) (7)

There is exactly one steady state equilibrium where money has value. We
refer to this equilibrium, given by p = M/s(1), as the monetary steady state.
There is also exactly one steady state (autarky) where money has no value,
as well as a continuum of non-stationary equilibria where money has value.
The latter are indexed by the initial price level pye(5, 00), and all converge
to autarky. The coexistence of many possible equilibrium price paths is
referred to as indeterminacy.

As mentioned previously, the problem of indeterminacy has led research-
ers to consider various types of backward looking expectations as selection
criteria for plausible long run equilibria. We begin with a simple example,
in which all agents have naive expectations: p¢,,; = h(pf_ ;) = p;—; for all
1. In this case, (6) reduces to

M = pis(pi/pi-1) (8)

It is easy to verify that under (8), all equilibrium paths converge to the
monetary steady state 7 = M/s(1). Naive expectations thus support the
claim that the monetary steady state is a reasonable long-run equilibrium
for (7). Of course, the specification pf , = p;—; is the simplest and most
ad hoc possible. We thus examine the stability properties of the monetary
steady state under a more general specification of expectations.



3.1 General backward expectations.

If agents have general homogeneous expectations pf,, = h(pf1),% the equi-
librium condition (6) becomes:

M = ps(pe/h(pt.,))- (9)

The monetary steady state p is the solution to M = ps(p/h(p,...,p)). The
existence of such a p is guaranteed by the following assumption:

Assumption A4: The predictor h(-) satisfies the following conditions: (a)
limp o p/h(p,...,p) < oo, (b) limpeo P/h(p,...,p) > r4ut, where the au-
tarkic interest rate rqy ts defined implicitly by s(rqu) = 0.

Equation (9) implicitly defines a nonlinear function and a corresponding
system given by:

po= (k) (10)
pt‘fL = (I)*(ptL——l) = {¢*(ptL—1)’pt~l, e 1pt—L+1} (11)

Rewriting the equilibrium condition (9) in terms of ¢*(-), we obtain:
M = ¢*(p{_1)s(¢" (Pf_1) /h(PE_1)) (12)

Differentiating (12) with respect to p;—-, evaluating at the monetary steady
state p, and solving for ¢ yields:

¢:. = thr

B/, - .., 5))%s'(B/h(B; ..., ))
s(®/h(D,....0)) +B/h(®,...,P)s'®B/h(D,...,D))
where ¢F and h, denote the partial derivatives of ¢*(-) and h(-) with respect

to p;—-, evaluated at the steady state p{’_l = p. The Jacobian of ®*(-) at
the steady state can then be written:

v =

" vhy vhy vhj vhy_1 vhp ]
1 0 0 0 0
o 0 1 0 0 0
J=D®@P)=| o o 1 0 0
0 0 o 1 0 |

5The analysis in this section is related to Grandmont and Laroque [34], who explore
the relationship between perfect foresight and backward looking dynamics when agents
have homogeneous expectations.



We show that the monetary steady state 7 is asymptotically stable provided
that expectations aren’t too sensitive to past fluctuations in price level:

L
vy h <1, (13)
7=1

PROPOSITION 1: Condition (13) is a sufficient condition for the monetary
steady state p to be asymptotically stable.

Proof: See appendix A.

Although the stability criterion (13) seems like a plausible conjecture, there
is no a priori way of verifying how sensitive agents’ expectations are to
past price fluctuations. As in the simple case of naive expectations, the
classification of equilibria as stable or unstable must ultimately rest on an
ad hoc assumption. Consider the following example, in which expectations
are an average of past prices:

h(PtL_1) =a1pt-1+...+aLps—

If the absolute values of the coefficients a; sum to some value less than 1/v,
then the monetary steady state is asymptotically stable. If, on the other
hand, these absolute values sum to some number larger than 1/v, then (13)
does not hold and the monetary steady state may be unstable.

