
The Multinomial Probit Model and Classical Simulation Meth-

ods

There are many versions of the Multinomial Probit Model.

I assume you remember what we talked about in the discrete chice hand-
out.

Let Uij = X ′
iβj + εij be individual i′sutility from choosing alternative j

for i = 1, ..., n; j = 1, ...J.

W might have a unique β that does not change with each alternative,
X ′s that change with each alternative not only with each individual and
so on.

Individuals are utility maximizers and so choose

Di = arg max
j∈{1,..,J}

{Uij}

so Di ∈ {1, 2, .., J} is the choice made by each individual.

Data consists of pairs {Di, Xi}n
i=1 .



Multinomial probit because we assume that

εi|Xi ∼ N (0, Σ) . (1)

Identi�cation

Well known identi�cation problem in this model (see discrete choice
handout).

Utility levels are irrelevant - could add a positive constant to all utilities
and results are the same � and so are utility scales � could multiply all
utilities by a positive constant.

Suppress the i index for the individual. De�ne

Vj\k = Uj − Uk

= Xi (βj − βk) + εj − εk.

Need a normalization.



Only recover di�erences in the β′s so we need to normalize β to zero in
one of the alternatives, say on alternative J so everything is measured
relative to βJ = 0.1

What about normalizations on scales and recovering Σ from (1).

Call the parameters in Σ

Σ =


σ11 σ12 ... σ1J

σ22 ... σ2J

... ... ...
σJJ


the �structural� parameters.

1Of course, if there are exclusions those are identi�ed. That is, if there are variables

that enter some equations but not other equations then those require no normalization

since their β would be identi�ed from the di�erence with respect to choices where

they are excluded.



We work with di�erences with respect to, say, the J option, what we
have is


V1\J

V2\J

...
VJ−1\J

 ∼ N (0, ΩJ)

where

ΩJ =


ω11\J ω12\J ... ω1J−1\J

ω22\J ... ω2J−1\J

... ... ...
ωJ−1J−1\J

 .



Need to normalize the scale of utility? Take the simple 3 choice case,
then,

Pr (D = 1|X) = Pr
(
V1\3 > 0 ∧ V1\3 − V2\3 > 0

)
= Pr

(
V1\3

ω11\3
> 0 ∧

V1\3 − V2\3

ω11\3
> 0

)

By multiplying by a positive constant (in this case ω11\3) we generate
exactly the same model.

Pick some scale normalization, say ω11\3 = 1.

We can estimate the model and identify β (up to normalization) and ΩJ ,
where the choice of J is arbitrary and, up to this point, irrelevant.



If all we are interested in is estimating the multinomial probit and we do
not care about recovering the structural parameters (say I only want to
be able to predict the probabilities for example), the analysis stops here.
I just gave you an identi�ed version of the model.

We can even change it to

Uij = X ′
ijβ + εij

i = 1, ..., n; j = 1, ...J

which would still be identi�ed assuming ω11\J = 1. Or we could write

Uij = β0j + X ′
ijβ + εij

i = 1, ..., n; j = 1, ...J,

which would be identi�ed up to ω11\J = 1 and one intercept, say β0J = 0.



Here identi�ed means I can recover the β′s up to normalization and I
can recover the ΩJ matrix, which is relative to the alternative we pick
to use as our baseline.

We have said nothing about recovering Σ.

The MCMC version of the multinomial probit proposed by McCulloch,
Rossi and Polson (2000) seems to be the leading alternative for this type
of analysis.



Classical Simulation Methods

Suppose that you want to estimate the multinomial probit with the in-
formation I just gave you and that is it.

As long as the number of choices is small we might actually consider eval-
uating the multivariate normal integrals required to form the likelihood
and then apply maximum likelihood.

A second alternative, specially attractive when the number of choices
gets big, would be to come up with some simulator for the probabilities.

A �crude� Monte Carlo simulator suggests itself. Why not, instead of
the �true� probability, take a quasi-random sample of size S from

(
ε1 − ε3

ε2 − ε3

)
∼ N (0,Ω3)

then form V
(s)
i,1\3, V

(s)
i,2\3 and count the number of times the event V

(s)
i,1\3 >

0 ∧ V
(s)
i,1\3 − V

(s)
i,2\3 > 0 happens.



With this form a simulator

pi,1 =
1
S

S∑
s=1

1
(
V

(s)
i,1\3 > 0 ∧ V

(s)
i,1\3 − V

(s)
i,2\3 > 0

)
and use it in the maximum likelihood procedure.

