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Abstract

We analyze the investment decision of a rm that has an option to complete an
investment project either in one lump or in two smaller parts at distinct point s in time.
The rm faces a trade-o between the cost savings that arise when the project is completed
at once and the additional exibility that arises when the rm is able to respond to
resolving uncertainty by choosing optimal timing individually for each stage. We derive
the optimal investment policy and show that, contrary to our initial presumpt ion, higher
uncertainty makes the lump investment more attractive relative to the apparently more
exible alternative of splitting the investment.
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1 Introduction

One of the central issues in the recent literature on investrent is the relationship between
uncertainty and investment. The classic result is that higher uncertainty leads to a higher
critical level of the relevant state variable at which the investment optimally occurs (see e.g.
Dixit and Pindyck, 1994). However, the impact of uncertainty on investment goes far beyond
a mere relationship between the volatility of the state variable and the optimal investment
threshold. For example, uncertainty also in uences the opimal size of an investment project
(cf. Capozza and Li, 1994, Bar-llan and Strange, 1998). Thisd basically due to the fact that
when a rm faces a choice between mutually exclusive real opons, the degree of uncertainty
may determine which of them will be optimally exercised, as gplained in Dixit (1993).

There are also other types of choices that rms may face whennvesting. In this paper we
look at the choice between di erent degrees of exibility in proceeding with investment. More
precisely, we study optimal investment policy under circunstances, where it is possible to
accomplish a given project either in one lump or in pieces. Tde more concrete, let us think,
for example, of: an entry into a new market segment with the pasibility to either proceed
in steps or through a single launch; construction of producton capacity with the possibility
to build either many small plants or one big plant; or adoption of a new technology with
the possibility to either learn about its properties by switching rst only partly or to switch
completely at once. In all such cases, one may envision rmsansidering whether it is best
to wait for the right time to carry out the whole project at onc e, or whether it is better to
carry out a part of the project earlier, and to accomplish the rest later when the market has
grown enough.

This leads to a trade-o of the following kind. If the whole pro ject is undertaken in
one lump, the rm exploits economies of scale and typically aves on costs. By building a
large plant instead of two or three smaller ones, a rm might be able to reduce its average
cost and increase its pro tability. On the other hand, by sequencing the project, the rm
has more freedom in responding to the gradually resolving ucertainty as each step may be
accomplished at its individually optimal time. In this sense, the rst alternative is more cost-
e cient while the latter is more exible. In this paper we ask what the optimal investment
policy in such a situation is like and how it is a ected by changes in the rms' environment.
In particular, we are interested to see how the degree of une&inty a ects the rm's optimal
investment policy, that is, the choice between an appareny more exible alternative of
sequencing the investment, and the less exible alternatie of undertaking the whole project
in one lump.

To answer this, we set up a stylized model that follows closeglthe spirit of standard models
of irreversible investment under uncertainty. As in the prototype model of McDonald and
Siegel (1986), we model a rm that must choose the optimal tine to invest in an irreversible
project whose payo depends on an exogenous stochastic press. However, in our model the



rm faces two possibilities. One is to undertake the whole pioject at once, and the other is to
undertake the project in two separate stages at di erent ponts in time. If the rm decides to
undertake the project in two separate stages, it gains exihlity in choosing the optimal timing
of investment separately for each stage and it can refrain fsm committing resources in the
second stage if the market conditions become unfavorable. i©the other hand, undertaking
the project in two stages is assumed to be more costly than a lap investment. Thus, there is
a trade-o between exibility and the level of investment exp enditure necessary to complete
the entire project. Hence, it is important to value this exi bility. To do so, we apply the
theory of real options (see, e.g. Dixit and Pindyck, 1994)