4 Heterogeneous expectations without bias.

We reduce the dependence of our analysis on ad hoc assumptions by allowing
agents to have heterogeneous expectations; when there are many predictors,
the model’s dynamics will depend less on the specification of any one pre-
dictor. Before considering the case of heterogeneous expectations, however,
we introduce a useful property called steady state bias:

DEFINITION: Let p denote the price level at the monetary steady state. If
hI(p,...,p) = P, we say that the predictor hi(:) has no steady state bias.
Otherwise, we say that h(-) has steady state bias.

In other words, a predictor has no steady state bias if it predicts next period’s
price level to be p whenever the price level has been p for the past L periods.
Suppose there is no steady state bias:



Assumption A4’: Each predictor h(-) has no steady state bias, so that
K (p,...,p) =P for all j.

In the case of heterogeneous expectations, the equilibrium condition (6)
clearly implies that § = M/s(1) is the monetary steady state. As before,

(6) implicitly defines a nonlinear function and a corresponding system given

by:
pe = ) (14)
it = oY) = {6 )Pty s Pe-L-N41} (15)
Note that allowing for heterogeneity means that (14) and (15) incorporate

N more lagged values of p; than do (10) and (11). (See also the discussion
immediately below equa,tion 5.) Rewriting (6) in terms of ¢(-), we obtain:

M = ¢(pi) ZnJ £Ns(o(peN) /8 (pEy))

Differentiating with respect to p;—,, and evaluating at the steady state
yields:
K . .
0= {nips(1) + W ,s(1) + s (1)[¢, — hi]} (16)
7j=1
where n? and ¢, denote the partial derivative of n’(-) and ¢(-) with re-
spect to p;_r, and 7/ = nI(p,...,5). Now Zlenj(-) = 1 implies that the
summation Zszl nd = 0, so that solving (16) for ¢, yields

K
¢r = vy Wh
~

s'(1)
s(1) + s'(1)
At the steady state, the multi-predictor system behaves exactly like the one
predictor system with the one representative predictor given by:

K
WP (p_i) = Y A h (piy) (17)
i=1

This system’s stability properties can be analyzed by using the previous
section’s results:

10



PROPOSITION 2: When none of the predictors hi(-) has steady state bias,
the system (15) is asymptotically stable provided that v 3"L_, |hTeP| < 1.

The proof of proposition 2 is identical to that of proposition 1. As in the
one predictor case, the system’s local stability depends upon how sensitive
the representative predictor is to past price fluctuations, not on how the
predictor space H is specified. Any substantive conclusions we draw based
upon local stability at the steady state are thus contingent on how we specify
the representative predictor.

5 Heterogeneous expectations with bias.

When steady state bias is allowed, (16) cannot be analyzed unless we specify
how the fractions n] are determined. Suppose that for each predictor heH,
agent ¢’s associated utility is composed of a deterministic and a stochastic

component: N ) _
Ul, =Uf + K1,/ (18)

The deterministic component Utj represents the realized utility of an agent
in generation ¢t —2 who predicted the time ¢ —1 price level to be p§_; = hJ_,:

Ul = Ulpi—2,pe-1,h_,)

= u[w? — s(pr_a/hl_y)), w° + (Dt_2/pt_1)s(Pe—a/h_,))]  (19)

6 across predictors,

The stochastic components m{t are ii.d. across time,
and across agents.” The intensity of choice 0 specifies how good a measure
the deterministic component U} is of the choice utility Uij’t. It regulates
how sensitive agents are to differences in realized utility between predictors.
When 8 — 0, the random component is very large, so that variation in U}
has almost no effect on agents’ choice of predictor. When 8 — oo, all agents
choose the predictor with the highest realization of U}. It is clear from the
above discussion that the random component n{}t together with the intensity
of choice § will be crucial in determining the model’s dynamics. We thus
present in some detail three possible sources of the uncertainty represented

by the /if,t.

5The temporal independence assumption can be relaxed without affecting the model’s
aggregate dynamics (de Fontnouvelle, [24]).

"Brock [11] shows how to use interacting particle systems theory to relax the assump-
tion of independence across agents.

