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Abstract

Productivit y dispersion across rms is large and persistert, and worker reallocation among
“rms is an important sourceof productivit y growth. An equilibrium model of growth and “rm
ewlution designedto clarify the role of worker reallocation in the growth processis studied.
We show that it explains the correlations between size measuresand labor productivit y found
in Danish 'rm data. Conditions under which the reallocation of workers from lessto more
productive ‘rms cortribute to aggregate productivity growth in the econony modelled are
derived. Finally, a proof of existenceof an equilibrium solution to the model is also provided.
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1 Intro duction

In their review article on rm productivit y, Bartelsman and Doms (2000) draw three lessonsfrom
empirical studies based on longitudinal plant and rm data: First, the extent of dispersion in
productivit y acrossproduction units, rms or establishmers, is large. Second,productivit y rank
of any unit in the distribution is highly persistert. Third, alarge fraction of aggregateproductivit y
growth is the consequencef worker reallocation across rms.

Although the explanations for productive heterogeneiy across rms are not fully understood,
economicprinciples suggestthat its presenceshould induce worker reallocation from lessto more
productive rms aswell asfrom exiting to entering rms. Indeed, more productive employersshould
have a pro t incertive to expand production. There is ample evidencethat workers do °ow from
one rm to another frequertly. As Davis, Haltiw anger,and Schuh (1996) and others documert, job
and worker °ows are large, persistert, and essetially idiosyncratic in the U.S. Recerily, Fallick and
Fleischman (2001) and Stewart (2002) nd that job to job °ows without a spell of unemployment
in the U.S. represen at least half of the separationsand is growing. In their analysis of Danish
matched employer-employeelD A data, Frederiksenand Westergaard-Nielsen(2002) report that the
averageannual establishmert separation rate over the 1980-95period was 26%. About two thirds
of the out’ow represeits the movemen of workers from one rm to another.

This paper starts with the obsenation that there is no correlation betweenlabor force sizeand
labor productivit y in Danish rm level data but a strong positive assaiation betweenvalue added
and labor productivity. These relationships are inconsistert with a standard competitive model
with TFP di®erencesacross rms. In this paper, we show that an extension of the alternative
model developed by Klette and Kortum (2004) can explain the facts. Their model was designedto
be consistent with stylized facts about product innovation and its relationship to the dynamics of
“rm sizeewlution. Becauseit is basedon the endogenougrowth model of Grossmanand Helpman
(1991), our amendedversion also o®erspossibleinsight into the role of worker reallocation as a
sourceof equilibrium productivit y growth.

In the model, rms are monopoly suppliers of di®ereriated intermediate products that serwe

asinputs in the production of a nal consumption good. Cheaper and better quality products are



introduced from time to time asthe outcome of R&D investmert by both existing rms and new
entrants. As new products and servicesdisplaceold ones,a processof creative destruction induces
the needto reallocate workers acrossproductive activities engagedin by rms. In the version of
the model studied here, better products and servicesrequire lesslabor input per exciency unit and
a rm's current productivit y can depend on the number and quality of its past product innovations
in general.

As a theoretical result, we shav that more productive rms, those that have developed higher
quality products in the past, tend to grow larger by developing more product lines in the future
only if a rm's future product quality is positively correlated with those developedin the past. Con-
versely if the expected quality of any future product line is identical across rms, then investmert
in R&D is independert of a rm's current productivity. Interestingly, the qualitativ e relationship
between employment size and labor productivit y is ambiguousin the rst caseand is negative in
the secondbecauseinnovations are labor saving in the model. However, more productive rms can
be expectedto develop more product lines and enjoy larger salesvolume if persistert di®erencesn
the quality of intermediate products and servicessupplied exist. If more productive rms do grow
faster in this sensethen aggregateproductivit y growth re°ects the fact that workers °ow from less
to more productive employers as well as from exiting to entering rms. Finally, we prove that an
equilibrium solution exists to the model when there are persistert di®erencesn rm productivit y.