The main question we address is how the degree of uncertainty ects the choice between
the lumpy and the sequential investment. Consider for instance demand uncertainty. If the
rm irreversibly invests in a large addition to capacity, an d demand grows only slowly or even
shrinks, it will nd itself holding capital it does not need. Hence when the growth of demand
is uncertain there is a tradeo between scale economies anche exibility that is gained by
investing more frequently in small increments to capacity & they are needed. This would
lead to the conclusion that higher uncertainty favors sequetial investment, and in fact this is
con rmed by Dixit and Pindyck (1994, pp. 51-54), who illustra te this by analyzing the choice
between investing in a large coal- red plant or in two smaller oil- red plants. In this light,
our model provides a surprising answer: the higher the uncéainty, the more preferable the
lumpy project is relative to sequencing the project. This ma/ seem counterintuitive indeed
given that one of the main lessons of standard real options ishat the higher the level of
uncertainty, the more rms bene t from various forms of exi bility. In our case, quite on the
contrary, the higher the level of uncertainty, the less valuable is the more exible alternative
is relative to the more cost-e cient alternative.

To understand the result, it is important to know that the rea | investment options are
convex functions of the project values. Now, based on the agment analogous to Jensen's
inequality, it follows that adding up the option values of each stage of the sequential project
gives a greater value than the option on the sum of all stages fothe sequential project.
These two values can be made equal by making the sequential @ject more expensive, thus
having as investment expenditure * with > 1. Now, we use the property that an increase in
uncertainty reduces convexity of the options as functions bproject values. As a consequence,
the e ect of Jensen's inequality is smaller. This leads to a dwer level of A

To conclude this section, it is worthwhile to emphasize thatour model allows a broader
interpretation than a single investment project accomplished in stages. Optimal adoption of

A related model is presented in Decamps, Mariotti and Villeneuve (2003). They study the choice between
a small and a large project, where choosing the small project allows ore later to re-invest in the large project.
Technically the di erence is that we allow an arbitrary division of th e costs between the two stages of the
sequential project, whereas Decamps et al. (2003) assume that undertaking the large project costs the same
irrespective of whether or not the small project has already been undertaken.



new technologies provides an important example that also & to our model framework. By
adopting an intermediate technology, the rm will be able to implement the next-generation
technology at a lower cost (due to learning, for example) andwill produce more e ciently in
the meantime. This corresponds to sequential investment. ldwever, the total cost of technol-
ogy adoption will be higher for such a rm than for the one that decides to "leapfrog" directly
to the next-generation technology. This latter alternative corresponds to lumpy investment.
In a similar context, Grenadier and Weiss (1997) provide a rsult that resembles ours. In a
model with sequential technological innovations, they sha that increased uncertainty favors
waiting until the nal technology is invented. However, in t heir model uncertainty concerns
the arrival time of an improved technology, whereas in our malel it concerns the market
environment. Consequently, in their model the improved tednology is adopted at an ex-
ogenously determined moment, but in our model the timing is @dogenously determined. It
should also be noted that Grenadier and Weiss derive their reult by numerical simulations,
while our results are derived analytically.

Further, our model can also be viewed as a problem, where a rnfaces two investment
projects, whose rewards are dependent on a single state vahle. If the projects are considered
separately, it is optimal to undertake them at di erent date s. However, it is possible to bundle
the projects (i.e. undertake them simultaneously), which dves a discount on the total cost.
The problem of the rm is to decide under which conditions bundling is optimal. Another
example of similar avor would be the purchase decisions of aconsumer, who may buy
di erent goods separately each at its individually optimal time, or to purchase them together
at a discounted price. Finally, our framework can be appliedto analyze the takeover decision
of a rm that faces a choice between acquiring a block of shargor the entire target company.

The remainder of the paper is organized as follows. Section 2ontains the description
of the model, whereas in Section 3 the optimal investment paty is presented. The role of
uncertainty is analyzed in Section 4 and Section 5 concludesAll proofs are relegated to the
appendix.

2 Model

The model is a variant of the prototype model of irreversible investment under uncertainty
presented in McDonald and Siegel (1986), and further elabated in a large number of papers.
An extensive summary of many extensions is given in Dixit andPindyck (1994).