11



A. RANDOM PREFERENCES. Agents’ behavior may be inherently un-
predictable, so that an agent facing repeated instances of the same decision
problem (and observing the same information concerning the problem) varies
his choices over time.

B. RANDOM CHARACTERISTICS. Manski [49, p. 235] interprets the sto-
chastic components ], as coming from three sources, all of which represent
a lack of knowledge on the part of the econometrician. (a.) Measurement
error: the economist has no direct knowledge of the choice utilities ﬁft
(b.) Specification error: the utilities given in (19) may be of the wrong
functional form. (c) Unobservable characteristics: parameters such as risk
aversions or endowments might be unobserved or only partially observed.
Faced with the same decision problem repeatedly, each individual agent will
always make the same decision. Two agents who appear identical to the
economist, however, may make quite different decisions.

C. RANDOM INFORMATION. Suppose that Utj i1s unknown to agents at
the beginning of period ¢, but that they learn about it via a Bayesian updat-
ing strategy.® Under the random information motivation for heterogeneity,
an agent facing repeated instances of the same decision problem will vary
his choices over time - not because his preferences are random but because
his information is.

5.1 Calculating choice probabilities.

In this section, we show how to calculate from (18) an expression for agents’
choice probabilities. In particular, P(h]), the probability that an agent
chooses predictor A/(-) at time ¢, will depend on the time t — 1 squared
forecast error associated with predictor h7(-).

DEFINITION: The forecast error e{ is the difference between the actual price
at time t and that predicted by h(-): €] = €(pF*?) = p, — A7 (pL,).

Begin by taking the following second order Taylor expansion:

Upt-2,pt-1.h_3) = U(pt—2,pt-1,pt-1) + €_1Us(Pt—2,pt—1,P¢—1)
+(€f_1)2U33(pt—2,Pt~1,Pt—1) +o((ef_1)%),

8The unabridged version of this paper [13] contains further details concerning the
random information motivation for heterogeneity. The approach is closely inspired by
Chamberlain and Imbens [19].

12



where Usz(-) and Uss(-) denote, respectively, the first and second partial
derivatives of U(-) with respect to its third argument. The first order con-
dition to the original maximization problem (1) implies that the first order
term Us(p;—2,pi—1,P¢~1) is zero,® so that:

Ul = ¢1e-1 — pop-1(€]_1)? + o((€]_1)?)

where ¢;:—1 and ¢, ;1 are appropriately defined non-negative constants.
The deterministic utility Utj can thus be approximated with a mean squared
error based performance measure, where the constants are time-varying. In
order to ensure tractability, we make the approximation that ¢o;: = ¢; is
constant over time.!? Consideration of the more general case is deferred to
future research. .
Following Anderson, de Palma, and Thisse, [1], assume that the m{,t
have an extreme value distribution. One then obtains a logit model for the
distribution of predictors across agents, with choice probabilities given by:

P(h) = e Py, (20)
K

a o= Y et (21)
k=1

where we have combined the two constants § and ¢, into one by renaming
[ = [¢2. Because the number of agents is infinite and the m{,t are inde-
pendent across agents, the law of large numbers implies that the fraction
of agents choosing predictor h?(-) equals the probability that any individual
agent chooses h7(-):

n{ = P(h{) = e—ﬂ(fz—l)z/zt (22)

Or in the notation of (5), we write n] = n(p=*?), noting that N = 2. One
may think of discrete choice as a tractable way of modeling predictor selec-
tion in an evolutionary context, in which each predictor competes against the
others for survival. Survival consists of a predictor being used by agents. In
our model, the population of predictors is represented by H, each predictor’s
fitness by U(pt—2,pt—1,Pi_;), and natural selection by equation (22).

*Us(ps-2,pt-1,pe-1) = [w1() = w2(-)ps—2/pe-1]pe—25' (pe—2/pt~1)/(pe—1)* is the first
order term. The first order condition implied by (1) is u1(-) — u2(-)pt—2/pe—1 = 0.

107t is not necessary to assume that ¢, ; is constant over time, since ¢, ;—; drops out of
the choice probabilities (20)-(21).