The remainder of the paper is organized as follows: In the Section 2, we take a brief look at
the correlations betweenvalue added and employment found in Danish rm panel data. The third
section describesthe model. The conceptof an equilibrium solution to the model is de ned and a
proof of existenceis provided in the fourth section. The implications of the model for aggregate
labor reallocation are reviewed in the Section5. The paper concludeswith a brief statemert of the

results found in the paper and discussionof future work.
2 Danish Firm Data

Danish rm data provide information on productivit y dispersion and the relationships among pro-

ductivit y, employment, and value added. The available data set is an annual panel of privately



Figure 1: Value Added per Worker PDF. Privately Owned Danish Firms. 1992.
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Note: N is the full time labor force size equivalent. N is the standardized full time labor force size
equivalent. The shaded areasrepresert 90% con dence bounds.

owned rms for the years1992-1997drawn from the Danish BusinessStatistics Register. The sam-
ple of approximately 6,700 rms is restricted to those with 20 or more employees. The variables
obsenedin ead yearinclude value added(Y), the total wagebill (W), and full-time equivalent em-
ployment (N). In this paper we usetheserelationships to motivate the theoretical model studied.
Both Y and W are measuredin 1; 000 Danish Kroner while N is simply a body count.
Non-parametric estimates of the distributions of two alternative measuresof a rm's labor
productivit y are illustrated in Figure 1. In ead case,the middle line represerts point estimates
and the upper and lower ones denote the boundaries of a 90% con dence interval. The rst
measureis value added per worker (Y=N) while the secondis valued added per unit of quality
adjusted employment (Y=N"). The rst measuremisrepreseims cross rm productivity di®erences

to the extent that labor quality di®ers across rms. Howewer, if more productive workers are

compensatedwith higher pay aswould be true in a competitiv e labor market, one can use a wage



Table 1: Productivity { Size Correlations.

Employment (N) Adjusted Employment (N®) Value Added (Y)
Y=N 0.0331 0.1397 0.3944
Y=N" 0.0114 -0.0076 0.2618

weighted index of employment to correct for this source of cross rm di®erencesin productive
exciency. Formally, the constructed quality adjusted employment of rm j is de ned as Nj“ =
A :

Wj= . Nj isthe averagewage paid per worker in the market. Although

W;j=w wherew = i

j
correcting for wagedi®erencesacross rms in this manner doesreducedthe spreadand skew of the
implied productivit y distribution somewhat, both distributions have high variance and skew and
are essetially the sameshape.

Both distributions are consistert with those found in other data sets. (SeeBartelsman and
Doms (2000).) For example, the distribution is skewed to the right and very dispersed. In the case
of the adjusted measureof productivit y, the 5" percertile is roughly half the mode while the 95"
percenile is approximately twice as large are the mode. The range between the two representsa
four fold di®erence in value added per worker across rms.

There are many potential explanations for cross rm productivit y di®erertials. A comparison
of the two density estimatesin Figure 1 suggestghat di®erencesn the quality of labor inputs does
not seemto be the essetial one. For example,total factor productivit y di®erencesacross rms can
be expected as a consequencef slov di®usion of new techniques. If technical improvemerts were
factor neutral and output markets were perfectly competitiv e, then one would expect that more
productive rms would acquire more labor and more capital. The implied consequencevould seem
to be a positive relationship betweenlabor force sizeand labor productivit y. Interestingly, there is
no correlation betweenthe two in Danish data.

The correlations between the two measuresof labor productivity with the two employment
measuresand salesasre®ected in value addedare reported in Table 1. As documerted in the table,
the correlation betweenlabor force sizeand productivit y using either the raw employment measure

or the adjusted one is zero. However, note the strong positive assaiate between value added



Figure 2: Value Added per Worker RegressedAgainst Value Added. 1992.
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Note: The shaded areasrepresert 90% bootstrap con dence intervals.

and both measuresof labor productivity. Figure 2 illustrates non-parametric regressionsof value
added on the two productivit y measures.The top and bottom curvesin the gures represen the
boundariesof a 90% con dence interval for the relationship. The positive relationships illustrated
in the gures are highly signi cant.

The theory deweloped in this paper is motivated by these obsenations. Speci cally, it is a
theory that postulates labor saving technical progressof a speci ¢ form. Hence,the apparert fact
that more productive rms produce more with roughly the samelabor input per unit is consistern

with the model.
3 A Mo del of Growth Through Creativ e Destruction

As is well known, rms comein an amazingrange of shapesand sizes. This fact cannot be ignored
in any analysis of the relationship between rm size and productivit y. Furthermore, an adequate
theory must accourt for entry, exit and rm ewlution in order to explain the size distributions
obsened. Klette and Kortum (2004) construct a stochastic model of rm product innovation and
growth that is consistert with stylized facts regarding the rm sizeewlution and distribution. The

model also has the property that technical progressis labor saving. For these reasons,we pursue



their approac in this paper.