Estimators where I use some unbiased simulator (not necessarily the
crude Monte Carlo simulator) to estimate the MLE are, for obvious rea-
sons, called MSL (for Maximum Simulated Likelihood) estimators.

There are some things we need to discuss before using them.



1. Wewant the simulator to be continuous and di�erentiable (�smooth
enough�) on the parameters to use traditional gradient methods,
and this crude monte carlo frequency simulator is not (plus it has
horrible properties on the boundaries).

2. We need an unbiased simulator of the true probability so we can
then write theorems about convergence of methods using them.

3. We need to simulate a sample of size S and then keep it con-

stant during the whole procedure, otherwise the objective function
becomes in�nitely jumpy, we cannot write convergence theorems
about it and numerical methods will simply not work. That is we
do not resample every iteration .

4. Wewant to have a sample S for each individual, not reuse the same
ε(s) for all individuals. This last conditions makes convergence of
the algorithm faster.



Maximum Simulated Likelihood

If we de�ne the log-likelihood as

L (θ) =
n∑

i=1

lnP (Yi|θ) =
∑

i

lnPi (θ)

then the maximum likelihood estimator is de�ned as

θ̂MLE = arg max
θ∈Θ

∑
i

lnPi (θ) .

Let P̂ be an unbiased simulator of the true probability. Then, we de�ne
the MSLE as

θ̂MSLE = arg max
θ∈Θ

∑
i

ln P̂i (θ) .



Talk about the properties of the MSL estimator without proving them
otherwise we won't have time to talk about simulators.

Proofs can be found in, for example, Gourieroux and Monfort's �simula-
tion based econometric methods�.

The main issue with MSL is the ln transformation.

By assumption, we have an unbiased estimator of Pi (θ) .

However, even though ES

(
P̂i (θ)

)
= Pi (θ) (where the expectation is

over the draws used in the simulation), ES

(
ln P̂i (θ)

)
6= ln Pi (θ) .

This bias in the simulator in terms of logs generates a bias for the MSLE.



We can summarize the properties of MSL as:

1. If the number of simulations S is �xed, then θ̂MSLE is neither
consistent nor asymptotically normal.

2. If the number of simulations S grows at the same rate that n
does (any rate), then θ̂MSLE is consistent but not asymptotically
normal.

3. If the number of simulations rises faster then θ̂MSLE is consistent,
asymptotically normal and asymptotically e�cient (i.e., asymptot-
ically equivalent to MLE).

Other methods have been developed to eliminate the restriction that
MSLE is biased for �xed S. In theory both the MSM and MSS solve
this problem. In practice however...



Method of Simulated Moments

Remember what the method of moments is. I have some moment con-
ditions such that

E0 (K (Yi; Zi) |Zi) = k (Zi; θ0)

The expectation is taken over the true distribution of Y,Z and θ0 is the
true parameter vector of size p and K is of size q.

Let Zi be some matrix function of Zi with size (m, q) with m ≥ q. Then
it follows that

E0Zi [K (Yi, Zi) − k (Yi; θ0)] = 0.

In general, unless m = q this does not have a unique solution and we use
it's empirical counterpart, the GMM estimator which is de�ned as



θ̂GMM (Ω) =

arg min
θ

(
n∑

i=1

Zi [K (Yi, Zi) − k (Zi; θ0)]

)′

Ω

(
n∑

i=1

Zi [K (Yi, Zi) − k (Zi; θ0)]

)

for some Ω (m × m) positive semide�nite matrix.

Classic results: when Ω is chosen optimally I reduce the variance of the
GMM estimator; if the instruments Zi are optimal the MLE and GMM
are asymptotically equivalent.



The method of simulated moments (MSM) is just the simulated coun-
terpart of GMM :

θ̂MSM (Ω) =

arg min
θ

(
n∑

i=1

Zi

[
K (Yi, Zi) − k̂ (Zi; θ0)

])′

Ω

(
n∑

i=1

Zi

[
K (Yi, Zi) − k̂ (Zi; θ0)

])

where k̂ is an unbiased simulator of k.

If I look at the orthogonality condition that de�nes the method of sim-
ulated moments

E0Zi

[
K (Yi, Zi) − k̂ (Yi; θ0)

]
= 0

now k̂ enters linearly so MSM will be consistent even for �xed S!

This is the whole idea behind the MSM , since we have an unbiased es-
timator of k and expectations are linear operators, we avoid the problem
of inconsistency for a �xed S.



But, are we really in such a good shape?

Let's go back to our multinomial probit example. In this case the method
of moments estimator would be the one that solves

∑
n

∑
j

Zij (dij − Pij (θ)) = 0

where dij is an indicator that takes value 1 for individual i if option j
is chosen and zero otherwise. Pij (θ) is the probability that individual i
picks option j and Zij is this vector of exogenous variables or instruments.