13



5.2 The large type limit.

In the previous section, we used standard discrete choice theory to show that
for a fixed finite number of predictors, the fraction of agents using predictor

RI(-) at time t converges to ni = e‘ﬁ(d—l)z/zt as the number of agents I
tends to infinity. In this section, we explore the case where the number
of predictors also tends to infinity. Our first task will thus be to extend
the discrete choice results to this limit case. In particular, we must check
that some version of the equilibrium condition (6) carries through. To our
knowledge, the following large type limit [LTL] arguments are new, and may
be useful beyond the current context. In particular, they could be applied in
any situation in which one wishes to model choice with observational error
across a large (infinite) number of alternatives.

Let the number of predictors K(I) be a function of I such that K and
I tend to infinity at the same rate. Suppose that each predictor in the
predictor space can be expressed in the form A7/ (pf_ ;) = h(pL ,, 8}), where
0; is a finite dimensional parameter vector that completely describes the
predictor h7(-). Then the time ¢ values of the predictor and forecast error for
the I agent economy can be rewritten as hi(67) = h(pL_1,8%) and €(8}) =
e(p;*?,07).

Suppose further that instead of the predictor space H; = {h!,..., hK(I)}
being deterministic, each 87 is drawn at random from a multivariate density
f(8). Note that this density does not depend on either j or I. The density
f(8) represents the distribution of all the different predictors agents may
choose from. In practice Ny, the number of parameters required to specify
f(-) will always be small. For the normal distribution, for example, Ny =
2 X Dim(0). The advantage of the LTL approach is that it reduces the
number of parameters in the model from K(I) x Dim(8) to Ny. When
K (I) is large, this reduction can be dramatic.

Now for each value of I, let

o = {6},... 050y,

be a K(I) dimensional array of parameter vectors 6%, and let © = {er1,
be an infinite sequence of these arrays. Corresponding to © will be an
infinite sequence of monetary economies, so that each random draw of ©
will correspond to a different sequence of economies. By construction,!! all
such sequences will converge to the same large type limit economy.

1 This point can be seen explicitly in equation (30).
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Consider now a particular random draw of ©. For any number of agents
I, equation (18) implies that each agent chooses (the parameter vector as-
sociated with) her predictor randomly from ©;. For any finite number of
agents I, the fraction of agents choosing predictor ht(OJI‘) will thus also be
random. Let 1;(%,7,07) be the indicator function of the event that agent 3
chooses predictor h.(87):

Ligen={1 i Uu(67) + K1,/ B > max; {U.(6%) + xk,/ B8}
7 0 otherwise

The fraction of agents choosing predictor ht(()}.) is then given by:
, I
7 (87) =171 1,(1,5,01) (23)
i=1
For each I, the equilibrium condition (6) becomes

K(I)

M=p; 3 7(6%)s(pe/he(63)) (24)

j=1
Taking expectations of both sides of (23) yields
E[fu(6))] = E{l:(i,j,01)] (25)
and from (20) it follows that
R CH
AL 40D

E[1,(,j,0r)] = (26)

By (22), the right hand side of (26) equals nt(BJI.). Combining this with (25)
and (26) yields . .

E['ﬁt 0‘7 ] = nt(BJ) (27)

Inspection of (27) suggests that the limits (as I tends to infinity) of

D) 7ir(0%)s (pe/h:(6)) and ; (1 n:(65)s(pe/h1(63)) should be identical,

i=1
so that taking the limit of (24) as I tends to infinity yields

M = p lim 5780 n(87)s(pe/he(67)) (28)
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The argument in the above paragraph is formally demonstrated in Appendix
B. Now use (22) to expand (28), obtaining

lim/ o0 K1 S KD 5(p,/hy(83))ePeE-1 6D
limy o0 K"l Z]I;({ e“ﬂf:—x(gh

M = p, (29)