Although Klette and Kortum allow for productive heterogeneiy across rms, rm productivit y
and growth are unrelated in their speci cation becausecosts and bene ts of growth are both
proportional to rm productivity. In our version of the model, this outcome is a special caseof
a more general formulation in which productivity is a stochastic characteristic of new products.
Allowing for a positive relationship between rm growth rates and rm productivit y is necessary
for consistencywith the relationships found in the Danish rm data. Finally, the model is one of
dynamic generalequilibrium with important implication about the role of reallocation as a source

of aggregateproductivit y growth.
3.1 Preferences and Technology

Intertemporal utilit y of the represenativ e householdat time t is given by
Z,

U = In Csel i Vds (1)
t

where In C; denotes the instantaneous utilit y of the single consumption good at date t and %
represerts the pure rate of time discourt. Each householdis free to borrow or lend at interest rate
r. Nominal householdexpenditure at datet is E; = P;C;. Optimal consumption expenditure must
solve the di®ererial equation E=E = r¢j Y2 Following Grossmanand Helpman (1991), we choose
the numeraire sothat E; = 1 for all t without loss of generality, which in turn implies ry = Yfor
all t. Note that this choice of the numeraire also implies that price of the consumption good, Py,
falls over time at a rate equal to the rate of growth in consumption.

The quartity of the consumption good produced is determined by the quantity and produc-
tivit y of the econony's intermediate inputs. Speci cally, there is a unit continuum of inputs and

consumption is determined by the production function
Z, Z,
InCy = In(At(j)xe())d = InAc+  Inx(j)d 2)
0 0

where x(j) is the quantity of input j 2 [0; 1] at time t, A¢(j) is the productivity of input j at time
t, and
Z,
InA¢” InAc(j)d
0
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represerts the log o®aggregateproductivit y. The level of productivit y of ead input is determined

by the aggregatenumber of technical improvemens madein the past. Speci cally,
A) =126 6)

where Ji(j ) is the number of innovations madein input j up to datet and g (j) > 1 denotesthe
relative improvemert (step size) in productivity attributable to the i innovation. Innovations
arrive at rate + which is endogenousbut the samefor all intermediate products.

The model is constructed sothat a steady state growth path existswith the following properties:
Consumption output grows at a constart rate while the quartities of intermediate products and
the endogenousnnovation frequencyare stationary and identical acrossall intermediate goods. As
a consequencaf the law of large numbers, the assumptionthat the number of innovations to date
is Poissonwith arrival frequency * for all intermediate goods and the assumptionthat the relative
productivit y improvemen of an innovation is independert of good type and innovation number
imply

Z, Z 1 () Z,
InA¢ + , Inx(j)d = . Ing(j)d + . Inx(j)d

i=1
Zl Zl

HEq+ Inx(j)d; whereEq= Ing(j)d for all i 3)
0 0

In C;

represerts the expected relative improvemen in the productivit y of intermediate goods. In other
words, the rate of growth in consumption and productivit y is the product of the creative-destruction
rate and the expected log of the productivit y improvemert step size induced by the typical new

innovation.
3.2 Firm Comp etition

Each individual rm is the monopoly supplier of the products it created in the past that have
survived to the presen. The price chargedfor ead is limited by the ability of suppliers of previous
versionsto provide a substitute. In Nash-Bertrand equilibrium, any innovator takes over the
market for its good type by setting a limit price just below that at which consumersare indi®erert

betweenthe higher quality product supplied by the innovator and an alternativ e supplied by the



last provider. The price charged is the product of the relative quality and the previous producer's
marginal cost of production.

Labor is the only factor in the production of intermediate inputs. Labor productivity is the
sameacrossall inputs and is set equalto unity. Hence,the limit price p= qw is the product of the
wage cost, w, which represens the marginal cost of production of the incumbent supplier, and the
relative improvemert in the quality of the innovators product, g. Note that there are two equivalent
interpretations of the model. Either the innovator's version of the intermediate good is q times
more productive in the production of the consumption good asjust suggestedor the innovator can
provide the samegood that much cheaper than the incumbert.?!