If we substitute we get the MSME as the θ that solves

∑
n

∑
j

Zij

(
dij − P̂ij (θ)

)
= 0.

P̂ij (θ) enters linearly (there is no log transformation) so we avoid the
problem that MSL has since there is no simulation bias on the estimated
condition.



That is MSM is consistent even when the number of simulations is �xed.

That is not to say that the number of simulations does not matter. The
variance of the estimator depends inversely on S. In fact, as S → ∞
the MSM estimator becomes asymptotically equivalent to its method of
moments counterpart.

Remember GMM is less e�cient than MLE unless the ideal instruments
are used.

However, the ideal instruments are a function of lnPi (θ) since they come
from realizing that MLE can be written as the solution to:

∑
n

∑
j

(dij − Pij (θ))
∂ lnPij (θ0)

∂θ
= 0.

So, we can either use MSM with non ideal instruments and have a big
variance (i.e., an ine�cient estimator) or we can use MSM simulating
the ideal weights and have an inconsistent estimator again.



The third option is to try to come up with a way of using the optimal
instruments and solve the log transformation problem.

Method of simulated scores does this but it requires estimates of deriva-
tives so it behaves very poorly and essentially nobody uses it.

Conclusion about classical simulation methods

Pick your venom.

I'll stick with the intuitive notion on MSL but feel free to experiment
or, better yet to �gure out a way out of this problems.



Identi�cation, part 2.

What if one wants to recover the original covariance matrix Σ?

If I take the original matrix Σ and premultiply it by an identity matrix of
size (J − 1) with a column of −1's inserted in the jth place I can recover
Ωj .

That is, if I de�ne a (J − 1)× J matrix M (sometimes called the design
matrix) as

M =


1 0 ... −1 0 ... 0
0 1 ... −1 0 ... 0
0 0 ... −1 1 ... 0
... ... ... ... ... ... ...
0 0 ... −1 0 ... 1


where the columns jth column is a column of −1's; then Ωj = MΣ.



Take a 3 choice model with di�erences with respect to the third alterna-
tive. Then

ω11\3 = σ11 + σ33 − 2σ13

ω22\3 = σ22 + σ33 − 2σ23

ω12\3 = σ12 − σ13 − σ23 + σ33,

Now, just by counting knowns and unknowns we can see that we can-
not recover all of the elements of Σ from the elements of Ωj even after
normalizing ω11\3 = 1.

In a model with J alternatives and an unrestricted covariance matrix
Σ we will have [J−1]J

2 covariance parameters identi�ed (up to the scale

normalization) from Ω3 compared to the [J+1]J
2 .



This reduction in the number of parameters is not a restriction. It
is a normalization that eliminates irrelevant aspects of the covariance
matrix, namely the scale and level of utility. Only the 2 free elements of
Ω3 contain information about the variance and covariance of the errors
independent of scale and level.

It does not mean that the normalizations we are going to have to impose
on Σ to recover its parameters are not restrictions.

They have to be, we are trying to get information where there is none.

They do not need to be arbitrary restrictions, they can be driven by
economic theory.



Theory may state that the utility in one of the alternatives is a constant
so I can arbitrary pick its level (say normalize U3 = 0) so that

Σ =
(

σ11 σ12

σ22

)
In this case, the remaining parameters of Σ correspond exactly to what
we estimate from Ωj (this means that, since we still need to normalize
ω11\3 = 1 we are normalizing σ11 = 1) and so you will see this is a very
common normalization.

Here is another possible, normalization

Σ =

 1 1 σ13

1 σ23

... 1

 .

With this normalization, we can still identify Σ from Ω3 but there is a
numerical problem. There is no reason why the Σ we get out of

this will be positive de�nite.



There is another numerical problem I will just mention here and explain
latter. We can not only form Ω3, I could also form Ω2 and Ω1, how do
guarantee that they are all consistent amongst themselves (this will be
important when designing an algorithm).

Instead of working with the covariance matrix let us work with something
that will prove useful when designing the GHK simulator: the Cholesky
decomposition of the matrix.

Remember the cholesky decomposition of a matrix A is de�ned as the
lower triangular matrix B such that

A = BB′.

Now, impose the normalizations in terms of the Cholesky decomposition,
estimate the parameters of the Cholesky decomposition and then from
it form our covariance matrix.



Aha! we solved our problem. Since the covariance matrix will be a
quadratic form it will be positive de�nite! Since they will all come
from the same Cholesky decompositions all of our Ωj will be consistent
amongst them.