The numerator and denominator of (29) approach

Egls(pi/ha(8))e 41O = [ 5(pu/he(8))e =41 f(0)do
Egle P41 @] = [, O 5(0)dp
respectively. Substituting in h:(8) = h(pf_;,0) and €_1(8) = e(p{“?, 9),
we can use (29) to obtain the large type limit equilibrium condition:

M = piBy s (pi/h(pE1,6)) (P2, 0)] (30)

n(pkt?,8) = e—ﬁez(pf_ﬁzﬂ)/%

z = Ea[e—ﬁez(pfff,o)]

Taking the limit of an economy as some index (typically the number of
agents) tends to infinity has a long history in economics (Aumann [6], De-
breu and Scarf [23]). A chief motivation for doing so has been to provide a
justification for modeling agents as price takers. Hildenbrand and Kirman
[39, p. 13] write, “The only situation where accepting prices as beyond one’s
influence seems reasonable is in a large market. If there are many partic-
ipants it becomes less plausible that one individual can have a significant
impact on the market price of a commodity.” The motivation behind the
LTL limit economy is much the same: to ensure that no individual agent
(or predictor) can affect aggregate behavior.

6 A log linear utility example.

In order to evaluate the properties of the system defined by this equilibrium
condition, we specify a utility function so that the Jacobian at the steady
state can be calculated analytically. Let agents’ preferences be given by

U(C?,t, Cf,t) = l”(czy,t) + ln(c;-’,t) (31)
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so that the savings function is

s(pe/h(Pi-1)) = (w¥ — wh(Di-1)/pe) /2
Substituting into the equilibrium condition (30) yields:
pe = $(p7) = 2M/w? + (w° /w? )R () (32)
where h%99(-) represents an aggregate predictor of the future price:
h%99 (p %) = Egln(pit?, 0)h(pi-y,6)]

Allowing for predictors to display steady state bias has reduced the depen-
dence of our substantive conclusions on ad hoc assumptions in two ways.
First, steady state bias allows a form of natural selection to operate at the
steady state.!? Rather than the system being exogenously determined by
how we chose our predictors, its behavior is in part endogenously determined
by the forces of natural selection, which reduce the effects of poor predictors.

The second way in which steady state bias reduces dependence on ad hoc
assumptions is to make h%99(-) much richer than A™¢P(-). The latter depends
only on L lags of p;; the former depends on L +2 lags. So while A"?(-) could
be interpreted as the predictor of an individual agent, h®99(-) cannot: h®99(-)
depends not only on L lagged prices, but also on the previous forecasting
error(s), which depend on additional lags. In addition, h?99(-) can be a much
more complicated function than any of its component predictors h(p¥ ;, 8),
so that in general h%99(-) will not be linear even if A(pf. ;, 8) is linear for all
6. The aggregate predictor can thus induce much richer behavior than any
of the component predictors h(pf_;, 8).

Assumption A4”: The aggregate predictor h®99(-) has no steady state bias,
so that h*99(p,...,p) = p.

Assumption A4” guarantees the existence of a monetary steady state.!®
Note we require only that the aggregate predictor h%99(-) have no steady
state bias, whereas in section 4 we required that none of the individual
predictors h’(-) have steady state bias. This difference has significant con-
sequences. Differentiating (32) with respect to p;—, and evaluating at the

12Recall that without bias, each predictor has an equal weight 7 at the steady state.
13 A steady state may exist under weaker but less compact assumptions. The subsequent
results would still hold.
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Figure 3: Persistence in predictor selection: a=0.3.

\—- Hopf bifurcation.
o |- N
Qo
°
Q
N’
3
dl o -
$=0.01
1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75
3!
Figure 4: Persistence in predictor selection: a=0.6.
\ w——= Hopf bifurcation.
Nm.—
Qo
b-.
NS
O
-} 3

1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75



Figure

Pt

5. 25,000 points in {pi_;.pi} space.

150 200 250 300

100

%0 100 150 200
Pt-1

Figure 6: Complicated

MFE,

o

250 300 350

forecast errors.

a T T
AV,

100

—-100

100 200



Figure 7: Time series for p;.
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Figure 8: Autocorrelogram of forecast errors.
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