There is a risk neutral rm, which operates in continuous time with an in nite horizon
and discounts its cash ows with a constant rate r. The rm faces a single investment
opportunity, which it can accomplish either in one lump or in two separate stages. The
timing of investment and the type of investment (lumpy vs. sequential) is to be chosen
optimally in order to maximize the value of the rm. Initiall y, the rm earns no revenues.



Once it has invested, it earns an instantaneous pro t given ly

t = tRi; 1)

where R; is a constant that stands for the deterministic part of the prot when i 2 f 1;2g
stages have been accomplished. By accomplishing the projeimn one lump, the rm moves
directly from prot ow 0 to Y;R» (lumpy investment), while by splitting the project, the
rm moves rst from 0 to Y;Rj, and later from Y;R1 to Y;R> (sequential investment). To
have a sensible problem, we assume<OR 1 <R 5.

The variable Y; represents a multiplicative shock that follows a geometricBrownian mo-
tion:

dY; = Ydt+ Y d!y; 2

whereYg > 0;0< <r; > 0; and the d! 's are independently and identically distributed
according to a normal distribution with mean zero and variance dt:

The cost of investment depends on whether the project is acceoplished in one or two
steps. We de ne two parameters, and , to specify the interrelation of di erent cost terms.
In case of lumpy investment the investment cost is simplyl, while in case of sequential
investment, the associated investment costs for the rst ard second stages aré; I and
I, (@ ) | , respectively. Here, represents the cost share of stage 1 of the total cost
and 1 re ects the premium for exibility that must be paid in orde r to be able to split
the project.

We next assume decreasing returns to scale, i.d?1 > R . If this did not hold, the rm
could never benet from the possibility to split the project , and the lumpy project with no
cost premium would trivially dominate.

The rm has to decide about both the timing and the type of inve stment. In the next
section, we will derive the optimal investment policy in three steps: rst, we establish the
optimal investment policy when only the lumpy investment alternative is available, then we
do the same when only the sequential policy alternative is aailable, and nally, we consider
the whole problem where both alternatives are available.

3 Optimal Investment Policy

3.1 Only single-stage investment available

The situation in which the rm can only invest in the whole pro ject at once corresponds
exactly to the basic model of investment under uncertainty & described in McDonald and
Siegel (1986), and analyzed further in Dixit and Pindyck (194). It is well known that the
optimal investment policy is a trigger strategy such that it is optimal to invest whenever the
current value of Y is above a certain threshold level, which we denote by, . The standard



procedure to solve the problem is to set up the dynamic progremming equation for the value
function F_ (Y), where the application of It6's lemma and appropriate boundary conditions
are used to determine the exact form ofF_ (Y) and the value of Y_.. We merely state the
result here, see Dixit and Pindyck (1994) for details. The irvestment threshold is:

Y, = ; 3
R 3)
where
S 2
1 1 2r
l:E — + 5 2 + 5> 1 4

In the continuation region, that is when Y <Y, the value of the option to invest is:

YLR2 Yy !

I — : (5)

FL(Y)= Y

3.2 Only sequential investment available

Now, consider the case in which the rm splits the project into two stages. The option to
invest in the rst stage may be seen as a compound option, sireeaccomplishing the rst stage
gives an option to proceed to the second stagé.However, it will turn out that due to our
assumption R; > R 2, the problem collapses into two single-project investment poblems
that are identical to that considered in section 3.1. Neverheless, we derive the solution by
rst analyzing the optimal investment rule of stage 2, and use that to determine the optimal
investment threshold of stage 1.