The GHK simulator

Widely used simulator for multivariate probabilities.

It works with utility di�erences and starts by substracting the utility of
the choice person i makes.

That is, for each person, we will rede�ne the model in terms of the utility
of the state they actually chose (i.e., each individual will have a design
matrix Mj where j is the alternative chosen by the individual).

Let's start with the 3 choice model and proceed from there. Suppose you
have an individual i who picks alternative 1 and we normalized β1 = 0.
So, we write



V2\1 = Xβ2 + ε2\1

V3\1 = Xβ3 + ε3\1

and (
ε2\1
ε3\1

)
∼ N (0, Ω1) = N (0,M1ΣM ′

1) .

Let Ω1 = L1L
′
1.Then, we can write(

ε2\1
ε3\1

)
=

(
l11η1

l21η1 + l22η2

)
where η1, η2 are iid N(0, 1) variables.

The utility functions can now be expressed as

V2\1 = Xβ2 + l11η1

V3\1 = Xβ3 + l21η1 + l22η2.



The probability of picking alternative 1 is

Pr
(
V2\1 < 0 ∧ V3\1 < 0

)
= Pr (Xβ2 + l11η1 < 0 ∧ Xβ3 + l21η1 + l22η2 < 0)
= Pr (Xβ3 + l21η1 + l22η2 < 0|Xβ2 + l11η1 < 0) Pr (Xβ2 + l11η1 < 0)
= Pr (Xβ3 + l21η1 + l22η2 < 0|Xβ2 + l11η1 < 0)

= Φ
(
−Xβ2

l11

) ∫ −Xβ2
l11

−∞
Φ

(
−Xβ3 − l21η1

l22

)
φ (η1) dη1

We can approximate it by a Monte Carlo integral realizing that the �rst
integral is just the integral of a truncated normal.

We can apply this same principle for any number of choices so, for a gen-
eral J choice model, the GHK simulated probability that an individual
picks 1 is given by



1. Calculate Φ
(
−Xβ2

l11

)
2. Draw a value for η1 from a truncated normal truncated at −Xβ2

l11
.

Call this value η
(s)
1 .

3. Calculate Φ
(

−Xβ3−l12η
(s)
1

l22

)
4. Draw a value for η2 from a truncated normal truncated at

−Xβ3−l12η
(s)
1

l22
.

Call this value η
(s)
2 .

5. Calculate Φ
(

−Xβ3−l13η
(s)
1 −l23η

(s)
2

l33

)
6. And so on ...

7. The simulated estimated probability for this draw s is

P̂
(s)
ij = Φ

(
−Xβ2

l11

)
Φ

(
−Xβ3 − l12η

(s)
1

l22

)
Φ

(
−Xβ3 − l13η

(s)
1 − l23η

(s)
2

l33

)
...



8. Repeat steps 1 through 7 S times.

9. Form

P̂ij =
1
S

S∑
s=1

P̂
(s)
ij .

A Full 3 Choice Example

We have

Ui1 = X ′
iβ1 + ε1

Ui2 = X ′
iβ2 + ε2

Ui3 = X ′
iβ3 + ε3.

where

εi ∼ N (0, Σ) .



The GHK simulator estimates the parameters in Ωj depending on the
choice made by the individual! This is what we meant by consistency
between the estimated Ωj they should all give me the same Σ.

How am I going to do that? Let Σ = GG′ so we can write

Σ =

 g11 g11g12 g11g13

g2
12 + g2

22 g12g13 + g22g23

g2
13 + g2

23 + g3
33


and impose

G =

 1 0 0
1 1 0

g23 g33 1

 .

This is equivalent to imposing



Σ =

 1 1 g13

2 g13 + g23

g2
13 + g2

23 + 1


where g12 = 1 comes from imposing ω11 = 1.

With this we take care of all our normalizations.

We can form any of our design matrices required by the GHK algorithm
from the fact that we know Ωj = MjΣM ′

j or, in other words that Lj =
MjG.

By imposing our normalizations in G we guarantee that all of our Ωj

will be consistent.

Since all the covariance matrices will be products of two matrices they
will all be positive de�nite.

So it is just a matter of applying our algorithm. Normalize β3 = 0.

For those individuals who chose alternative 1 we form L1 = M1G.



Then apply GHK for them using L1 and get P̂i1.

I do the same for individuals who chose 2 and for individuals who chose
3.

Now, I am free to pick the method I want. If I pick MSL then maximize

n∑
i=1

3∑
j=1

1 (Di = j)
(
P̂ij (θ)

)
and I am done.