As total expenditure is normalized at unity and there is a unit measureof product types, it
follows that total revenue per product type is also unity, i.e., px = 1. Hence,product output and

employment are both equalto

1 1
X= —= —: 4
0" wg (4)
and the grosspro t assaiated with supplying the good is
1
1> Y= pxj wx = 1j a>O: (5)

The labor saving nature of improvemerts in intermediate input quality is implicit in the fact that
labor demand is decreasingin q:

Following Klette and Kortum, the discrete number of products supplied by a rm, an integer
denotedask; ewlvesover time asa birth-death processre®ecting product creation and destruction.
In their interpretation, k re°ects the number of the rm's past successef the innovation process
aswell asits current size. New products and servicesare generatedby R&D investmert. The rm's
R&D investmernt °ow generatesnew product arrivals at frequency ° k: The total R&D investmen
cost is wc(° )k where ¢(°)k represerts the labor input required in the researtt and developmert
process. The function c(°) is assumedto be strictly increasing and corvex. According to the

authors, the implied assumption that the total costof R&D investmert is linearly homogenousin

1Giventhe symmetry of demandsfor the di®erert good typesand the assumption that future quality improvemerts
are independert of the type of good, one can drop the good subscript without confusion. Given stationarity of
quantities along the equilibrium growth path, the time subscript can be dropped as well.



the new product arrival rate and the number of existing product, \captures the ideathat a rm's
knowledge capital facilitates innovation."

It should be kept in mind that the number of \pro ducts” provided can be broadly interpreted.
Of course,it includesthe caseof say an auto rm that hasgrown by dewveloping a seriesof di®eren
model lines. In this case,a more productive rm, say Toyota, succeedsdy deweloping higher quality
cars and trucks. But, it alsoincludes a Walmart. In this type of case,the rm producesretail
servicesmore cheaply and grows by replacing lesse+cient retailers in many local markets.

The market for any current product supplied by any rm is destroyed by the creation of a new
version by someother rm, which occurs at the rate +. Below we refer to ° asthe rm's creation
rate and to * as the common destruction rate faced by all rms. As product grossprot and
product quality are one-to-one,the pro ts earnedon ead product re°ects a rm's current labor
productivity. The rm choosesthe creation rate ° to maximize the expected presen value of its
future net prot °ow conditional on information that is relevant for predicting the quality of future

innovations.
3.3 The Value of a Firm

Let the parameter vector p summarize past realizations of ¥ We assumethat this indicator is a
suztcient statistic for the distribution of the next innovation's prot. For example, the product
quality sequencemight be a rst order Markov process,in which casep is the prot on the last
product innovation. Alternativ ely, we might think of the problem asonein which a rm's product
pro tabilit y is initially unknown but can be learned over time by observingthe past realization. In
the normal-normal case,the sutcient statistic is a pair which include both the current estimate of
the mean and its precision. In general, u will be updated in responseto the realized pro tabilit y
of any new product.

Let ! K = (Ya;%; ;%) denotethe rm's vector of prots for the products currently supplied,
let | K1 = (1 K; %) represen the prots of the k + 1 products where ¥, = ¥# and let ! ‘;‘ denote

: k excluding element i 2 f1;:::;kg: In terms of this notation, the current value of the rm is a
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function of its state characterizedby ! ¥ and . It solvesthe Bellman equation

§ ()4‘ n g . —o } 0
GG = max Yei we(P)k+ Tk B Viaa (V0 Wi VG W) (6)

i=1 )

+K %XK Vi 16 1 WG K
i=1

where E f¢jug is the expectation operator conditional on information about the quality of the rm's
future products, Cis the updated value of p giventhe realizedprot of the next innovation, denoted
v% and the optimization problem characterizesthe rm's choice of °. The rst term on the right
sideis current grossprot °ow accruingto the rm's product portfolio lesscurrent expenditure on
R&D. The secondterm is the expected capital gain assaiated with the arrival of a new product
line. Finally, becauseproduct destruction risk is equally likely acrossthe rm's current portfolio,
the last term represens the expected capital loss assaiated with the possibility that one among
the existing product lines will be destroyed. Notice that no information about future pro tabilit y

is gained or lost when a product line is destroyed.

Considerthe conjecture that the solution takesthe following additiv ely separableform

1

Vel = R ™

i=1
That is, suppose that the value of the rm is the sum of the expected presen value of the

‘rm's current products plus the value of R&D activities which depends only on expectations

about the pro tabilit y of future innovations and the current number of product lines. Since

P : ; . . .
Vier (90509 = K A+ % + Ry+1 (19 under the conjecture, equation (6) implies

)<K vz
V)= T TR
i=1 -
X oo -, Ya
= Yo+ kmax °E ——+ R ()i Re(WT i we(?)
i=1, - #
X Ya £ a
it T KRB Rea®

i=1
Becausethe terms on the left that involve the pro ts of the products currently supplied cancelwith

the those on the right, the conjecture holds for any sequenceof functions Ry (l); k = 1;2;::: that
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satis es the functional di®erenceequation
I 1 —> 7 £ o
rR(W) = kmax °E + Rt (101 R i we(®) i kK R i R (W) (8)

+ +

In words, the return on the value of the R&D departmert is the expected gain in future prot
assiated with the next innovation plus the expected capital gainsand lossego the R&D operation
assaiated with the possibility of product creation and destruction. In general,theseterms are non-
zerobecausea new innovation changesexpectations about the pro tabilit y of any future innovation
and becausea changein scalea®ectsfuture returns to and costs of R&D.