The second stage problem is clearly identical to the one coidered in section 3.1, because
one may see the second stage investment as a single projectathgives an additional prot
ow Y (Rz2 Rj) atcostl,. Thus, the only modi cation to section 3.1 is to replace R, by
R, Rz andl by I,. The optimal investment threshold is:

_ 1 (r )z,
Yz = 1 1(R2 Ry)’ ©)

and the value of the option to invest in stage 2 given thatY <Y is:

Y2 (R R Y *
= 2R R, )
r Y2
Now, consider the investment decision of stage 1. By settingip the Bellman equation, apply-
ing It6's lemma, and employing a boundary condition that sets the value of the investment

option to zero asY approaches zero, one can easily show that the value of the oppgunity

2See Bar-llan and Strange (1998) for a somewhat more complicated model of sequetial investment that
incorporates investment lags.



to undertake the rst stage investment must be of the form Fs(Y) A1Y t. Further, the
following value-matching and smooth-pasting conditions mus be satis ed at the optimal
investment threshold Y, (again, see Dixit and Pindyck, 1994, for details):

Y1R1 Y2(R2 Ry) Y1 !
AY,t = —= |+ — = =7 | — 8
1h r 1 r 2 Y, (8)

R1 Y2(R2 Ri) v, +7
Ayt = Ly —_ = | — : 9
1A1Y; . 1 . 2y, 9)

From these, one may solveA; and Yi, the latter being:
1 (r )

Y, = : 10
1T 1 R, (10)

Clearly, Y1 <Y, under our assumptionR; > R », so the rst stage is accomplished strictly
earlier than the second stage. Solving foA; from (8) and (9) yields the value of the (com-
pound) option to invest sequentially in the project:

Y1R1 Y ! N Y2(R2 Rj) Y *

1 = —— 1>

Fs(Y)= 2 . A

(11)

The value function (11) applies in the continuation region Y < Y;. Comparing the
expression (10) with (3), one can see that the optimal invesnent threshold of the rst stage,
Y1, is equal to the investment threshold of an investor, who ony has a standard investment
opportunity leading to prot ow Y Ri with no further options. In other words, the existence
of the second stage has no e ect on the optimal exercise timefdhe rst stage. This result
is due to the special structure of optimal stopping problemsthat also underlies the main
conclusions of Leahy (1993) and Baldursson and Karatzas (B¥), according to which an
investor, who must take into account subsequent investmerg of the competitors, employs
the same investment policy as a monopolist who is not threateed by such future events.

In summary, the optimal investment thresholds Y; and Y, are obtained by solving sepa-
rately two investment problems: one providing prot ow Y Rj at cost |, and one providing
prot ow Y (R, Rj) at cost I, respectively. Moreover, note from (11) that the value of
the opportunity to invest in the rst stage is the sum of the tw 0 options considered separately,
thatis, Fs (Y) = F1(Y)+ Fa(Y), whereFy(Y)= BB 1, & " is the value of a rm
which can invest in the rst stage only.

3.3 General problem

So far, we have determined the option values and the optimalrivestment thresholds for the
lump and the sequential investment separately. Now we derig the investment policy, which
includes the optimal choice between those two alternatives This choice will critically depend
on the relation of the separate option valuesF, (Y) and Fs(Y), because for low values of
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Y one can directly conclude that one should choose the optionhtat is more valuable. Since
we are interested in the trade-o between cost e ciency and e xibility, we want to state the
relation of the option values in terms of parameter that represents the cost premium that
the rm must pay for the exibility of splitting the investme nt. We rst claim that there is
a single threshold value such that if is below that level, the option value of the sequential
investment dominates that of the lumpy investment, while the converse is true for above
that level (Proposition 1).2 Then, we point out that a simple comparison of the option values
is not su cient for high Y, and derive the optimal investment policy applicable in all regions
of the state space (Proposition 2).

Proposition 1  Consider theY -interval (0; Y1) : The critical level of premium b at which the
option value associated with the lump investment is equal tihe option value of the sequential
investment is given by 1 4

Ry* + (Re Ryt 11

_ D :
b= = Koo (12)

For < b, we haveFs(Y) >F | (Y), whereas for > b, we haveF_ (Y) >Fgs(Y).

