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Lecture Notes 2. Hilbert Space Approach to Time Series

The Hilbert space framework provides a very convenient language for discussing
the relationship between various random variables. Collections of random variables are

called stochastic processes; in common usage stochastic processes usually are indexed by

time. We focus on the case of a scalar stochastic process {xt} wheretis an integer. We
assume that this process is zero-mean and second order stationary, which means htat the
autocovariances between x_;and x, do not depend on t. Formally, E(x)=0 and
E(xx%_;)=0(]) <.

For random variables such as the elements of the stochastic process x, , the natural

notion of inner product between two elementsis the covariance,
X% ) =E(xx ) (2.2)

which means that the associated norm measures the standard deviation,

1/2

I%J=E(x¢?) (2.2)

One can generate a Hilbert space around the sequence. {X,X ;X _,...f. What

this means is that one forms a space by taking these elements, adding all linear

combinations of the elements, all limits of the linear combinations, etc. We denote this

Hilbert space as H,(x). The entire history of the stochastic process from —o to o

generates H, (x). By construction, H,_, (x) = H,(x).



The general properties of Hilbert spaces described in Lecture 1 allow one to

characterize the linear structure of H, (x) inwaysthat are very useful. First, observe that

by the Hilbert space decomposition theorem, one can decompose H, (x) so that
Ht(x): Ht—l(x)@Gt (2.3)

where G, is another Hilbert space. The dimension of this Hilbert space is either O or 1.

This is so because the Hilbert space G, must be spanned by the single random variable
that is the difference between x — proj(x |H, ;(x)) where proj(x|H,,(x)) is the
projection of x, onto H,,(x). To say the space G, has dimension 0 means that

X € Hy,(x),i.e var(xt = proj(xt‘Ht_l(x))):O.

If one again applies the Hilbert space decomposition theorem, one has

H, (x)=H_,(x)®G_ &G, (2.4)

Here G, is spanned by x.,—proj(x_4|H, ,(x)). One can of course repeat this

decomposition any number of times. The G, spaces are by construction mutually

orthogonal.
Notice that it is not the necessarily the case that the G,’s may be used to

reconstruct H, (x). The reason for this is each space is constituted by elements that
appear in the space H,_;(x) but not in the space H,_; ,(x); if there are elements that
appear in every member of the sequence H,(x),H,,(x) ..., they will not appear in any
of the G,’s. Elements that are common to al of the H,(x)’s form a Hilbert space as

well. Formally, this space is defined as

H_ (x)= (T H,(x) (25)



The Hilbert space generated by current and past X 's can therefore be

decomposed as

H, (x)=G,®G_ ®..®H_,(x) (2.6)

This decomposition is the basis for two fundamental theorems in time series analysis,
each due to Herman Wold; his 1948 article is still worth reading. Rozanov (1967) is a
deep treatment; | find Ash and Gardner’s (1967) discussion to be especialy useful.

Theorem 2.1. Wold decomposition theorem |

Any weakly stationary zero mean, weakly stationary process x, may be decomposed as

X, = Xy + Xy (2.7)
where
x, € G,®G DG ,9... (2.8)
and
Xy € H_,(X) (2.9

In this decomposition, x, is called the indeterministic component and x,, the
deterministic component of x, . The terms refer to whether the components may be

perfectly predicted from the past. When a time series contains a nontrivial
indeterministic component, the time series itself is said to be indeterministic. If the

process does not contain a deterministic component, it is purely indeterministic.



What ae examples of deterministic components? One possibility
isx, = cos(wt+8)where 6 isuniformly distributed on [-7,z]. From the perspective of
prediction of atime series given its past, the term x,, may be done from information in

the arbitrarily distant past.
The second Wold Theorem characterizes the linear structure of the indeterministic

part of atime series.
Theorem 2.2. Wold decomposition theorem ||

If x, isapurely indeterministic, zero-mean, weakly stationary process, then there exists a

representation such that

X, :Zajg‘ﬂ' , o =1 (2.10)

where ¢ €G, and o; =0 Vj. D @ ; isrefered to as the fundamental moving
j=0

average (MA) representation of x, and is unique.

Pf. Since H,(x)=H_,(x)®G,, by construction G, is a Hilbert space of maximum
dimension 1. If the dimension is zero, then H, (x)=H,,(x) and the process is not

indeterministic, which contradicts our assumption that the process is purely

indeterministic. Since the process is indeterministic, one may find an element &, in G,
such that the projection of x onto G, is ¢,. Since this element spans the space, one can
now treat the space as G, (¢). For the spaces G,_; (j>0), one can find an element in

each of them, denoted as ¢,_;, whose variance equas that of &; each ¢ _; spans its

,J’ ’
respective space. (This argument is cumbersome, but allows one to think about the G, 's

as generated by certain random variables) Since x, is purely indeterministic,



H,(x)=G,(¢) ®G_,(¢)®... Letting proj(xt‘GH. (¢)) denote the projection of x, onto

G,_;(¢), by the Hilbert space projection theorem

X =2 Proj(x |G () =X ae., (2.11)
j=0 j=0

where the second equality follows from the construction of the ¢,’s. This verifies the

theorem, except for unigueness.

To prove uniqueness, suppose that there existed another MA representation

X = &, For this to be the case, the variance of > B, - > a,&_; must equal
j=0 1=0

=0

zero since by assumption the parts of the expression are the same. The variance of this

expression equals 67 (a; - B, )2 , which equals zero iff o, 5, =0V j .
=0

What is meant by the term fundamental in the description of the moving average

representation? Many different orthogonal processes may be used to generate a given

time series. Intuitively, there is an infinity of ways to orthogonalize Ht(x). The

fundamental representation is based on one particular orthogonalization. The

associated e, ’s are unsurprisingly called fundamental innovations or errors; as far as |

know the term is taken from Rozanov (1967).

There is an equivalence between the stochastic process x, and the stochastic

processe, that are used to generate the fundamental moving average representation.

Theorem 2.3. Equivalence between the Hilbert space of a time series and its

associated fundamental innovations.

Let H,(e) denote the Hilbert space generated by &,,¢, ..., the fundamental moving

average components of a zero-mean, weakly stationary process x,. Then H, (&) =H,(x).



Pf. Thisisleft asan exercise.

Finally, we consider the question of how to optimally predict a time series given

its history. Let X denote the projection of x onto H,_;(x). This projection is
important in that it is also the solution to the linear prediction problem for X, relative to

theinformation set H_; (x).*
Theorem 2.4. Optimal linear predictor.

The projection x,, ; isthesolutionto min,,, ) E(x, -y

Pf. Let £ solve the minimization problem. The prediction error equals &, + Xy ~£.

2

The variance of thisterm will equal o? O

¢ Since ¢ isorthogonal to X, ~&. This

variance must exceed o’ unless Xt —& is zero. Uniqueness of the projection then

verifies the result.

This theorem implies that &, isthe forecast error associated with the optimal (in a
minimum variance sense) forecast of x, given the information set H, ,(x) . Hence, one

can think of atime series as aweighted average of current and past forecast errors. Thisis
intuitive since these forecast errors revea aspects of the process that are realized each
time period.

From the perspective of the Wold theorems, the moving average representation of
atime series is the natural way of thinking about its underlying linear structure; much of

time series analysisis based on thisidea.

1This theorem is actually an implication of the general result on the relationship between
Hilbert space projections and certain minimization problems described in Lecture Notes
1.
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