Note that equation (8) can be rewritten as
8 h p Zi 9
o SUE  Ren( W)+ 2R 1)
k() = kmax. r+ (£+ °)k ;o

Becausethe right hand side satis es Blackwell's suzcient conditions for a cortraction that maps
the set of non-negative functions de ned on the product of the non-negative reals and non-negative
integersinto itself, a unique solution exists. If the uncertain pro t of the next future innovation, yp
is stochastically increasingin expected pro tabilit y as summarizedby , the unique solution is an
increasingfunction of u for every value of k by a similar argument. Furthermore, the fact that the
right hand side is strictly increasingin k, Ry+1 (19, and Ry 1(1) alsoimplies that the contraction
maps the functions increasingin k into itself. In sum, the solution has the properties p°> p)
Re(H) , Ri(W) and Re+1 (W) > Ry(W):

As an implication of (8), a rm's optimal product creation rate maximizes the expected net

return to R&D activity:

n g i ¢ o
argmax °E Vier (Y00 i V@G S i we(®)
o - Y,
argmax °E —— + R () R | we(®) (©)

(0]

)
1

1

+ =+

By implication, a rm's expected growth rate, the di®erencebetweenthe chosencreation rate °
and the market determined destruction rate %, is independert of the rm's current productivit y and
sizeif the pro tabilit y of the next innovation is independert of past realization of product quality.
When past suaesseshave no consequene for future prospects, there is no incentive for rms that

are currently more productive to grow faster and to become larger.
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4 General Equilibrium

In this section, we complete the speci cation of a generalequilibrium model and establish that it
has a solution in the special caseof deterministic heterogeneiy in productivity. As a corollary of
the existenceproof, we also nd that the equilibrium is unique in the homogenousproductivit y

case.
4.1 Product Creation

We restrict the analysisto the caseof deterministic heterogeneiy. Namely, assumethat the prof-
itabilit y of the next innovation is % with probability one given that Yis the prot per product of

those currently supplied. Sincep” %ain this case,
Y2 U 1 Y4
o Ya . £ a
rRk(¥) = kmax st R (i Re(¥) i we(®) + 2K Ry 1( i Re(¥)

r+

from (8), it follows that the solution for R¢ (%) is proportional to k. Namely, Rx(¥) = k¢ R(%)

where by substitution
T T Y

(r+9eR() = max ° - 7 v ORE) i we) (10)

is the value of R&D per product line for a rm of type Yaand the optimal creation rate choiceis

Y 1 % Ya Y

1, Yai wce(®)
°(¥) = argmax ° +¢CR j wc(° = argmax ———=
(*3 g°,o r+ % : ) g°,o r++j °

(11)

where the secondequality is obtained by using (10) to eliminate ¢ R on the left side.
>Fom equation (9), aninterior solution for the rm's creation rate choice,denoted® (¥); satis es

the following rst order condition:

we®) = (12)

Y Yaj we(°
¢ +¢R(1/4)=max4'7(o)
r++ 0 I+ %

Obviously, the optimal creation rate is a strictly increasing function of the rm's prot rate. We
conjecture that a similar conclusionholds when expected pro tabilit y is positively correlated with

past realizations but we don't have a formal proof.
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4.2 The Distribution of Firm Size

As the setof rms with k products at a point in time must either have had k products already and
neither lost nor gained another, have had k i 1 and innovated, or have had k + 1 and lost oneto
destruction over any suzciently short time period, the equality of the °ows into and out of the set

of rms of type %with k > 1 products requires
(ki DMy 1(¥) + Hk+ DM (V) = (° + HkMy(Y)

for every Yawhere M (%) is the steady state massof rms of type ¥athat supply k products. Because
an incumbent dieswhen its last product is destroyed by assumption but entrants °ow into the set

of rms with a single product at rate “,
Ay + 2eMa(¥) = (° (A + YM1()
where A(¥) is the fraction of the new ertrants that realize prot ¥ Births must equal deaths in

steady state and only rms with oneproduct are subject to death risk. Therefore, A(Y)" = M 1(¥)

and
ﬂki 1

irine M
ki1l A °
M = S0 2o my o = 200 (19
by induction.
The sizedistribution of rms conditional on type can be derived using equation (13). Speci -

cally, the total rm massof type Yis

)4‘ Al ’ )4 1“0 1 1Tkil
ME) = my= T
k=1 ﬂ_ k=1 -
. )