Proof. See the Appendix. m

Proposition 1 gives us a useful result concerning the optiovalues of the two investment
strategies. Once the current realization ofY is such that the rm is in the continuation
region of both investment problems analyzed separately, te choice between the lump and
the sequential investment strategy is obvious: the rm choses the strategy that is associated
with a higher option value.

Nevertheless, this is not su cient for determining the inve stment policy in a situation
when the value of the state variableY is so high that at least one of the options, when
analyzed in isolation, should be exercised. This is due to tl fact that Proposition 1 compares
the option values only and does not say anything about the redtive payo s of strategies in
their corresponding stopping regions.

When > b, the lumpy project dominates the sequential project for lowvalues ofY, and
asY increases, the lumpy project becomes all the more attractig relative to the sequential
project. Then the maximum of the continuation and the stopping value for the lump invest-
ment is greater than the corresponding maximum for the sequatial investment for every Y,
and thus it can then never be optimal to invest in the sequental project. In such a situation

3More generally, we could present the threshold where the two options are equally valuable as the surface
in the parameter space where functionf (;;; ;R 1;R2;Y) Fs(Y) FL (Y) gets the value zero for low
values of Y. Thus, the threshold level b giving the value of where Fs (Y) = F_ (Y) is implicitly de ned by
the condition f (;;;;R 1;R2;Y) =0, and thus of course a function of all other parameters of the model
except .



the option to invest in the sequential project is redundant, and the optimal investment policy
is the simple trigger strategy that was derived in section 31.

When < b, the solution is more complicated. From Proposition 1 we knaev that for low
values ofY, the option to invest sequentially is worth more than the option to make the lump
investment. On the other hand, once we analyze the values inhe stopping regions, we can
easily see that the net present value (NPV) of the lump investnent project is higher than the
NPV of the sequential investment as long asY is su ciently high and is strictly greater
than 1: Consequently, analogous to Decamps, Mariotti and Villenauve (2003), who obtain a
similar result for a problem where the rm could choose betwen undertaking a small and
a large project, for intermediate values ofY an inaction region exists, which is part of the
stopping region of the rst sequential investment. However, the rst sequential investment is
not carried out here, because it would kill the lump investment option. Speaking in terms of
Y -valuation; just below this region the rm undertakes the sequential investment, while above
the lump investment is undertaken. The boundariesYp and Yp. of the inaction region can
be determined by the following system of value-matching and sooth-pasting conditions:

BY,! + CYp2 = er Ri 4 Fo(Yp ): (13)
1BYp + ,CYp? = er R, 1Fa(Yp ); (14)
BYpy + CYpi = er+R2 ; (15)
BYpl+ OV = P2 (16)
where B and C are constants and » is given by
s
2
O an)

As long as the level of uncertainty is strictly positive, interval [Yp ;Yp.] is non-degenerate.
The following proposition characterizes the optimal invesment policy by splitting the state
space into various action and inaction regions:

Proposition 2 i) when > b, the optimal investment policy is de ned by the single threlsold
Y. dened in (3): wait if 'Y 2 (0;Y_), and invest immediately in the lump project if Y 2
[YL:1).

i) when b, the optimal investment policy is de ned by four thresholdsY1, Y2, Yp ,
and Yp.: wait if Y 2 (0;Y1) [ (Yp ;Yp+); invest immediately in the rst stage if Y 2
[Y1; Yp ] and subsequently in the second stage as soon ¥shits Ys; invest immediately in
the lump project if Y 2 [Yp+;1 ).

Thresholds Y; and Y, are de ned in (10) and (6), respectively, while Yp and Yp, are
obtained together with constantsB and C by solving the system of equations (13)-(16).
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Proof. See the Appendix. m

In order to fully characterize the solution to our problem, we have de ned three threshold
levels, Y1, Y2, and Y, which are de ned for all > 1, plus two threshold levels,Yp , and
Yp+, Which are only de ned when b . It can be shown that when < (=) b, the
threshold levels satisfy 0< Y1 < (=) Yp <YL < () Yp+ < Y. When > b, we have
simply0<Y1 <YL <Yo.