£ 5% M
if “nite. Hence,the fraction of type ¥ rm with k product is

3 K

1 °(™
Mk(lﬁ) _ k3 + (14)
M (¢ +
D iy

This is the logarithmic distribution with parameter0< °(¥)=+< 1 which is the ratio of the type's
creation rate to the market wide rate of destruction.? Consistert with the obsenations on rm size

distributions, that implied by the model is highly skewed to the right.

2This result is in Klette and Kortum (2004). We include the derivation here simply for completeness.
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The conditional mean of the distribution,
° (%)
X kM (Y) _ FZ( -

1
e MO iy

Efkjyg =

is increasingin ° (4. Formally, because(1 + a)In(1+ a) > a> 0; the expected number of product

produced increasingin rm pro tabilit y

@tivg_ M aramnaramiay’  #m
@: (1+aM) In*l+a)  (xi °()°

wherea(¥) = °(A=(xi ° (%)) if and only if °q¥) > 0.

(15)

This result is indeed consistert with the positive correlation betweenthe value of labor pro-
ductivity, p= wg= w=(1i ¥j; and value added, as re°ected in the number of products supplied,
obsened in the Danish data. Furthermore, the relationship betweenthe expected labor force size,
which is [(1j Y3=w+ c(°)]Efkj¥g, and productivit y is ambiguous becausethe demand for labor
to produce inputs of higher productivity is smaller. Hence, the model also explains the lack of
correlation betweenlabor force size and productivit y reported in Table 1.

When permanert di®erencesn product quality exist across rms, workers move from lessto
more pro table surviving rms aswell asfrom exiting to entering rms. This selectione®ectcan be
demonstrated by noting that more pro table rms are over represened (relativ e to their fraction
at entry) amongthosethat produce more than oneproduct and that this "selection bias" increases
with the number of products produced. Namely, the di®erencebetweenthe steady state value and

the value at entry of the massof rms of a given type relative to any other,

Med) Ach) _AA eemt T )
M( ~ A A °(1 '

is positive and increasingin k when for more pro table rms, i.e., when¥9> v,
4.3 Firm Entry and Labor Mark et Clearing

The entry of a new rm requiresan innovation. The cost of ertry is the expected cost of the R&D
e®ort required of a potential entrant to discover and dewvelop a new successfulproduct. Hence,
if a potential entrant obtains ideas for new products at frequency h per period, the expected

opportunity cost of her e®ort per innovation is w=h, the expected earnings forgone during the

15



required period of R&D activity. As no entrant knows the pro tabilit y of its product a priori but
all know its distribution by assumption, new rms enter if and only if the expected value of a new
product exceedsthe cost. Assuming that the condition holds, the endogenousequilibrium product
destruction rate, #, adjusts though ertry to equate the expected cost and return. The equality of

the expectedreturn and cost of ertry require that

Y

)
i X Yai we(®) .
ViiA = max AWC) gy

17
Ya y 0 THE )

ol

from equations (7) and (12).3
Becausethe new product arrival rate of a rm of type Y with k products is ° (¥4k and the
measure of such rms is My (%) and the total mass of products is xed, the aggregaterate of

creative destruction is the sum of the entry rate and the creation rates of all the incumbents. That

is
X )4 X A s )4 lJ’o ﬂkil
= T+ (kM (g =~ + °(1/1)A(1f) “
A Ya k=1 Ya I - k=1 -
X X o(pA ' X A
= e VA T T PO
" v, + i °() , i ()

P
where the secondequality follows from (13) and the third is implied by the fact that , A(*j = 1
and the convergenceof the in nite sum. Using the assumptionthat the measureof rms is unity,

a direct derivation of the samerelationship follows:

X X X Ay R l‘J‘°1ﬂki1 X A3
Ya k=1 Ya - k=1 - Ya =1

provided, of course,that the aggregaterate of creative destruction exceedsthe creation rate of
every rm type,i.e., +> °(%) for all % Below, we will seeka equilibrium solution to the model
that satis es this property.

There is a xed measureof available workers, denotedby L, seekingemployment at any positive
wage. In equilibrium, theseare allocated acrossproduction and R&D activities, those performed by
both incumbent rms and potential entrants. Sincethe number of workersemployed for production

purposesper product of quality qis x = 1=wg = (1| *3=w from equations (4) and (5), the

3For simplicity, we assumethat the number of di®erert product qualities is Tnite.
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total number demandedfor production activity by rms of type Yawith k products is Ly(k; %3 =
k(1j ¥=w > 0. The number of R&D workers employed by incumbent rms of type Yawith k
products is Lr(k;¥) = kc(°(¥)). Becausea potential entrant innovates at frequency h; the total

number so engagedin R&D is Lg = “=h given ertry rate ~. Hence,the equilibrium wagesatis es

the labor market clearing condition

—
1

[Le(ki ) + Lk AIM(9) + Le (19
Ya k=1
X ®% Ko Y, T .

e ) KM+

Ya k=1
x Hij Tagy  Hegplhin
L2y oeon 2 A

LS g !
X P1iw Avy 1
oW T et

where again the last equality is implied by equation (13) and the requiremert that +> ° (%) for all

Vi
4.4 Existence

De nition: A steady state market equilibrium is a triple composed of a labor market clearing
wage w, erntry rate " ; and creative destruction rate * that satisfy equation (17), (18), and
(19) provided that the optimal creation rate choiceof any rm type, de ned by equation (11),
is lessthan the rate of creative destruction, i.e., ° (49 < % for all %in the support of the type

distribution at ertry characterized by A(%j.

Theorem: If the costof R&D function, c(°); is strictly corvex and cY0) = ¢(0) = 0; then a steady
state market equilibrium exists for all values of the labor force, L; suzciently large. In the

caseof a single rm type, there is only one equilibrium.

Pro of. >Fom (17), the free entry condition can be written as

Y

X "y, we(®)
max 41— A(l@ =

W-
° 0 r++j° h'

(20)
Ya

By using equation (18) to eliminate the erntry rate ~ and equation (20) to eliminate w=h in the
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labor market clearing condition, equation (19), one can write the result as

wL X *
— = wL ———— A
TR .
UL e weC ), i wel)
T i °(Y) L0 r+£j°
Y u ﬂ
X + 1 °(1 i
= - - 1j rrna)(/‘”L((o/)0 A(l/a:
° 0 I+ Ej

+: °(1
, i (1)

A

where the last equality is implied by the fact that ° (%) is the optimal choice of the creation rate

for atype % rm and a little algebra. Hence,
3
r,, maxe g
1=wL+ P

vi we(®) A%
r+4 ° 5 °(¥Y)
A '

VaZi ° (%)

(21)

Since aggregatevalue added in the econony is unity by choice of the numeraire, this expressionis
the incomeidentity. Namely, the total wagebill plus the return on the valuesof all the operating
‘rms in the econony is equal to value added.

Giventhat ¢(°) is increasingand strictly corvex, and that ¢(0) = c{0) = 0, the optimal creation
rate for ead type conditional on the market wage and rate of creative destruction is uniquely
determined by the rst order condition stated as equation (12). Sincethe optimal creation rate is
strictly increasingin productivit y and strictly decreasingin the market wage, the optimal creation
rate is lessthan the rate of creative destruction for all % ° (¥) < + 8 Y2 [¥¥); at any point (w; %)

above the curve de ned by °(¥) = £ which is

_ Y
e + ()

w (22)

from (12). This boundary of the admissible set of (w; +) satisfying the convergencerequiremert is
labelled BB in Figure 3. As illustrated, the wageon the boundary is positive, tendsto in nit y as+
tends to zero, is strictly decreasingin + and tends to zeroas + tends to in nit y given the assumed
properties of the R&D cost function.

An equilibrium is any (w;+) pair satisfying equation (20) and (21) provided that it lies above

the boundary BB. Let w = Ey(%) represen the locus of points implicitly de ned by

Vai wce(° w
max74' ( ):

co0r++j ° h (23)
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Figure 3: Equilibrium Wageand Destruction Rate.

and let w = Ly(%) represen solution to

1
1/. o
1=wL+r maxw (24)
° 0 I+ %

in the region bounded by (22). It is straight forward to show that E9(+) < 0. Because¥> 0,

equation (24) implies L > rf(;)o when ° (¥) < #, it alsofollows that L9(+) > 0in the region above
the BB curve. Although the curve of Ey (%) lies below the boundary BB at + = 0, evertually it
intersects the line and remains above it for all larger values of + as drawn in the gure. Indeed,
the curve de'ned by w = Ex(+), labelled EE in the "gure intersectsBB at the unique solution to
hc¥#) = 1.