It is interesting to observe that Yp, > Y for < b. This results from the fact that
by investing in the lump project the rm not only commits its f ull cost but also loses the
option to invest in the rst stage only. Therefore the opport unity cost of investing in the
lump project is higher leading to a higher investment threstold. When = b, it holds that
Yp+ = Y_, because the option to invest in the sequential project, whth is lost upon investing
at Yp., is worthless. Furthermore, it holds that Yp > Y, for < b, but as increases
towards b, Yp and Y1 approach one another, and in the limit the rst stage investment
region [Y1; Yp ] degenerates to a set of measure zero.

4 Role of Uncertainty

We are particularly interested in how the choice between thelump and the sequential invest-
ment depends on the degree of uncertainty. To answer this qugion, we examine the e ect
of the degree of uncertainty on threshold levelb. According to Proposition 2, the lumpy
investment is clearly superior to the sequential investmehwhen > b. On the other hand,
when < b, the situation is not so clear since any investment policy mg be optimally cho-
sen depending on the initial value ofY. However, our interpretation in this case is that the
sequential investment dominates the lumpy investment. This can be justi ed by a natural
assumption that the starting value of Y is so low that initially it is not optimal to invest in
any project. Note that similar interpretation on the domina tion relation of mutually exclusive
options is adopted, for example, in Dixit (1993).

Consequently, we interpret our model so thatb represents the cost advantage for the
lumpy investment required to compensate for the loss of exbility associated with splitting
the investment. Thus, an increase (decrease) ibb enhances (reduces) the value of exibility in
sequencing the investment, because it makes a larger costgmium necessary to compensate
for it. The next proposition states our main result:

Proposition 3 The value of exibility in sequencing investment is negatiely related to un-
certainty, i.e. the following relationship holds:

% <0 (18)

Proof. See the Appendix. m
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This means that higher uncertainty reduces the value of exibility in sequencing the
project.

The intuition is as follows. To understand the result, it is i mportant to know that the
real investment options are convex functions of the projectvalues. To see this, notice that
for the lump project inserting (3) into (5) gives

(1 D1 Ry *

FL(Y)= D1 T

(19)
1

(For stage 1 and 2 of the sequential project analogous formak hold.) Now, based on the
argument analogous to Jensen's inequality it holds that addhg up the option values of each
stage of the sequential project gives a greater value than t option on the sum of each stage
of the sequential project. These two values can be made equdly making the sequential
project more expensive, thus having as investment expenditre 4 with ~ > 1. Now, we
use the fact that the increase of uncertainty ( ) causes a decrease of and thus leads to a
reduction of the convexity of the options as function of the project values. As a consequence,
the e ect of Jensen's inequality is smaller. This leads to a dwer level of A

As we have seen in the previous section, the optimal investne strategy is not a simple
trigger strategy when < . Instead, threshold levelsYp and Yp. exist such that the
sequential investment is preferred forY  Yp ; the rm will carry out the lump investment
for Y  Yp.;while the rm waits for Yp <Y <Y p.: Within this latter region it may hold
that a higher level of uncertainty can lead to a higher probabllity of investing in the sequential
project. The intuition here is as follows: higher uncertairty increases the value of the option
to wait for the lump project by more than it increases the corresponding option related to
the sequential project. This e ect is ampli ed by an increase of the NPV of the sequential
project (since it includes the option to invest in the secondstage) and no change of the NPV
of the lump project (which is linear in Y). In the most extreme case, i.e. when for a givery
an increase in uncertainty will relocate Yp to the right from Y, an increase in uncertainty
leads to optimal immediate investment in the rst stage. Since an uncertainty level exists at
which investment in the large project is optimal, the relationship between uncertainty and
the probability of investment in the staged project is non-monotonic in this case.

5 Conclusions

In the paper, we analyze the choice between investing in the hole project at once and
completing it in two stages. We determine the optimal invesiment rule of the rm as a
function of the premium the rm has to pay for the exibility t o split the project (and not
having to commit the cost of the entire project up-front).