In Figure 3, the curvesLL and LL represen w = Li(+) and w = Ly () respectively. Similarly,

w = Ex(t) and w = Ey(+) are represenied asEE and EE in Figure 3. Because

% Y, L% Y, L% Y,
2241 wc(®) ¢ 21/41 wc(®) ¢ 21741 wc(®) ‘
max . X ———= - max

— ———= for all %2 [%Y];
20 r+xj ° 20 r+xj ° 20 r+ £ ° 471

it followsthat (23) implies Ev(+) , Ey(+) and that (24) implies Lyw(+) , Ly($) with strict equality

holding if and only if %2> % Furthermore, the joint solution to the equilibrium conditions (20)
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and (21) must lie in the intersection of the two pair of curves,the shadedareain Figure 3. Given
cortinuity of the relationships, at least one common solution exists in that region. Finally, the
shadedarealies above BB in the gure for all suzciently large valuesof L becausethe boundary
BB andthe EE curve are both independert of L from equations(22) and (23) while the LL curve,
de ned by (24), shifts down in Figure 3 without limit asL increases.

Of course, the shaded area collapsesto point as % %! 0, a fact which implies that the

equilibrium is unique given no productive heterogeneiy. m
5 Reallo cation and Pro ductivit y Gro wth

The model deweloped in the paper implies that rm productive heterogeneiyy has important im-
plications for the sourcesof aggregategrowth. The aggregaterate of labor productivit y growth is
the product of the innovation rate and the averagelog of the quality improvemert step size from

equation (3). Formally,

X H 1 X H ﬂ)q_

1 p 1
A+ °(#In
li Ya (@ v, (/A) li Ya k=1

kM (%)

where, of course,

X R
="+ (kM k()

Yy k=1
is the rate of creative destruction.

The model developed in this paper suggeststhe potential importance of worker reallocation

from lessto more pro table cortinuing rms as a source of productivity growth. The following

decomposition,
X 2 1 1 X M 1
- 7 A(L o (1 A(L
9 Ny A e gy A
X H 1 T . #
+  °(YIn kMk(¥) i A(%) (25)
Y Liva g

highlights that role. The rst term is the net e®ectof entry and exist on productivity growth.
Foster, Haltiw anger, and Krizan (2001) nd that 25 to 30 percent of productivit y growth can be
attributed to that source. The secondterm is the averagecontribution of cortinuing rms if there

wereno rm sizeselectionand the last term can be regarded as a measureof the net cortribution
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of worker reallocation to productivit y growth attributable to sizeselection. Becauseequations(13)
and (18) imply that

- AY)
k:1kMk(/‘) W)

if °4%) ~ 0, the last term is zero without selection. Furthermore, because rms that grow faster

=A%)

supply more products, equation (16) implies that the distribution of products lines over product
prot strictly stochastically dominates the distribution at entry when °%) > 0. Finally, because
3 g

°(%In ﬁ4 is strictly increasingin % the cortribution of reallocation is strictly positive in this

case.Note that the size of the reallocation e®ect,which can be written as
X H 1 1 N # X M 1

. 1
°(y 1) : 1) = ° (1 ;
AN g KGR A = e e

1 A(i;

dependson the extent of the initial dispersionin rm pro tabilit y and the sensitivity of the inno-

vation rate with respectto rm pro t.
6 Concluding Remarks

Large and persistert di®erencesin rm productivity and size exist. Evidence suggeststhat the
reallocation of workersacross rms and establishmeris is animportant sourceof aggregateeconomic
growth. In this paper, we explore a variant of the Schumpeterian model of rm size ewolution
developed by Klette and Kortum (2004)for insights regarding theseand other empirical regularities.
In our version of the model, erntering rms that can develop more pro table products acquire more
product lines in the future. The worker reallocation from lessto more pro table rms induced by
this product size selection contributes to aggregateproductivit y growth. Furthermore, the model
is consistert with the obsenation that there is no correlation betweenemployment size and labor
productivit y and a positive correlation between value added and labor productivity obsened in
Danish rm data. Finally, we proof the existenceof an equilibrium solution to the model.

In a related paper in progress,Lentz and Mortensen (2005), we estimate the structure of the
model using the same Danish rm data described here. The model's structural parameters are
identi ed by the empirical rm sizedistribution obsened, the patterns of rm size ewolution, and

the correlations between rm productivit y, labor force size and value added found in the data.
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With these estimates, we quantify the contribution of worker reallocation to productivit y growth

implied by the model aswell asthe optimal rate of growth.
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