We show that higher uncertainty favors the lump investment relative to completing the
project in two stages. Depending on the interpretation of ou model, this means that when

11



uncertainty is higher, the value-maximizing strategy will b e a) investing in the whole project
at once rather than sequencing the investment)b) leapfrogging rather than implementing a
progressive technology adoptionc) bundling two projects together rather than undertaking

them separately, ord) taking over an entire rm rather than purchasing a partial s take as a
rst step possibly followed by a complete takeover.

A Appendix

Proof of Proposition 1. We begin by comparing the two option valuesF_ (Y) and Fs (Y).
It holds (cf. (5) and (11) and the de nitions of 11 and I,) that

YiRz y !
FL (Y) _ r Y|_
Fs (Y) YiR1 | Y l+ Y2(R2 Ri1) I Y !
r 1 Y1 r 2 Y2
1 1 1
- RZ

= : (A1)
R;* (Rz Ry)1?
1 1 + 1
@ )

Equation (12) follows directly from (A.1).

Now, we prove that a threshold valueb exists for which the ratio F_ (Y) =Fs (Y) equals
1. This means that, irrespective from the set of parameter véues, a non-empty setK exists
for which the option value to invest in the whole project at once is higher. As a consequence,
the value of investment opportunity to invest in two stages is higher for 2 [1;1 ) nK.*

It can easily be seenthatfor =1and ;! 1 the values of both investment opportunities
(lumpy and staged) are equal. De ne

R, (R2 Ri) ‘.

. 1
D( 1) 1 1R, S oLy T (A.2)
Let us calculate the following derivative
; #
@ 1; ) @ | R, (R2 Rp)*
= 2 7 = _= R, A.3
@1 @1 2 1lo@q )t (A.3)
Ry 1
= 1W(R2*' = (1 Riln)
R, Ri ** _
- (1 (Rz2 RN )):

“In order to compare the payo s of two investment strategies (lump vs. sequential), it is su cient to
compare the present values of the corresponding investment costs. h other words, it holds that

Fo(Y) _ PV () .
Fs(Y) PV (l1)+ PV (l2)’

where PV (:) denotes the present value operator.

12



For =1 (A.2) is always negative since
1(Rp) Y = (1 Riln)

< 1R21 1 1 — <0

Therefore, for = 1 the value of a staged investment opportunity is higher than the value
of a lumpy project. On the basis of (A.1) it can be concluded that the ratio F (Y) =Fs (Y)
increases monotonically (and in a unbounded way) in . Therefore, b exists and is unique.
[ ]

Proof of Proposition 2. The proposition is proven by examining the value functions
corresponding to the lump and sequential investments in thecorresponding continuation and
stopping regions. For > b, the value of the single-stage project always exceeds the vag of
the sequential project (as it is shown for continuation values in Proposition 1 and can directly
be shown for stopping values by comparing net present valu¢sFor < b, The value of the
single-stage project still exceeds the value of the sequeali project in the stopping region,
but is smaller in the continuation region (again, see Propogion 1). This implies that in the
latter case, an inaction region exists for intermediate valies ofY . (Formal proof will follow).
[ ]

Proof of Proposition 3. Calculating the total derivative of D ( 1; ) yields (see (A.2))

@D _@Ddb
——+ =——"=0; A4
@ @d; (A4)
which, in turn, implies
db go
- 1 =b.
— = : (A.5)
@b
d1 @

Since, we already know thatD increases inb, all we have to prove is that % b is negative.
The trigger premium b is a solution to D ( ;; ) =0 and is given by

0 1 1
R, 4+ (R2 Ryt 11
1 1
b= B R(ll I S (A.6)
2
Consequently,
@D Ry * 1! R1
== = 11 4Ryl
@1 =b ! R2 !
. R R !
1
R R
1 T, 1 (Re Ro@ )
< 0 (A7)
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This completes the proof. m
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